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FIG. S1. Scheme of the experimental setup used in the present study.

EXPERIMENTAL

Our experimental setup is schematically illustrated in
Fig. S1. Some details of low excitation energy photolumines-
cence measurements for relatively large laser spot sizes are
presented in Fig. S2. Using laser powers well below the con-
densation threshold allows determining the microcavity Q-
factor as a ratio of the peak position to the full width at half
maximum.

Energy-resolved emission spectra for various pumping
powers and relatively small spot size are shown in Fig. S3
for the KAIST 1 sample. Under weak pumping, the spec-
trum corresponds to the bare polariton modes. An increase
in the pumping leads to the condensate formation. The emis-
sion energy narrows at a certain value corresponding to the
blueshift due to interaction with other quasi-particles and the
size-quantization effect. At yet stronger pumps the strong
coupling of excitons and photons is presumably lost and the
system acts as a usual photonic laser.

Frequencies corresponding to the maxima of emission
spectra for all three samples and various pumping powers as
well as corresponding spectral line widths are presented in
Figs. S4, S5, and S6. In all the samples we observe a grad-
ual change in these properties upon varying the pump spot
size which indicates tunability of exciton-polariton conden-
sates therein. Noteworthy, the KIST sample demonstrates a
significant decrease in the spectral line broadening upon con-
densation (a similar effect was first reported in Ref. [1]).

THEORY

Below we present our theoretical approach with all neces-
sary details.

Effective complex Ginzburg-Landau equation

Our theory is designed to discuss incoherent pump-
ing experiments. We start with the conventional semi-
phenomenological approach based on the system of equa-
tions [2, 3]

∂tnR = P (r, t)− γRnR −R(nR)|ψ|2, (S1)

iℏ∂tψ =

[
− ℏ2

2m
(1− iβ)∇2 + gC |ψ|2 + gRnR (S2)

+
iℏ
2
[R(nR)− γC ]

]
ψ.

Here nR is the density of particles in the reservoir, P (r, t) is
the pumping profile related to the laser intensity spatial dis-
tribution, γR is the reservoir damping parameter, R(nR) de-
scribes the efficiency of polariton relaxation from the reser-
voir to the condensate described by the wave function ψ. Be-
low, we will assume the linear dependence R(nR) = RSCnR.
Next, m is the polariton effective mass, β is related to the mo-
mentum dependence of the polariton lifetime (see Ref. [4]),
gC and gR describe the intra-condensate and condensate-
reservoir repulsion, respectively, and γC is the condensate
polariton damping rate. Henceforth, we will assume β > 0
since the opposite case leads to a short-wavelength instabil-
ity which can be “cured” by considering polariton dispersion
non-parabolicity.

The basic understanding of the physics described by
Eqs. (S1) and (S2) comes from consideration of the homoge-
neous pumping density P (r, t) = PTH at the threshold. In that
case ψ = 0, the reservoir density is constant n(0)R = PTH/γR
and the threshold pumping density is determined by the sys-
tem parameters as PTH = γCγR/RSC. In order to observe
the condensation, one should use P > PTH. Furthermore, if
the pumping function P (r, t) is inhomogeneous (for instance,
Gaussian) the threshold power density is different (larger)
than the one of the homogeneous case. This issue is addressed
in detail in the present study.

For the analytical treatment, we measure all densities in
the units of n(0)R introduced above which is characteristic of
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FIG. S2. Energy resolved low pumping power photoluminescence measurements. Fit of the zero-momentum cut with the Lorentzian curve
yields the maximum position ω0 and the broadening γL. One of the crucial parameters for the condensation – microcavity Q-factor – is
conventionally defined as ω0/γL.

the given sample. Then, the condensate wave function be-

comes A = ψ/

√
n
(0)
R . It is also convenient to measure dis-

tances in the units of ξ = ℏ/
√
2mgCn

(0)
R and times in units of

τ = ℏ/gCn(0)R . After some calculations we rewrite Eqs. (S1)
and (S2) as follows

∂tnR =
γR
γC

κ [P (r, t)− nR]− κnR|A|2, (S3)

i∂tA =

[
−(1− iβ)∇2 + |A|2 + gR

gC
nR +

iκ
2
(nR − 1)

]
A.

(S4)

where time and space variables are now dimensionless as well
as nR, A, and P (r, t); the latter is measured in the units of
PTH. We also introduced the parameter

κ =
ℏγC
gCn

(0)
R

. (S5)

Experimentally, for real samples, all the parameters in
Eqs. (S3) and (S4) are of the order of unity (for instance, in
Ref. [5] the proposed values to describe certain experimental
findings are following: gR/gC = 2, γR/γC = 1.5,κ = 0.9
and the scales ξ = 1.7 µm and τ = 2.7 ps) Further simpli-
fication can be made utilizing the quasi-stationary reservoir

approximation, which according to our numerics is valid for
not very small κ. It allows to write

nR(r) =
P (r)

1 +
γC
γR

|A|2
. (S6)

The corresponding Gross-Pitaevskii-like equation reads

i∂tA =

[
−(1− iβ)∇2 + |A|2 + gR

gC

P (r)

1 +
γC
γR

|A|2

+
iκ
2

 P (r)

1 +
γC
γR

|A|2
− 1

]A. (S7)

Next, in our calculations, we will work in the near-threshold
regime for which |A|2 ≪ 1. Under this condition, one can
expand the denominators in Eq. (S7) as the Taylor series. Fi-
nally, we arrive at the following complex Ginzburg-Landau
equation (cGLE), see Ref. [6] and references therein for re-
view:

∂tA = L̂A−
[(κ

2
− ig

)
γP (r) + i

]
|A|2A, (S8)

where we explicitly separate linear and nonlinear parts,

L̂ = (i+ β)∇2 +
(κ
2
− ig

)
P (r)− κ

2
, (S9)
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FIG. S3. Evolution of the energy-resolved emission spectrum with the pumping power growth measured for KAIST 1 sample. Here the spot
size is 2.7 µm. It is smaller than the characteristic size R0 ≈ 4.6µm (ballistic losses regime).
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FIG. S4. KIST sample. Pump power dependencies of the emission spectrum maximum position (a) and line broadening (b) for various pump
spot sizes (denoted with a bunch of colors, see the legend).
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FIG. S5. KAIST 1 sample. Pump power dependencies of the emission spectrum maximum position (a) and line broadening (b) for various
pump spot sizes (denoted with a bunch of colors, see the legend).
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FIG. S6. KAIST 2 sample. Pump power dependencies of the emission spectrum maximum position (a) and line broadening (b) for various
pump spot sizes (denoted with a bunch of colors, see the legend).

and introduce two dimensionless parameters

g =
gR
gC
, γ =

γC
γR

. (S10)

Here, we allow for non-uniform gain and nonlinear terms due
to the space-dependent pumping profile.

The role of the β parameter is evident in the plain wave
propagation away from the pumping and the condensate,
where the equation (S8) can be linearized. Assuming the so-
lution in the form A ∝ exp [i(kr− ωt)], one has

ω = k2 − i

2
(κ + 2βk2). (S11)

Then, the attenuation length reads

lτ =
2k

κ + 2βk2
. (S12)

It reaches maximum lmax = 1/
√
2κβ for k0 =

√
κ/2β. So,

at β → 0 the short-wavelength excitations propagate far away
from the condensate region. Finite β > 0 suppresses this
effect and makes the condensate more compact in real space
(see also below).

Finally, to conclude this section, it is important to note that
some authors consider models involving two consecutively
filled reservoirs, inactive and active. Inactive reservoir cor-
responds to electron-hole plasma and high-energy excitons
directly created by the laser. The active reservoir is formed
by the polaritons in the so-called bottleneck of the disper-
sion which are scattered to the low-momentum state of the
low polariton branch. The lifetime of particles in the inac-
tive reservoir generally compares with exciton lifetimes, being
hundreds of picoseconds. However, the parameters describing
the active reservoir used in different papers can significantly
differ. For instance, in Ref. [7] the active reservoir lifetime
corresponds to that of polaritons and in Ref. [8] it rather cor-
responds to the exciton lifetime. Below we show how the in-
active reservoir can be included in the developed above ap-
proach.

Denoting its density as nI and the corresponding damping
rate as γI , we can write two equations for active and inactive

reservoir dynamics:

∂tnR =WnI − γRnR −RSCnR|ψ|2, (S13)
∂tnI = P (r, t)− γInI −WnI . (S14)

In the quasi-stationary approximation, one has

nI =
P (r)

γI +W
(S15)

and evidently, the inactive reservoir leads to a simple renor-
malization of the pumping in Eq. (S1)

P (r) → P̃ (r) ≡ W

γI +W
P (r), (S16)

which only changes the related scale. Moreover, experimen-
tally γI ≪W , so the factor is close to 1.

Another effect is the repulsion of condensate polaritons
from the inactive reservoir particles. Assuming the same re-
pulsion constant gR for particles from the active and inactive
reservoirs, we observe its effective renormalization

gR → g̃R ≡ gR

(
1 +

γR
W

)
. (S17)

The factor in parentheses is typically ≳ 1 and can even reach
values of the order of 10. However, the nonlinear term of the
effective cGLE (S8) does not feel this renormalization, since
its origin is the active reservoir depletion. So, we arrive at an
equation similar to Eq. (S8), but where in the linear part one
should use

g̃ =
g̃R
gC
, (S18)

whereas in the nonlinear term of Eq. (S8) the parameter g
stays intact. Note, that the latter is substantially smaller (at
least several times) than g̃.

Linear equation: growth rates and pumping threshold

Our study is based on the solution of Eq. (S8) for two dif-
ferent pumping profiles P (r). We consider the experimentally
relevant Gaussian one

P (r) = p0e
−r2/r20 , (S19)
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numerically. Henceforth the parameter r0 will be referred to
as the spot size. In our analytics, we substitute it with the
harmonic “pseudo-pumping”

P (r) = p0 − p1r
2 (S20)

with the same p0 as in Eq. (S19) whereas p1 is chosen to re-
produce the curvature of the Gaussian profile,

p1 =
p0
r20
. (S21)

Qualitatively, this approximation can be justified by noting
that the near-threshold condensation mainly occurs in the
small vicinity of the spot center r = 0. So, the exact de-
tails of the pumping profile in the region where the loss term
dominates are not very important, see Fig. 4 of the Main text.
A comprehensive comparison between the numerics and the
analytical theory will be presented below.

Now we turn to linearized equation (S8) with the pumping
profile (S20). Assuming that A ∝ eλt±iMφ, M ≥ 0 (Reλ is
the growth rate, −Imλ is the frequency, and M is the angular
momentum), we have[

λ+
κ
2
− p0

(κ
2
− ig

)]
A =

(i+ β)

[
∂2r +

∂r
r

− M2

r2
− zr2

]
A, (S22)

where we use the complex parameter

z = p1

κ
2 − ig

i+ β
. (S23)

Next, the problem at hand can be formulated as[
∂2r +

∂r
r

− M2

r2
− zr2

]
A = λrA. (S24)

which resembles a 2D harmonic oscillator in quantum me-
chanics. Its solution is given by

A = χ(r)rMe−
√
zr2/2 (S25)

with

χ(r) =1 F1

(
λr + 2(M + 1)

√
z

4
√
z

,M + 1,
√
zr2
)
.

(S26)

Here 1F1 is the Kummer’s confluent hypergeometric function.
Note that since we can measure the phase of z in the interval
(−π, 0), we can choose Re

√
z to be positive. It is also easy to

see that Re
√
z grows with β making the wave function more

compact in the real space. As usual, in order to have a solution
with |A|2 → 0 for r → ∞, one needs χ(r) to be a polynomial,
hence

λr = −4n
√
z − 2(M + 1)

√
z, (S27)

where n is a non-negative integer. Finally,

λ(n,M) = (p0 − 1)
κ
2
− igp0 (S28)

− [4n+ 2(M + 1)]

√
(i+ β)

(κ
2
− ig

)
p1.

The mode with the largest growth rate, “ground state”, corre-
sponds to n =M = 0. We write its wave function as

Ψ0,0(r) = e−
√
zr2/2. (S29)

In the linear theory, it can be multiplied by the arbitrary nor-
malization constant.

Using the eigenvalues (S28) we can discuss the pumping
threshold. It is defined by the condition Reλ(0, 0) = 0 where
we should use p1 = p0/r

2
0 . It is easy to see, that we arrive at

a certain quadratic equation for
√
p0, which yields

pTH(r0) =

(
R0

r0
+

√
R2

0

r20
+ 1

)2

, (S30)

where

R0 =
2Re

[√
(i+ β)

(κ
2 − ig

)]
κ

(S31)

is the length scale that characterizes the threshold pumping
dependence on the spot size. There are two limiting cases:

pTH(r0) =
4R2

0

r20
, r0 ≪ R0, (S32)

pTH(r0) = 1 +
2R0

r0
, r0 ≫ R0. (S33)

In the physical units, the characteristic length R0 turns into
R̃0 = R0ξ, which reads

R̃0 =
1

γC

√
2gRn

(0)
R

m
Re


√√√√(1− iβ)

(
1 +

iℏγC
2gRn

(0)
R

)
≈ 1

γC

√
2gRn

(0)
R

m
Re

(1 + iℏγC
2gRn

(0)
R

)1/2
 . (S34)

The last approximate equality is written under an assumption
of β ≪ 1 which is reasonable according to the existing ex-
perimental data. Importantly, R̃0 depends on the polariton
spectral properties namely, its curvature (mass), blueshift due
to the interaction with the reservoir at the threshold, and the
linewidth. So, one can see that many parameters of the con-
sidered problem collapse to the spectral characteristics of a
single polariton state. It is also pertinent to note that the equa-
tions above allow us to predict a crossover for the condensate
wave function. It is easy to see that the characteristic size of
the condensate spot near the threshold follows the Gaussian
one in the case of r0 ≪ R0 being ∝ r0, whereas it scales as√
r0 if r0 ≫ R0.
To conclude this section, we note that the ground state wave

function (S29) violates the required asymptotic behavior at
large distances from the pumping. It is not important for the
threshold problem but can be crucial for other setups (e.g., a
study of several pumping spots interplay). At r ≫ r0 the
condensate is described by the following equation:(

λ(0, 0) +
κ
2

)
A = (i+ β)∇2A. (S35)
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Its solution describes running away from the pumping spot
and decaying waves

A = a0
e−kr

√
r
, (S36)

k =

√
λ(0, 0) + κ

2

i+ β
. (S37)

Here k is the asymptotic wave number. Constant A0 should
be chosen so that the functions (S29) and (S36) match each
other at some point r ∼ r0. For instance, taking r = r0, one
has

a0 =
√
r0e

kr0−
√
zr20/2. (S38)

Justification of the pseudo-pumping approximation

To test the pseudo-pumping theory, we compare its pre-
dictions with the ones of a numerical solution of the linear
problem with the Gaussian pumping profile. We find that the
approximation works well if the repulsion parameter g is not
very large. Particular comparison results are shown in Fig. S7.
We observe an excellent agreement with the relative error de-
fined as

δpTH(r0) =
pGAUSS(r0)− pTH(r0)

pTH(r0)
(S39)

being ≲ 0.01 (here pGAUSS(r0) is the numerically obtained
threshold for the Gaussian pumping profile).

In the opposite case of g ≫ 1, the qualitative picture is as
follows: polaritons feel a strong repulsion from the pumping
spot region where the density of reservoir particles is high,
and they tend to escape that region. Hence, the condensate
wave function essentially spreads in the direct space leaving
the domain, where the Gaussian and harmonic profiles match
each other well. Consequently, our theory loses its accuracy
and predictive power.

In other words, large g ≫ κ can cause troubles since a
strong repulsion from the reservoir can prevent the “ground
state” condensation. To have some intuition on this phe-
nomenon, let us present some arguments. If g ≫ κ, β ≪ 1,
then

z ≈ −p1g(1 + iβ),
√
z ≈ −i√gp1 +

√
gp1β/2. (S40)

Evidently, in this case,
√
z is mostly imaginary (for β = 0 its

real part is zero), so the wave function spatial decay is slow.
To have a good correspondence with the Gaussian spot re-
sults, we better have

√
z ≳ 1/r20 , which gives us an inequality

(bearing in mind that p1 = p0/r
2
0)

√
gp0βr0 ≳ 1, (S41)

which shows us that β cannot be too small. We can proceed
near the threshold with the usage of pumping pTH(r0). Under
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multiplied by the factor 100. The parameters are g = 2, γ = 1,
κ = 1, and β = 0.1.

the same assumptions (g ≫ κ, β ≪ 1) one has R0 ≈ 2
√
g/κ

and we arrive at the conditions

βg

κ
≳ 1, r0 ≪ R0, (S42)

βr0
√
g ≳ 1, r0 ≫ R0.

Hence, even for large g, the diffusion parameter β can lead to
condensation to the compact Gaussian ground state (S29) if it
is not very small. Numerically, we observe that these criteria
work semi-quantitatively, see Fig. S8 for a particular example.

Sets of parameters

Before turning to the nonlinear problem, it is pertinent to
discuss possible sets of parameters relevant to semiconducting
multiple quantum well microresonators. Importantly there is a
vast space of considered by different groups parameters for the
studied samples. Below we will focus on those of Refs. [5, 9].

In the first paper [5], the authors successfully described the
experimental observations in the structure based on AlGaAs
using the following set:

m = 5× 10−5me, EPol = 1.6meV,
gC = 6× 10−3 meVµm2, gR = 2gC , (S43)
γC = 0.33 ps−1, γR = 1.5γC .

For spot with r0 = 10µm2 the reported pumping threshold is
PTH = 25 mW with conversion efficiency ≈ 24%. Next, we
assume that this pumping threshold is x times larger than the
one for homogeneous pumping (x is directly related to the R0

parameter of our theory). So, n(0)R = pTH(r0)/γRx and we
can write the equation for x:

x =
1

γC

√
2gRn

(0)
R

m
Re

(1 + iℏγC
2gRn

(0)
R

)1/2
 . (S44)
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FIG. S8. Here we compare solutions of the linear equations for
strong repulsion g = 10 and small pumping spot size r0 = 2. (a)
β = 0.001. The results for the Gaussian pumping and the parabolic
one are essentially different. Moreover, in the Gaussian case, there
are many other modes with close growth rates including those with
nonzero angular momentum M . The pumping threshold predic-
tion (S30) fails in this case. (b) β = 0.1 “stabilizes” the condensate
making the “pseudo-pumping” approximation applicable. Other pa-
rameters in both panels are γ = 1, κ = 1

The solution is x ≈ 2.8. Using this value we get

κ = 0.9, g = 2, γ = 2/3. (S45)

We also can calculate the blueshift at the threshold for the
homogeneous pumping gRn

(0)
R ≈ 0.5 meV and RSC ≈

0.01µm2/ps both being reasonable values.
In the second paper [9], the authors present all the required

parameters including those describing the inactive reservoir
(which evidently leads to more ambiguity in their values). Af-
ter simple calculations one gets

κ = 53.7, g = 26.5, γ = 1, (S46)

and homogeneous pumping blueshift ≈ 0.06 meV. The last
value seems to be anomalously small whereas g and κ are
anomalously big. Theoretically, for these “extreme” parame-
ters, our approach is inapplicable (the Stuart-Landau equation
leads to unbounded growth of the condensate amplitude, see
below) and numerical analysis shows the condensate collapse
to a very narrow spot. We do not consider such “anomalous”
parameters in detail here. However, we would like to note
that it will be interesting to measure the pumping threshold
curve for the corresponding sample which can possibly lead
to refining of the parameters. Another possibility here can be
that these “anomalous” values are indeed required to observe
very long-range synchronization of two condensate spots for

distances ∼ 100µm. The corresponding analysis is out of the
scope of the present study.

Weakly nonlinear analysis

According to the linear theory for pseudo-pumping and
comparison with numerics for the Gaussian pumping spot,
we see that the condensation typically occurs to the ground
state (S29). Near the threshold, all other states have nega-
tive growth rates and their contribution to the condensate wave
function is negligible.

To be precise, let us write the solution of the nonlinear prob-
lem as

A(r, t) = [A0(t)Ψ0,0(r) + w(r, t)] e−iλ′′t. (S47)

Here and below, we use the notation

λ(0, 0) = λ′ − iλ′′, (S48)

and assume that λ′ ≪ 1. After plugging (S47) to Eq. (S8) the
explicit phase factor of the former is equivalent to a substitu-
tion L̂ → L̂′ = L̂ + iλ′′. Standard arguments allow predict-
ing the following “hierarchy”: A0 ∼

√
λ′, ∂tA0 ∼ (λ′)3/2,

hence w ∼ A3 ∼ (λ′)3/2 and ∂tw ∼ (λ′)5/2. The latter can
be neglected with the accuracy of our calculations. So, we
obtain

L̂′w = Ψ0,0∂tA0 − λ′Ψ0,0A0 (S49)

−
[(κ

2
− ig

)
γP (r) + i

]
|A0|2A0|Ψ0,0|2Ψ0,0.

Then, we multiply both sides of this equation by Ψ0,0 (which
is the complex conjugate of the adjoin operator eigenfunction,
L̂′∗ in our case since L̂ = L̂T ) and note that∫

Ψ0,0L̂′wd2r =

∫
wL̂′Ψ0,0d

2r ∼ (λ′)5/2 (S50)

is negligible (this is the solvability condition for our problem).
Finally, we arrive at the Stuart-Landau equation

∂tA0 = λ′A0 − c|A0|2A0, (S51)

where

c = ic1 + c2

(κ
2
− ig

)
γ ≡ c′ + ic′′, (S52)

c1 =

∫∞
0
r|Ψ0,0(r)|2Ψ2

0,0(r)dr∫∞
0
rΨ2

0,0(r)dr
, (S53)

c2 =

∫∞
0
rP (r)|Ψ0,0(r)|2Ψ2

0,0(r)dr∫∞
0
rΨ2

0,0(r)dr
. (S54)

Here we explicitly used azimuthal symmetry of the pumping
profile. Importantly, thus defined c1,2 are not necessarily pos-
itive reals but usually are certain complex numbers.

The solution of Eq. (S51) for c′ > 0 is well-known. For the
amplitude one has

|A0(t)|2 =

[
c′

λ′

(
1− e−2λ′t

)
+ |A0(t = 0)|−2e−2λ′t

]−1

.

(S55)
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FIG. S9. Time evolution of the condensate wave function amplitude
at the center of the pumping profile obtained from the Stuart-Landau
equation (S51) for a particular parameter set.

Asymptotically, at t≫ 1/λ′

|A0(t→ ∞)| =
√
λ′/c′, (S56)

whereas the phase growth linearly with the frequency c′′λ′/c′.
Also using the definition (S47), we have a condensate fre-
quency

ω0 = λ′′ + c′′λ′/c′. (S57)

Near the threshold, the last term here provides a small correc-
tion ∝ p0 − pTH. In the particular case of a large pumping
spot r0 ≫ R0, one has p1 ≪ 1 and the frequency (strictly
speaking, its blueshift) of the polariton line is just g, which
corresponds to the expected result ω0 = gRn

(0)
R /ℏ in physical

units [cf. Eq. (S28)].
For the parabolic pseudo-pumping, we know the exact form

of the wave function (S29) and thus can calculate the coeffi-
cients c′, c′′. After some calculations, we have

c1 =

√
z√

z + Re
√
z
, (S58)

c2 =

√
z [p0(

√
z + Re

√
z)− p1]

(
√
z + Re

√
z)2

. (S59)

These equations allow for analytical prediction of the c depen-
dence on the system parameters. In particular, the boundary
between c′ > 0 and c′ < 0 can be determined.

We illustrate the results of the analytical theory in Fig. S9.
The used parameters are g = 2, κ = 1, γ = 1, β =
0.1, p0 = 1.85, r0 = 10. Condensate amplitude at r = 0
saturates at value |A0| ≈ 0.29. The semi-analytical approach
with numerically obtained ground state wave function for the
Gaussian pumping yields |A0| ≈ 0.32. The numerical solu-
tion of cGLE (S8) on a lattice results in |A0| ≈ 0.33; without
the Taylor expansion [see Eq. (S7)] the corresponding quan-
tity is |A0| ≈ 0.32. Finally, simulating two coupled equa-
tion (S3) and (S4) we get |A0| ≈ 0.35. In all the cases, the
time of the condensate formation ∼ 100τ ∼ 100 ps in physi-
cal units.

In the case c′ < 0, the condensate wave function deter-
mined by Eqs. (S47) and (S51) “blows up” and our theory

r 0

2 4 6 8 10 12 14

2
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10

12

14
(a)

c'<0
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g
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12
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2
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8
c'<0

2 4 6 8 10 12 14

c'>0

˜

(b)

g

FIG. S10. When considering the properties of the nonlinear equa-
tion on the plane “repulsion from the reservoir – pumping spot size”
in the near-threshold regime, the crucial property is the sign of c′ pa-
rameter. For large enough g the region with c′ < 0 where the Stuart-
Landau equation (S51) is inapplicable is quite large, see panel (a).
However, if we connect strong repulsion with the inactive reservoir
particles thus using renormalized g̃, we will get a smaller constant
g in the nonlinear term. In panel (b) g̃ = 2g, and the boundary of
the c′ < 0 region is pushed towards much stronger repulsions. The
parameters used in both panels are γ = 1, κ = 1, and β = 0.1.

based on the condition |A|2 ≪ 1 is inapplicable. This case
deserves a separate study. Here we just want to point out that
it was not observed in our experiments. A possible source
of negative c′ values can be a strong repulsion between the
condensate and the reservoir. In this case, they tend to spa-
tially separate, which can lead to the formation of a narrow
profile of the dense condensate at the center of the pumping
spot and significant reservoir depletion. So, a certain “autolo-
calization” of the condensate occurs and its wave function is
subject to a “collapse” [10]. It is pertinent to note that the
theory of the pumping threshold is still applicable in this case.

In the developed formalism, we can discuss the boundary
separating c′ > 0 and c′ < 0 regimes using explicit equa-
tions (S58) and (S59) determining the c parameter. As previ-
ously, to have some intuition we shall use a large g expansion
and the threshold value of p0 for pumping spots of various
sizes r0. After some calculations, in the case of r0 ≪ R0, we
have

c′ ≈ γκ
2

− 4γg

κr20
. (S60)
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For large pumping spots with r0 ≫ R0, we obtain

c′ ≈ γκ
2

− γβg

2
(S61)

under the assumption
√
g/r0 ≫ 1 and trivial result

c′ ≈ γκ
2

(S62)

in the opposite case. In both limiting cases of small and large
spots, we see that large enough g will lead to negative c′ and,
hence, a regime where the Stuart-Landau equation (S51) is
inapplicable.

At this point, it is pertinent to discuss the possible origins
of large g = gR/gC values. In the case of the single reser-
voir approach, its value is limited by the polariton Hopfield
coefficients [11]. However, if we take the inactive reservoir
into consideration, the situation drastically changes (see the
discussion above). The g parameter in the nonlinear term of
Eq. (S8) is substantially smaller than that of the linear the-
ory. This leads to shrinkage of the parameter region where
c′ is negative. For a particular parameter set it is illustrated
in Fig. S10, where the result without inactive reservoir and
with it (g̃ = 2g) are contrasted on the g − r0 plane. We
conclude, that accounting for the inactive reservoir leads to
the prevailing of the c′ > 0 region where the Stuart-Landau
equation can be used for the condensate dynamics description.
Nevertheless, we note that even if this “stabilization” of the
smooth Gaussian condensate takes place, at higher pumpings
p0 above the threshold it can become unstable (especially near
the boundary c′ = 0) leading to the condensate “collapse”. A
detailed study of this issue is out of the scope of the present
paper.
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