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Supplementary note 1: Further details of sample and cavity structures

Polarization-resolved measurements. The polarizers on the excitation and detection are aligned to the crystallo-
graphic b-axis by searching for the maximum PL emission intensity. A half waveplate on the detection side rotates the
polarization of the signal to realize the polarization-resolved measurements. Supplementary Fig. 1f shows that the PL
emission of a LPB mode of CrSBr in the external cavity is linearly polarized along the crystal b-axis. The fit yields a
unity polarization degree along the crystallographic b-axis.

Cavity Q-factor. Figure. Sle contains the reflection of an empty cavity with a gap of 4025 nm, which is simulated
by the transfer matrix method. For this geometry, two sharp cavity modes present in the energy range of the self-
hybridized polaritons. The mode at 1.353 eV has a Q-factor of 5700, while the other mode at 1.249 eV has a Q-factor
of 8600. Although the simulated quality factor (Q-factor) by the transfer matrix methods for our symmetrical dielectric
cavity structure is above 5000, the measured Q-factor~1100 of the transverse modes is substantially smaller than the
simulated result. The discrepancy is caused by the vibration of the cavity length, which is in a same frequency ~1.4
Hz as the closed-cycle helium pulses. As a result, the cavity resonance is broadened up to ~1.1 meV (see Figs. 2d,g of
the manuscript). We note that the considerably compromised Q-factor is still much larger than the Q-factors of cavity
structures in previous works (Q-factor~300) using the hybrid of metallic and dielectric mirrors'2. It also does not
impede us from the strong light-matter coupling regime and the exciton-polariton condensate.

Supplementary note 2: Optical properties of sample position 1 and 2

Figure 1d of the manuscript presents the cavity detuning PL on sample position 1. Fig. S4a-c present the cavity
detuning PL on sample position 2 in different magnetic orders. The measurements on position 2 are performed with
0.5 mW pulsed laser (725 nm, 200 fs pulse width and 76 MHz repetition rate) at cryogenic temperature of 3.5 K.
At 0 T, sample position 2 also exhibits six self-hybridized polariton states (P1-Pg) as position 1. The energies of the
self-hybridized polaritons used in the fitting and the coupling strengths are all summarized in Table. We note that
the experimentally extracted coupling strengths of the self-hybridized polaritons are nearly constant in both magnetic
orders.

H P, P, P, P, P; Po Vi V2 V5 Vi V5 Vg |

Pos. 1 (AFM) 1.3604 1.3578 13540 1.3480 1.3341 1.28905 3.0 46 56 80 154 33.0
Pos. 2 (AFM) 1.3660 1.3634 13597 13540 1.3395 1.2944 40 50 56 90 164 374
Pos. 2 (FM)  1.3515 1.3482 1.3442 13376 13248 1.2827 4.6 4.6 52 9.0 164 36.0

Supplementary Table. S1| Self-hybridized polariton energies and coupling strengths. The polaritonic energies
(P1-Pg) are in unit of eV, while the coupling strengths (V1-Vg) are in unit of meV.

Supplementary note 3: Polariton non-linearity measurements

Polaritonic non-linearities with different cavity detunings and magnetic orders are obtained via PL. measurements on
sample position 2. For each power dependent study, we keep the cavity detuning (voltage) constant between 32-52 V
as in Fig. S4a for the AFM order (0 T) and 22-46 V as in Fig. S4b for the FM order (3 T). The experimental results
are compiled in Fig. S3. The energy shifts of the lowest LPBs are then fitted and summarized in Figs. S4d.e.

For all detuning cases in the AFM order, the LPB firstly experience a moderate linear redshift, and then a giant
blueshift follows until the condensate depletes. However, for the detuning cases in the FM order, the energy slope of
LPB at low pump powers changes sign from moderate redshift to moderate blueshift, as the detuning voltage is tuned
above 36 V in Fig. S4b. And at high pump powers, the giant blueshift in FM order is similar to that in AFM order.
By using a linear fit of the LPB energy shifts below 20 mW, the energy slopes (empty spherical symbols) for different
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detuning scenarios and magnetic orders are obtained and summarized in Fig. S4;.

We can see that the energy shifts in low power range of the LPB in AFM and FM orders present obviously
opposite trends. As the LPB becomes more excitonic (at higher DC voltages), the redshift slope of the LPB in the
AFM order becomes smaller (larger amplitude), while in the FM order the slope keeps increasing. This magnetic order
dependent phenomena have been observed for the magnetic excitons in CrSBr as a result of coupling to the incoherent
magnons that are excited by the temperature'. In addition, we note that the redshift should not exists for the highly
photonic LPB (22 V) in the FM order because of the much reduced excitonic components and correspondingly little
interaction between excitons and incoherent magnons. This effect is actually caused by the redshift of the cavity modes
due to the thermal expansion of our open cavity as pump power ramps up. Another proof of cavity thermal expansion
is that the extrapolation of the slope value in the AFM order towards the pure photonic regime converges with the FM
scenario around -0.05 meV/mW, which is supposed to be the pure contribution from the cavity thermal drift.

To quantify the redshift due to the cavity drift, we need to know the photonic Hopfield coefficients that are
specifically contributed by the external cavity modes. Figs. S4h,i show the Hopfield coefficients of the LPB mode in
AFM and FM orders, respectively, which are calculated by using a 2x2 coupled oscillator model that considers only
the Py self-hybridized polariton mode and the C, cavity mode:

Vs/2 Ep,
1
Evpp = §[ECQ + Ep, — \/V62 + (Ee, — Ep,)’] @)
1 E., —E
1P| = = + z___ % 3)
2 2/(E., —Ep)*+ V2
1 E. —F
Caf? = 5 - L @
2 2/(BE., - Ep)>+V2

This model is valid for two reasons. Firstly, the energy difference between P5 and Pg intrinsic polaritonic modes
is larger than the coupling strength Vg, so that the strong coupling of Py to the external cavity modes can be regarded
as independent of other self-hybridized polariton resonances (P1-P5). Secondly, the usage of two additional cavity
modes in our 9x9 coupled oscillator model in Figs. S4a,b only becomes vital for unconventional polariton dispersion
in either highly photonic (~5 V) or highly excitonic (~60 V) cases, so that utilizing only the middle cavity mode ’c»’
has negligible influence to the detunings where the polaritonic non-linearities (Fig. S3) are measured.

We note that the Hopfield coefficients in Figs. S4h,i only represent the proportionalities of P4 self-hybridized
polariton and the external cavity mode in the LPB. The excitonic and total photonic Hopfield coefficients should be
renormalized by taking into account the intrinsic self-hybridization in our CrSBr flake. For example, using the methods
provided in a previous work'l, the excitonic Hopfield coefficient of Pg mode with a total magnetic shift of -13.3 meV
(left panel of Fig. le in the manuscript), is determined as | X |2P6= 0.76. In presence of an external cavity, the excitonic
admixture will be further diluted. For the lowest LPBs in Fig. S4c (44 V, 0 T and 38 V, 3 T on position 2), the Hopfield
coefficient of Pg self-hybridized polariton is | Ps|?= 0.74, which means the LPB has an excitonic Hopfield coefficient
| X|?=|X|%, x |Ps|*= 0.56 and total photonic Hopfield coefficient |C|?= 0.44. These results are consistent with the
| X |2= 0.49 and |C|?= 0.51 of the lowest LPB in a similar cavity detuning scenario (36 V) on sample position 1 (see
Fig. S2), which is directly calculated by using its magnetic shift.

In the following, we calibrate the polariton non-linearity by removing the contribution from cavity redshifts
with increasing pump power. We use the experimentally extracted redshift slope s = —0.0474 meV/mW of the LPB
mode at 22 V cavity detuning (|C2|?=0.907) of the FM order to calculate the pure cavity drift slope due to the thermal

expansion: sg = =-0.0523 meV/mW. We then use s, to renormalize the cavity redshift slope of each detuning by

|Caf?



10s multiplying their photonic Hopfield coefficients |C2|%. We obtain the redshift caused by the cavity thermal expansion

107 0 = so P, where P is the pump power. The LPB mode energy modified by the cavity drift is

1
Bipn = 3Bey + B, +6 —\/V@ + (B, 6~ Ep, ). )

100 The polariton redshift caused by the cavity expansion is then

1
1o A= Eypp — Erpp = 5[0 - \/V62 +(Ee, +6 — Ep,)” + \/Ve2 + (B, — Ep,)’)- (6)

111 The experimental values of the polariton non-linearity in Figs. S4d,e are then corrected by removing an offset of
12 A, the results of which are presented in Figs. S4f,g. The slopes below 20 mW of the corrected data are fitted and
113 plotted as the filled spherical symbols in Fig. S4j. Now, we see that the extrapolation of the corrected slopes in the
112 AFM order towards highly photonic regime converges with the corrected slopes in the FM scenario at 0 meV/mW. For
115 more excitonic regimes that are DC voltages >40 V in FM order and >44 V in AFM order, the compensation effect
s of cavity drift is nearly negligible. In low power regime, the LPB redshifts (blueshifts) in AFM (FM) order for all
117 cavity detunings. In high power regime, the LPB has giant blueshifts for both magnetic orders and all cavity detuning
118 SCenarios.

1

119 Supplementary note 4: Exciton density estimation

120 The pump is a A = 725 nm laser that has a 200 fs pulse duration at a pulse-repetition frequency (PRF) of 76 MHz. The
121 energy of a single pulse with P=1 mW measured average power is

. plmw _ P 1073 W

— ~ —11 7 _
e = PR = e igs g = 316X 1071 T =13.16 pJ. 7

123 The energy of one photon is

N

h
- Ephoton = TC ~ 274 x 107197 = 2.74 x 10~ "pJ, (8)

125 where h = 6.62607015 x 10~34J Hz ! and ¢ = 2.99792458 x 108 m Hz are the Planck constant and vacuum light
126 speed, respectively. The number of photons in a single pulse with average powers of | mW and 50 mW are

177’1LW

1mW pulse 7

Nipeton = =4.80 x 107,

127 photo Ephoton &)
n20mW — 9 40 x 10°.

photon

128 We utilize transfer matrix methods to simulate the open cavity structure (DBR/gap/CrSBt/DBR). Applying a cavity
129 gap of 4025 nm yields polariton modes matching very well the PL spectrum in the AFM order and 44 V cavity detuning
130 (Fig. S5a). The electric field intensity of 725 nm incidence is normalized for the simulations. Its amplitude drops to
131 0.009 in the CrSBr slab and 0.03 in the bottom DBR, signifying much stronger dielectric property of the CrSBr than
122 the materials consisting of DBR (Fig. S5b). We subsequently quantify the absorption of the cavity system at 725 nm:
133 A=1-R-T=0.0209 (Fig. S5a). The exciton number for a 50 mW average excitation power is thus calculated as

124 nf™W = A n3)m ~5.02 x 107 (10)
135 We exclude the excitation scenarios by more than one laser pulses. The exciton reservoir depletes completely before
136 the arrival of a following laser pulse because the exciton lifetime ~15 ps? in a CrSBr flake with similar thickness of
137 400 nm is three orders shorter than the pulse interval of 13.16 ns in our experiments. The polariton lifetime is supposed
128 to be even shorter than the pure exciton scenario. Considering a layer thickness of 0.8 nm*~, our 312 nm CrSBr flake
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contains m = 390 layers. The excitation area on CrSBr Sx=n - r2=97um? is referred from the burned regions in Fig.
Slc. For an average pump power of 50 mW, the exciton density in each CrSBr layer is thus derived as

nSOmW .
d¥m™W = ZX  ~ 453 x 103um ™2 = 4.54 x 10 em ™2 (11)

m-S X
Based on Eq. (11), we can rescale the exciton density of each layer for other pump powers (Fig. S5c). We can
see that for this maximum pump power applied in our experiments, the exciton density in each CrSBr layer is well
below the Mott density naiory ~ 10'3cm™2 in the transition metal dichalcogenide monolayers®Z, It is comparable to
oty ~ 10Mem™2 in M-V and T1-VIH12 semiconductor quantum wells. However, due to the highly anisotropic
reduced masses and dielectric properties, the excitonic wavefunction is quasi-1D along the b-axis with substantial
charge density on the orbitals of Chromium and Sulfurl®*1®, The exciton radii along the a-axis"*''/ are on the same
order of the unit cell scales'®!® go that the excitons in CrSBr can be regarded as mixed Frenkel and Wannier-Mott
type' 'L This is in analogy to the single-wall carbon nanotubes where the excitons are 1D along the tube axis, and
show both the Frenkel and Wannier-Mott characteristics?">2, The 1D confinement in hexagonal Boron Nitride (hBN)
nanotubes also leads to Frenkel excitons®3?* that can be distinguished from the Wannier-Mott excitons in the flat
hBN%. In general, owing to the smaller exciton size, the Mott density of Frenkel excitons is supposed to be higher
than their Wannier-Mott counterparts.

To be more quantitative, the effective exciton Bohr radius in CrSBr (ap ~ 1.2 nm)"Z is considerably smaller than
those Wannier-Mott excitons (ap > 4 nm) in conventional III-V and II-VI semiconductor systems 26l 5o that in a
rough estimation®” the Mott density nyoe ~ 21]_3,2 in CrSBr ought to be at least one order of magnitude higher than the
10*! order. Therefore, We suppose that during the whole polariton nonlinearity measurements our system should not
have experienced Mott transition where the electrons and holes are in a weak Coulomb-correlated plasma instead of
the bound excitonic states5'%?.

Supplementary note 5: Theoretical model for exciton-magnon coupling

Exciton Here, we describe a theoretical model for excitons in CrSBr samples. We consider a system with bilayer
configuration, as this allows to understand the overall behaviour in the presence of interlayer hybridization and spin
ordering. The excitonic energy can be written as

Ex(01,02) =¢4(01 — 02) + Ep, + pxgx, (12)

where I, is the exciton binding energy, and ¢, is the energy bandgap that accounts for corrections from magnetic
ordering. This is described by angles 6; and 5 between the external magnetic field and the spin in layer 1 (upper) and
and layer 2 (lower). The bandgap of the material can be described as

£g(6h — 02) = e + tcos (91;02> , (13)

including the dependence on the relative spin direction of the spin in upper and lower layer. This spin-dependent term
originates from an overlap between interlayer spin wavefunctions. The overlap amplitude ¢ is estimated to be 12 meV
from our experiment (Fig. 1e). In the presence of background exciton with density px, this will lead to the non-linear
shift of the exciton due to exciton-exciton exchange interaction.

To theoretically estimate gx, we first model the exciton by the following creation field operator as

X; =YY g, vk (K)af o be, ko (14)

Lty k

where /%% (k) is the exciton wavefunction with o and k being the spin and in-plane crystal momentum. The layer
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index for conduction band electron is ¢, and for valence band hole ¢,,. As previously mentioned, we model our system
by a bilayer CrSBr (¢, £, = 1, 2), as this is the minimal case to investigate interlayer-intralayer hybridization effects.
We note that including more layers into the theory will not change the result qualitatively.”? With this, the intralayer
exciton wavefunction are ¥2!(k), 92%(k) and the interlayer wavefunctions are 12 (k), 12! (k). The interlayer and
intralayer exciton hybridization coefficient is Cf;[/. The creation field operator of conduction band and the annihilation
field operator of the valance band is alTw and by,

The intralayer and interlayer excitonic states satisfy the Wannier equation

[ee(k) — o (K)]ihse" (k Zwu Q)vo(k +q) = B (k), (15)

where we adopted the Keldysh-like potential in the CrSBr bilayer. We consider the mass anisotropies in the dispersion

k2 k2 k2 k2
(k) = v k) = — e Ty 16
ee(k) 2Mes + 2y’ e (k) 2Myy  2Myy (16)

The conduction band masses are m., = 7.31mg, m¢y = 0.14mg and the valence band mass are m,, = 2.84my,
Myy = 0.45my Ll

In CrSBr bilayer, we model the screened Coulomb interaction as=!

veer (@) = 2m Koo (q)
" eq (147.q)* —rigPe 2ed’

a7
where d = 7.93A52 is the interlayer distance of the bilayer CrSBr #12(q) = k21(q) = ¢~ and k11(q) = ka2(q) =
1+ r,.q(1 — e~299). The screening length is05355

€s — 1

€

T = d, (18)
where ¢ is the dielectric constant of the environment and ¢, is the dielectric constant of CrSBr. Here, we let ¢, ~ 6
which gives binding energy E!! = E2?? ~ 537 meV in vacuum (¢ = 1). In this calculation, we ignore the anisotropic
screening for simplicity.

In anti-ferromagnetic (AFM) phase, interlayer tunneling is not allowed. However, in the ferromagnetic (FM)
phase, the intralayer and interlayer excitons hybridized due to interlayer electrons tunneling. To account for the
hybridization, we can solve for the coefficients C¢ 29 as

Ell _TU Tc 0 Cll Cll

—_T* E12 0 Tc 012 012

T 0 E2 -7, 021 = Eyp C21 ) (19)
OC T _%* 22 022 022

where the transition matrix elements are

v _ t Zwll ,(/)12 _ t Zwll ¢12 (20)

Here, we consider the relevant valence band interlayer hopping ¢, = t = 12 meV and ¢, = 0.12

In our analysis, we concentrate on 1s states and set the total momentum of the exciton be Q = 0 in the scattering
processes, such that we characterize the low-energy exciton-exciton (X-X) interactions with elastic scattering for
Q = 0 only. The X-X interaction between exciton can be calculated from the total energy of the two-exciton state,
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Q, = (0| X, X, HX] X1|0) = 2E}, + A,. The interacting potential energy is given by

A, =-2>"3"CoCec0vET, @21

ss’ §s’

where s = (¢, {,) is the layer double index. The exchange interaction reads

5 1 ’ * * (1.
V" =57 Do (O @wee (@) £, (, —a) w3 ()3 (K)87, 4, 67,41 6,1 0,0, 0 1 i (22)
Kiq £/

where A is the area of the sample. The above equation gives
gx = AQ,. (23)

We note that the direct interaction vanishes since we let the total momentum of the exciton ) = 0. Here, q is
the transferred momentum between excitons, with excitonic wavefunction being expressed in s-index notation as
V5o (k) = et (k), and the factor f£_(k, q) = 8¢.¢%so (K—q)—0y, 100so (K). Using the wavefunction and ¢t = 12 meV,
we find that the non-linearity is gx ~ 0.29 ueV um?. Interlayer hybridization only leads to a difference within 0.01
ueV um?2.

Furthermore, the exciton-exciton interaction leads to a weak the non-linear blueshift which is not sufficient to
account for the non-linear shift in the experiment, particularly the redshift in AFM phase. Even though this result is
from a bilayer system, we do not expect our conclusions to change significantly in a system with large number of layers
(bulk). Therefore, we consider additional contribution to non-linear energy shift from the coupling with magnon.

Magnon In this subsection, we investigate the non-linear energy shift due to exciton-magnon coupling. From Eq. S(12),
the magnetic spin couple to the exciton through the bandgap term e4(61 —62). In experiment, an out-of-plane magnetic
field is applied to the sample (see Fig. S6). This points the spin at the equilibrium directions defined by 67, and 6s,.

To obtain this equilibrium angles, we model the CrSBr as a bilayer spin system with energy density energy
density (energy per unit cell) as

Ey —Alf[i JS; - s —§u0(5§+sy)~B} -
) NLS :i (Axwasfw i Aygg;;s;;) — NLS 1-_51 (Aszzséz + AZS,-"ZSZZH 2

where Si’“ is the spin for lower and upper layer. The total number of unit cell is V. The interlayer magnetic exchange
coupling J = 24.8 eV and the anistropic exchange to the easy axis is A, = 72.5ueV and to the out-of-plane axis is
A, = 14.4 peV,*! where we set the hard axis anisotropic exchanged be zero. The last term is the magnetic anisotropy
that gives the preferential direction of the spin in z-direction (we remind that CrSBr is a quasi-1D system). Here, we
note that the interlayer exchange interaction J has a similar strength as the anisotropy A,.. As a function of orientation
angles the energy can be written as

En(61,05) =J 5% cos(6; — 0) — 1S B(cos 0y 4 cos )
— A,S? (sin2 601 + sin? 0;) — A,S5%(cos® 0 + cos? b)), (26)

where S = 3/2 is the spin at chromium site. The angle between the upper (lower) layer spin and the magnetic field is
defined as 601 (65).



238 To find the tilted angle with the applied magnetic field B, we minimize the total energy by solving

E E
200 OEu =0, OEu =0. 27)
90, 014,02 06, 014,024

240 Assuming that 6; = 91, and 65 = 5, admit minimum solution of E,, this leads to

i

241 aa-EeM — J52 Sin(91* — 6‘2*) + /L()SB sin 01, — (Ax _ Az)52 sin 20, = 0, 28)
1

202 3£M =JS?sin(01. — 02.) + poSBsin o, — (A, — A,)S?sin 205, = 0. 29
2

s Solving the above equations, we obtain the solution that minimizes Fj;. The saturation field Bs,y can be obtained

+ using Eqgs. (28) and (29),

2

=

2

=

B 2JS sin(f14 — 024) + (Ay — A,)S(sin 201, — sin 26s,)

30
- o (sin 01, — sin Os,) (30)
245 by taking the limits 0,62 — 0. This gives the saturation magnetic field
A, — A
B, =25/t Ae—A:) 31
Ho

24 in the ferromagnetic phase.
249 The spins in CrSBr are dynamic and can fluctuate around the equilibrium directions with small angle §; and J
250 (see Figure S6). We expand the energy in the vicinity of this point as
251 En(614 + 61,02, + 62) = Epg(614,024) + aéf + 2b0102 + 053, (32)
252 where

0%E (014, 0o
253 a :% = —JS%cos(01. — 02.) + poSBcos b1, — 2(A, — A,)S? cos 201,

*1

O?Epy (014, 02
! b :W = J 5% cos(fr. — 5.,

O?Epr (014, 02
255 c :% = —JS?cos(01. — O2.) + oS B cos B, — 2(A, — A,)S? cos 20,..

*2
255 We write Eq. (32)) in to the magnon normal modes as
257 Er (014 + 01,0, 4 02) = Epg (014, 02:) + w_n” 4+ win?, (33)
2ss where the normal mode frequencies w, and w_ are the eigenvalue of the matrix,
+ —c)? + 4b?
259 Wi+ = (a + C) (a C) + s (34)
2
260 and the normal eigenmodes are
— b

201 (W —¢) 5y (35)

= Vb2 + (wi — )2 ' Vb2 + (wi — )2



262 Therefore, the change of the bandgap as

1 .
263 €g(014 + 01,024 + 62) =c0 — t[cos2 50* —sin @, (Biny — B_n_) — cosO.(Byns — B_n_)? (36)

264 With

g, (oo —aflay o (14 (@4 —c)b)a

Wi — wW— Wy — W—

(37)

26 The magnon-exciton coupling is zero at AFM (01, = —65, = 7/2) and FM (01, = 63, = 0) phase. This implies
267 there is no redshift in this phase if we disregard the fluctuation of the quadratic terms.

2ss Thermal effect and incoherent magnon In nonzero finite temperature, we measure the average exciton energy in
s Eq. (I2) due to the thermal fluctuation of the spins.'!

2

1)

270 Ex (014, 09.) =24(014 — 02.) + Ep + pxgx, (38)

271 where the average is

on Eg(B1. — 022) =c0 — t[ co? S0 — s Bu (8 () — B () — cos Bu(F2(02) — 2616 (min) + BE))].
(39)

273 The small fluctuation around .., denoted as 7+, can take positive and negative. Therefore, we may expect (n+) = 0
« and disregard the linear coupling term (second term). However, in the last term, we expect (n3.) o< ny where ny is
275 the total number of the () magnons modes in the sample. 73 is proportional to the amplitude square. For the the
276 cross-term, we have (nyn_) = (n4)(n—) = 0, since 4 and n_ are two independent orthogonal modes. This reduces
277 the measure bandgap to

2

]

278 E4(014,09.) =20 — t | cos? %9* — cos0.(B5(n7) + B2 (ni))} (40)

279 To calculate the (r4), we model the thermal effects using canonical ensemble with the partition function as

n4 ne -

280 Z=/ : d77+/ dn_e” T EM 1o b2 )t n® bwimi] o~ g B (01,020 [] ,/LkB_Terf(nf i ),
_nc _nec : Wi kBT
ns ne. i—t

(41)

2s1 where 7§ is the cutoff that are related to the maximum fluctuation in d; and d5. Therefore, this gives

®

1 /7% n< . 2 2
() = [ dne [ dnoge s Ot
-ng -n<

. o2
(Gl ) = e BT ) el [ @)
284 In the low-temperature wy /kpT — oo. This gives the following simple result,

285 (n3) = %k‘BT/wi. (43)
256 Here, the temperature 7" is the magnonic temperature which is proportional to the pump intensity. This result can also

27 be understood intuitively by considering the total number of thermally-excited magnon, since the kg7 is the thermal
283 energy and w. is a single magnon energy.
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Note that he result in Eq. (@3] holds only for the case of magnon energy being sufficiently large. However,
for the cases where the magnon energy is small we can no longer take wi /kgT — oo. In the case we take a limit
wy — 0in Eq.(@42), leading to

(44)
In this case, almost every available low-energy magnons get excited.

Therefore, we arrive at the exciton energy written as

_ 1
Ex (014, 02.) =20 — t{cosz 5(91* —024) — (ﬁi <773> + B2 <T}E>) cos(01x — ba.) | + Ep + pxgx 45)

where £, (61, —02.) is the bandgap, E}, is the exciton binding energy, and gx is the exciton-exciton exchange interacting
strength. Using Eqs. (34), (33). and (37), we obtain the important result for explaining the findings in different
magnetic configurations:

_ kT

Ex(m/2,—7/2) =go — twi + By + pxgx, (AFM) (46)
_ 2
Ex(0,0) =0 — t + tg(ﬂi)z + By + px9x, (FM) (47)

where in the FM phase the magnon energy near B = By, is very small. As B > B¢, the incoherent magnon
(n—-mode) shift in FM phase take the general form in Eq. SE2).

To investigate the polaritonic response in CrSBr, we recognize that the created exciton is hybridized with the
intrinsic cavity mode forming a self-hybridize polariton in strong light-matter coupling regime. We model this self-
hybridized polariton as follows:

We Q
Hy = [Q Ex (01, 92*)] ’ (48)
where w, is the intrinsic cavity mode with w. = €¢ + E}. The Rabi splitting €2 also experiences a non-linear response
due to phase space filling effect.*8 The lower polariton in this system has the energy

1 1
&= i[wc + Ex (014, 024)] — \/2[% — Ex(014,024)]? + Q2 (49)

2
ax pPX

In the above, we may approximate the Rabi splitting as 2 = Qg (1 — %m) 38 where v, Jo = Mesp/(Me +

my)(ax /v A) with m, /v = \/Mc/o2Me)yy being the geometrical average of the conduction/valence band masses
and ax = (r) being the average distance of the between the electron and the hole (exciton size) from theoretical
estimation is

ax = {1.0nm AFM, intralayer exciton, (50)

1.Inm FM, hybridized exciton.

Also, the Rabi splitting in low-density regime is {0y ~ 0.24 eV.! We write the energy shift due to the small change in
temperature AT and exciton density Apx by expanding it as

AE =BAT + AApx, (51)
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where

_0). nz
o 1 wC—EX 8EX
B‘[T“ 2A } oT "’ (52)
). nm
- 1 wcfEX 8EX QO 89
A _(2 MY ) dpx 2N dpx (53)

Here, we have defined A = \/% (we — Eg?))z + Q2 with Eg?) = g¢ — tcos? %(91* — 0s) + Ej. The derivatives are

OEx (a2 8<"7<2k> 2 8<773> 1

o = (B + 2 ) cos (01 — 62.), (54)

OF

P 59
2

00 Qak/2 56

Opx (14721 +92)
Assuming 7., ~ 0, we find the saturation factor 887?( ~ —0.24 peVpum? which is as large as gx and it is another
important nonlinear effect. The energy shift due to laser power is

(0) =(0) 9
B 1 we—FEyx 1tks 1 we—FEY Qo as /2
Aarm = [2+ 2A ]w_AT+[<2+ 2A )9X+2A(1+73)(1+73)}Apx’ (AFM) — (57)
~(0) 2
1w — EY Q a2 /2
AEFM_[(Q+ 2\ )9X+2A(1+%2)(1+%3)}APX’ (FM)  (58)

where the magnon energy w_ = S?(J + A, — A.) with the magnetic exchange couplings J = 24.8 ueV, A, =
72.5 peVand A, = 14.4 peV.:!

In the FM phase, since the magnon energy is very small, almost all the available magnonic excited states are
depleted immediately with small temperature change. This results in the very low temperature-dependent blueshift.
Therefore, in this case, the exciton energy nonlinear blueshift is mostly coming from the exciton-exciton exchange
interaction. This is consistent to the non-linear response that we observed in high-power measurement. We found the
maximum blue shift (Fig. 2h) is AE = 2.3 meV.

As we can see, the magnon fluctuating term in AFM phase is negative leading to the redshift. Moreover,
we find this effect rather strong. Changing the temperature by AT =~ 1.6 K is sufficient to generate a Alpy =
—2 meV redshift in exciton energy if we assume the maximum blueshift coming from the saturation and exciton-
exciton interaction is A&py = 2.3 meV. Furthermore, we have let w,. — Eg?) ~ (0 (small detuning). Therefore, it is
very likely the blueshift coming from exciton-exciton interaction is compensated, leading to the overall redshift.

Supplementary note 6: Correlation measurements of the polariton condensates in FM order

Figure S8a shows a schematics of the Michelson interferometer for measuring the first-order correlation of polariton
condensate. As an example, the cartoon of mesa is used to demonstrate the spatial inversion of the images reflected
from two arms. In our measurements, the reflected beam from the reference arm is aligned to transmit through the
center of the last focusing lens. The reflected beam from the delay arm is parallel to that of the reference arm, but
has a spatial displacement. Both images are focused and overlapped on the detector. More detailed operations of this
interferometer can be found in the Methods section of the manuscript.

Figure S8b shows the power dependent interference pattern (upper panels) as well as the calculated first-order correla-
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tion function (lower panels) of the LPB in FM order of sample position 2 (cavity detuning voltage of 38 V and external
magnetic field of 3 T). Its PL spectrum at a minimum pump power is shown in Fig. S4c. The excitation condition of
the power dependence is the same as in Fig. 3a of the manuscript. We can see that the maximum interference visibility
as well as the first-order correlation function g(l)(F7 0) is obtained at an averaged pump power around 29 mW, and
then both of them decrease at higher pump powers, corresponding to the same turning point of the coherence length
decrease shown in Fig. 3c of the manuscript.

355 Figure S9 show the complete power dependent second-order correlation measurements of the LPBs in AFM and FM
a6 orders in Fig. S4c. we can see that in both magnetic orders the g(2)(0) decreases with increasing pump power,
ss7 signifying the coherence build-up of the polaritons which is consistent with the 1st-order coherence measurements in
ss Supplementary Fig. S8b and Fig. 3a of the manuscript. The power-dependent g(?) (0) values are summarized in Fig.
sse 3c of the manuscript.
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Supplementary Fig. S1| Cavity and material properties. a. Scanning electron microscope image of the mesa after
FIB etching. The 6 um lens pits are marked by the red frame. b. Optical microscope of the mesa after sputtering
with DBR. The 6 pm lenses (concave DBR) are marked by the red frame. c¢. Microscope image of the CrSBr flake
transferred on the bottom DBR. The scale bars in a-c are all 50 um. The holes (1: 6 pmx 4 pm; 2: 4 pm X 5 pm) are
burned through the 6 ;m lenses by 725 nm femtosecond laser with high power (0.92 nJ/pulse). d. Upper panel: atomic
force microscopy of the CrSBr flake in ¢. Lower panel: step profile along the white dashed lines in the upper panel and
c¢. The measured thickness (h=312+2 nm) matches perfectly with the simulation by the transfer matrix in Fig. 1c of
the manuscript. e. Reflection of the top and bottom DBR, and empty cavity with a gap of 4025 nm, simulated by the
transfer matrix method, and the complex refractive index n= n + ix of CrSBr used for the transfer matrix simulation
in Fig. 1c of the manuscript. f. Polarization dependent PL emission intensity (black dots) of the LPB at 20 V detuning

voltage in Fig. 1d of the manuscript. The fit (green) determines the crystallographic b-axis as 110° or 290° in our
experimental geometry.
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Supplementary Fig. S2| Magneto-PL of sample position 1 at different cavity detunings. The measurements are
performed between + 3 T for detuning DC voltages from 20 V to 50 V. All graphs share the same colorbar. The cavity
length gets smaller and the modes blueshift for saturation magnetic fields |B| > 2 T. The drifts for magnetic field
intensity |B| < 2 T is less than 1 meV.
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Supplementary Fig. S3| Pump power dependent PL measurements of sample position 2. a-j. cavity detuning
voltages of 32-52 V and AFM order (0 T). k-v. cavity detuning voltages of 22-46 V and FM order (3 T). The two
colorbars apply to measurements with different magnetic orders. The voltages in a-j and k-v correspond to those in
cavity detuning PL measurements in Fig. S4a and Fig. S4b, respectively. The power dependent PL. measurements at
44V (0T) and 38 V (3 T) detuning voltages are shown in Fig. 2a and Fig. 2b in the manuscript, respectively.
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Supplementary Fig. S4| LPB non-linearity with different cavity detunings and magnetic orders. PL measure-
ments of sample position 2 as a function of cavity detunings (DC voltages) in a. AFM order (0 T) and b. FM order (3
T). The experiments are performed with a pump power of 0.5 mW, far below the condensate thresholds. Additionally
plotted lines are the fitting of the polariton modes (solid), self-hybridized polaritons (dashed), and the cavity modes
(dotted-dashed), resulting from a 9x9 coupled oscillators model. ¢. PL spectra at detuning voltages of 44 V of the
AFM order and 38 V of the FM order that are marked by the dots in a and b. These two detuning voltages correspond
to the same detuning energy relative to the Pg self-hybridized polariton, where the polariton non-linearity in Fig. 2
of the manuscript is measured. Detuning dependent LPB energy shifts with increasing pump power in d. AFM order
(0 T) and e. FM order (3 T), fitted from the data in Fig. S2. Corrected LPB energy shifts with increasing pump in f.
AFM order (0 T) and g. FM order (3 T). h. AFM order (0 T), and i. FM order (3 T) Hopfield coefficients (the ratios of
Ps self-hybridized polariton: | Ps| and the external cavity mode: |Cs|) of the LPBs with different detunings, which are
calculated by a 2x2 coupled oscillator model in Eqs. S8-S11. The dots and circles mark the detunings where polariton
non-linearities are measured in d-g and Fig. S2. j. The experimental (empty symbols) and corrected (filled symbols)
slopes of the LPB energy shifts below 20 mW in d-g, fitted by a linear function.
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Supplementary Fig. S5| Simulation of full cavity structure. a. Simulated reflection (R), transmission (T), and
absorption (A) of 965 nm light in the open cavity with a gap of 4025 nm by transfer matrix method. The PL spectrum
(AFM order, 44 V) matches very well the simulations. There is a few nanometers discrepancy of the LPB, probably
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Supplementary Fig. S6| Schematic diagram for the spin model in bilayer CrSBr. The spin in the upper and lower
layer at site 4 are S* and S!. Their interlayer spin exchange coupling is .J. In the presence of the uniform out-of-plane
magnetic field B, the spins S* (S!) become tilted, forming an angle 6; (62) with respect to B-field. In non-zero
temperature, the spins S} (Sé) fluctuate around its equilibrium orientation with small angle 61 (d2).
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Supplementary Fig. S7| Power dependent PL of cavity detuning on sample position 2 (AFM, 0 T). The threshold
phenomenon is clear around 20 mW pump power. The stimulated polaritonic scattering is then more obvious for
higher powers, leading to the condensation into the lowest polariton modes (for cavity detuning around 22 V and 55
V of two consecutive longitudinal mode sets). At maximum power of 40 mW, the Rabi gap collapses and the system
reaches the optical saturation.
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Supplementary Fig. S8| First-order correlation of the exciton-polariton condensate at 3 T. a. Schematics of the
Michelson interferometer. The sample image as well as the real-space emission patterns from the reference arm is
spatially inverted. b. Top panels: Pump power dependent zero-delay interference patterns of the FM order (3 T, 38 V
detuning) LPB emission in Fig. S4c. Bottom panels: calculated spatially-resolved first-order correlation g(*) (7,0) at
the pump powers corresponding to the upper panels.

22



0 )
=== 0T, 10 mW === 3T, 10 mW
L ==t be et e 1 -
E
05 S05
[=2}
0 1 0 1
m= 0T, 15 mW w3 T, 15 mW
S E
305 505
o [=2]
0 1 0 1
w0 T, 20 MW w3 T, 20 MW
e E
S 05 S 05
o o
0 1 0 1
=== 0T, 25 mW === 3T, 25 mW
S .
§05 §05
o o
0 1 0 1
w0 T, 30 mW w3 T, 30 mW
S .
§05 §05
o o
0 1 0 1
=== 0T, 35mwW w3 T, 35 mW
l- -y - 1- -
S o
§05 §05
o o
0 1 0 1
w0 T, 40 mW w3 T, 40 mW
14 -pmpm.- - 14 -
E E
§ 054 § 05
o o
0 T 1 0 1
m== 0T, 44 mW == 3T, 44 mW
14 - 14 -
8 05 8 05
o o
] 0 T T ]
-100 0 100 200 -200 -100 0 100 200
Time Delay (ns) Time Delay (ns)

of the LPB emission in FM order (3 T, 38 V) of Supplementary Fig. S4c.
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Supplementary Fig. S9| Second-order correlation of the exciton-polariton condensate. a. Pump power dependent
2 (1) of the LPB emission in AFM order (0 T, 44 V) of Supplementary Fig. S4c. b. Pump power dependent g(*) (1)



