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Abstract

Fracturing is unavoidable and threatens the reliability and functionality of materials. Therefore, regulating
the propagation of cracks in a predictable and ductile manner is of paramount importance. Herein, we exploit
the properties of topological mechanical metamaterials (TMMSs) as a versatile mechanism to guide cracks uni-
directionally and turn fracturing of lattices made of brittle materials into ductile events. Inspired by quantum
topological states, recent discoveries of TMMs have uncovered varieties of unconventional mechanical phenom-
ena, ranging from one-way wave propagation to polar elasticity. We show that polarized floppy modes occurring
in TMMs lead to strongly asymmetric stress fields localizing around the crack tips, leading to ductile one-way
fracturing, in sharp contrast to classical theories of fractures in brittle materials. Our work demonstrates the
universality of this fracture unidirectionality feature, which is protected by TMM’s bulk topology, and provides
robust solutions in programmable fracturing for a broad class of materials and structures.

Keywords— topological mechanics, one-way fracturing, linear elastic fracture mechanics, mechanical metamaterials

1 Introduction

Fracture undermines the stability of structural and material systems across scales and physical realms, from rocks [I], bones
and teeth |2, 3], polymers [4} 5] [6] [7, 8 @ 10, 1T, 12], to two-dimensional materials [I3] 14}, [15] and microscale molecules
and fibers [16] [17) 18] [19]. Fractures are inevitable; what one can do is design materials endowed with the ability to retard
the manifestation of fracturing (crack initiation and propagation) or mitigate the severity of fracturing events to avoid the
onset of catastrophic damage. To this end, understanding and subsequently controlling the parameters that guide fracture
propagation remains a key challenge in theoretical and practical research in fracture mechanics [20} 211, 22} 23] 24 25 26,
27, 28], [29] [30, [31], [32]. Recently proposed methods to steer cracking direction includes applying different external loading
conditions [33} [34] 23] B5], controlling material anisotropy (e.g., using bio-inspired nacre [36] and seashell [37]), programming
the micro-structure geometry [38,[39] 40, 41] and introducing local curvature [42] [43]. Despite this abundance of approaches,
a robust general principle for using geometry to guide the direction of fractures is still lacking.

In the past decade, principles from quantum topological states of matter have been widely utilized to design mechanical
metamaterials featuring topologically protected properties, such as one-way edge states and polarized elasticity [44}, [45] 46,
47, [48]. Among them, Maxwell lattices have attracted extensive interest due to the ability to topologically control stress
and strain fields, offering programmable soft boundaries [44]}, [49] 50} 5], transformable responses [52} 53] [54], programmable
stress distribution [55, 66, 57, 58], and low-frequency edge waves [59] [60].

In this paper, we show that topological mechanics of Maxwell lattices can be used to robustly guide fractures to propagate
in a unidirectional and sequential way, and we demonstrate this effect using theories, simulations and experiments. We
find that the topological polarization, which controls the spatial patterns of the stress fields and specifically the regions
of stress focusing, is responsible for strong asymmetries in the stress fields that localize around cracks, causing the lattice
to fracture along a deterministic and predictable direction. Remarkably, this property is preserved even when the fracture
progresses into the nonlinear regime. Moreover, the sequential activation of topological zero modes resulting from the onset
of crack make the fracture process ductile, although the material the lattice is made from is brittle. Such geometry-induced
effective ductility drastically reduces the occurrence of catastrophic failures. We provide rationales for our results in light of
topologically protected zero modes (ZMs) in Maxwell TMMs, and compare our results with linear elastic fracture mechanics
(LEFM) [61] 62 [63] [64]. Specifically, we find that topological ZMs generates stress distributions that significantly differ
from those predicted by LEFM in terms of both asymmetries and angular profiles near the crack tip, thus providing drivers
for crack propagation that differ qualitatively by those observed in classical media as well as in non-polarized lattices.

In summary, the properties of TMMs enable several advances in fracture mechanics and engineering: (1) using the
combination of purely periodic geometry and isotropic constituent materials, the cracks are guided in a unidirectional
and robust way even in the nonlinear regime, regardless of the crack shape; (2) the TMM turns a sudden, brittle and
unpredictable failure into a ductile and predictable one with early indicators; (3) the TMM enables on-demand control of
crack tip stress conditions and achieves diffusive and concentrated fracturing in the same material; (4) based on topological
kagome lattices, the TMM is light-weighted and features material-invariant and scale-invariant properties.
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This study also aims at filling important gaps in efforts to apply TMMs to real-world engineering problems. The
mechanics of Maxwell lattices have been primarily studied in the context of ideal spring-mass models. How topological
mechanical effects manifest in structural lattices that can be fabricated via realistic manufacturing methods is a rich and
on-going question. So far, several studies have pinpointed the signature of structural non-ideality to a general dilution
of the topological polarization, accompanied by the rising of the characteristic spectra of the topological modes to finite
frequencies [59} 65, [60]. On the other hand, working with structural lattices poses additional opportunities, e.g., for tuning
of transformable lattice using external stimuli [64]. As for the effects of structural dilution on the stability and failure
of TMMs, recent works have documented a substantial robustness of topologically protected stress focusing in structural
lattices [57], which is only compromised in regimes of large deformation [58]. However, these studies have mostly addressed
the states of stress that may be precursors of crack initiation, while how the actual crack propagation conditions are affected
by the polarization of TMMs is, until now, essentially uncharted. The results in this work provide a first set of answers to
this question, while revealing some unexpected damage propagation regime that elude common fracture mechanics wisdom.

2 Results
2.1 Fracture of Maxwell lattice TMMs

In a homogeneous material, stress fields focus at the two tips of a crack symmetrically (Fig. ) [66]. As a result, in practical
scenarios involving brittle materials (Fig. the propagation direction (to the left or to the right) that the crack eventually
follows is highly sensitive to the material’s defects or imperfections and thus hard to predict or control. Moreover, the
damage process is sudden and often without significant prior deformation (Movie S1). The aim of crack-guiding functional
materials [35, [39, [38] is to break symmetry of the geometry and guide the crack propagation in a unidirectional and
predictable way.

A trivial approach to breaking this symmetry could be obtained by modulating material constants or disrupting mirror
symmetry in micro-geometry. Such approaches suffer from material and strain dependence. Here, in contrast, we explore
the architecture of polarized Maxwell lattice-based TMMs (Fig. ) as a means to manipulate the stress field and direct the
crack propagation in a robust way based on topological protection. Maxwell lattices are mechanical lattices with an equal
number of degrees of freedom and constraints in the bulk, thus operating on the verge of mechanical instability. They are
known to exhibit topologically polarized elasticity, which manifests as the localization of states of self stress (SSS) and zero
modes (ZMs) at opposite edges of a finite lattice domain [44] 49 [50}, [51].

Topologically polarized elasticity predicts that, by replacing a solid continuum (Fig. ) with a TMM (Fig. ), an
asymmetric stress field emerges in the neighborhood of a crack. Note that, in a lattice, a crack effectively consists of a
sequence of severed ligaments (serving as structural hinges) along a line. This scenario is depicted in Fig. [I[B via FEM
simulations and experimental data. For the experiment, we cut a Polyethylenimine (PEI) film into the TMM geometry in
Fig. and sandwich it between a pair of polarizers (see Materials and Methods, Fig. [S2). After subjecting it to slight
stretching, it reveals an asymmetric stress field, indicated by the color map.

We compare (1) a continuum medium (Fig. [[]A) with a slim crack, (2) a topological kagome lattice TMM (Fig. [[B) and
(3) a regular kagome lattice (Fig. - the latter two cases featuring a line of severed hinges acting as crack. Applying the
same amount of total stress to all configurations, we extract stress profiles along horizontal paths between the immediate
neighborhood of the crack tips and the free boundaries (Fig.[S4)). For the two lattice configurations, we adopt the average von
Mises stress in the structural hinges as a stress indicator (Materials and Methods). Among the three, only the topological
kagome shows a strongly asymmetric stress field about the crack. (1) For the continuum medium, the stress decays as 1//r,
where r is the distance from the crack tip (gray curve in Fig. ), consistent with classical theories [61), [62] 63 [64]. (2)
For the TMM (green curve), interestingly, the left side of the crack does not display a stress build-up at the effective crack
tip, while on the right side the tip stress is three times the bulk value. The fluctuations at the left edge are a signature of
the floppy modes available on that open edge due to polarization. The deformation mode in the bulk is a combination of
stretching and bending of the hinges. (3) For the regular kagome (orange curve), an increase of stress from the bulk to the
crack tip is observed, albeit smoother than in the continuum medium and the right side of topological kagome (Fig. ,
which can be explained by the blunting effect of kagome lattices [67,[68]. For this lattice, the dominant deformation mode in
the bulk is stretching. (see additional simulations in Fig. . In addition, the sudden drop of the stress near the boundaries
(Fig. C) [67] can be explained by noting that, at a free boundary, due to the lack of constraints, the deformation mode
switches locally to bending-dominated and exhibits the deepest boundary layer of the three cases.

We further show that the trend of asymmetric tip stresses in TMMs continues deep into the nonlinear regime, beyond
the linear elastic states of stress considered in previous studies [55] 6] 57], injecting asymmetry into the actual damage
propagation regime. We test several samples for each medium type (continuum, regular kagome and TMM) featuring the
same length, width, and crack size to extract some statistics of failure (Fig. ) and document the existence or lack thereof of
crack propagation directionality in these systems. Specifically, we count the number of instances where the crack propagates
left /right. As shown in Fig. , when it comes to realistic experimental conditions, for the continuum medium and the
regular kagome it is impossible to predict (or enforce) a priori which way the crack will propagate or induce symmetric,
simultaneous, two-way propagation from both tips of the crack. This is despite the fact that they both show perfectly
symmetric stress fields in simulations (Fig. [[|C). In Fig. [IE, we report normalized experimental force-displacement curves
acquired during the tests (see also Fig. |S6)). The curve for the continuum samples (grey line) clearly shows a sharp drop
from the peak state, representative of canonical brittle behavior. An intermediate and final cracked state of a continuum
sample are shown in Fig. [[|G, and H, respectively. The paper sample undergoes infinitesimal deformation before undergoing
sudden failure (Movie S1), and the direction of crack propagation is unpredictable from one sample to the next.

In contrast, the TMM presents a much slower manifestation of failure reminiscent of ductile failure, as indicated by
the green line in Fig. [[E, which features a jagged profile that stretches the failure process over an elongation range 5-6
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times larger than that observed for the continuum. Moreover, driven by the significant stress difference between the two
tips (Fig. [IIC), the crack propagates consistently to the right, as indicated by the 100% case count in Fig. [[[D. The local
physical processes involved in crack opening for the TMM are documented in the snapshots of Fig. —M. Interestingly, before
cracking, the TMM gives a warning: in both simulations and experiments, the circled right tip hinge (brown circle) shows
an opening angle larger than the others by ~ 10° (Fig. [T[). The breaking of the first hinge on the right side corresponds
to the first drop in the jagged force profile of Fig. [[E. At 203 s, with the first hinge broken, the largest stress is found in
the second right tip hinge (circled), as shown in Fig. . After that, the crack keeps propagating to the right, reaching the
state of Fig. [[K at 333 s, with the second hinge broken and the largest stress found in the third hinge, and that of Fig. [[K
at 600 s, when the one-way cracking pattern is fully formed. The final state shown in Fig. at 1300 s marks the collapse
point where the sample looses integrity. Inspection of the deformation and stress fields revels something additional about
the mechanics of the process. As the first hinge breaks and the second one carries the largest stress, it experiences a more
pronounced bending deformation, which is accompanied by an increase in stiffness (Fig. , I-L). When the second hinge
goes to the maximum allowed strain and breaks, we observe stress concentration in the third hinge on the right at larger
strasn. This nonlinear phenomenon is due to the sequential activation of topological ZMs in the nonlinear regime, as we
discuss in the next section.

In summary, we observe systematically across the experiments that all the right side hinges are broken sequentially before
the cracking transitions to the left (Fig. [1, Movie S2). Therefore, the crack propagation in the TMM can be considered
predictable, unidirectional and ductile. Note that all simulations of TMMs are consistent with the experiments (Fig. —M).

For completeness, we close this section with a few comments about the somewhat erratic behavior of the regular kagome.
Here, two-way symmetric propagation is observed in the ideal simulations (Movie S3) giving rise to brittle failure (Fig. ).
Experimentally, however, since the tip stress is blunted (Fig. , Fig. )7 the crack path is rather unpredictable and may
even steer towards other directions, due to uncontrollable imperfections in the sample (Movie S4). This further suggests the
peculiarity of the sharp, asymmetric stress field and the uniqueness of the one-way cracking achieved working with TMMs.

2.2 Topological zero modes control asymmetric stress field

The strongly asymmetric distribution of stress induced by crack opening in TMMs can be understood via the analysis of the
localized topological ZMs [44] [47] 48], [49] [50] that are triggered during the deformation process. Here we first discuss this
effect in the case of ideal Maxwell lattices, featuring only nearest-neighbor (NN) bonds and then generalize it to structural
TMMs featuring additional weak bending constraints which can be characterized by next-nearest-neighbor (NNN) bonds.

In a topological kagome lattice as a NN-bond only ideal Maxwell lattice, each node has 2 degrees of freedom from the
in-plane displacements and 2 constraints from the 4 bonds connecting to it (as each bond is shared by 2 nodes). Maxwell’s
counting rule of equal numbers of degrees of freedom and constraints is satisfied at every wave number, and the system has
two homogeneous ZMs (z,y translations) and two homogeneous SSSs that provides the elastic moduli. Assume removing
one node in the bulk to open a small crack. This operation removes 2 degrees of freedom and 4 constraints, and as a
result, it lifts the two homogeneous SSSs and creates 2 nearly-ZMs near the crack (Fig. ) The frequencies of these 2
nearly-ZMs vanish exponentially as a function of the system size. A simulation of the ideal lattice (under either periodic
boundary conditions or fixed boundary conditions, if the lattice is large) reveals the spatial pattern of these two nearly-
ZMs, which are localized around the right tip of the crack, as a result of the topological polarization Rr, following the
predictions of topological mechanics theories [44] [47) [48]. The two nearly-ZMs are even u® and odd u'® with respect to
the horizontal mirror plane of the crack, respectively, and they have dynamical matrix eigenvalues Ac, Ao (corresponding to
mode frequencies y/Ae/m, /Ao/m with m being the mass of the nodes). These two nearly-ZMs exhibit two supersymmetry
partners, which are nearly-SSSs [44], s and s(*.

The response of the lattice upon an external load of uy, stretching, as we derive in detail in the SI @, is dominated
by the even nearly-ZM u(® (Fig. ) via

(aff) 1 ( e) <aﬂ>> (e)
u; ~u; — E sp - By w,”, (1)
Vi \4

where i labels the nodes, b labels the bonds, u®®, E® are the affine (homogeneous strain) displacement and bond extension
()

of the lattice under the load, and the nonaffine response is controlled by the even nearly-ZM u;
by the overlap of the affine strain E®® with the corresponding even nearly-SSS s(e),

A complimentary way to understand the topological nature of this strongly asymmetric displacement field is to realize
that the bulk solution of ZMs in Maxwell lattices can be generally written in the form of e’?™, where the imaginary part
of q controls the decay of the ZMs [44], 52 [50]. The horizontal topological polarization Rt of the lattices we consider here
directly controls the imaginary part of g, of the ZMs. For each given real g, there are two ZM solutions, both of which have
the imaginary part ¢/ > 0 for the topological kagome, but the two ¢./s have opposite signs for the twisted kagome which
is unpolarized (Fig.|S7). The actual displacement field upon loading comes from a linear combination of these ZMs, with
the coefficients determined by the boundary conditions. The crack in the middle allows for finite displacement amplitude
around it. The displacement must decay towards the right in the topological kagome, consistent with the numerical results
(Fig. . Importantly, if there is any displacement amplitude on the left tip, it must exponentially increase towards the
bulk on the left, which is not allowed. This requires vanishing displacement on the left tip in the topological ideal Maxwell
lattice case. In contrast, in the twisted kagome lattice, decay occurs in both +x directions, giving a ratio of displacements
of order unity between the two tips (Fig. [S7). This argument also generalizes this phenomenon from the one-node crack to
other sizes and shapes of cut, as we mention below.

The discussions above describe the response of the NN-only topological Maxwell lattice under load, where due to the
lack of SSSs, the lattice moves along the linear combination of the affine strain and the nonaffine nearly-ZM (Eq. ), and

, with the coefficient given
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there is no stress to the linear order. The strong asymmetry of the nearly-ZM gives rise to the strong asymmetry of the
displacement field of the lattice under load, leading to stress responses at the nonlinear level. To fully understand the stress
response of the TMM, we theoretically analyze the topological kagome lattice with NNN bonds, and compare with numerical
results on the NNN lattice characterized by a spring constant ratio knnn/knn, and the TMM which is a continuum model
characterized by normalized hinge thickness h/|ai|. Firstly, we verify that despite the deviation from the ideal Maxwell
limit, the displacement responses of the NNN lattice (Fig. 2B) and the TMM (Fig. 2IC) under load is indeed dominated by
the even nearly-ZM shown in Fig. , featuring drastically different rotations at hinges at the left and right tips (Fig. )
Secondly, a subtle difference arises, as the weak additional constraints due to the NNN bonds or the bending stiffness of the
hinges induce homogeneous SSSs even in presence of the crack. This leads to weak stress responses at the linear level, mainly
carried by the NNN bonds (Fig. ) In contrast, the NN stress increases nonlinearly at small knnn/kny, as determined
by the ideal theory. When the NNN spring constant or the hinge thickness becomes large, the lattice deviates from the
ideal Maxwell case and crosses over to normal elastic media behavior where geometric details prevail, with the topological
polarization effect vanishing (Fig. 2FG).

Due to the robustness of the topological polarization, this strong asymmetry of strain and stress applies more generally
beyond this simple scenario of a small crack (Fig. [S8). When the crack is longer, more nearly-ZMs are generated. However,
due to the topological nature of the ZM profiles in the bulk, the excited combination of ZM is still characterized by strong
stress on the right, as shown in Fig. [[] SI[[TB]and Fig. [S9} This also applies to holes of other shapes, as we discuss below.
For simplicity, we will just use the term “ZMs” to refer to both exact ZMs and nearly-ZMs in other sections.

Furthermore, as the first hinge on the right breaks due to high stress, the lattice gains more ZMs which again asym-
metrically localize more on the right than on the left due to the topological polarization Rr. The process of nonlinear
deformation along the ZMs, generating high bending stress which evolves into stretching stress at higher strain at the right
tip, occurs again until the next hinge breaks, and repeats until all hinges on the right break, as we show in Fig. The
nonlinear excitation of the topological ZMs is behind the ductility of this fracturing process, although the original material
is brittle.

The results shown here are from periodic boundary conditions, so the topological mechanical effect at the crack is
separated from the boundaries. We find that the topologically protected stress asymmetry is robust against the details of
the boundary conditions. The results shown in Fig. [1| are from open boundary conditions, and we include more studies of
boundary conditions in the SI[[TB]

2.3 Comparison with linear elastic fracture mechanics

It is instructive to compare the asymmetric stress fields observed in TMMs to the classical solution of linear elastic fracture
mechanics (LEFM). In LEFM, the tip stress is symmetric between left and right tips, and the dependence of the tip stress
field upon the angle around—and distance from—the crack tip can be treated as separated variables [61] [62] [63] [64]. Our
tests and simulations suggest that the stress fields established in the Maxwell TMMs fundamentally differ from the LEFM
cases in both respects. To quantitatively study this effect, we compare four cases: a topologically polarized kagome TMM,
a regular kagome lattice, an elastic continuum, and the analytic solution from LEFM. For TMM and regular kagome, the
stress fields are shown in Fig. and B, respectively. Since most stress localizes at the hinges, here, for visualization
purposes, we extract the hinge stresses (see Materials and Methods) and interpolate them over the entire sample domain to
obtain a continuous effective stress field. The deviations from LEFM predictions can be agilely appreciated by inspection.
The left-right symmetry is broken at the center of the tip, and this behavior is observed robustly for different values of the
hinge thickness parameter h, as shown in Fig. . Moreover, the angular stress dependence (profiles of stress vs. angle v or
7) is different when sampled at different distances (radii) from the tip, as shown in Fig. , violating the independence of
the radial and angular variables in LEFM. Fig. also shows that the left and right tip stress fields feature qualitatively
different angular dependence, revealing an additional element of asymmetry due to polarization. For completeness, an
analogous study is given for the regular kagome (green curve) and for the continuum (dark gray curve with markers for
numerical simulations and light gray curve for analytical solution) in Fig. . Here, all the curves apply to all radii, as the
dependence upon v or 7 is decoupled from that upon distance.

We further study the case of elliptical cracks in a continuum, for which finite LEFM analytic solutions are available,
with emphasis on the dependence on the crack aspect ratio a/b. In Fig. we show the stress field for a reference choice
of a/b in a continuum. Not surprisingly, the stress field is symmetric close and far from the crack. From LEFM, the stress
magnitude varies with a/b as ovip = 000 (14 2a/b)), where oo is the far-field stress [61} 62, 63} [64]. In Fig. [3iG, we fix b and
only vary a, de facto sweeping the aspect ratio between 1 and 4 and we monitor the ratio between the stress in the bulk,
where the stress plateaus and can be taken as the far-field stress, and the tip stress. The trend of the gray curves confirm
the expected decay. The slight deviation between simulation (dark gray with markers) and analytical solution (light gray)
is due to numerics and progressively vanishes upon mesh refinement. In Fig. we also repeat the analysis for the two
considered lattices (TMM and regular kagome). Interestingly, here the tip-to-bulk stress ratio appears to be independent of
a/b, with the usual asymmetry between left and right tip exhibited by the TMM. The independence on defect length implies
special mechanical features of the TMM: compared to normal media, the metamaterial shows a larger fracture toughness
with delayed cracking due to slower increase of stress focusing as crack size increases.

2.4 Topology-controlled fracture: a portfolio of patterns

The one-way fracture mechanism discussed above is not limited to straight line cracks located in the bulk. It also applies
to initial cracks of different shapes or differently located in the lattice domain. This robustness attribute proceeds directly
to the fact that the ZM-controlled fracture mechanism is topologically protected. We demonstrate this through three
representative cases (schematically depicted and color-coded in Fig. [l]A): (I) a tilted cut in the bulk (green), (II) a cut at
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the soft edge (blue), and (III) a cut at the rigid edge (orange). For (I), we first check the distribution of ZMs predicted
by theory for the idealized NN lattice under periodic boundary conditions (similar to Fig. ) After removing sites and
bonds along the direction of lattice vector a2 (Fig. [1B, Materials and Methods), all the ZMs are localized asymmetrically
at only the right edge of the crack in Fig. @B, as a result of topological polarization. We then examine the problem for the
corresponding TMM in Fig. [@IC. Simulations indicate that, under uniform stretching of the lattice, the deformation localizes
at the right edge as well (see displacement color map in Fig. ) Consequently, the stress developed in the hinges on the
right edge is greater than that at the left edge, as depicted in FigE[D. A similar asymmetric pattern of ZMs and stress
localization can also be found for other crack shapes (e.g., the triangular hole in Fig.[S12).

To quantify this asymmetry, we define n as the vector normal to the crack edge and « the angle between n and the
polarization vector Rr. It is known from theory of polarized Maxwell lattices that the density of ZMs at an edge is
proportional to n - Ry = cosa [44]. As described below, we find this quantity to be a good indicator of stress distribution
around holes. In Fig. [dE, we consider holes of different orientations and plot the magnitude of ZMs at the edge and the
bulk-to-edge stress ratio against the angle &. When o approaches 7 (or cosa — —1), the edge has no localized ZMs (the left
side of the crack in Fig. [2A, Fig. [@B) and shows the same hinge stress as the bulk stress (Fig.[JA). On the other hand, as
a goes to 0, the stress ratio approaches 0, implying a significant stress concentration at the edge. Here, the hinge thickness
is set to h/|ai| = 0.015 in Fig. 4C-E.

This asymmetry of stress distribution leads to robustly controllable crack propagation directions for a variety of hole
orientations occurring in TMM domains, which we demonstrate numerically and experimentally in Fig. EIF, G. The initial
state has a crack along az in Fig. [fF. After being stretched, both nonlinear simulations and experiments show that the crack
initially propagates to the right, emanating from the bottom-right tip and breaking sequentially the two adjacent hinges
(Fig. ) After that, the crack also propagates to the left side, as shown in the Movie S5, likely due to the proximity of the
crack to the right boundary. The results emphasize that the unidirectional cracking mechanism is invariant to the shape of
the bulk crack (see one-way cracking of a triangle notch in Movie S6 and a rectangular notch in Movie S7).

The same principle also controls stress fields and crack propagation driven by edge cuts, with some noteworthy differences
between soft (cases II) and rigid (cases III) edges. In Fig. , via simulations we calculate and plot the stress developed
along the hinges in the same row along which the crack propagates, from the crack tip to the other side of the sample. We
observe qualitatively different trends between the two cases. When the initial crack is at the soft edge, the stress drops
sharply into the bulk, whereas when the initial crack is at the rigid edge, the stress decreases gradually. Overall, the decay
of the soft edge curve follows a trend similar to the decay of hinge stress along the right tip path observed for the bulk
crack in Fig. . As shown in the experiment with initial crack at the soft edge (Fig. —J), since the tip hinge has a much
larger stress than the surrounding hinges (Fig. [4]l inset), the crack always propagates along the straight path (Fig. )
In contrast, the stress at the rigid edge is diffusive, uniformly distributed around the tip, as indicated by the color of the
dots in the K inset (consistent with the numerical prediction in Fig. [4JH). This results in multiple potential crack paths, as
observed in the experiments documented in Fig. [IK-M. As a result, small random perturbations caused by experimental
non-idealities can cause unexpected bifurcations of the cracking paths. In Fig. [d]L, the crack turns directly into the direction
along az. In the case shown Fig. , the crack propagates straightly first and then turns into the direction along as at a
later stage. Furthermore, in both simulations and experiments, the rigid edge exhibits delayed cracking compared to the
soft edge (Fig. [S15E, F), despite similar force peaks in the force-displacement curves for cases (II) and (III).

These differences in fracturing behavior between the two edges suggest that crack tips in TMM display a variety of
regimes, ranging from stable propagation at the soft tip to diffusive cracking at the rigid tip. Diffusive failures, characterized
by fracturing without stress concentration, typically occur in systems with high disorder or low connectivity [69] 25] [24]
Previously, people achieve concentrated stress and diffusive stress tips in different systems by tuning network connectivity [70]
or rigidity [9][25] 24]. The former appears in highly connected or rigid systems, while the latter shows up in systems with low
connectivity. Here, we demonstrate that both concentrated and diffusive stress can emerge within the same over-constrained
real system, allowing for on-demand fracturing control.

3 Conclusions and discussions

Using a combination of theory, computations, and experiments, we have shown that Maxwell-lattice based TMMs are capable
of guiding fracture in a unidirectional way, achieving ductile failure even when the constituent material is brittle. The
directionality is predictable as a result of the topological protection of the polarization, which overwhelms the randomness
associated with experimental variability. The ability to customize stress fields around crack tips offers a robust yet versatile
set of tools to design light-weight, material- and scale-invariant metamaterials with on-demand fracture control. The
phenomena observed at the lattice scale fundamentally deviate from the classical theory of LEFM (which however still
govern the elasticity of the problem at the smaller scale of the structural constituents of the lattice, e.g., the individual
hinges) in multiple aspects, including the asymmetry of stress fields across the crack and the strong angular dependence of
the spatial decay rate of stress. These unique properties can be exploited to design strategies to control or engineer failure
mechanisms and patterns, as conceptually put forth in this manuscript.

We have provided a rationale for the observed one-way fracture using topological mechanics theory, pinpointing the
phenomenon to topologically protected ZMs that arise in Maxwell lattice TMMs: essentially, external loads excite ZMs
which localize at the crack tips carrying the asymmetry signature of the lattice polarization, leading to anisotropic stress
fields around cracks and thus an anisotropic landscape of drivers of crack propagation. Because ZMs in TMMs are controlled
by the bulk topology of the phonon structure (notwithstanding the dilution occurring in the structural lattice, see remark
below), their directional localization is robust and independent of specific geometrical features of the lattice. In addition,
similar to other recent experimental demonstrations of TMMs, the topological effects are the most prominent when the
system is close to the ideal Maxwell limit where bending stiffness at the hinges are low. As the hinges become thicker, the
topological polarization and its effect on controlling crack propagation is progressively diluted.
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Furthermore, the full potential of topological mechanics in realistic experimental systems and applications in engineering
is far from understood. In particular, the requirement of “thin hinges” to realize Maxwell lattice topological mechanics has
been a challenge for both fabrication and durability of these TMMs. Experiments presented in this paper offers a new
perspective of an easy, efficient, kirigami-like approach to fabricate the TMMSs, as well as providing strategies to protect the
integrity of potentially delicate TMMs from catastrophic failures.

The directional fracture phenomenon discussed in this paper opens a new approach for controlling sequences and
directions of crack propagation, demonstrating great potential for broad applications beyond the specific problem discussed
here and across scales. While non-topological structures are sensitive to both arbitrary and systematic changes in their micro-
geometries, TMMSs exhibit topologically protected properties that are independent of scale or material. For instance, at the
micro-scale, topologically engineered mechanical frames have been integrated with the self-assembly of nanoparticles [71].
Thus, with an appropriate design, the fracturing control strategies developed for TMMs can also be applied to manage
nanoparticle interactions and pattern formation at the micro-scale. At the larger scale, truss and tensegrity structures have
started to be an integral part of the design of buildings and aircraft [72]. The availability of predictable and ductile cracking
process can be a powerful attribute for the safety of those structures.

Materials and Methods

Experiments

We utilize Silhouette Cameo 4 Cutting Machine for cutting all the experiment samples. Our blade is the 0.2 mm Kraft
Blade. We ensure that none of the hinges are broken before loading, to minimize initial imperfections. For the photo elastic
setup in Fig. and Fig. we set one polarizer in the front of the sample and the other behind the sample (with a 90 deg
angle difference of the transmitting axis of the front one). The photo elastic thin film is Polyethylenimine (PEI) film with
a thickness of 0.076 mm, purchased from McMASTER-CARR. The loading is performed quasi-statically, with a speed of
2 mm per minute. In Fig. [l} sample width w = 152.4 mm, sample length L = 157 mm, crack length 2a = 75 mm, and hinge
thickness h &~ 0.8 mm (h/|a1| = 0.06) in Fig. [[H-L and Fig. fF, G, I-M.

In Fig. D—M) and Fig. the cardboard paper is the Wexford Folder 2-pocket (0.26 mm thick), purchased from
Walgreens. Each paper sample weighs 3.6 g. The loading machine is Instron 4301 equipped with a 100 N loading cell and
a 10 kN load cell. To allow uniform stretching/clamping at the top/bottom boundaries, we prepare four aluminum pieces
(1.6 mm thick), sandwich each of the two sides between two pieces and glue them together. In Fig. , for each of the three
geometries, ten samples are loaded to observe the probabilities of fracturing direction.

In the material test, the strip samples have the size of 70 mm by 30 mm. Paper has two main axes (Fig. [73]), and in
this work all the experimental stretching is along the length direction. In Fig. [S2D, the long edge of the strip is cut along
the length direction of the paper folder.

Simulations

We use finite element software Abaqus/CAE 2023 for simulations [74]. Since we utilize cardboard paper as brittle material
in experiments, we experimentally measured its stress-strain curve (Fig. , Fig. [S16|A), and input that as the material
parameters in the simulations. For spring-mass lattices, we apply truss elements (T2D3), which have no bending stiffness
and can only carry axial stress. For continuous geometries, we choose reduced shell element (S4R).

We perform three types of simulations, linear frequency analysis (mode analysis in Fig. , Fig. )7 implicit static
analysis (linear stress distribution in Fig. , Fig. , C, Fig. |3l and Fig. [4] C-E, H, inset of I, K) and explicit cracking
simulations (Fig. [1| and Fig. ) For periodic boundary conditions (along z) in Fig. |2l and Fig. [4] we couple the degree of
freedom of the left boundaries nodes with that of the right boundary nodes. The ZM weight is obtained via U; = 1/, Wi?,
where 4 labels the nodes [75]. In explicit cracking simulations, we allow element deletion and strain failure criteria. For
simplification and better visualization, the stress fields are normalized by comparing the stress to the largest stress in the
system in Fig. , H-L, Fig. 7 Fig. @ In all simulation results, the stress magnitude before normalization is between 0
and 7 x 107 Pa (Fig. . In Fig. , to compare the differences in stress distribution, we apply the displacement in the
simulations, and then normalize the sum of extracted stresses in the three geometries to ensure that they exhibit the same
total reaction stress.

For the implicit static analyses in Fig. [[IC, Fig. G, Fig. J] and Fig. [E, H, I, K, we obtain a single value of stress out
of a hinge with finite width. Since the stresses are concentrated at the hinges, we distribute extra fine meshes at all the
hinges. For each hinge, we average the stresses over the elements at its thinnest cross-section (Fig. [S4]).

Code availability

The codes that support the findings of this study are available on the public repository Github.
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Figure 1: Unlike unpredictable failures seen in usual brittle materials, Maxwell TMMs exhibit robust and ductile
one-way fracturing. (A) Classical fracturing: a symmetric stress field is generated by stretching an isotropic,
homogeneous media with a crack. Inset: stress field at the two tips in simulations. Pink lines indicate the crack.
(B) Stress field of a Maxwell TMM with primitive lattice vectors a; = (—3.1436,0) and as = (—1.5718,2.1760).
The positions of the lattice sites inside one unit cell of the lattices are r; = (0.0318,0.896), ro = (0,0) and
r3 = (—1.54,1.28). h is the thickness of hinges. R is the topological polarization vector. Inset (upper): stress
field at the two tips (simulation). Inset (lower): photoelastic stress images at the two tips (experiments). Brighter
areas carry larger stress. Pink lines indicate the crack. (C) Stress profile across the system along the horizontal
paths including the crack in continuum media, regular kagome, and TMM. Their geometries are shown in Fig.
(D) The count of crack propagation to the left and to the right in continuum media, TMM and regular kagome,
out of 10 experiments in each case. (E) The dependence of normalized force (force/peak force) on displacements
(unit: mm) in experiments. (F-H) Image sequence of a stretched continuum sample in the experiment, including
(F) the peak state before cracking, (G) the catastrophic drop, and (H) the failed state of the continuum sample
in the experiment. 2a is the length of the crack. w and L are the width and length of the sample, respectively.
(I-M) Image sequence of stretching the TMM in both experiments (upper) and simulations (lower), including (I)
the peak state before cracking, (J) after the first crack, (K) after the second crack, (L) after breaking all hinges
on the right side (except the special last one) and (M) final state of the TMM. The units in thick brown circles
undergo a lot more deformation than others, indicating cracks. All the stress shown here is von Mises stress. Scale
bar: 12.5 mm.

10



524
525

526
527
528
529
530
531
532
533
534
535
536
537
538
539

A J NN lattice < Rr B J NNN lattice

:&:‘,‘?‘“,:
PEEERVEE TR

|
Geometry G 1.0

D , E F
x10 x10 1 L ! :
Joonn/knn= 107 I fesnntkonn =107 b|b0~9 0.9 [ Regularkagome
c 2 Right tip 2 0.8h ——— NN on 0.8 < & Continuum media
S 7 == Lekip 5 g — - 2 07T, 6608
B a@ o | - 0. opology
g].S kNNN/kN'_\':“_)G 150 %06 kantknn=107 o 0.6 8 0.7
; 11—~ [{Ie%thttigp C:DU T 1 NN ‘3 0.5 @ 0.6 Polarized kagome
g T g £04 ~ — NNN o 2 05
£ = - a o 0. h .
0.5 053 “02 AT g 5 oalf 3 XX
- e e e o = o 0 == o v 03—t . z
0 1 2 3 4 4 o 1 2 3 4 5 10" 10° 102 10" 10, 0 003006 009 0.12
Uy %10 Uyy x10 Log(knnn/knn) Hinge Thickness //|a\|

Figure 2: Topological ZMs explain the asymmetric stress field. (A) The topological even nearly-ZM ul® of the
NN spring-mass lattice, which is an ideal Maxwell lattice. Being stretched to u,, = 5 x 107* (strain, defined as
the external displacement over the original sample length), the displacement field of (B) the next nearest neighbor
(NNN) lattice (kxnn/kxn = 1073) and (C) the continuous TMM (h/|a;z| = 0.015) closely resemble the nearly-ZM
in (A), verifying that the asymmetry in the displacement and stress is due to the topological nearly-ZM. Inset:
normalized von Mises stress of the two hinges at the tip. For better visualization, the NNN bonds are either
hidden or dashed. (D) The dependence of tip hinge rotation angle (in radian) on the global strain w,,, at different
kxnn/knn ratios. (E) The bond stress (in the right tip unit) as a function of u,,, when knnn/knny = 10-7
and = 1073, The stress is normalized by the largest stress in the NN bond when kxnn/kxnn = 1077, (F) The
dependence of the stress ratio (the left to the right unit at the crack) on the bond stiffness ratio kxnn/knn. When
knnn/knn is small, the left-to-right ratio is controlled by topology and as kxnn/knn increases, the topological
mechanical effects dilute and the left-to-right ratio becomes the effect of geometric details. (G) The dependence
of the stress ratio (left tip hinge to right tip hinge) on the hinge thickness in continuous geometries (von Mises
stress). The gray circle on the z axis in (D-F) and (G) present the state in (B) and (C), respectively.
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Figure 3: Comparison of the stress distribution in a topologically polarized kagome TMM and a regular kagome
lattice (PBC along x) with linear elastic fracture mechanics (LEFM). Coarse-grained stress field (von Mises stress)
of (A) polarized kagome TMM and (B) regular kagome under uniform stretching. Hinge thickness is h/|a;| = 0.015.
Insets are details of the lattice geometries and paths of the boxed regions. v and 7 are the angles from the horizontal
direction. 7 is the distance from the crack tip. Orange arrows in the lattices indicate the paths from crack tip
to the bulk. (C) The angular variation of the hinge stress of both left and right tip in the polarized kagome, for
two different small radius r, » = |a;| and r = 2|a;|. (D) The angular variation of hinge stress of both tips in
the regular kagome and continuum, for all the small radius 7. (E) The dependence of hinge stress on the hinge
thickness along the left path and right path in (A). The hinge thicknesses of the three cases are h/|a;| = 0.02, 0.07,
and 0.2, respectively. The stress in each of the three cases is normalized to the largest stress in the corresponding
case. (F) Simulated stress field of an elliptical crack in the continuum media. (G) Bulk-to-tip stress ratio plotted
against the aspect ratio a/b of the crack. We use von Mises stress in this figure. In the simulations, crack length
2a is varied while crack height 2b is fixed. The bulk stress is measured at a distance of 5a from the tip.
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Figure 4: Analysis of three kinds of cuts in the TMM. (A) Schematic of (I) the cut in the bulk, (II) the cut at the
soft edge, and (III) the cut at the rigid edge. (B) ZM weight U [75] in the topological kagome lattice with a tilted
cut along as. « is the angle between the cut edge normal n and Ry. Stretching the corresponding continuous
TMM, we see (C) the displacement field and (D) hinge stress near the crack (normalized von Mises stress) are
controlled by the topological ZMs in the spring-mass model. The stress of each individual hinge is indicated by the
color of the dots. (E) Dependence of the magnitude of ZMs and bulk-to-edge stress ratio on the angle . With an
initial notch along the lattice vector ag, (F) the initial state in the experiment and (G) the unidirectional cracking
phenomena in both experiment and simulation (normalized von Mises stress) after stretching. (H) The elastic
stress response of the hinges along the row of the crack for two edge cracks in simulations. x = 0 and = = 16 refer
to the crack tip and the other free edge, respectively. (I) Initial state of the geometry with the cut at the soft edge.
Inset: hinge stress near the tip. The stress of each individual hinge is indicated by the color of dots. (J) Stable
one-way cracking path after stretching. (K) Initial state of the geometry with the cut at the rigid edge. Inset:
hinge stress near the tip. The stress of each individual hinge is indicated by the color of dots. (L) Path-I cracking
and (M) Path-II cracking upon stretching. Hinge thickness is set to h/|ai| = 0.015 in (C-E). Scale bar: 12.5 mm.
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