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Supplementary Figure 1. STM(S) of Crls/Crl2 monolayers and iodine passivation layer on
Au(111). a, STM image (setpoint: 2.0 V, 10 pA). b, STS curves from Crlz, Crl, and the iodine

passivation layer showing an insulating feature (setpoint: -2.0 V, 100 pA).
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Supplementary Figure 2. Verification of tip conditions. a, Typical STS curve from Ag(111)
showing the step of Shockley surface states at —0.05 V. b, STS results in the range from —20 to 20

mV on Ag(111), showing position-dependent non-symmetric peaks from the interference of the

Ag(111) surface states.
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Supplementary Text
IETS results on different position in the Crls island

As shown in Supplementary Fig. 3a below, the Crls has a moiré pattern on Au(111) surface,
which may introduce extra moiré potential into the system and lead to extra peaks to the magnon
bands.® As shown in Supplementary Fig. 3b, IETS are taken at different positions. The raw data
are shown in Supplementary Fig. 3c. All IETS results show a symmetric behavior, without
significant difference. In all results, the plateau like signal can be clearly seen, although different
lines may have slight differences in the signal strength. A symmetric normalization was performed

to help focus on the symmetric signals.

dl dl dl
W (V)symm = W (V)raw + W (_V)raw

The normalized results (circles, Supplementary Fig. 3d) were further smoothed by means of
the lowess method (color lines). To further explore the details of the excitation density of states, a
numerical differentiation were carried out. As shown in Supplementary Fig. 3e, the numerical

d?1/dV? results exhibit similar shapes. Other IETS results in this work were analyzed with the same

method.
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Supplementary Figure 3. IETS at different positions in Crls island center. a, STM image of a
Crlz island (setpoint: 2.0 V, 10 pA). b, Zoom-in STM image (setpoint: 2.0 V, 100 pA). Positions
for the STS measurements in ¢ are marked by crosses. ¢, STS results inside the Crls island.
(Setpoint: 20 mV, 200 pA, modulation: 926 Hz, 0.5 mV) d, Symmetrized normalization (circles)
and smoothed (lines) results of the raw STS in c. e, d?1/dV? results from numerical differentiation

on the smoothed dl/dV results in d.

Additional IETS results with magnetic-field dependence
We have conducted field-dependent measurements of magnon spectra on different sample
islands. All results (shown in Supplementary Fig. 4) exhibit the Zeeman-like energy shift in an

out-of-plane magnetic field.
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Supplementary Figure 4. Additional magnetic-field dependent IETS. The results show two
field dependent results on different sample islands. The dotted lines are the theoretical results

shown in Fig. 2b.
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More about IETS across topological edges

To rule out other possible topological trivial origin of the boundary states like dangling bonds or

merging effect from both sides of the boundary, we took IETS measurements across various

topological edges. The position of the line spectra and the raw data of Fig. 3 in the main text are

shown in Supplementary Fig. 5 below.
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Supplementary Figure 5. STM images and raw STS data of the measurements shown in main
text Fig. 3. a, STM image showing the position of the line spectra in Fig. 3b across a Crlz island

(setpoint: 2.0 V, 10 pA). b, STM image showing the position of the line spectra in Fig. 3c across
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a Crls-Crlz boundary (setpoint: 2.5 V, 10 pA). ¢, STM image showing the position of the line

spectra in Fig. 3d across Crls covered Au(111) step edge (setpoint: 2.0 V, 10 pA).d, Raw IETS

data of Fig. 3b. e, Raw IETS data of Fig.3c. f, Raw IETS data of Fig. 3d.
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Supplementary Figure 6. Additional IETS across the Crls-Crl2 boundary. a, STM image of

the region for the IETS measurements (setpoint: 1.0 V, 50 pA). The position of the line spectra is

shown by the red arrow. b, Raw data of the line spectra. ¢, The symmetrized normalization of the

dl/dV results shown in b. the smoothed results are shown in color lines. d, Numerical

differentiation results of the lines shown in c.
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Theoretical Model
1. Band Topology

We map the original spin Hamiltonian to a bosonic tight binding model via the higher order
Holstein-Primakoff (HP) representation to study the magnetic excitations.

ataa atata +
5 , S =S —a'a.

4S5

S+=\/ﬁ<a— ),S‘=\/ﬁ<a*—

After the Fourier transformation, the Hamiltonian in reciprocal space is given by
where g is identity matrix, o = (o, 0y, 0, ) are Pauli matrices, and d;, = (d,, d, d, ) with

dy = —J1v1 —J3¥3. dy = —J1v1 — J3yz and d, = —D,y,, . Here, the related coefficients are given

by
¥1 = cos(ky) + 2cos (? kx> cos (%),
Y = —sin(ky) + 2cos (? kx> sin (kz—y>,
Yo = Zcos(\/gkx) + 4cos <§ kx> cos <32ﬁ>,
Y3 = cos(Zky) + Zcos(\/gkx)cos(ky),
Y3 = sin(Zky) - Zcos(\/gkx)sin(ky),
Yp, = ZSin(\/gkx) — 4sin (? kx> cos (32ﬁ>
The magnon bands of the model can be obtained analytically as
W =S503J;+ 6/, +3]5+hg + 2K — J,¥,) + S\/dx2 +d,? +d,”.
The calculated band structures are shown below in Supplementary Fig. 7.
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Goldstone gap
|

i K+ K-

Supplementary Figure 7. Magnon Chern insulator from the theoretical model of two-
dimensional honeycomb lattice. a, The first Brillouin zone with high symmetry points, where b,
and b, are basis vectors of reciprocal space. b, Magnon dispersion with J; = 2.12 meV .
Parameters choices are J, = 0.15 J;, J3 = —0.04 J;, D, = 0.08 J; K = 0.12 ], and hg = 0.c, The
magnon bands of honeycomb lattice along I' — K* — K~ — M — I', where the Goldstone gap and

two von Hove singularities are marked by red arrows.
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The fourfold degeneracy at the K* = (2?" + 3%) points is a manifestation of the Dirac linear

dispersion relation, which is protected by the lattice symmetry and time-reversal symmetry. We
project the magnon bands onto the subspace around the crossings introducing an effective

Hamiltonian
3
He/F (k) = S(3J; + 6], + 3J5 + hg + 2K)6 + 3V3D,So, + (511 — 3]3> S(kyoy £ kyoy).
. eff 3 3 L. . ..
We define d,’” = (5]15 — 3]35,5]15 —3J55,3V3D,S ) which is a linear combination of

Pauli matrices in the restricted subspace. Due to the typically weak DMI, the distribution of Berry

curvature !2,? is maintly concentrated around the Dirac point displayed in Supplementary Fig. 8.

Supplementary Figure 8. Schematics of the band topology. a, Berry curvature of the bottom

band. b, Berry curvature of the top band. The corresponding Chern numbers are +1.
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For the single Dirac crossing, the symbolic function +sgn(D,) can effectively capture the
intrinsic topology corresponding to valley degrees of freedom. We obtain the analytical solution
of the Chern number C*

d/ - (o, d) x o, a))
eff|®
de |

c* = $if dk,dk,
A J)g, 2

2. Magnon-Magnon interactions
To include the magnon-magnon interactions, we rewrite the next-nearest neighbors and the
anisotropic terms in the following:

L

H} = z 4al a,bib, — ambiblib, — al amanbt —al bib,b, — al al anb,,
{(mn))

H = Kz al anblib,,
m

where al (a,,) and b} (b,) are magnon creation (annihilation) operators corresponding to

two sublattices m(n). By doing the Fourier transformation, the interacting terms can be written as
p= - 2N 4y V arablobra — Via @ra bl bl bia — 71 al b}
J T TN Vik1-kaQpqAg20p 30k — Vi1 Ar10520p30k4 — Viga A1 Ak2Ak30k4
k
- Vljlaltlbl-cl.z bi3bya — 7k4a£1alt2ak3bk4:
K
Hy = NZ Vk1—k4a£1ak2b;r3bk4-
k

As the four-field operators cannot generically be solved exactly, we perform the interacting
Green function determined by the effective mean field approximation pictorially represented in
Supplementary Fig. 9a.

G = Gy + G,QYRG.

11
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where G, is the bared Green function, )’ denotes the self-energy which is evaluated order by
order from a perturbative expansion in the magnon-magnon interactions. The ® denotes
integration over time and space, as well as summation of internal indices. We calculate the Hartree
self-energy at first order as shown in Supplementary Fig. 9b, where the Hartree potential is

introduced by the effective mean field.
a]t1ak2bl1c-3bk4 ~ (allakz)b?:gbm + (ailbm)akzb}[g + a,tl(akzb,t3)bk4 + a]t1ak2<b]1-3bk4)'
@i blybisbes ~ (@ bip)bisbis + G (blabia)bis + (@xabisbibes + aia by (bisbia),
aly araisbiy, = (alaa)aisbiy, + (al as)aiably + atiaks(aisbl,) + al axo(agsbl,),
allbizbksbm ~ (a;tlbm)b;zbm + (a;tlbkzt)bzzbm + a]t1<b}-(r2bk3)bk4 + a;il(blzbm)bks,

al-t1alt2ak3bk4 ~ (a]t1ak3)a}tzbk4 + <a£1bk4)a}t2ak3 + a}t1<a}t2ak3>bk4 + a]t1<altzbk4>ak3'

®:© m@vv\/

Supplementary Figure 9. One-particle Feynman diagrams of interacting magnons. a,

Diagrammatic representation of the Dyson equation for the boson Green function. b, Boson self-

energy. c, First-order Hartree contribution.

The mean-field values are calculated based on the magnon occupancy (n,) = - Here

eSq/kBT_

&g ~ 2KS + hgS + MSq? with M = %]1 + zjz + 3/5. A single circle of one-particle Feynman

12
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diagram is shown in Supplementary Fig. 9c, where q is the relative momentum from the I" point.

The mean field values can be written as
T _ b'l'b _1 'l'b _1 —-i¢p b'l' _1 140 h —
(agaq) = (bgbg) = qu)' (agbq) = e 1(ng),(bgaq) = e (n,), where ¢, = arg(yq).
Based on the above analysis, we can rewrite the interacting terms as
Z(| 7ol = | 7a) (ng) E(yk (€40 = 71c) (ng)
o Z(yk 7P =70 (ng) ZU ol = | 7al) (ng)
q

[ Z|yol<nq> D Fege®en)]
q
{Z e Ping) Y 7ol (ng) J|
q

At finite temperatures, thermal fluctuations renormalize magnon dispersion relations, causing

J

K
Hy = 2N

a depletion of the static magnetization. The self-energy corrections are calculated from the
integration of the first Brillouin zone (BZ), where the Zeeman field produce the Hartree potential

energy.

N 1 ﬂ dq,dq, 1 3/3nT? e
= — = B
K=3 BZ efa/ksT _ 1  128M2 °

dq,dq, 3v3nT? _hs
= —— — — e kgT
ff Sq/kBT 1 128M?2 ’

We calculate the self-energy corrections Y, via coefficient Ny when the corresponding
Goldstone gap A is widened by the magnetic field. The field-dependence van Hove singularities

(VHS) is modified by N; as follows

_hs
Ag = hgS + 2 (1 — Nge kBT> KS

13
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_hs _hs
Ay =2/;S+6/3S+hgS+8 <1 — Nje kBT>]25 +2 (1 — Nge kBT> KS

_hs __hp
Ay, = 4/,S + hpS +8 <1 — Nje kBT)]zS + 2 (1 — Nge kBT> KS

3. Dispersion Relations

The magnon dispersion consists of the acoustic and optical branches. The acoustic branch
features a gap at the I' point and a van Hove singularity (vHs) at the M point, reflecting the
underlying long-range magnetic order and the RKKY interaction on the Au substrate. We calculate
the self-energy corrections ¥, via coefficient Ny when the corresponding Goldstone gap Ag is

widened by the magnetic field.
_hs
AG=hBS+2<1_NKe kBT)KS,

where J; = 2.12meV, K = 0.12J; and Ny = 0.07 accurately determined by the field-
dependent evolution of the gap from 0.6 to 1.6 meV. Conversely, the inelastic neutron scattering
exhibits J; = 2.01 meV reducing the Goldstone gap as shown in Supplementary Fig. 10a.

We perform the intersection of the acoustic and optical branches at the K point with linear

crossing around the Dirac cone, indicating that the magnon velocity remains constant across this

region. The fourfold degeneracy at the K* = (2?” i%) point is a manifestation of the Dirac linear

dispersion relation, which is protected by the lattice symmetry and time-reversal symmetry.

_ s _ s
Apmr = 3J,S+3/,S + hpS+9 (1 - Nje kBT)]ZS + 2 (1 — Nge kBT) KS — 3v/3D,S, 00

_ s _ts
Apmz = 3/,S+3/,S+ hgS+9 (1 — Nje ksT)]zs + 2 (1 — Nge w) KS + 3v/3D,S, (2)

where the value of DMI D, = 0.08 J; fixes the topological gap size of 2.7 meV with Apy, —

Apmy = 6V3D,S, transforming the system into a MCI. Theoretically, the RKKY interaction,

14
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superexchange, and spin-orbit coupling collaborate to induce uniaxial anisotropy and open gaps at
Dirac points fitting the rather large DM interaction D, and anisotropic term K. Moreover, the
optical branch typically shows the second vHs at the M point and a maximum at the I' point with
the long-range interaction coefficient increased. We analytically derive the J; = —0.04 J; for the

maximum value of 19.5 meV as follows
_hs
Amax = 6]15 + hBS + 6]35 + 2 (1 — NKe kBT> KS.

In contrast to the best-fit values, we plot in Supplementary Fig. 10b the theoretical results

without the /5. Two field-dependence vHSs are modified by N;, contributing to the energy shift of

the magnon spectra.
_hg _hg
Ay =2/,S+6/,5+hpS+8 (1 - Nje kBT>]25 +2 (1 — Nge kBT> KS,
_hg _hg
Ayy =4 S+ hpS +8 (1 ~Nje "BT)]ZS +2 (1 — Nge kBT) KS

where J, = 0.15]; and N, = 0.13. We plot in Supplementary Fig. 10c the theoretical results

without the J,.
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Supplementary Figure 10. Theoretical magnon DOS |d21/dV2| and the integration |dI/dV|.

a, Comparison with bulk results obtained from INS results.? Parameters choices are J; = 2.01meV,
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J, = 0.16meV, J; = —0.08meV, D, = 0.31meV and K = 0.22meV. b, Comparison with our

best-fit values in the absence of the /5. ¢, Comparison with our best-fit values in the absence of the

J2-

4. Magnon Density of States
In monolayer Crl;, thermally excited magnons contribute to a redshift of the spectrum related

to the magnon density of states (DOS).
D(E) = f5(E — wy)d2.

where w,, contain thermal renormalization of the effective exchange couplings. We develop
the effective mean-field theory to describe the low-energy dynamics of associated Goldstone gap.
Particular in ferromagnets with long-range order, Goldstone modes emerge as gapless excitations
around the ground state when continuous symmetries are spontaneously broken. These
thermodynamic behaviors are intimately tied to the topological properties which are determined
by Eq (1) and (2).

The gap size of |d?1/dV?| is determined by the value of DMI, which transforms the systems
into a MCI.

For honeycomb ribbons, two gapless boundary states with opposite dispersions emerge within
the topological gap. Considering the bulk-edge correspondence, the persistence of edge states are
rooted in the unaltered Chern numbers of the bulk. We calculate the edge states in the following

for both the zigzag (down) and armchair (up) edges shown in Supplementary Fig. 11.

h 4 - 0
t :

Hedge = Z l/JI-L-xILIkxl/J’%'Hkx = A h A ’
kx 0 .. AT n
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T _ T T T T
where ¢kx—(akx,1 b1 Q2 bkx,z)-

For the zigzag edge, we have

. B (2]Zcos(kx) — 2D,sin(k,) 0 )
zigzag = —Ji—J3 2J,cos(k,) + 2D,sin(k,)/)’

h _g (30 — 2J,cos(2k,) — 2D,sin(2k,.) —2J,cos(k,) — 2J5cos(2k,,) )
ztgzag — —2J,cos(ky) — 2J3c0s(2k,,) gy — 2J,c05(2k,) — 2D,sin(2k,))’

For the armchair edge, we have

Aarmchair
V3 (V3
s /—4]2cos <7 kx> +4D,sin <7 kx> 0 \
k —Ji—J3 —4J,cos <\/7§ kx> —4D,sin <\/7§ kx>)

harmchair

V3
& — 2]2cos(\/§kx) — ZDZsin(\/§kx) —2J,cos (7 kx> — 2]3605(\/§kx)
=S /3 :
—2J;cos (7 kx> — 2]3cos(\/§kx) & — ijcos(\/gkx) + ZDZsin(\/gkx)

Here ¢, = 3J; + 6], + 3/5. This topological character is manifested through the existence of
robust edge states. The experimental results are approximately fitted via mixing two renormalized
edge DOSs with a weight of 0.2 as shown in Supplementary Fig. 11. The width of ribbons is W =
20 for both edges.

Although thermally excited magnons contribute to the depletion of magnetization, our

calculations highlight the topological characteristics against perturbations and reductions of the

17



243  spin stiffness. The localized edge states withstand various defects and impurities, which are

244 immune to disorder and provide a platform for dissipationless transport.
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246  Supplementary Figure 11. Schematics of the open boundary condition. a, The magnon band
247  structure of armchair edge states for a honeycomb ribbon. b, The magnon band structure of zigzag
248  edge states for a honeycomb ribbon. ¢, The magnon band structure of mixed edge states for a
249  honeycomb ribbon. The dispersions of the edge states in gaps in Supplementary Fig. 11a to 11c
250  are shown by red curves. d, The theoretical dl/dV and d?I/dV? results for the armchair ribbon. e,
251  The theoretical dI/dV and d?I1/dV? results for the zigzag ribbon.
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