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ABSTRACT13

The equation of state (EOS) is essential for understanding material behavior under different pressure-temperature-volume (P-T -
V ) conditions across various disciplines. Traditional models, such as the Mie-Grüneisen-Debye equation, rely on thermodynamic
assumptions and expert knowledge, while classical Gaussian process based machine learning approaches can be sensitive to
choice of kernels and are limited by scalability and extrapolability. To overcome these limitations, we propose a neural network
based physics informed deep learning method (EOSNN) that jointly learns multiple EOS surfaces from diverse data sources,
including static and dynamic compression and ab initio calculations. Additionally, a probabilistic model is developed to account
for both aleatoric and epistemic uncertainties. Our numerical experiments show that EOSNN outperforms traditional and
Gaussian process methods in several aspects including accuracy, robustness and extensibility. Particularly on the challenging
partially supervised task where energy information is limited on part of the Hugoniot curve, our method’s prediction for the
energy off-Hugoniot can still reach a R2 score as high as 0.83, correlation coefficient greater than 0.95 and RMSE as low
as 0.52 eV/atom with proper selection of regularization for physical consistency. This result is even slightly better than the
fully supervised case for traditional regression method based on the Mie-Grüneisen equation. These benefits can be further
enhanced with physics-informed regularizations on quantities such as heat capacity (CV ), Grüneisen parameter (γ) or bulk
modulus (KT ).

14

Appendix A: Details on the Network Design and training algorithms15

P-Net is designed to approximate surface P = P(V,T ) via the form f (V )g(T )+h(V ) where unknown free-form functions f ,g16

and h each is approximated by a mutlti-linear perceptron (MLP) with a single hidden layer of 64 hidden units. Similarly, E-Net17

also takes the form f ∗(V )g∗(P)+h∗(V ) for the approximation of surface E = E(V,P). In our experiments, designs like this18

can help produce smoother surface. An exception is for the case where regular regression (such as polynomial regression) is19

performed first and neural network is used for fitting the remaining residual (denoted by PR+NN in our manuscript). In such20

cases, both P-Net and E-Net are chosen to be just simple MLPs with a single hidden layer containing 32 hidden units. The21

actual training algorithms for the deterministic model and the probabilistic model are list below separately as Algorithm 1 and22

Algorithm 2. Other hyperparameters for reproducing reported result of this work can be checked at our Github repository:23

https://github.com/dykuang/DL4EOS.24

https://github.com/dykuang/DL4EOS


Algorithm 1 Training algorithm for the deterministic model

Require:
1: • Data (V S,T S,PS) from static experiments, data (V H ,PH) along Hugoniot curve.
2: • Maximum epochs N, Error tolerance ε , Hyper parameter α

3: • Choice of networks fP(V,T ;θ) and fE(V,P;w)
4: while n < N and loss > ε do # Other stopping criterion can be used.
5: # —- forward pass —-

6: Calculate LossP =
N
∑

i=1
|| fP(V D

i ,T D
i ;θ)−PD

i ||2

7: Calculate LossE =
M
∑

i=1
|| fE(V H ,PH ;w)−EH

i ||2
8: Calculate losses for physical constraints:

LossC = L+(
∂E
∂T

|V )+L+(
∂P
∂T

|V )+L−(
∂E
∂V

|T )+L−(
∂P
∂V

|T )

9: Compute the total loss: Losstotal = LossP +LossE +αLossC
10: # —- backward pass —-
11: Update network weights via an optimizer (e.g. Adam1).
12: end while
13: Save the model with optimum weights fP(V,T ;θ ∗) and fE(V,P;w∗)

Algorithm 2 Training algorithm for the probability model

Require:
1: • Data (V S,T S,PS) generated from static experiments and data (V H ,PH) generated from Hugoniot experiment.
2: • Maximum epochs N, Error tolerance ε , Hyper parameter α

3: • Choice of networks fP(V,T ;θ) and fE(V,P;w) (with last layers replaced by a Gaussian distribution layer. )
4: while n < N and loss > ε do # Other stopping criterion can be used.
5: # —- forward pass —-
6: Calculate LossP =−NLL( fP(V D,T D;θ), PD)
7: Calculate LossE =−NLL( fE(V H ,PH ;w), EH)
8: Calculate losses for physical constraints:

LossC = L+(
∂ Ē
∂T

|V )+L+(
∂ P̄
∂T

|V )+L−(
∂ Ē
∂V

|T )+L−(
∂ P̄
∂V

|T )

9: Compute the total loss: Losstotal = LossP +LossE +αLossC
10: # —- backward pass —-
11: Update network weights via an optimizer.
12: end while
13: Save the model with optimum weights fP(V,T ;θ ∗) and fE(V,P;w∗)
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Appendix B: Prediction of pressure-volume-temperature (P,V ,T ) surface P = P(V,T ) using25

traditional semi-empirical/empirical equations.26

In 5-fold cross-validation (5CV) experiments, 20 (P,V ,T ) data points were randomly divided into a training set with 16 data27

points and a testing set with 4 data points in each experiment. The 16 training data were fitted with the EOSfit72 software using28

the Mie-Grüneisen-Debye equation3 coupled with both Birch-Murnaghan and Vinet equations2 A least-square fitting method29

was used with relaxed parameters of V0,K0,K′
0,θ0,γ and q. In fold4, EOSfit7 provides γ with a negative value, and thus, we30

fixed γ to 1.1 in the fitting. The obtained equation of state (EOS) parameters are listed in Supplementary Table D1. These31

parameters were further used to calculate the pressure for the 4 testing data at corresponding (V , T ) conditions. The comparison32

of predicted and ab initio pressure values is listed in Supplementary Table D2.33

In the experiment where data under low P-T condition is used as training and the rest as testing, a similar regression process34

was conducted using the EOSfit7 software2. In region I, EOSfit7 gives negative values for q as a result of optimization, thus we35

fixed q to 0.5 in the fitting. Obtained thermodynamic parameters are listed in Supplementary Table D4 and predicted pressure36

values at the rest P-T conditions are listed in Supplementary Table D5.37

Appendix C: Prediction of internal energy (E) surface using the Mie-Grüneisen equation38

In the 5-fold cross-validation (5CV) experiments presented in Section "Supervised Joint Learning with P-V-T-E Data", a39

least-square fitting method was adopted to fit the 16 training data using the Mie-Grüneisen equation,40

P(V,E) = P0(V )+
(

γ

V

)
[E(V )−E0(V )] (C1)

where P0, E0 and V0 are the reference pressure, energy and volume, are fixed parameters with their values being the E0 =−8.943141

eV/atom, P0 = 12 GPa, V0 = 5.6684 Å3/atom4. γ is the Mie-Grüneisen parameter3, γ is typically assumed to be42

γ = γR

(
V
V0

)q

(C2)

where γR is γ at ambient conditions and q is a volume-independent constant3. with learned parameters in (C2), E values can43

then be solved from equation (C1).44

In the experiment where training data are from the region with lower P-T condition and the rest as testing, a similar45

regression process was conducted using equations (C1) and (C2).46

In the partially supervised joint learning task with P-V -T data from static experiments and P-V paired gathered along47

Hugoniot as demonstrated in Section Partially Supervised Learning with Hugoniot, we did not find a representative48

traditional method that does similar jobs to our best knowledge. Instead as a baseline for comparison, we adopted the 2549

Hugoniot (PH ,V H ) and used equation (C3) which is based on the conservation of energy3 to calculate EH on Hugoniot first:50

EH = ER +
1
2
(PH +PR)(VR +V H) (C3)

The resulting (PH ,V H ,EH ) are then combined with equation (C1) and (C2) for estimating proper γR and q. Once these two51

parameters are learned (γR = 10.67,q = 2.56 with the given data), the target energy E off Hugoniot are then again solved from52

(C1) with the 20 (P,V ,T ) from previous ab initio calculations5.53
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Appendix D: Supplementary Tables for Numerical Experiments in the Main Manuscript54

Detailed tables are uploaded as ‘Supplement Table.xlsx’ files during submission along with the main manuscript which55

includes:56

• Supplementary Table D1. Equation of state parameters learned for each fold in the 5-fold cross-validation (5CV)57

experiments.58

• Supplementary Table D2. Predicted pressure values by semi-empirical/ empirical equations of state in the 5-fold59

cross-validation (5CV) experiments.60

• Supplementary Table D3. Root mean square error of pressure (RMSE-P) and energy (RMSE-E) in 5-fold cross-61

validation (5CV) experiments.62

• Supplementary Table D4. Equation of state parameters used in the experiments with low P-T data as training data and63

the rest P-T data as testing data.64

• Supplementary Table D5. Predicted pressure values by semi-empirical/ empirical equations of state with low P-T data65

as training data and the rest P-T data as testing data.66

• Supplementary Table D6. Root mean square error of pressure (RMSE-P) and energy (RMSE-E) in the experiments67

with low P-T data as training data and the rest P-T data as testing data.68

Supplementary Tables D1 to D3 show the experimental data of Figure 3 in the main manuscript and Tables D4 to D6 show69

the experimental data of Figure 4 in the main manuscript. The RMSE used in Tables D3 and D6 is defined as:70

√
1
n

n

∑
i=1

(yi − ŷi)2 (D1)

where n represents the number of folds, yi denotes the true value for the ith data, and ŷi indicates the predicted value for the ith71

data.72

In supplementary Table D1, the “Mean" is the average of the RMSE values of the 5CV experiments. The standard deviation73

(Std.Dev.) was calculated using the following formula:74 √
1
n

n

∑
i=1

(yi −µ)2 (D2)

where n represents the number of folds, yi denotes the RMSE values for the ith data, and µ indicates the “Mean".75
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Appendix E: Supplementary Figures from Numerical Experiments in the Main Manuscript76

Here we demonstrate some selected figures from numerical experiments conducted in the main manuscript for better supporting77

observations and conclusions made in the experiment section.78

Figure E1. A visualization of 20 P-V -T -E data points used in the supervised task as in Section "Supervised Joint Learning
with P-V -T -E Data".
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Figure E2. A more detailed comparison about robustness on key parameters when EOSNN is compared with other methods.
As seen from the figure, the performance of classical machine learning methods such as Gaussian processes or regular
polynomial regressions rely heavily on the choice of polynomial degree. Classical physical methods require extensive expertise
on the selection of physical formula. EOSNN demonstrates more robustness w.r.t. choice of polynomial degree (if polynomial
regression is used as the base predictor) and does not require particular expertise for selecting proper physical formulas.
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Figure E3. The prediction from fold 1 against the true values with the proposed method in the supervised experiment with
P-V -T -E data from Section "Supervised Joint Learning with P-V -T -E Data".
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Figure E4. RMSE calculated on the test set among different models on the pressure prediction (top row) and energy
prediction (middle row)in the supervised experiment with P-V -T -E data from Section Supervised Joint Learning with P-V -T -E
Data. Bottom row: train/test data points as in different fold (blue for data used in training and red for test).
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Figure E5. The prediction of energy using Mie-Grüneisen EOS as in the experiment from Section "Partially Supervised
Learning with Hugoniot".

Figure E6. Noisy data accounting for aleatoric uncertainty used in Section "Probabilistic Model with Uncertainty
Quantification". Left: (PH ,V H) from Hugoniot experiment, plotted in the same P-V plane as the 20 PVT data. Right: 20 PVT
data on the T-V plane. Both mean values and the standard deviations σ used to sample training data are shown.
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Figure E7. The learned mean surface of P = P(V,T )(left), E = E(V,P)(middle) and E = E(V,T )(right) from the probabilistic
model. Same as observed in the deterministic case, the energy information (beyond the sampled ones along the Hugoniot curve,
indicated by red dots) were not used in our training, and the model can still produce highly correlated predictions.
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Figure E8. Empirical Histograms of partial derivatives from learned surfaces output by probabilistic model. The sign
constraints are also satisfied.
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Figure E9. Different prediction results when lower bound of CV (eV/atom/K/6000) varies for regularization during training.

Figure E10. Similar as Section "Case Study - Including more physical prior" in the main manuscript, one can also enforce
regularization on the bulk modulus KT . As an example, we set the lower bound of KT each time during training at different
values: 0,100,200,300,400,500 (GPa) and gather the prediction performance in terms of R2 score in the prediction of energy
off-Hugoniot. Left: True bulk modulus KT values estimated from data via finite difference scheme on the definition
KT =−V dP

dV |T . Right: R2 for E prediction when different lower bounds are set in the regularization during training. One can
observe from the Figure that the R2 score gets improved as the lower bound enforced in regularization gets closer to the true
lower bound which is around 500 GPa.
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Figure E11. Similar as Section "Case Study - Including more physical prior" in the main manuscript, one can also enforce
regularization on the Grüneisen parameter γ . As an example, we set the lower bound of γ each time during training at different
values: 0, 0.1248, 0.2497, 0.3745 (corresponding to values 0, 20, 40, 60 in our codes by multiplying a scalar 1000/6.2415. 0 is
the case when no regularization is used) and gather the prediction performance in terms of R2 score in the prediction of energy
off-Hugoniot. Left: True Grüneisen parameter γ values estimated from data via finite difference scheme on the definition
γ =V dP

dE |V . Right: R2 for E prediction when different lower bounds are set in the regularization during training. One can
observe from the Figure that the R2 score gets improved as the lower bound enforced in regularization gets closer to the true
lower bound which is around 0.38.
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