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Abstract

Enclosed are the comprehensive supplementary materials for our paper, titled
’Towards Efficient, Fair, and Interpretable Neural Dynamic Data Valuation’.
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1 Nomenclature1

Table S1 presents the key abbreviations and notations employed throughout this work.2

2 Related works3

2.1 Dynamics and optimal control theory4

The dynamical perspective, viewing Deep Neural Networks (DNNs) as continuous-time dynamical5

systems, has provided new insights into their architecture and training processes [1]. This method6

equates the propagating rule in deep residual networks with a one-step discretization of the forward7

Euler scheme on an ordinary differential equation (ODE), enhancing numerical approximations8

in residual blocks [2, 3]. Furthermore, the deep continuum limit allows for transport analysis9

using Wasserstein geometry [4]. This analogy extends to optimization and control mechanisms10

in algorithms, promoting new mean-field optimal control problem frameworks for reinterpreting11

supervised learning methodologies [5, 6]. Inspired by control theory, new training algorithms have12

been developed [7–9]. A similar analysis can be applied to stochastic gradient descent (SGD) by13

viewing it as a stochastic dynamical system. Most previous discussions on implicit bias formulate14

SGD as stochastic Langevin dynamics [10]. Recent studies also consider other stochastic models15

like Lèvy processes [11]. Stability analyses of Gram matrix dynamics induced by DNNs indicate16

global optimality [12, 13], leading to optimal adaptive strategies for tuning hyper-parameters in17

SGD, such as learning rate, momentum, and batch size [14, 15].18

2.2 Data valuation19

Existing data valuation methods, such as LOO [16], DataShapley [17, 18], BetaShapley [19],20

DataBanzhaf [20], InfluenceFunction [21] and so on, generally require knowledge of the underlying21

learning algorithms and are known for their substantial computational demands. Notably, the22

work by [22] proposes a k-Nearest Neighbor classifier as a learning-agnostic proxy model for23

data valuation. Still, it is less effective and efficient than NDDV in distinguishing data quality.24

Alternatively, measuring the utility of a dataset by the volume[23] provides an algorithm-agnostic25

calculation but fails to detect label errors. Assessing data points with the Shapley value is still26

costly for large datasets. Moreover, the work by [24] introduces a learning-agnostic data valuation27

method using class-wise Wasserstein distances, yet it relies on a validation set and has limitations28

in assessing fairness. Recently, a method based on the out-of-bag estimate is computationally29

efficient and outperforms existing methods [25]. Despite its advantages, this method is constrained30

by the sequential dependency of weak learners in boosting, limiting its direct applicability to31

downstream tasks. Marginal contribution-based methods have been studied and applied to various32

machine learning problems, including feature attribution [26, 27], model explanation [28, 29], and33

collaborative learning [30, 31]. Among these works, the Shapley value is one of the most widely34
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Table S1: Abbreviations and notations.

LOO the leave-one-out
OOB the out-of-bag
MLP a multi-layer perceptron network
FSDEs the Forward Stochastic Differential Equations
BSDEs the Backward Stochastic Differential Equations
FBSDEs the Forward-Backward Stochastic Differential Equations
SMP the Stochastic Maximum Principle
MSA the method of successive approximations
TPR the true positive rate
FPR the false positive rate
EOp-score the equal opportunity score
EOdds-score the equalized odds score
KANs the Kolmogorov–Arnold Networks
RBF the radial basis function

xi a data point
yi a label corresponding xi
[N ] a training set of size N
D the training dataset
S a subset of the training dataset D
X the input space belongs to Rd

Y the label space belongs to R
U a utility function belongs to 2N → R
Ui(S) the data state utility for the data point (xi, yi) in subset S
A a base model trained on the subset S
∆j(xi, yi; U) the static marginal contribution of (xi, yi) for a utility function U and j ∈ [N ]
∆(xi, yi; Ui(S)) the dynamic marginal contribution of (xi, yi)
ϕloo(xi, yi; U) the value of data point (xi, yi) is evaluated using the LOO metric
ϕShap(xi, yi; U) the value of data point (xi, yi) is evaluated using the Shapley value metric
ϕ(xi, yi; Ui(S) the value of data point (xi, yi) is evaluated using NDDV
ψ the stochastic control parameters
Xt the data state
Yt the data co-state
Zt the coefficient of Wt

Φ the terminal cost function, corresponding to the typical loss term
R the running cost function, playing a role in regularization
b the drift function, embodying a combination of a linear transformation
σ the diffusion function, remaining identical constants for all t
Wt the standard Wiener process and dWt remains identical constants for all t
H the Hamiltonian
V the meta-weight function
θ the hyper-parameters in the meta-network
ℓ the meta loss
Kν the modified Bessel function
Γ the Gamma function
hb a basis function, utilizing the SiLU activation function
hk parametrized function as RBF
αb the weighted parameter via the Xavier initialization for hb
αk the trainable coefficient for hk

used marginal contribution-based methods, and many alternative methods have been studied by35

relaxing some of the underlying fair division axioms [32, 33]. Additionally, some methods are36

independent of marginal contributions. For instance, in the data valuation literature, a data value37

estimator model using reinforcement learning is proposed by [34]. This method combines data38

valuation with model training using reinforcement learning. However, it measures data usage39

likelihood, not the impact on model quality.40

To our knowledge, optimal control has not yet been exploited for data valuation problems.41

The proposed NDDV method diverges from existing methods in several key aspects. First, we42

construct a data valuation framework from the perspective of optimal control, marking a pioneering43

endeavor in this field. Second, whereas most data valuation methods rely on calculating marginal44

contributions within cooperative games, necessitating repetitive training of a predefined utility45

function, our method derives control strategies from a continuous time optimization process. The46
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gradient of the Hamiltonian concerning the control states serves as the marginal contribution,47

representing a novel attempt at data valuation problems. Finally, we transform the interactions48

among data points into interactions between data points and the mean-field state, thereby49

circumventing the need for exponential combinatorial computations.50

3 Problem formulation51

In this section, we formally describe the data valuation problem. Then, we review the concept of52

marginal contribution-based data valuation.53

In various downstream tasks, data valuation aims to fairly assign model performance scores to54

each data point, reflecting the contribution of individual data points. Let [N ] = {1, . . . , N} denotes55

a training set of size n. We define the training dataset as D = (xi, yi)
N
i=1, where each pair (xi, yi)56

consists of an input xi from the input space X ⊂ Rd and a corresponding label yi from the label57

space Y ⊂ R, pertaining to the i-th data point. To measure the contributions of data points, we58

define a utility function U : 2N → R, which takes a subset of the training dataset D as input and59

outputs the performance score that is trained on that subset. In classification tasks, for instance,60

a common choice for U is the test classification accuracy of an empirical risk minimizer trained on61

a subset of D. Formally, we set U(S) = metric(A(S)), where A denotes a base model trained on62

the dataset S, and metric represents the metric function for evaluating the performance of A,63

e.g., the accuracy of a finite hold-out validation set. When S = {} is the empty set, U(S) is set to64

be the performance of the best constant model by convention. The utility function is influenced65

by the selection of learning algorithms and a specific class. However, this dependency is omitted66

in our discussion, prioritizing the comparative analysis of data value formulations instead. For a67

set S, we denote its power set by 2S and its cardinality by |S|. We set [j] := {1, . . . , j} for j ∈ N.68

A standard method for quantifying data values is the marginal contribution, which measures69

the average change in a utility function when a particular datum is removed from a subset of70

the entire dataset D. We denote the data value of data point (xi, yi) ∈ D computed from U as71

ϕ(xi, yi; U). The following sections review well-known notions of data value.72

3.1 Loo metric73

A simple data value measure is the LOO metric, which calculates the change in model performance74

when the data point (xi, yi) is excluded from the training set N75

ϕloo(xi, yi; U) ≜ U(N)− U(N \ (xi, yi)). (1)

The LOO metric quantifies the impact of removing a specific data point (xi, yi) from the entire76

dataset D. This metric incorporates Cook’s distance and the approximate empirical influence77

function to measure changes. However, it is known to be computationally feasible, but it often78

assigns erroneous values that are close to zero [35].79

3.2 Static marginal contribution80

Existing standard data valuation methods can be expressed as a function of the marginal contri-81

bution. For a specific utility function U and j ∈ [N ], the marginal contribution of (xi, yi) ∈ D82

with respect to [j] data points is defined as follows83

∆j(xi, yi; U) ≜
1(

N−1
j−1

) ∑
S∈D\(xi,yi)

U(S ∪ (xi, yi))− U(S), (2)

where D\(xi,yi) = {S ⊆ D\(xi, yi) : |S| = j − 1}. Eq.(2) is a combination to calculate the error in84

adding (xi, yi), which is a static metric.85
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3.3 Shapley value metric86

The Shapley value metric is considered the most widely studied data valuation scheme, originating87

from cooperative game theory. At a high level, it appraises each point based on the average utility88

change caused by adding the point into different subsets. The Shapley value of a data point i is89

defined as90

ϕShap(xi, yi; U) ≜
1

N

N∑
j=1

∆j(xi, yi; U). (3)

As its extension, Beta Shapley is proposed by is expressed as a weighted mean of marginal91

contributions92

ϕBeta(xi, yi; U) ≜
N∑
j=1

βj∆j(xi, yi; U). (4)

where β = (β1, . . . , βn) is a predefined weight vector such that
∑N

j=1 βj = 1 and βj ≥ 0 for all93

j ∈ [N ]. A functional form of Eq.(4) is also known as semi-values.94

Shapley value metric is empirically more effective than the LOO metric in many downstream95

tasks such as mislabeled data detection in classification settings [18, 19]. However, their computa-96

tional complexity is well known to be expensive, making it infeasible to apply to large datasets97

[17, 20, 36]. As a result, most existing data valuation methods have focused on small datasets,98

e.g., n ≤ 1, 000.99

4 The axioms of existing methods100

The popularity of the Shapley value is attributable to the fact that it is the unique data value101

notion satisfying the following five common axioms [27], as follow102

• Efficiency: The values add up to the difference in value between the grand coalition and the103

empty coalition:
∑

i∈N ϕ(xi, yi; U) = U(N)− U(∅);104

• Symmetry: if U(S ∪ (xi, yi)) = U(S ∪ (xj , yj)) for all S ∈ N \ {(xi, yi), (xj , yj)}, then105

ϕ(xi, yi; U) = ϕ(xj , yj ; U);106

• Dummy: if U (S ∪ (xi, yi)) = U(S) for all S ∈ N \ (xi, yi), then it makes 0 marginal107

contribution, so the value of the data point (xi, yi) should be ϕ (xi, yi; U) = 0;108

• Additivity: For two utility functions U1, U2 and arbitrary α1, α2 ∈ R, the total contri-109

bution of a data point (xi, yi) is equal to the sum of its contributions when combined:110

ϕ ((xi, yi); α1U1(S) + α2U2(S)) = α1ϕ (xi, yi; U1(S))+ α2ϕ (xi, yi; U2(S));111

• Marginalism: For two utility functions U1, U2, if each data point has the identical marginal112

impact, they receive same valuation: U1(S ∪ (xi, yi))−U1(S) = U2(S ∪ (xi, yi))−U2(S) holds113

for all ((xi, yi); S), then it holds that ϕ(xi, yi; U1) = ϕ(xi, yi; U2).114

5 Details of learning stochastic dynamic115

5.1 Basic MSA116

In this section, we illustrate the iterative update process of the basic MSA in Alg.S1, comprising117

the state equation, the costate equation, and the maximization of the Hamiltonian.118

6 Derivation of re-weighting strategy119

6.1 Convergence proof of the training loss120

Lemma 1 Consider two non-negative real sequences (an)n≤1 and (bn)n≤1 with the following properties:121

• The series
∑∞
n=1 an diverges.122

• The series
∑∞
n=1 anbn converges.123
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Algorithm S1 Basic MSA

1: Initialize ψ0 = {ψ0
t ∈ Ψ : t = 0 . . . , T − 1}.

2: for k = 0 to K do
3: Solve the forward SDE:

dXk
t = b(t,Xk

t , ψ
k
t )dt+ σdWt, Xk

0 = x,

4: Solve the backward SDE:

dY kt = −∇xH
(
t,Xk

t , Y
k
t , ψ

k
t )dt+ Zkt dWt, Y kT = −∇xΦ(Xk

T , ψ
k
T ),

5: For each t ∈ [0, T − 1], update the state control ψk+1
t :

ψk+1
t = argmax

ψ∈Ψ
H(t,Xk

t , Y
k
t , Z

k
t , ψ).

6: end for

• There exists a constant K > 0 such that |bn+1 − bn| ≤ Kan for all n.124

Under these conditions, the sequence (bn)n≥1 converges to 0.125

Theorem 1 Let L be a Lipschitz smooth loss function with Lipschitz constant L, and let V(·) be a126

differentiable function with a δ-bounded gradient and a twice-differentiable Hessian bounded by B. Assume127

that L has ρ-bounded gradients for training and metadata points. Suppose the learning rate αk is defined128

as αk = min
{
1, kT

}
, for some constant k > 0 such that k

T < 1. Let βk be a monotone decreasing129

sequence with βk = min
{

1
L ,

c
σ
√
T

}
for some constant c > 0, ensuring that σ

√
T
c ≥ L and

∑∞
k=1 β

k <∞,130 ∑∞
k=1(β

k)2 <∞. Then,131

lim
k→∞

E
[
∥∇L(ψk; θk+1)∥2

]
= 0. (5)

Proof It is easy to conclude that αk satisfy
∑∞
k=0 α

k =∞,
∑∞
k=0(α

k)2 <∞. Recall the update of ψ in132

each iteration as follows133

ψk+1 = ψk +
α

N

N∑
i=1

∇ψHi(., ψ,V(Φi(., ψkT ); θ
k+1))|ψk . (6)

It can be written as134

ψk+1 = ψk + αk∇H(., ψk; θk+1)|Υk , (7)

where ∇H(., ψk; θ) = −∇L(ψk; θ). Since the mini-batch υk is drawn uniformly at random, we can135

rewrite the update equation as:136

ψk+1 = ψk + αk
[
∇H(., ψk; θk+1) + υk

]
, (8)

where υk = ∇H(., ψk; θk+1)|Υk − ∇H(., ψk; θk+1). Note that υk is i.i.d. random variable with finite137

variance since Υk are drawn i.i.d. with a finite number of samples. Furthermore, E[υk] = 0, since samples138

are drawn uniformly at random, and E[∥υk∥2] ≤ σ2.139

The Hamiltonian H(., ψ; θ) can be easily checked to be Lipschitz-smooth with constant L, and have140

ρ-bounded gradients concerning training data. Observe that141

H(., ψk+1; θk+2)−H(., ψk; θk+1)

=
{
H(., ψk+1; θk+2)−H(., ψk+1; θk+1)

}
+
{
H(., ψk+1; θk+1)−H(., ψk; θk+1)

}
. (9)

For the first term,142

H(., ψk+1; θk+2)−H(., ψk+1; θk+1)

=
1

N

N∑
i=1

T−1∑
t=0

{[
V(Φi(., ψkT ); θ

k+2)− V(Φi(., ψkT ); θ
k+1)

] [
b(ψkt )Yt(ψ

k
t ) + σZt(ψ

k
t )
]
−Ri(ψkt )

}



CONTENTS 7

≤ 1

N

N∑
i=1

T−1∑
t=0

{[
⟨∂V(Φi(

., ψkT ); θ)

∂θ

∣∣∣
θk
, θk+1 − θk⟩

+
δ

2
∥θk+1 − θk∥2

] [
b(ψkt )Yt(ψ

k
t ) + σZt(ψ

k
t )
]
−Ri(ψkt )

}

=
1

N

N∑
i=1

T−1∑
t=0

{[
⟨∂V(Φi(

., ψkT ); θ)

∂θ

∣∣∣
θk
,−βk

[
∇ℓ(ψ̂k(θk)) + ξk

]
⟩

+
δβ2k
2
∥∇ℓ(ψ̂k(θk)) + ξk∥2

] [
b(ψkt )Yt(ψ

k
t ) + σZt(ψ

k
t )
]
−Ri(ψkt )

}

=
1

N

N∑
i=1

T−1∑
t=0

{[
⟨∂V(Φi(

., ψkT ); θ)

∂θ

∣∣∣
θk
,−βk

[
∇ℓ(ψ̂k(θk)) + ξk

]
⟩

+
δβ2k
2
∥∇ℓ(ψ̂k(θk)) + ξk∥2

] [
b(ψkt )Yt(ψ

k
t ) + σZt(ψ

k
t )
]
−Ri(ψkt )

}

=
1

N

N∑
i=1

T−1∑
t=0

{[
⟨∂V(Φi(

., ψkT ); θ)

∂θ

∣∣∣
θk
,−βk

[
∇ℓ(ψ̂k(θk)) + ξk

]
⟩+ δ(βk)2

2

(
∥∇ℓ(ψ̂k(θk))∥2 + ∥ξk∥2

+2
〈
∇ℓ(ψ̂k(θk)), ξk

〉)] [
b(ψkt )Yt(ψ

k
t ) + σZt(ψ

k
t )
]
−Ri(ψkt )

}
(10)

For the second term,143

H(., ψk+1; θk+1)−H(., ψk; θk+1)

≤⟨∇H(ψk; θk+1), ψk+1 − ψk⟩+ L

2
∥ψk+1 − ψk∥2

=⟨∇H(., ψk; θk+1),−αk[∇L(ψk; θk+1) + υk]⟩+ L(αk)2

2
∥∇H(ψk; θk+1) + υk∥2

=− (αk − L(αk)2

2
)∥∇H(., ψk; θk+1)∥2 +

L(αk)2

2
∥υk∥2 − (αk − L(αk)2)⟨∇H(., ψk; θk+1), υk⟩. (11)

Therefore, we have144

H(., ψk+1; θk+2)−H(., ψk; θk+1)

≤ 1

N

N∑
i=1

{
⟨∂V(Φi(

., ψk); θ)

∂θ

∣∣∣
θk
,−βk

[
∇ℓ(ψ̂k(θk)) + ξk

]
⟩

+
δ(βK)2

2
(∥∇ℓ(ψ̂k(θk))∥2 + ∥ξk∥2 + 2⟨∇ℓ(ψ̂k(θk)), ξk⟩)

}
Φi(., ψ

k)

− (αk − L(αk)2

2
)∥∇H(., ψk; θk+1)∥2 +

L(αk)2

2
∥υk∥2 − (αk − L(αk)2)⟨∇H(., ψk; θk+1), υk⟩. (12)

Taking expectation of both sides of Eq.(11) and since E[ξk] = 0,E[υk] = 0, we have145

E
[
H(., ψk+1; θk+2)

]
− E

[
H(., ψk; θk+1)

]
≤E 1

N

N∑
i=1

Hi(., ψk)

{
⟨∂V(Φi(

., ψk); θ)

∂θ

∣∣∣
θk
,−βk

[
∇ℓ(ψ̂k(θk))

]
⟩+

+
δ(βk)2

2
(∥∇ℓ(ψ̂k(θk))∥2 + ∥ξk∥2)

}
− αkE

[
∥∇H(., ψk; θk+1)∥2

]
+
L(αk)2

2

{
E
[
∥∇H(., ψk; θk+1)∥2

]
+ E

[
∥υk∥2

]}
Summing up the above inequalities over k = 1, ...,∞ in both sides, we obtain146

∞∑
k=1

αkE
[
∥∇H(., ψk; θk+1)∥2

]
+

∞∑
k=1

βkE 1

N

N∑
i=1

∥Hi(., ψk)∥∥
∂V(Φi(., ψk); θ)

∂θ

∣∣∣
θk
∥ · ∥∇ℓ(ψ̂k(θk))∥

≤
∞∑
k=1

L(αk)2

2

{
E
[
∥∇H(., ψk; θk+1)∥2

]
+E

[
∥υk∥2

]}
+E

[
H(., ψ1; θ2)

]
−lim
T→∞

E
[
H(., ψk+1; θk+2)

]



8 CONTENTS

+

∞∑
k=1

δ(βk)2

2

{
1

N

N∑
i=1

∥Hi(., ψk)∥(E∥∇ℓ(ψ̂k(θk))∥2 + E∥ξk∥2
}

≤
∞∑
k=1

L(αk)2

2
{ρ2+σ2}+E

[
Htr(., ψ1; θ2)

]
+

∞∑
k=1

δ(βk)2

2

{
M(ρ2 + σ2)

}
≤∞.

The last inequality holds since
∑∞
k=0(α

k)2 < ∞,
∑∞
k=0(β

k)2 < ∞, and 1
N

∑N
i=1 ∥Hi(., ψ

k)∥ ≤ M for147

limited number of data points’ loss is bounded. Thus we have148

∞∑
k=1

αkE[∥∇H(., ψk; θk+1)∥2] +
∞∑
k=1

βkE 1

N

n∑
i=1

∥Hi(., ψk)∥∥
∂V(Φi(., ψk); θ)

∂θ

∣∣∣
θk
∥ · ∥∇ℓ(ψ̂k(θk))∥ ≤ ∞.

(13)

since149

∞∑
k=1

βkE 1

N

N∑
i=1

∥Hi(., ψk)∥∥
∂V(Φi(., ψk); θ)

∂θ

∣∣∣
θk
∥ · ∥∇ℓ(ψ̂k(θk))∥ ≤Mδρ

∞∑
k=1

βk ≤ ∞, (14)

This indicates that
∑∞
k=1 α

kE[∥∇H(., ψk; θk+1)∥2] < ∞. Building upon this foundation and referring150

to Lemma 1, to validate that limt→∞ E[∇H(., ψk; θk+1)∥2] = 0, since
∑∞
k=0 α

k =∞, it is essential to151

demonstrate that152 ∣∣∣E[∥∇H(., ψk+1; θk+2)∥2]− E[∥∇H(., ψk; θk+1)∥2]
∣∣∣ ≤ Cαk, (15)

for some constant C. Based on the inequality153

|(∥a∥+ ∥b∥)(∥a∥ − ∥b∥)| ≤ ∥a+ b∥∥a− b∥,
we then have154 ∣∣∣E[∥∇H(., ψk+1; θk+2)∥2]− E

[
∥∇H(., ψk; θk+1)∥2

]∣∣∣
=
∣∣∣E [(∥∇H(., ψk+1; θk+2)∥+ ∥∇H(., ψk; θk+1)∥)(∥∇H(., ψk+1; θk+2)∥ − ∥∇H(., ψk; θk+1)∥)

]∣∣∣
≤E

[∣∣∣∥∇H(., ψk+1; θk+1)∥+ ∥∇H(., ψk; θk)∥)
∣∣∣ ∣∣∣(∥∇H(., ψk+1; θk+2)∥ − ∥∇H(., ψk; θk+1)∥)

∣∣∣]
≤E

[∥∥∥∇H(., ψk+1; θk+2) +∇H(., ψk; θk+1)
∥∥∥ ∥∥∥∇H(., ψk+1; θk+2)−∇H(., ψk; θt+1)

∥∥∥]
≤E

[
(
∥∥∥∇H(., ψk+1; θk+2)

∥∥∥+ ∥∥∥∇H(., ψk; θk+1)
∥∥∥)∥∥∥∇H(., ψk+1; θk+2)−∇H(., ψk; θk+1)

∥∥∥]
≤2LρE

[
∥(ψk+1, θk+2)− (ψk, θk+1)∥

]
≤2LραkβkE

[∥∥∥(∇H(., ψk; θk+1) + υk,∇ℓ(θk+1) + ξk+1
)∥∥∥]

≤2LραkβkE
[√
∥∇H(., ψk; θk+1) + υk∥2 +

√
∥∇ℓ(θk+1) + ξk+1∥2

]
≤2Lραkβk

√
E
[
∥∇H(., ψk; θk+1) + υk∥2

]
+ E

[
∥∇ℓ(θk+1) + ξk+1∥2

]
≤2Lραkβk

√
E
[
∥∇H(., ψk; θk+1)∥2

]
+ E

[
∥υk∥2

]
+ E

[
∥ξk+1∥2

]
+ E

[
∥∇ℓ(θk+1)∥2

]
≤2Lραkβk

√
2σ2 + 2ρ2

≤2
√

2(σ2 + ρ2)Lρβ1αk. (16)

According to the above inequality, we can conclude that our algorithm can achieve155

lim
k→∞

E
[
∥∇H(., ψk; θk+1)∥2

]
= 0. (17)

The proof is completed. □156

6.2 Convergence proof of the meta loss157

Assume that we have a small amount of meta dataset with M data points {(x′i, y′i), 1 ≤ i ≤M}158

with clean labels, and the meta loss is159

ℓ(ψ(θ)) =
1

M

M∑
i=1

ℓi(ψ(θ)), (18)
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Let’s suppose we have another N training data points, {(xi, yi), 1 ≤ i ≤ N}, where M ≪ N , and160

the training loss is161

L(ψ; θ) = 1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,Xi,t, µt, ψi,t) + V(Φi(., ψT ); θ)Φi(Xi,T , µT , ψT )

]
. (19)

Lemma 2 Suppose a meta loss function ℓ that is Lipschitz smooth with a constant L, and a function162

V(·) that is differentiable, with a δ-bounded gradient, and twice differentiable with its Hessian bounded163

by B. If the loss function’s gradients are bounded by ρ to metadata points, then the gradients of θ to ℓ164

are Lipschitz continuous.165

Proof The gradient of the parameter θ concerning the meta loss ℓi can be expressed as166

∇θℓi(ψ̂k(θ))
∣∣∣
θk

= − α

M

M∑
j=1

(
∂ℓi(ψ̂)

∂ψ̂

∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

)
∂V(Φj(., ψk); θ)

∂θ

∣∣∣
θk
, (20)

Let Vj(.; θ) = V(Φj(., ψk); θ) and Gij being defined in Eq.(39). Taking gradient of θ in both sides of167

Eq.(20), we have168

∇2
θ2ℓi(ψ̂

k(θ))
∣∣∣
θk

= − α
N

n∑
j=1

[
∂

∂θ

(
Gij
) ∣∣∣
θk

∂Vj(.; θ)
∂θ

∣∣∣
θk

+
(
Gij
) ∂2Vj(.; θ)

∂θ2

∣∣∣
θk

]
.

For the first term on the right-hand side, we have that169 ∥∥∥∥ ∂∂θ (Gij)∣∣∣θk∂Vj(.; θ)∂θ

∣∣∣
θk

∥∥∥∥
≤δ

∥∥∥∥∥ ∂

∂ψ̂

(
∂ℓi(ψ̂)

∂θ

∣∣∣
θk

)∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

∥∥∥∥∥
=δ

∥∥∥∥∥ ∂

∂ψ̂

(
∂ℓi(ψ̂)

∂ψ̂

∣∣∣
ψ̂k

−α
N

n∑
m=1

∂Φm(., ψ)

∂ψ

∣∣∣
ψk

∂Vk(.; θ)
∂θ

∣∣∣
θk

)∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

∥∥∥∥∥
=δ

∥∥∥∥∥
(
∂2ℓi(ψ̂)

∂ψ̂2

∣∣∣
ψ̂k

−α
N

n∑
m=1

∂Φm(., ψ)

∂ψ

∣∣∣
ψk

∂Vm(.; θ)

∂θ

∣∣∣
θk

)∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∥∥∥∥∥ ≤ αLρ2δ2, (21)

since

∥∥∥∥∂2ℓi(ψ̂)

∂ψ̂2

∣∣∣
ψ̂k

∥∥∥∥ ≤ L,∥∥∥∥∂Φj(.,ψ)
∂ψ

∣∣∣
ψk

∥∥∥∥ ≤ ρ, ∥∥∥∂Vj(.; θ)
∂θ

∣∣∣
θk

∥∥∥ ≤ δ. For the second term, we have170 ∥∥∥∥∥(Gij) ∂2Vj(.; θ)∂θ2

∣∣∣
θk

∥∥∥∥∥ =

∥∥∥∥∥∂ℓi(ψ̂)∂ψ̂

∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

∂2Vj(.; θ)
∂θ2

∣∣∣
θk

∥∥∥∥∥ ≤ Bρ2, (22)

since

∥∥∥∥∂ℓi(ψ̂)∂ψ̂

∣∣∣T
ψ̂k

∥∥∥∥≤ρ, ∥∥∥∂2Vj(.; θ)
∂θ2

∣∣∣
θk

∥∥∥≤B. Combining the above two inequalities Eq.(21) and (22), we have171 ∥∥∥∇2
θ2ℓi(ψ̂

k(θ))
∣∣∣
θk

∥∥∥ ≤ αρ2(αLδ2 + B). (23)

Define LV = αρ2(αLδ2 + B), based on Lagrange mean value theorem, we have172

∥∇ℓ(ψ̂k(θ1))−∇ℓ(ψ̂k(θ2))∥ ≤ LV ∥θ1 − θ2∥, for ∀ θ1, θ2, (24)

where ∇ℓ(ψ̂k(θ1)) = ∇θℓi(ψ̂k(θ))
∣∣
θ1
. □173

Theorem 2 Assume the meta loss function ℓ is Lipschitz smooth with constant L, and V(·) is differential174

with a δ-bounded gradient and twice differential with its Hessian bounded by B, and ℓ have ρ-bounded175

gradients concerning metadata points. Let the learning rate αk satisfies αk = min{1, kT }, for some176

k > 0, such that k
T < 1, and βk, 1 ≤ k ≤ K is a monotone descent sequence, β1 = min{ 1L ,

c
σ
√
T
} for177

some c > 0, such that σ
√
T
c ≥ L and

∑∞
t=1 βt ≤ ∞,

∑∞
t=1 β

2
t ≤ ∞. Then meta network can achieve178

E[∥∇ℓ(ψ̂k(θk))∥2] ≤ ϵ in O(1/ϵ2) steps. More specifically,179

min
0≤k≤K

E[∥∇ℓ(ψ̂k(θk))∥2] ≤ O( C√
T
), (25)

where C is some constant independent of the convergence process, σ is the variance of randomly drawing180

uniformly mini-batch data points.181
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Proof The update of θ in the k-th iteration is as follows182

θk+1 = θk − β

M

M∑
i=1

∇θℓi(ψ̂k(θ))
∣∣∣
θk
. (26)

This can be written as:183

θk+1 = θk − βk∇ℓ(ψ̂k(θk))
∣∣
Ξk . (27)

Since the mini-batch Ξk is drawn uniformly from the entire dataset, we can rewrite the update equation as184

θk+1 = θk − βk[∇ℓ(ψ̂k(θk)) + ξk], (28)

where ξk = ∇ℓ(ψ̂k(θk))
∣∣
Ξk−∇ℓ(ψ̂k(θk)). The random variables ξk have finite variance because the samples185

Ξk are drawn independently and identically distributed (i.i.d.) from a finite sample set. Additionally, the186

expected value E[ξk] = 0, as the samples are drawn uniformly at random. Observe that187

ℓ(ψ̂k+1(θk+1))− ℓ(ψ̂k(θk))

=
{
ℓ(ψ̂k+1(θk+1))− ℓ(ψ̂k(θk+1))

}
+
{
ℓ(ψ̂k(θk+1))− ℓ(ψ̂k(θk))

}
. (29)

By Lipschitz smoothness of meta loss function ℓ, we have188

ℓ(ψ̂k+1(θk+1))− ℓ(ψ̂k(θk+1))

≤⟨∇ℓ(ψ̂k(θk+1)), ψ̂k+1(θk+1)− ψ̂k(θk+1)⟩+ L

2
∥ψ̂k+1(θk+1)− ψ̂k(θk+1)∥2

since ψ̂k+1(θk+1)− ψ̂k(θk+1) = −α
k

N

∑n
i=1 V(Φi(., ψ

k+1); θk+1)∇ψΦi(., ψ)
∣∣∣
ψk+1

, we have189

∥ℓ(ψ̂k+1(θk+1))− ℓ(ψ̂k(θk+1))∥ ≤ αkρ2 +
L(αk)2

2
ρ2 = αkρ2(1 +

αkL

2
) (30)

where

∥∥∥∥∂Φj(.,ψ)
∂ψ

∣∣∣
ψk

∥∥∥∥ ≤ ρ, ∥∥∥∥∂ℓi(ψ̂)∂ψ̂

∣∣∣T
ψ̂k

∥∥∥∥≤ρ.190

By Lipschitz continuity of ∇ℓ(ψ̂k(θ)) according to Lemma 2, we can obtain the following191

ℓ(ψ̂k(θk+1))− ℓ(ψ̂k(θk))

≤⟨∇ℓ(ψ̂k(θk)), θk+1 − θk⟩+ L

2
∥θk+1 − θk∥2

=⟨∇ℓ(ψ̂k(θk)),−βk[∇ℓ(ψ̂k(θk)) + ξk]⟩+ L(βk)2

2
∥∇ℓ(ψ̂k(θk)) + ξk∥2

=− (βk − L(βk)2

2
)∥∇ℓ(ψ̂k(θk))∥2 +

L(βk)2

2
∥ξk∥2 − (βk − L(βk)2)⟨∇ℓ(ψ̂k(θk)), ξk⟩. (31)

Thus Eq.(29) satisfies192

ℓ(ψ̂k+1(θk+1))− ℓ(ψ̂k(θk)) ≤αkρ2(1 + αkL

2
)− (βk − L(βk)2

2
)∥∇ℓ(ψ̂k(θk))∥2

+
L(βk)2

2
∥ξk∥2 − (βk − L(βk)2)⟨∇ℓ(ψ̂k(θk)), ξk⟩. (32)

Rearranging the terms, we can obtain193

(βk − L(βk)2

2
)∥∇ℓ(ψ̂k(θk))∥2 ≤αkρ2(1 + αkL

2
) + ℓ(ψ̂k(θk))− ℓ(ψ̂k+1(θk+1))

+
L(βk)2

2
∥ξk∥2 − (βk − L(βk)2)⟨∇ℓ(ψ̂k(θk)), ξk⟩. (33)

Summing up the above inequalities and rearranging the terms, we can obtain194 ∑K

k=1
(βk − L(βk)2

2
)∥∇ℓ(ψ̂k(θk))∥2

≤ ℓ(ψ̂1)(θ1)− ℓ(ψ̂K+1(θK+1)) +

K∑
k=1

αkρ2(1 +
αkL

2
)

−
K∑
k=1

(βk−L(βk)2)⟨∇ℓ(ψ̂k(θk)),ξk⟩+L

2

K∑
k=1

(βk)
2∥ξk∥2
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≤ ℓ(ψ̂1(θ1))+

K∑
k=1

αkρ2(1 +
αkL

2
)−

K∑
k=1

(βk−L(βk)2)⟨∇ℓ(ψ̂k(θk)),ξk⟩+L

2

K∑
k=1

(βk)2∥ξk∥2, (34)

By taking expectations with respect to ξK on both sides of Eq.(34), we obtain195

K∑
k=1

(βk − L(βk)2

2
)EξK∥∇ℓ(ψ̂

k(θk))∥2 ≤ ℓ(ψ̂1(θ1))+

K∑
k=1

αkρ2(1 +
αkL

2
) +

Lσ2

2

K∑
k=1

(βk)2, (35)

since EξK ⟨∇ℓ(θk), ξk⟩ = 0 and E[∥ξk∥2] ≤ σ2, where σ2 denotes the variance of ξk. Consequently, we can196

further deduce that197

min
k

E
[
∥∇ℓ(ψ̂k(θk))∥2

]
≤
∑K
k=1(β

k − L(βk)2

2 )EξK∥∇ℓ(ψ̂k(θk))∥2∑K
k=1(β

k − L(βk)2

2 )

≤ 1∑K
k=1(2β

k − L(βk)2)

[
2ℓ(ψ̂1(θ1))+

K∑
k=1

αkρ2(2 + αkL) + Lσ2
K∑
k=1

(βk)2
]

≤ 1∑K
k=1 β

k

[
2ℓ(ψ̂1(θ1))+

K∑
k=1

αkρ2(2 + αkL) + Lσ2
K∑
k=1

(βk)2
]

≤ 1

Kβk

[
2ℓ(ψ̂1(θ1))+ α1ρ2T (2 + L) + Lσ2

K∑
k=1

(βk)2
]

=
2ℓ(ψ̂1(θ1))

K

1

βk
+

2α1ρ2(2 + L)

βk
+
Lσ2

K

K∑
k=1

βk

≤ 2ℓ(ψ̂1(θ1))

K

1

βk
+

2α1ρ2(2 + L)

βk
+ Lσ2βk

=
ℓ(ψ̂1(θ1))

K
max{L, σ

√
K

c
}+min{1, k

K
}max{L, σ

√
T

c
}ρ2(2 + L) + Lσ2 min{ 1

L
,

c

σ
√
T
}

≤ σℓ(ψ̂1(θ1)

c
√
K

+
kσρ2(2 + L)

c
√
K

+
Lσc√
K

= O( 1√
K

). (36)

The third inequality holds due to
∑K
k=1(2β

k − L(βk)2) ≥
∑K
k=1 β

k. As a result, it is demonstrated198

that this approach consistently achieves min0≤k≤K E[∥∇ℓ(θk)∥2] ≤ O( 1√
K
) within K iterations. This199

concludes the proof of Theorem 2. □200

6.3 Derivation of the update details for meta parameters201

We now recall the updated equation for the parameters of the data re-weighting strategy, given by202

θk+1 = θk − β
1

M

M∑
i=1

∇θℓi(ψ̂
k(θ))

∣∣∣
θk
, (37)

The computation of Eq. (37) through backpropagation is detailed in the following derivation, as203

1

M

M∑
i=1

∇θℓi(ψ̂
k(θ))

∣∣∣
θk

=
1

M

M∑
i=1

∂ℓi(ψ̂)

∂ψ̂(θ)

∣∣∣
ψ̂k

n∑
j=1

∂ψ̂k(θ)

∂V(Φj(., ψk); θ)
∂V(Φj(., ψk); θ)

∂θ

∣∣∣
θk

=− α

NM

M∑
i=1

∂ℓi(ψ̂)

∂ψ̂

∣∣∣
ψ̂k

N∑
j=1

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

∂V(Φj(., ψk); θ)
∂θ

∣∣∣
θk
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=− α

N

N∑
j=1

(
1

M

M∑
i=1

∂ℓi(ψ̂)

∂ψ̂

∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk

)
∂V(Φj(., ψk); θ)

∂θ

∣∣∣
θk
. (38)

Let204

Gij =
∂ℓi(ψ̂)

∂ψ̂

∣∣∣T
ψ̂k

∂Φj(., ψ)

∂ψ

∣∣∣
ψk
, (39)

by substituting Eq.(38) into Eq.(37), we can get:205

θk+1 = θk +
αβ

N

N∑
j=1

(
1

M

M∑
i=1

Gij

)
∂V(Φj(., ψk); θ)

∂θ

∣∣∣
θk
. (40)

7 Detailed description of the weighted mean-field MSA206

7.1 Weighted mean-field MSA207

In this section, we illustrate the iterative update process of the weighted mean-field MSA in Alg.S2,208

comprising the state equation, the costate equation, and the maximization of the Hamiltonian.209

Algorithm S2 Weighted Mean-field MSA

1: Initialize ψ0 = {ψ0
t ∈ Ψ : t = 0 . . . , T − 1}.

2: for k = 0 to K do
3: Solve the forward SDE:

dXk
t =

[
a(µt −Xk

t ) + ψkt

]
dt+ σdWt, Xk

0 = x,

4: Solve the backward SDE:

dY kt = −∇xH
(
t,Xk

t , Y
k
t , µ

k
t , ψ

k
t )dt+ Zkt dWt, Y kT = −V(Φ(.); θ)∇xΦ(Xk

T , µ
k
T , ψ

k
T ),

5: For each t ∈ [0, T − 1], update the state control ψk+1
t :

ψk+1
t = argmax

ψ∈Ψ
H(t,Xk

t , Y
k
t , Z

k
t , µt, ψ).

6: end for

7.2 Error estimate for the weighted mean-field MSA210

In this section, we derive a rigorous error estimate for the weighted mean-field MSA, aiding in211

comprehending its stochastic dynamic. The discrete-time analogue of the weighted stochastic212

control problem is213

min
ψ,θ

1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,Xi,t, µt, ψi,t) + V(Φi(Xi,T , µT , ψi,T ); θ)Φi(Xi,T , µT , ψi,T )

]
,

s.t.Xi,t+1 = Xi,t + [a(µt −Xi,t) + ψi,t] ∆t+ σ∆W. (41)

Let us now make the following assumptions:214

Assumption 1 The terminal cost function Φ in Eq.(41) is twice continuously differentiable, with Φ and215

∇Φ satisfying a Lipschitz condition. There is a constant K ≥ 0 such that ∀XT , X ′
T ∈ R, ∀ψT ∈ Ψ216

|Φ(., XT )− Φ(., X ′
T )|+ ∥∇Φ(., XT )−∇Φ(., X

′
T )∥ ≤ K

∥∥∥XT −X ′
T

V(Φ(.); θ)

∥∥∥.
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Assumption 2 From Eq. (41), the running cost function R and the drift function b are jointly continuous217

in t and twice continuously differentiable in Xt. The functions b, ∇xb, R, and ∇xR satisfy Lipschitz218

conditions in Xt, uniformly in t and ψt. Given that σ is constant, it does not influence the error estimate.219

There exists a constant K ≥ 0 such that ∀x ∈ Rd, ∀ψt ∈ Ψ, and ∀t ∈ [0, T − 1]220

∥b(Xt, .)− b(X ′
t, .)∥+ ∥∇xb(Xt, .)−∇xb(X ′

t, .)∥+ |R(Xt, .)−R(X ′
t, .)|

+ ∥∇xR(Xt, .)−∇xR(X ′
t, .)∥ ≤ K∥Xt −X ′

t∥

With these assumptions, we provide the following error estimate for weighted mean-field MSA.221

Lemma 3 Suppose Assumptions 1 and 2 hold. Then for arbitrary admissible controls ψ and ψ′ there222

exists a constant C > 0 such that223

L(ψ)− L(ψ′) ≤ −
N∑
i=1

T−1∑
t=0

[
H(t,Xi,t, Yi,t, Pi,t, ψi,t)−H(t,Xi,t, Yi,t, Pi,t, ψ′

i,t)
]

+
C

N

N∑
i=1

T−1∑
t=0

∥b(Xi,t, Yi,t, Pi,t, ψi,t)− b(Xi,t, Yi,t, Pi,t, ψ′
i,t)∥

2

+
C

N

N∑
i=1

T−1∑
t=0

∥∇xb(Xi,t, Yi,t, Pi,t, ψi,t)−∇xb(Xi,t, Yi,t, Pi,t, ψ′
i,t)∥

2,

+
C

N

N∑
i=1

T−1∑
t=0

∥∇xR(Xi,t, Yi,t, Pi,t, ψi,t)−∇xR(Xi,t, Yi,t, Pi,t, ψ′
i,t)∥

2, (42)

The proof follows a discrete Gronwall’s lemma.224

Lemma 4 Let K ≥ 0, and let ut and wt be non-negative, real-valued sequences such that225

ut+1 ≤ Kut + wt,

for t = 0, . . . , T − 1. Then, for every t = 0, . . . , T , the inequality226

ut ≤ max(1,KT )

(
u0 +

T−1∑
s=0

ws

)
holds.227

Proof We prove by induction the following inequality:228

ut ≤ max(1,Kt)

(
u0 +

T−1∑
s=0

ws

)
,

from which the lemma immediately follows. The base case t = 0 is trivial.229

Assuming the inequality holds for some t, we have230

ut+1 ≤ Kut + wt,

≤ K ·max(1,Kt)

(
u0 +

T−1∑
s=0

ws

)
+ wt,

= max(1,Kt+1) · K

max(1,Kt)

(
u0 +

T−1∑
s=0

ws

)
+max(1,Kt+1) · wt

max(1,Kt+1)
,

= max(1,Kt+1)

(
K

max(1,Kt)

(
u0 +

T−1∑
s=0

ws

)
+

wt
max(1,Kt+1)

)
.

Now, consider the expression K
max(1,Kt)

231

K

max(1,Kt)
=

{
K, if K ≤ 1,

K1−t, if K > 1,
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When K ≤ 1, we have232

ut+1 ≤ max(1,Kt+1)

(
K

(
u0 +

T−1∑
s=0

ws

)
+ wt

)
,

≤

(
u0 +

t∑
s=0

ws

)
,

since K ≤ 1 implies Kt+1 ≤ 1.233

When K > 1, we have234

K

Kt
= K1−t,

and therefore235

ut+1 ≤ Kt+1

(
u0 +

T−1∑
s=0

ws

)
+ wt,

ut+1 ≤ max(1,Kt+1)

(
u0 +

t∑
s=0

ws

)
.

Thus, the inequality (7.2) holds for t + 1. By mathematical induction, the inequality holds for all236

t = 0, . . . , T , proving this lemma.237

This proves (7.2) and hence the lemma. □238

We begin by proving a preliminary lemma that provides an estimate for the magnitude of Yt239

for any arbitrary ψ ∈ Ψ. Throughout this proof, C will denote a generic constant that does not240

depend on ψ, ψ′, and the batch size S, but may depend on other fixed parameters such as T and241

the Lipschitz constants K specified in Assumptions 1–2. The value of C may vary from line to242

line, while retaining the same dependencies, to minimize notational complexity.243

Lemma 5 There exists a constant C > 0 such that, for each t = 0, . . . , T and for every ψ ∈ Ψ, the244

following holds:245

∥Yi,t∥ ≤
C

N
,

for all i = 1, . . . , N .246

Proof First, observe that Yi,t = − 1
N∇V(Φ(.); .)Φ(Xi,t) and ∥Yi,t∥ =

1
N ∥∇V(Φ(.); .)Φ(Xi,t)∥.247

By Assumption 1, it follows that248

∥Yi,t∥ ≤
K

N
.

where the constant K absorbs the effect of V(Φ(.); θ).249

For each 0 ≤ t < T ,250

∥Yi,t∥ = ∥∇xH(t,Xi,t, Yi,t+1, Zi,t, µt, ψ
′
i,t)∥,

= ∥∇xb(t,Xi,t, µt, ψ′
i,t)

TYi,t+1 +
1

N
∇xR(t,Xi,t, µt, ψi,t)∥,

≤ ∥∇xb(t,Xi,t, µt, ψ′
i,t)

T ∥ · ∥Yi,t+1∥+
1

N
∥∇xR(t,Xi,t, µt, ψi,t)∥,

≤ K∥Yi,t+1∥+
K

N
.

Define ut = ∥Yi,t∥, wt = K
N , and K is a positive constant.251

Then252

ut ≤ Kut+1 + wt.

By applying Gronwall’s inequality (Lemma 4) in reverse time253

ut ≤ max(1,KT )

(
uT +

T−1∑
s=t

ws

)
,
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Since uT = K
N ,254

ut ≤ max(1,KT )

(
K

N
+
T − t
N

K

)
,

This simplifies to255

ut ≤
C

N
,

where C = Kmax(1,KT )(1 + T ). □256

We are now ready to prove Theorem 3.257

Proof Recall the Hamiltonian definition258

H(t,Xt, Yt, Zt, µt, ψt) = [a(µt −Xt) + ψt] · Yt + σ⊤Zt −R(t,Xt, µt, ψt).

Let us define the quantity259

I(Xt, Yt, ψt) :=

T−1∑
t=0

[
Yt+1 ·Xt+1 −H(t,Xt, Yt+1, Zt, µt, ψt)− σ⊤Zt −R(t,Xt, µt, ψt)

]
Next, we consider the linearized form given by260

b(t,Xt+1, µt+1, ψt+1) = b(t,Xt, µt, ψt) +∇xb(t,Xt, µt, ψt)(ψt −Xt)
= [a(µt −Xt) + ψt] +∇x [a(µt −Xt) + ψt] (ψt −Xt), (43)

From Eq.(43), we have I(Xt, Yt, ψt) = 0 for ψ ∈ Ψ. Now, fixing a specific sample i, we obtain the following261

estimates262

0 = I(Xt, Yt, ψt)− I(X ′
t, Y

′
t , ψ

′
t)

=

T−1∑
t=0

[ (
Yt+1 ·Xt+1 − Y ′

t+1 ·X ′
t+1

)
−
(
H(t,Xt, Yt+1, Zt, µt, ψt)−H(t,X ′

t, Y
′
t+1, Z

′
t, µ

′
t, ψ

′
t)
)

−
(
σ⊤Zt − σ⊤Z′

t

)
−
(
R(t,Xt, µt, ψt)−R(t,X ′

t, µ
′
t, ψ

′
t)
) ]

=

T−1∑
t=0

[
(Yt+1 − Y ′

t+1) ·Xt+1 + Y ′
t+1 · (Xt+1 −X ′

t+1)

−
(
H(t,Xt, Yt+1, Zt, µt, ψt)−H(t,X ′

t, Y
′
t+1, Z

′
t, µ

′
t, ψ

′
t)
)

− σ⊤(Zt − Z′
t)−

(
R(t,Xt, µt, ψt)−R(t,X ′

t, µ
′
t, ψ

′
t)
) ]

=

T−1∑
t=0

[
(Yt+1 − Y ′

t+1) · (Xt+1 −X ′
t)−

(
H(t,Xt, Yt+1, Zt, µt, ψt)−H(t,X ′

t, Y
′
t+1, Z

′
t, µ

′
t, ψ

′
t)
)

− σ⊤(Zt − Z′
t)−

(
R(t,Xt, µt, ψt)−R(t,X ′

t, µ
′
t, ψ

′
t)
) ]

=

N∑
i=1

T−1∑
t=0

[
Yi,t+1 ·Xi,t+1 − Y ′

i,t+1 ·X
′
i,t+1

]
−

N∑
i=1

T−1∑
t=0

[
Hi(t,Xi,t, Yi,t+1, µt, ψi,t)−Hi(t,X ′

i,t, Y
′
i,t+1, µ

′
t, ψ

′
i,t)
]

− 1

N

N∑
i=1

T−1∑
t=0

[
Ri(t,Xi,t, µt, ψi,t)−Ri(t,X ′

i,t, µ
′
t, ψ

′
i,t)
]
. (44)

where we omit the σ⊤(Zt − Z′
t) term since Zt = Z′

t, reflecting that both paths are driven by the same263

Wiener process.264

The first term on the right-hand side can be rewritten as265

N∑
i=1

T−1∑
t=0

[
Yi,t+1 ·Xi,t+1 − Y ′

i,t+1 ·X
′
i,t+1

]
=

N∑
i=1

T−1∑
t=0

[
Yi,t+1 ·∆Xi,t+1 +Xi,t+1 ·∆Yi,t+1 −∆Xi,t+1 ·∆Yi,t+1

]
, (45)
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where we have defined ∆Xi,t := Xi,t −X ′
i,t and ∆Yi,t := Yi,t − Y ′

i,t. Further simplification is possible by266

noting that ∆Xi,0 = 0, and thus267

N∑
i=1

T−1∑
t=0

[
Yi,t+1 ·∆Xi,t+1 +Xi,t+1 ·∆Yi,t+1

]
=

N∑
i=1

{
Yi,T ·∆Xi,T +

T−1∑
t=0

[
Yi,t ·∆Xi,t +Xi,t+1 ·∆Yi,t+1

]}

=

N∑
i=1

{
Yi,T ·∆Xi,T +

T−1∑
t=0

[
∇xHi(t,Xi,t, Yi,t+1, µt, ψ

′
i,t) ·∆Xi,t +∇yHi(t,Xi,t, Yi,t+1, µt, ψ

′
i,t) ·∆Yi,t+1

]}
Introducing Pi,t := (Xi,t, Yi,t+1) and P

′
i,t := (X ′

i,t, Y
′
i,t+1), this expression can be reformulated as268

N∑
i=1

T−1∑
t=0

[
Yi,t+1 ·∆Xi,t+1 +Xi,t+1 ·∆Yi,t+1

]
=

N∑
i=1

{
Yi,T ·∆Xi,T +

T−1∑
t=0

∇pHi(t, Pi,t, µt, ψi,t) ·∆Pi,t

}
(46)

Similarly, we also have269

N∑
i=1

T−1∑
t=0

∆Xi,t+1 ·∆Yi,t+1

=
1

2

N∑
i=1

T−1∑
t=0

[
∆Xi,t+1 ·∆Yi,t+1 +∆Xi,t+1 ·∆Yi,t+1

]
=
1

2

N∑
i=1

{
∆Xi,T ·∆Yi,T +

1

2

T−1∑
t=0

[
∇pHi(t, Pi,t, µt, ψi,t)−∇pHi(t, P ′

i,t, µt, ψ
′
i,t)
]
·∆Pi,t

}

=
1

2

N∑
i=1

{
∆Xi,T ·∆Yi,T +

1

2

T−1∑
t=0

[
∇pH(t, Pi,t, Zt, µt, ψt)−∇zH(t, Pi,t, Zt, µt, ψ′

i,t)
]
·∆Pi,t

+
1

2

T−1∑
t=0

∆Pi,t · ∇2
zH(t, Pi,t + r1(t)∆Pi,t, Zt, µt, ψi,t)∆Pi,t

}
(47)

where in the last line, Taylor’s theorem was applied with r1(t) ∈ [0, 1] for each t. Consequently, the270

terminal terms in Eq.(46) and Eq.(47) can be rewritten as follows271

(Y ′
i,T +

1

2
∆Yi,T ) ·∆Xi,T

=− 1

N
∇V(Φ(.); .)Φ(., X ′

i,T ) ·∆Xi,T −
1

2N

[
∇V(Φ(.); .)Φ(., Xi,T )−∇V(Φ(.); .)Φ(., X ′

i,T )
]
·∆Xi,T

=− 1

N
∇V(Φ(.); .)Φ(., X ′

i,T ) ·∆Xi,T −
1

2N
∆Xi,T · ∇2V(Φ(.); .)Φ(., X ′

i,T + r2∆Xi,T )∆Xi,T

=− 1

N
(Φ(., XT )− Φ(., X ′

T ))−
1

2N
∆Xi,T · [∇2Φ(., X ′

i,T + r2∆Xi,T ) +∇2Φ(., X ′
i,T + r3∆Xi,T )]∆Xi,T ,

(48)

for some r2, r3 ∈ [0, 1]. Finally, for each t = 0, 1, . . . , T − 1, we have272

H(t, Pi,t, Zi,t, µt, ψi,t)−H(t, P ′
i,t, Z

′
i,t, µ

′
tψ

′
i,t)

=
[
H(t, P ′

i,t, Z
′
i,t, µ

′
t, ψi,t)−H(t, Pi,t, Zi,t, µt, ψ′

i,t)
]

+∇pH(t, P ′
i,t, Zi,t, µt, ψi,t) ·∆Pi,t

+
1

2
∆Pi,t · ∇2

pH(t, P ′
i,t + r4(t)∆Pi,t, Zi,t, µt, ψi,t)∆Pi,t (49)

where r4(t) ∈ [0, 1].273

Substituting Eq.(45)-(49) into Eq.(44) yields274

1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,Xi,t, µt, ψi,t) + V(Φi(.); .)Φi(Xi,T , ψi,T )

]

− 1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,X
′
i,t, µ

′
t, ψ

′
i,t) + V(Φi(.); .)Φi(X

′
i,T , ψ

′
i,T )

]
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=−
N∑
i=1

T−1∑
t=0

[
Hi(t,X ′

t, Y
′
t+1, µ

′
t, ψt)−Hi(t,X ′

t, Y
′
t+1, µ

′
t, ψ

′
i,t)
]

+
1

2N

N∑
i=1

{
∆Xi,T · V(Φi(.); .)

[
∇2Φi(., X

′
i,T + r2∆Xi,T ) +∇2Φi(., X

′
i,T + r3∆Xi,T )

]
∆Xi,T

}

+
1

2

N∑
i=1

T−1∑
t=0

[
∇pHi(., P ′

i,t, ψi,t)−∇pHi(., P
′
i,t, ψ

′
i,t)
]
·∆Pi,t

+
1

2

N∑
i=1

T−1∑
t=0

∆Pi,t ·
[
∇2
pHi(., P ′

i,t + r1(t)∆Pi,t)−∇2
pHi(., P ′

i,t + r4(t)∆Pi,t)
]
∆Pi,t. (50)

Observe that by summing over all s, the left-hand side reduces to L(ψ)− L(ψ′). Next, we simplify the275

right-hand side. First, applying Assumption 1, we obtain276

∆Xi,T · V(Φi(.); .)
[
∇2Φ(., X ′

i,T + r2∆Xi,T ) +∇2Φ(., X ′
i,T + r3∆Xi,T )

]
∆Xi,T ≤ K∥∆Xi,T ∥22. (51)

Next277 [
∇zH(., P ′

i,t, ψi,t)−∇zH(., P
′
i,t, ψ

′
i,t)
]
·∆Pi,t

≤∥∇xH(., X ′
i,t, Y

′
i,t+1, ψi,t)−∇xH(., X

′
i,t, Y

′
i,t+1, ψ

′
i,t)∥∥∆Xi,t∥

+ ∥∇yH(., X ′
i,t, Y

′
i,t+1, ψi,t)−∇yH(., X

′
i,t, Y

′
i,t+1, ψ

′
i,t)∥∥∆Yi,t+1∥

≤ 1

2N
∥∆Xi,t∥2 +

N

2
∥∇xH(., X ′

i,t, Y
′
i,t+1, ψt)−∇xH(., X

′
i,t, Y

′
i,t+1, ψ

′
i,t)∥

2
2

+
N

2
∥∆Yi,t∥22 +

1

2N
∥∇yH(., X ′

i,t, Y
′
i,t+1, ψi,t)−∇yH(., X

′
i,t, Y

′
i,t+1, ψ

′
i,t)∥

2
2

≤ 1

2N
∥∆Xi,t∥22 +

C2

2N
∥∇xb(., X ′

i,t, ψi,t)−∇xb(., X
′
i,t, ψ

′
i,t)∥

2
2

+
1

2N
∥∇xR(., X ′

i,t, ψi,t)−∇xR(., X
′
i,t, ψ

′
i,t)∥

2
2

+
N

2
∥∆Yi,t∥22 +

1

2N
∥b(., X ′

i,t, ψi,t)− b(., X
′
i,t, ψ

′
i,t)∥

2
2, (52)

where in the last line, we utilized Lemma 5. Similarly, the last term in Eq.(50) can be simplified. Since278

the second derivative of H with respect to Y vanishes due to its linearity, following the same reasoning as279

in Eq.(51) and applying Lemma 5, we obtain280

∆Pi,t ·
[
∇2
zH(., P ′

i,t + r1(t)∆Pi,t)−∇2
zH(., P ′

i,t + r4(t)∆Pi,t)
]
∆Pi,t

≤2KC

N
∥∆Xi,t∥2 + 4K∥∆Xi,t∥∥∆Yi,t+1∥

≤2KC

N
∥∆Xi,t∥2 +

2K

N
∥∆Xi,t∥2 + 2KN∥∆Yi,t+1∥2 (53)

Substituting Eq.(51)-(53) into Eq.(50), as follow281

1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,Xi,t, µt, ψi,t) + V(Φi(.); θ)Φi(t,Xi,T , µt, ψi,T )

]

− 1

N

N∑
i=1

[
T−1∑
t=0

Ri(t,X
′
i,t, µ

′
t, ψ

′
i,t) + V(Φi(.); θ)Φi(t,X

′
i,T , µ

′
t, ψ

′
i,T )

]

=−
N∑
i=1

T−1∑
t=0

[
Hi(t,X ′

t, Y
′
t+1, µ

′
t, ψt)−Hi(t,X ′

t, Y
′
t+1, µ

′
t, ψ

′
i,t)
]

+
C

N

N∑
i=1

T∑
t=0

∥∆Xi,t∥2 + CN

N∑
i=1

T−1∑
t=0

∥∆Yi,t+1∥2

+
C

N

N∑
i=1

T−1∑
t=0

∥bi(t,X ′
i,t, µ

′
t, ψi,t)− bi(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

2

+
C

N

N∑
i=1

T−1∑
t=0

∥∇xbi(t,X ′
i,t, µ

′
t, ψi,t)−∇xbi(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

2
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+
C

N

N∑
i=1

T−1∑
t=0

∥∇xRi(t,X ′
i,t, µ

′
t, ψi,t)−∇xRi(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

2 (54)

We now proceed to estimate the magnitudes of ∆Xi,t and ∆Yi,t. Notably, since ∆Xi,0 = 0, it follows that282

for each t = 0, . . . , T − 1, we have283

∥∆Xi,t+1∥ ≤∥b(t,Xi,t, µt, ψi,t)− b(t,X ′
i,t, µ

′
t, ψi,t)∥+ ∥b(t,X ′

i,t, µ
′
t, ψi,t)− b(X ′

i,t, µ
′
t, ψ

′
i,t)∥

≤K∥∆Xi,t∥+ ∥b(t,X ′
i,t, µ

′
t, ψi,t)− b(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

Using Lemma 4, we have284

∥∆Xi,t∥ ≤ C
N∑
i=1

T−1∑
t=0

∥b(t,X ′
i,t, µ

′
t, ψi,t)− b(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥ (55)

Similarly285

∥∆Yi,t∥ ≤∥∇xHi(t,Xi,t, Yi,t+1, Zi,t, µt, ψi,t)−∇xHi(t,X ′
i,t, Y

′
i,t+1, Z

′
i,t, µ

′
t, ψ

′
i,t)∥

≤2K∥∆Yi,t+1∥+
C

N
∥∆Xi,t∥

+
C

N
∥∇xb(t,X ′

i,t, µ
′
t, ψi,t)−∇xb(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

+
C

N
∥∇xR(t,X ′

i,t, µ
′
t, ψi,t)−∇xR(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥,

and so by Lemma 4, Eq.(55) and the fact that ∥∆Yi,T ∥ ≤ K
N ∥∆Xi,T ∥ by Assumption 1, we have286

∥∆Yi,t∥ ≤
C

N

N∑
i=1

T−1∑
t=0

∥b(t,X ′
i,t, µ

′
t, ψi,t)− b(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

+
C

N

N∑
i=1

T−1∑
t=0

∥∇xb(t,X ′
i,t, µ

′
t, ψi,t)−∇xb(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥

+
C

N

N∑
i=1

T−1∑
t=0

∥∇xR(t,X ′
i,t, µ

′
t, ψi,t)−∇xR(t,X ′

i,t, µ
′
t, ψ

′
i,t)∥. (56)

To finalize the proof of Theorem 3, we incorporate the estimates from Eq.(55) and Eq.(56) into Eq.(54).287

□288

8 Proof of NDDV289

8.1 Proof of the data state utility function290

In this section, we provide detailed proof of the data state utility function based on the dynamic291

interaction between the data state and the data co-state. Specifically, we address the optimality292

and effectiveness of the data state utility function.293

Theorem 3 Assume that a subset S undergoes a single training session using NDDV, yielding an294

optimal control strategy ψ∗, and simultaneously obtaining the data state utility functions U(S) =295

(U1(S), U2(S), · · · , Un(S)) corresponding to all data points. The data state utility U(S) for the data point296

(xi, yi) is then as follows297

Ui(S) = −Xi,T · Yi,T ,

Proof For optimality, we set the control strategy ψ during optimization and the optimal control strategy298

ψ∗. Compared to ψ, ψ∗ possesses, in some sense, the optimal descent direction to obtain the best data299

state utility functions U(S).300

According to the Hamiltonian maximization condition, as301

H(t,X∗
t , Y

∗
t , Z

∗
t , ψ

∗
t )−H(t,X∗

t , Y
∗
t , Z

∗
t , ψ) ≥ 0, (57)

where H is302

H(t,Xt, Yt, Zt, ψt) = b(t,Xt, ψt) · Yt + tr(σ⊤Zt)−R(t,Xt, ψt), (58)
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The rate of change for the Hamiltonian is given303

∂H
∂ψt

=
∂b(t,Xt, ψt)

∂ψt
· Yt −

∂R(t,Xt, ψt)

∂ψt
. (59)

For arbitrary ψ, we have304

b(t,X∗
t , ψ

∗
t ) · Y ∗

t −R(t,X∗
t , ψ

∗
t ) ≥ b(t,X∗

t , ψt) · Y ∗
t −R(t,X∗

t , ψt). (60)

Consequently, Xt and Yt evolve along the optimal trajectories X∗
t and Y ∗

t , leading to U(S, ψ∗) =305

−X∗
T · Y

∗
T that is superior to U(S, ψ) obtained under arbitrary ψ. For an arbitrary data point (xi, yi),306

Ui(S, ψ
∗) is superior to Ui(S, ψ).307

To compare the utility functions Ui(S, ψ
∗) and Ui(S, ψ) for (xi, yi), we first consider the difference of308

these309

∆Ui(S) = Ui(S, ψ
∗)− Ui(S, ψ)

= −X∗
i,T · Y

∗
i,T +Xi,T · Yi,T , (61)

Substituting X∗
i,T = Xi,T +∆Xi,T and Y ∗

i,T = Yi,T +∆Yi,T , we get310

∆Ui(S) = −(Xi,T +∆Xi,T ) · (Yi,T +∆Yi,T ) +Xi,T · Yi,T , (62)

Expanding and simplifying311

∆Ui(S) = −Xi,T · Yi,T −Xi,T ·∆Yi,T −∆Xi,T · Yi,T −∆Xi,T ·∆Yi,T +Xi,T · Yi,T
= −Xi,T ·∆Yi,T −∆Xi,T · Yi,T −∆Xi,T ·∆Yi,T , (63)

Since ψ∗ maximizes the Hamiltonian, it satisfies312

∂H
∂ψt

∣∣∣
ψt=ψ∗

t

=
∂b(t,X∗

t , ψ
∗
t )

∂ψt
· Y ∗
t −

∂R(t,X∗
t , ψ

∗
t )

∂ψt
= 0, (64)

From Eq.(64), the ψ∗ satisfies313

∂H
∂ψt

∣∣∣
ψt=ψ∗

t

≥ ∂H
∂ψt

∣∣∣
ψt=ψt

, (65)

which implies314

∂b(t,X∗
t , ψ

∗
t )

∂ψt
· Y ∗
t −

∂R(t,X∗
t , ψ

∗
t )

∂ψt
≥ ∂b(t,X∗

t , ψt)

∂ψt
· Y ∗
t −

∂R(t,X∗
t , ψt)

∂ψt
. (66)

Furthermore, we consider the rates of change for Xi,t and Yi,t, as follows315 {
d∆Xi,t = b(t,X∗

i,t, ψ
∗
i,t)dt− b(t,Xi,t, ψt)dt,

d∆Yi,t = −
[
∇xH(t,X∗

i,t, Y
∗
i,t, ψ

∗
i,t)−∇xH(t,Xi,t, Yi,t, ψi,t)

]
dt+ (Z∗

i,t − Zi,t)dWt,
(67)

Similarly, the changes in ∆Xi,T and ∆Yi,T at the terminal time T are given316 
∆Xi,T = ∆Xi,t +

ˆ T

t

[
b(s,X∗

i,s, ψ
∗
i,s)− b(s,Xi,s, ψi,s)

]
ds,

∆Yi,T = ∆Yi,t −
ˆ T

t

[
∇xH(s,X∗

i,s, Y
∗
i,s, ψ

∗
i,s) +∇xH(s,Xi,s, Yi,s, ψi,s)

]
ds+

ˆ T

t
(Z∗
i,s − Zi,s)dWs.

(68)
We then compute ∆Xi,T ·∆Yi,T by expanding the following terms317

∆Xi,T ·∆Yi,T

=∆Xi,t ·∆Yi,t +∆Xi,t ·
ˆ T

t
(Z∗
i,s − Zi,s)dWs

−∆Xi,t ·
ˆ T

t

(
∇xH(s,X∗

i,s, Y
∗
i,s, ψ

∗
i,s) +∇xH(s,Xi,s, Yi,s, ψi,s)

)
ds

+

(ˆ T

t

[
b(s,X∗

i,s, ψ
∗
i,s)− b(s,Xi,s, ψi,s)

]
ds

)
·∆Yi,t

−

(ˆ T

t

[
b(s,X∗

i,s, ψ
∗
i,s) + b(s,Xi,s, ψi,s)

]
ds

)
·
ˆ T

t
∇xH(s,X∗

i,s, Y
∗
i,s, ψ

∗
i,s) +∇xH(s,Xi,s, Yi,s, ψi,s)ds

+

(ˆ T

t

[
b(s,X∗

i,s, ψ
∗
i,s)− b(s,Xi,s, ψi,s)

]
ds

)
·
ˆ T

t
(Z∗
i,s − Zi,s)dWs,

(69)



20 CONTENTS

Using Itô’s Isometry to handle the stochastic integral term and applying the properties ofH, we simplify318

∆Xi,T ·∆Yi,T
=∆Xi,t ·∆Yi,t

+

ˆ T

t

[
b(s,X∗

i,s, ψ
∗
i,s)− b(s,Xi,s, ψi,s)

]
·
[
−∇xH(s,X∗

i,s, Y
∗
i,s, ψ

∗
i,s) +∇xH(s,Xi,s, Yi,s, ψi,s)

]
ds.

(70)

According to ψ∗, H is maximized:319

b(s,X∗
i,s, ψ

∗
i,s) ·

[
−∇xH(s,X∗

i,s, Y
∗
i,s, ψ

∗
i,s)
]
≥ b(s,Xi,s, ψi,s) ·

[
−∇xH(s,Xi,s, Yi,s, ψi,s)

]
. (71)

Thus320

∆Xi,T ·∆Yi,T ≤ ∆Xi,t ·∆Yi,t. (72)

It can be observed that, in the process of ψ searching for the optimal control strategy, the data state and321

co-state gradually stabilize.322

Integrating from t to T yields323

∆Xi,T ·∆Yi,T ≤ 0. (73)

Therefore, Eq.(63) satisfies324

∆Ui(S) ≥ −Xi,T ·∆Yi,T −∆Xi,T · Yi,T ≥ 0. (74)

Thus325

Ui(S, ψ
∗) ≥ Ui(S, ψ). (75)

When ψ ̸= ψ∗, we typically have326

−Xi,T ·∆Yi,T −∆Xi,T · Yi,T > 0, (76)

which implies the strict inequality327

Ui(S, ψ
∗)>Ui(S, ψ). (77)

The proof of optimality is complete.328

For effectiveness, for arbitrary two arbitrary data points (xi, yi) and (xj , yj) in the subset S, where329

i ̸= j ∈ [N ], if V(Φi(.); θ)>V(Φj(.); θ), we compare Ui(S) and Uj(S).330

Given that V(Φi(.); θ)>V(Φj(.); θ), it follows that331 {
Yi,T = −∇x

(
V(Φi(.); θ)Φi(Xi,T , µT , ψi,T )

)
,

Yj,T = −∇x
(
V(Φj(.); θ)Φj(Xj,T , µT , ψj,T )

)
,

(78)

We can then express the difference in utility functions as332

Ui(S)− Uj(S) = −Xi,T · Yi,T +Xj,T · Yj,T , (79)

Substituting the expressions for Yi,T and Yj,T in Eq.(79), we obtain333

Ui(S)− Uj(S) = Xi,T · ∇x(V(Φi(.); θ)Φi(Xi,T , µT , ψi,T ))− (80)

Xj,T · ∇x(V(Φj(.); θ)Φj(Xj,T , µT , ψj,T )), (81)

Since V(Φi(.); θ)>V(Φj(.); θ), the data point (xi, yi) contributes more to the training than (xj , yj).334

It is well known that training involves minimizing the loss function, and in optimal control, the terminal335

loss function is major. Thus, Φi(.)>Φj(.), and the data point (xi, yi) is more readily optimized. Based on336

this, we get337

∇x(V(Φi(.); θ)Φi(Xi,T , µT , ψi,T ))>∇x(V(Φj(.); θ)Φj(Xj,T , µT , ψj,T )), (82)

Furthermore, the data point (xi, yi) has been better optimized compared to (xj , yj), making it easier338

to achieve a stable terminal data state and data co-state. From Eq.(72), we get339

∆Xi,T ·∆Yi,T<∆Xj,T ·∆Yj,T , (83)

Substituting Eq.(83) into Eq.(83), we obtain340

∆Xi,T ·∆∇x(V(Φi(.); θ)Φi(Xi,T , µT , ψi,T ))>∆Xj,T ·∆∇x(V(Φj(.); θ)Φj(Xj,T , µT , ψj,T )), (84)

Based on Eq.(83), we simplify this341

∆Xi,T>∆Xj,T , (85)

Thus, we obtain342

Ui(S)>Uj(S). (86)

Traditional utility functions U(S ∪ {(xi, yi)}) often employ backpropagation-based learning algorithms343

primarily based on empirical risk minimization to measure model performance in classification or regression344

tasks. The data state utility function Ui(S) is similar to a performance evaluation mode based on Gradient345

× Input [37, 38], which has been shown to slightly outperform commonly used backpropagation-based346

learning algorithms. Based on this, the data state utility function Ui(S) can be viewed as an enhancement347

of the traditional utility function U(S ∪ {(xi, yi)}), such that ∥Ui(S)− U(S ∪ {(xi, yi)})∥ ≤ ε.348

The proof of effectiveness is complete. □349
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8.2 Proof of dynamic marginal contribution350

In this section, we provide a detailed proof of dynamic marginal contribution in Proposition 1.351

Proposition 1 For arbitrary two data points (xi, yi) and (xj , yj), i ̸= j ∈ [N ], if Ui(S) > Uj(S), then352

∆(xi, yi; Ui(S)) > ∆(xj , yj ; Uj(S)).353

Proof For i ̸= j, if Ui(S) > Uj(S), we have354

∆(xi, yi; Ui(S))−∆(xj , yj ; Uj(S))

=

Ui(S)− ∑
i′∈{1,...,N}\i

Ui′(S)

N − 1

−
Uj(S)− ∑

j′∈{1,...,N}\j

Uj′(S)

N − 1


=
[
Ui(S)− Uj(S)

]
+

1

N − 1

 ∑
j′∈{1,...,N}\j

Uj′(S)−
∑

i′∈{1,...,N}\i
Ui′(S)


=
[
Ui(S)− Uj(S)

]
+

1

N − 1

[
Ui(S)− Uj(S)

]
=

N

N − 1

[
Ui(S)− Uj(S)

]
> 0. (87)

Then, the proof is complete. □355

8.3 Proof of dynamic data valuation356

In this section, we provide a detailed proof process demonstrating how our proposed dynamic357

data valuation metric satisfies the common axioms.358

For the efficiency property, If there are no data points within the coalition, then no data359

states are presented. In this case, it still holds that360 ∑
i∈N

ϕ(xi, yi; Ui) =
∑
i∈N

∆(xi, yi; Ui)

=
∑
i∈N

Ui(S)− ∑
j∈{1,...,N}\i

Uj(S)

N − 1


= −XT · YT − 0

= U(N)− U(∅), (88)

For the symmetry property, the value to data point (x′i, y
′
i) is ϕ((x

′
i, y

′
i); U

′
i(S)). For arbitrary361

S ∈ N \ {(xi, yi), (x′i, y′i)}, if U(S ∪ (xi, yi)) = U(S ∪ (x′i, y
′
i)), the proof of this property as follow362

ϕ(x′i, y
′
i; U

′
i(S)) = ∆(x′i, y

′
i; U

′
i(S))

= U ′
i(S)−

∑
j∈{1,...,N}\{i′,i}

Uj(S)

N − 1

= Ui(S)−
∑

j∈{1,...,N}\{i,i′}

Uj(S)

N − 1

= ϕ(xi, yi; Ui(S)), (89)

For the dummy property, since U (S ∪ (xi, yi)) = U(S) for all S ∈ N \ (xi, yi) always holds, the363

value to the data point (xi, yi) is364

ϕ(xi, yi; Ui(S)) = ∆(xi, yi; Ui(S))
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= Ui(S)−
∑

j∈{1,...,N}\i

Uj(S)

N − 1

= 0, (90)

For the additivity property, we choose the two utility functions U1(S) and U2(S) together,365

impacting the data point (xi, yi). The value to it for arbitrary α1, α2 ∈ R is366

ϕ (xi, yi; α1U1,i(S) + α2U2,i(S))

= ∆(xi, yi; α1U1,i(S) + α2U2,i(S))

= [α1U1,i(S) + α2U2,i(S)]−
∑

j∈{1,...,N}\i

α1U1,j(S) + α2U2,j(S)

N − 1

= α1

U1,i(S)−
∑

j∈{1,...,N}\i

U1,j(S)

N − 1

+ α2

U2,i(S)−
∑

j∈{1,...,N}\i

U2,j(S)

N − 1


= α1ϕ ((xi, yi); U1,i(S)) + α2ϕ ((xi, yi); U2,i(S)) , (91)

For the marginalism property, if each data point has the identical marginal impact in two utility367

functions U1, U2, satisfies U1(S ∪ (xi, yi))− U1(S) = U2(S ∪ (xi, yi))− U2(S). The proof of this368

property is as follows369

ϕ(xi, yi; U1,i(S)) = ∆(xi, yi, U1,i(S))

= U1,i(S)−
∑

j∈{1,...,N}\i

U1,j(S)

N − 1

= U1(S ∪ (xi, yi))− U1(S)

= U2(S ∪ (xi, yi))− U2(S)

= U2,i(S)−
∑

j∈{1,...,N}\i

U2,j(S)

N − 1

= ϕ(xi, yi; U2,i). (92)

Then, the proof of the five common axioms is complete.370

It is evident that our proposed dynamic data valuation metric satisfies the common axioms.371

Then, we provide the following Proposition 2 to identify important data points among two372

arbitrarily different data points.373

Proposition 2 For arbitrary two data points (xi, yi) and (xj , yj), i ̸= j ∈ [N ], if Ui(S) > Uj(S), then374

ϕ(xi, yi; Ui(S)) > ϕ(xj , yj ; Uj(S)).375

Proof For i ̸= j, if Ui(S) > Uj(S), we have376

ϕ(xi, yi; Ui(S))− ϕ(xj , yj ; Uj(S))
= ∆(xi, yi; Ui(S))−∆(xj , yj ; Uj(S))

=

Ui(S)− ∑
i′∈{1,...,N}\i

Ui′(S)

N − 1

−
Uj(S)− ∑

j′∈{1,...,N}\j

Uj′(S)

N − 1


=
[
Ui(S)− Uj(S)

]
+

1

N − 1

 ∑
j′∈{1,...,N}\j

Uj′(S)−
∑

i′∈{1,...,N}\i
Ui′(S)


=
[
Ui(S)− Uj(S)

]
+

1

N − 1

[
Ui(S)− Uj(S)

]
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=
N

N − 1

[
Ui(S)− Uj(S)

]
> 0. (93)

Then, the proof is complete. □377

Moreover, the following Proposition 3 shows that our proposed dynamic data valuation metric378

converges to the LOO metric.379

Proposition 3 For arbitrary i ∈ [n] and error bound ε, if ∥Ui(S)− U(S ∪ (xi, yi))∥ ≤ ε, then ∥NDDV−380

LOO∥ ≤ 2ε.381

Proof For arbitrary pair data points (xi, yi) and (xj , yj), i ̸= j ∈ [N ]. The LOO metric difference between382

those data points is383

ϕloo(xi, yi; U(S))− ϕloo(xj , yj ; U(S))

= [U(S ∪ (xi, yi))− U(S)]−
[
U(S ∪ (xj , yj))− U(S)

]
= U(S ∪ (xi, yi))− U(S ∪ (xj , yj)), (94)

Then, call for Eq.(87), we have384

ϕnddv(xi, yi; Ui(S))− ϕnddv(xj , yj ; Uj(S)) =
N

N − 1

[
Ui(S)− Uj(S)

]
(95)

In addition, the L2 error bound between the NDDV and LOO metric is385

∥NDDV− LOO∥
= ∥

[
ϕnddv((xi, yi), Ui(S))− ϕnddv((xj , yj), Uj(S))

]
−
[
ϕloo((xi, yi), U(S))− ϕloo((xj , yj), U(S))

]
∥

= ∥ N

N − 1

[
Ui(S)− Uj(S)

]
−
[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

]
∥

= ∥ [Ui(S)− U(S ∪ (xi, yi))]−
[
Uj(S)− U(S ∪ (xj , yj))

]
+

1

N − 1

[
Ui(S)− Uj(S)

]
∥

≤ ∥Ui(S)− U(S ∪ (xi, yi))∥+ ∥Uj(S)− U(S ∪ (xj , yj))∥+
1

N − 1
∥Ui(S)− Uj(S)∥

= 2ε, N →∞. (96)

Concludes the proof. □386

Finally, we also provide the L2 error bound between our proposed dynamic data valuation387

metric and Shapley value metric in the following Proposition 4.388

Proposition 4 For arbitrary i ∈ [N ] and error bound ε, if ∥Ui(S)−U(S ∪ (xi, yi))∥ ≤ ε, then ∥NDDV−389

Shap∥ ≤ 2εN
N−1 .390

Proof For arbitrary pair data points (xi, yi) and (xj , yj), i ̸= j ∈ [N ]. The Shapley value metric difference391

between those data points is392

ϕshap(xi, yi; U(S))− ϕshap(xi, yi; U(S))

=
1

N

N∑
i′=1

∆i′(xi, yi; U(S))− 1

N

N∑
j′=1

∆j′(xi, yi; U(S))

=
∑

S∈D\(xi,yi)

|S|!(N − |S| − 1)!

N !
[U(S ∪ (xi, yi))− U(S)]

−
∑

S∈D\(xj,yj)

|S|!(N − |S| − 1)!

N !

[
U(S ∪ (xj , yj))− U(S)

]
=

∑
S∈D\(xi,yi)

|S|!(N − |S| − 1)!

N !

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

]
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+
∑

S∈{T |T∈D,(xi,yi)/∈T,(xj ,yj)∈T}

|S|!(N − |S| − 1)!

N !
[U(S ∪ (xi, yi))− U(S)]

−
∑

S∈{T |T∈D,(xi,yi)∈T,(xj ,yj)/∈T}

|S|!(N − |S| − 1)!

N !

[
U(S ∪ (xj , yj))− U(S)

]
=

∑
S∈D\{(xi,yi),(xj ,yj)}

|S|!(N − |S| − 1)!

N !

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

]
+

∑
S′∈D\{(xi,yi),(xj ,yj)}

(S’+ 1)!(N − S’− 2)!

N !

[
U(S′ ∪ (xi, yi))− U(S′ ∪ (xj , yj))

]
=

∑
S∈D\{(xi,yi),(xj ,yj)}

[
|S|!(N − |S| − 1)!

N !
+

(|S|+ 1)!(N − |S| − 2)!

N !

] [
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

]
=

1

N − 1

∑
S∈D\{(xi,yi),(xj ,yj)}

1

C
|S|
N−2

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

]
. (97)

Then, call for Eq.(87), we have393

ϕnddv(xi, yi; Ui(S))− ϕnddv(xj , yj ; Uj(S)) =
N

N − 1

[
Ui(S)− Uj(S)

]
(98)

In addition, the L2 error bound between NDDV and Shapley value metric is394

∥NDDV− Shap∥
= ∥

[
ϕnddv(xi, yi; Ui(S))− ϕnddv(xj , yj ; Uj(S))

]
−
[
ϕshap(xi, yi; U(S))− ϕshap(xj , yj ; U(S))

]
∥

=
∥∥∥ N

N − 1

[
Ui(S)− Uj(S)

]
− 1

N − 1

∑
S∈D\{(xi,yi),(xj ,yj)}

1

C
|S|
N−2

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

] ∥∥∥
=
∥∥∥ N

N − 1

[
Ui(S)− Uj(S)

]
− 1

N − 1

N−2∑
k=0

CN−2
k

1

C
|S|
N−2

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

] ∥∥∥
≤ N

N − 1

∥∥∥ [Ui(S)− Uj(S)]−min


N−2∑
k=0

CN−2
k

1

NC
|S|
N−2

[U(S ∪ (xi, yi))− U(S ∪ (xj , yj))
] ∥∥∥

=
N

N − 1

∥∥∥ [Ui(S)− Uj(S)]− 2N−2 1

NC
N−2

2

N−2

[
U(S ∪ (xi, yi))− U(S ∪ (xj , yj))

] ∥∥∥
≤ N

N − 1
∥Ui(S)− U(S ∪ (xi, yi))∥+ ∥Uj(S)− U(S ∪ (xj , yj))∥

=
2εN

N − 1
, N →∞. (99)

Concludes the proof. □395

9 Experiments details396

In this section, we evaluate NDDV through three experiments: elapsed time comparison, corrupted397

data detection, and data points removal/addition. These experiments are designed to assess the398

computational efficiency, and accuracy in identifying mislabeled data, and the impact of data399

values on model training, following the evaluation protocols commonly adopted in previous studies400

[18, 24, 34]. The experiments demonstrate the superior computational efficiency of NDDV, the401

effectiveness of NDDV in accurately identifying mislabeled or corrupted data points, and the402

effectiveness of NDDV in improving model performance by selectively removing detrimental (low-403

value) data points and adding beneficial (high-value) ones. Our Python-based implementation404

codes are publicly available at https://github.com/liangzhangyong.405

9.1 Experimental Setup406

We use six datasets that are publicly available in OpenDataVal [39], many of which were used407

in existing works [18, 19]. We compare NDDV with the following eight methods: LOO [16],408

https://github.com/liangzhangyong
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DataShapley [18], BetaShapley [19], DataBanzhaf [20], InfluenceFunction [21], KNNShapley [22],409

AME [40], and Data-OOB [25]. To make our comparison fair, we use the same number or a greater410

number of utility functions for existing data valuation methods compared to NDDV.411

We apply a standard normalization procedure to each dataset, ensuring that each feature412

has zero mean and unit standard deviation. Next, we divide the normalized dataset into four413

distinct subsets: training, validation, test, and meta. The training subset is used to train the414

models, while the validation subset is employed to evaluate the utility functions for the existing415

data valuation methods. NDDV utilizes only a smaller subset of the training data and does not416

require the validation subset, as it operates independently of the utility functions. The test subset417

is reserved for evaluating the test accuracy during the point removal experiments, providing an418

unbiased assessment of the model’s performance on unseen data. The meta subset is utilized for419

meta-learning purposes, such as hyperparameter tuning or model selection. We fix the sizes of the420

validation, test, and meta subsets at 10%, 30%, and 10% of the training size, respectively. For the421

training subset, we consider two different sizes: 1, 000 and 10, 000 data points.422

9.2 Datasets423

In this section, ten distinct datasets are summarized, detailed in Tab.S2. To comprehensively424

evaluate performance across various types of datasets, we implement datasets involving three425

categories: tabular, textual, and image.426

9.3 Hyperparameters for existing methods427

In this section, we explore the impact of hyperparameters for marginal contribution-based data428

valuation methods.429

• For LOO [16], we do not need to set arbitrary parameters, maintaining the default parameter430

values. For the utility function, we choose the test accuracy of a base model trained on the431

training subset.432

• For Data Shapley [18] and Beta Shapley [19], we use a Monte Carlo method to approximate the433

value of data points. Specifically, the process begins by estimating the marginal contributions434

of data points. Following this, the Shapley value is computed based on these marginal435

contributions, serving as the data’s assigned value. Accordingly, we configure the independent436

Monte Carlo chains to 10, the stopping threshold to 1.05, the sampling epoch to 100, and the437

minimum training set cardinality to 5.438

• For DataBanzhaf [20], we set the number of utility functions to be 1, 000. Moreover, We use439

a two-layer MLP with 256 neurons in the hidden layer for larger datasets and 100 neurons440

for smaller ones.441

• For InfluenceFunction [21], we also set the number of utility functions to be 1, 000. Subse-442

quently, the cardinality of each subset is set to 0.7, indicating that 70% of it consists of data443

points to be evaluated.444

• For KNN Shapley [22], we set the number of nearest neighbors to be equal to the size of the445

validation set. This is the only parameter that requires setting.446

• For AME [40], we set the number of utility functions to be 1, 000. We consider the same447

uniform distribution for constructing subsets. For each p ∈ {0.2, 0.4, 0.6, 0.8}, we randomly448

generate 250 subsets such that the probability that a datum is included in the subset is p. As449

for the Lasso model, we optimize the regularization parameter using ‘LassoCV’ in ‘scikit-learn’450

with its default parameter values.451

• For Data-OOB [25], we set the number of weak classifiers to 1, 000, corresponding to utility452

function. These weak classifiers are a random forest model with decision trees, and the453

parameters are set to the default values in ’scikit-learn’.454

• Our method, we set the size of the meta-data set to be equal to the size of the validation set.455

The meta network’s hidden layer size is set at 10% of the meta-data size. For the training456

parameters, we set the max epochs to 50. Both base optimization and meta optimization use457

Adam optimizer, with the initial learning rate for out-optimization set at 0.01 and for in-458

optimization at 0.001. For base optimization, upon reaching 60% of the maximum epochs, the459
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learning rate decays to 10% of its initial value, and at 80% of the maximum epochs, it further460

decays by 10%. For meta optimization, only one epoch of training is required. To maintain461

the original training step size, weights of all examples in a training batch are normalized to462

sum up to one, enforcing the constraint |V(ℓ; θ)| = 1, and the normalized weight463

ηki =
V(Φi(., ψi); θk)∑

j V(Φj(., ψj); θk) + δ(
∑

i V(Φj(., ψi); θk))
.

where δ(
∑

i V(.; θk)), set to τ > 0 if
∑

i V(.; θk) = 0 and 0 otherwise, prevents degeneration464

of V(.; θk) to zeros in a mini-batch, stabilizing the meta weight learning rate when used with465

batch normalization.466

9.4 Pseudo algorithm467

We provide a pseudo algorithm in Alg.S3 to illustrate the process of NDDV. It is evident that the468

implementation of NDDV is straightforward and easy to implement.469

Algorithm S3 Pseudo-code of NDDV training

Input: Training data D, meta-data set D
′
, batch size n,m, max iterations K.

Output: The value of data points: ϕ(xi, yi; U(S)).

1: Initialize The base optimization parameter ψ0 and the meta optimization parameter θ0.

2: for k = 0 to K − 1 do

3: {x, y} ← SampleMiniBatch(D, n).

4: {x
′
, y

′
} ← SampleMiniBatch(D

′
,m).

5: Formulate the base training function ψ̂k(θ) by

ψ̂k = ψk +
α

N

N∑
i=1

T−1∑
t=0

∇ψHi(t,Xk
i,t, Y

k
i,t, µ

k
t , ψ,V(Φi(Xk

i,T , µ
k
i,T , ψ

k
T ); θ))

∣∣
ψk ,

6: Update the base optimization parameters θk+1 by

θk+1 = θk − β

M

M∑
i=1

∇θℓi(ψ̂k(θ))
∣∣k
θ
,

7: Update the meta optimization parameters ψk+1 by

ψk+1 = ψk +
α

N

N∑
i=1

T−1∑
t=0

∇ψHi(t,Xk
i,t, Y

k
i,t, µ

k
t , ψ

k,V(Φi(Xk
i,T , µ

k
i,T , ψ

k
T ); θ

k+1))
∣∣
ψk ,

8: Update the weighted mean-field state µk+1
t by

µk+1
t =

1

N

N∑
i=1

T−1∑
t=0

V(Φ(Xk+1
i,T , µk+1

i,T , ψk+1
T ); θk+1)Xk+1

i,t .

9: end for

10: Compute the data state utility function Ui(S) by

Ui(S) = −Xi,T · Yi,T ,

11: Compute the dynamic marginal contribution ∆(xi, yi; Ui) by

∆(xi, yi; Ui(S)) = Ui(S)−
∑

j∈{1,...,N}\i

Uj(S)

N − 1
,

12: Compute the value of data points ϕ(xi, yi; U(S)) by

ϕ(xi, yi; Ui(S)) = ∆(xi, yi; Ui(S)).
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9.5 Convergence verification for the training loss470

To validate the convergence results obtained in Theorem 1 and 2 in the paper, we plot the changing471

tendency curves of training and meta losses with the number of epochs in our experiments, as472

shown in Fig.S1. The convergence tendency can be easily observed in the figures, substantiating473

the properness of the theoretical results in proposed theorems.474

9.6 Additional results on efficiency and effectiveness475

In this section, we present a comprehensive set of additional results that demonstrate the efficiency476

and effectiveness of NDDV. These results further substantiate our claims about the method’s477

superior performance and practical applicability in various scenarios.478

First, to evaluate the ability of different data valuation methods to detect corrupted data,479

we synthesize label noise on the training datasets by introducing perturbations. Specifically, we480

randomly select a subset of the training data points and flip their labels, simulating a label noise481

rate of 10%. The training sample size is set to n ∈ {1, 000, 10, 000}. However, due to the low482

computational efficiency of LOO, DataShapley, BetaShapley, and DataBanzhaf, we compute their483

results only for the smaller sample size of n = 1, 000. After conducting data valuation, we use the484

k-means clustering algorithm to divide the value of data points into two clusters based on the mean.485

The cluster with the lower mean is considered to be the identification of corrupted data points. As486

shown in Tab.S3, the F1-scores for various data valuation methods are presented, showcasing their487

performance under the influence of mislabeled data points across six datasets. Overall, NDDV488

outperforms the existing methods, demonstrating its superiority in detecting corrupted data points.489

Then, we analyze additional results from data valuation experiments conducted on six datasets,490

each with a 10% label noise rate, as shown in Fig.S2. These experiments include removing low-value491

data (see Fig.S2a) and adding high-value data (see Fig.S2b). Further, Fig.S2a) depicts the impact492

of removing the least valuable data points on performance by different data valuation methods.493

The results show that removing the least valuable data points has a less significant impact on494

performance compared to removing the most valuable data points, and NDDV’s effectiveness in495

removing the least valuable data points is comparable to that of most existing methods. Data-OOB496

shows the worst performance in removing low-value data points, indicating a lack of sensitivity497

towards low-quality data. Similarly, Fig.S2b demonstrates the test accuracy curves of different498

data valuation methods in the data point addition experiment. The experiments show that adding499

high-value data points boosts test accuracy above the random baseline. This observation highlights500

the effectiveness of the data valuation methods in identifying the impact of adding high-value501

data points. It is apparent that both types of experiments have a modest impact on the model502

performance relative to existing methods.503

Furthermore, we explore the impact of introducing various levels of label noise, using504

the pol dataset as an example. Here, we consider the six different levels of label noise rate505

pnoise ∈ {5%, 10%, 20%, 30%, 40%, 45%}. As shown in Tab.S4, NDDV consistently achieves excel-506

lent performance across all levels of label noise. Additionally, the performance of this method507

initially increases and then decreases with rising label noise rates, reaching its peak F1-score at a508

30% noise rate. Under the influence of label noise, compared to existing methods, NDDV excels509

in data valuation tasks such as detecting corrupted data (see Fig.S3a), removing high/low-value510

data points (see Fig.S4b-S5b), and adding high/low-value data points (see Fig.S6b-S7b). Overall,511

its performance is comparable to that of Data-OOB.512

Similarly, we investigate the effects of introducing various degrees of feature noise. In this513

analysis, we evaluate six distinct levels of feature noise rate, following the format described514

previously. As indicated in Tab.S5, NDDV attains optimal performance at all levels of label noise515

rate. Furthermore, as the label noise rate increases, the performance of this method generally shows516

a rising trend, a pattern also observed in existing methods. This demonstrates that increasing517

feature noise can enhance model performance, serving as a form of data augmentation. With518

increasing feature noise, NDDV excels in the aforementioned data valuation tasks, demonstrating519

overall performance comparable to that of Data-OOB and KNN-Shapley (see Fig.S3b, S4b, S5.b,520
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S6.b, and S7.b). Particularly, in experiments involving the addition of high-value data points (see521

Fig.S6b), the performance improvements with NDDV are most pronounced.522

9.7 Additional results on the data valuation process523

In this section, we present additional results concerning the process of NDDV. Here, we consider524

six levels of label and feature noise rate, consistent with the settings described in Section 9.6.525

Fig.S8 demonstrates that with increasing label noise rates, the lower-valued data state trajectories526

tend to cluster, while Fig.S9 reveals that the segments of higher and lower values within the data527

state trajectories gradually separate with rising the label noise rate. Furthermore, as shown in528

Fig.S10, the data value trajectories evolve over time from concentrated to dispersed, effectively529

displaying the high and low values of data points. As the label noise rate increases, the learned530

data value trajectories become more diffuse (see Fig.S10a). These results indicate that increasing531

label noise enhances the visibility of individual data point values. In contrast, increasing feature532

noise has a smaller impact on the data value trajectories, slightly reducing the prevalence of533

low-value trajectories (see Fig.S10b).534

9.8 Additional results on interpretability535

In this section, we present additional results that enhance the interpretability of NDDV, encom-536

passing analyses related to noise impacts and data valuation processes. Specifically, as shown in537

Fig.S11, the interpretable NDDV demonstrates superior F1-scores compared to existing methods538

across various levels of label and feature noise rate on the six datasets. Furthermore, the inter-539

pretable NDDV exhibits robust performance with label noise (see Fig.S11a) and demonstrates540

linear performance improvements as the feature noise rate increases (see Fig.S11b). Among exist-541

ing methods, AME exhibits the poorest performance, while DataShapley and BetaShapley show542

instability. The performance of other methods tends to cluster more tightly.543

Additionally, we demonstrate the data valuation process of the interpretable NDDV on the six544

datasets, including the learning of data state trajectories (see Fig.S12), data co-state trajectories545

(see Fig.S13), and data value trajectories (see Fig.S14). The results reveal a clear valuation process546

whereby, influenced by the data state and co-state trajectories, the data value trajectories evolve547

over time from concentrated to dispersed, effectively distinguishing between higher and lower value548

rankings. Consequently, our proposed method validates its effectiveness as an interpretable model.549

9.9 Ablation study550

We perform an ablation study on the hyperparameters in the proposed NDDV method, where we551

provide insights on the impact of setting changes. We use the mislabeled detection use case and552

the plc dataset as an example setting for the ablation study.553

For all the experiments in the main text, the impact of re-weighting data points on NDDV is ini-554

tially explored. As shown in Fig.S15a, NDDV enhanced with data point re-weighting demonstrates555

superior performance in detecting mislabeled data and removing or adding data points. Addition-556

ally, in the same experiments, Fig.S15b shows the impact of mean-field interactions parameter a at557

1, 3, 5, 10. It is observed that when a = 10, NDDV exhibits poorer model performance, whereas, for558

the other values, it shows similar performance. Furthermore, we explore the impact of the diffusion559

constant σ on NDDV. Specifically, we set σ at 0.001, 0.01, 0.1, 1.0 to compare model performance.560

As shown in Fig.S15c, the model performance significantly deteriorates at σ = 1.0. It can be561

observed that excessively high values of σ increase the random dynamics of the data points, caus-562

ing the model performance to randomness. Then, we use the meta-dataset of size identical to the563

size of the validation set. Naturally, we want to examine the effect of the size of the metadata set564

on the detection rate of mislabeled data. We illustrate the performance of the detection rate with565

different metadata sizes: 10, 100, and 300. Fig.S15d shows that various metadata sizes have a min-566

imal impact on model performance. Finally, we analyzed the impact of the meta-hidden points on567

model performance. As shown in Fig.S15e, it is an event in which the meta hidden points are set to568

5, and there is a notable decline in the performance of NDDV. In fact, smaller meta-hidden points569

tend to lead to underfitting, making it challenging for the model to achieve optimal performance.570
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a Dataset: 2dplanes Dataset: electricity Dataset: bbc

Dataset: IMDB Dataset: STL10 Dataset: CIFAR10

b Dataset: 2dplanes Dataset: electricity Dataset: bbc

Dataset: IMDB Dataset: STL10 Dataset: CIFAR10

Fig. S1: Convergence verification for NDDV. a. Training loss tendency curves on the six
datasets. b. Meta loss tendency curves on the six datasets.
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a Dataset: 2dplanes Dataset: electricity Dataset: bbc

Dataset: IMDB Dataset: STL10 Dataset: CIFAR10

b Dataset: 2dplanes Dataset: electricity Dataset: bbc

Dataset: IMDB Dataset: STL10 Dataset: CIFAR10

Fig. S2: Additional results on removal and addition experiment. a. Removing low-value
data experiment on six datasets with 10% label noisy rate. Test accuracy curves show the trend
after removing the least valuable data points. b. Adding high-value data experiment on six datasets
with 10% label noisy rate. Test accuracy curves show the trend after adding the most valuable
data points.
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Table S4: F1-score of different data valuation methods on the different label noise rates.

Noise Rate LOO
Data Beta Data Influence KNN

AME
Data

NDDV
Shapley Shapley Banzhaf Function Shapley -OOB

5%
0.09± 0.12± 0.11± 0.09± 0.11± 0.17± 0.01± 0.62± 0.74±
0.003 0.007 0.008 0.004 0.003 0.003 0.009 0.002 0.003

10%
0.16± 0.19± 0.19± 0.18± 0.18± 0.30± 0.18± 0.74± 0.76±
0.007 0.010 0.009 0.005 0.003 0.003 0.010 0.002 0.003

20%
0.30± 0.25± 0.25± 0.31± 0.31± 0.45± 0.010± 0.79± 0.77±
0.005 0.008 0.008 0.002 0.002 0.004 0.009 0.001 0.001

30%
0.39± 0.52± 0.51± 0.42± 0.42± 0.55± 0.46± 0.80± 0.78±
0.003 0.012 0.010 0.002 0.008 0.002 0.011 0.001 0.004

40%
0.54± 0.55± 0.56± 0.48± 0.46± 0.60± 0.58± 0.73± 0.74±
0.008 0.008 0.008 0.003 0.004 0.002 0.010 0.001 0.002

45%
0.55± 0.55± 0.62± 0.48± 0.48± 0.56± 0.27± 0.63± 0.67±
0.007 0.008 0.009 0.003 0.001 0.004 0.009 0.001 0.004

Note: The mean and standard deviation of the F1-score are derived from 5 independent experiments. The
highest and second-highest results are highlighted in bold and underlined, respectively.

Table S5: F1-score of different data valuation methods on the different feature noise rates.

Noise Rate LOO
Data Beta Data Influence KNN

AME
Data

NDDV
Shapley Shapley Banzhaf Function Shapley -OOB

5%
0.09± 0.10± 0.10± 0.07± 0.10± 0.17± 0.09± 0.15± 0.30±
0.007 0.009 0.007 0.004 0.003 0.003 0.012 0.002 0.006

10%
0.18± 0.18± 0.18± 0.15± 0.15± 0.15± 0.18± 0.21± 0.28±
0.007 0.010 0.009 0.005 0.003 0.003 0.010 0.002 0.003

20%
0.33± 0.01± 0.01± 0.28± 0.30± 0.27± 0.01± 0.32± 0.34±
0.005 0.008 0.008 0.002 0.002 0.002 0.010 0.001 0.003

30%
0.43± 0.01± 0.01± 0.33± 0.35± 0.35± 0.01± 0.37± 0.45±
0.008 0.012 0.010 0.002 0.008 0.002 0.012 0.001 0.005

40%
0.51± 0.01± 0.01± 0.01± 0.37± 0.40± 0.01± 0.43± 0.57±
0.008 0.010 0.008 0.003 0.004 0.002 0.010 0.001 0.004

45%
0.53± 0.01± 0.01± 0.50± 0.47± 0.39± 0.01± 0.46± 0.62±
0.007 0.011 0.009 0.003 0.001 0.002 0.012 0.001 0.006

Note: The mean and standard deviation of the F1-score are derived from 5 independent experiments. The
highest and second-highest results are highlighted in bold and underlined, respectively.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S3: Detecting corrupted data under the influence of noise. a. Detecting corrupted
data on the six different levels of label noise rate. b. Detecting corrupted data on the six different
levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S4: High-value data points removal experiment under the influence of noise. a.
Removing high-value data points experiment on the six different levels of label noise rate. b.
Removing high-value data points experiment on the six different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S5: Low-value data points removal experiment under the influence of noise. a.
Removing low-value data points experiment on the six different levels of label noise rate. b.
Removing low-value data points experiment on the six different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S6: High-value data points addition experiment under the influence of noise. a.
Adding high-value data points experiment on the six different levels of label noise rate. b. Adding
high-value data points experiments on the six different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S7: Low-value data points addition experiment under the influence of noise. a.
Adding low-value data points experiment on the six different levels of label noise rate. b. Adding
low-value data points experiments on the six different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S8: Data state trajectories for NDDV under the influence of noise. a. Data state
trajectories on the six different levels of label noise rate. b. Data state trajectories on the six
different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S9: Data co-state trajectories for NDDV under the influence of noise. a. Data
co-state trajectories on the six different levels of label noise rate. b. Data co-state trajectories on
the six different levels of feature noise rate.
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a Label Noise Rate: 5% Label Noise Rate: 10% Label Noise Rate: 20%

Label Noise Rate: 30% Label Noise Rate: 40% Label Noise Rate: 45%

b Feature Noise Rate: 5% Feature Noise Rate: 10% Feature Noise Rate: 20%

Feature Noise Rate: 30% Feature Noise Rate: 40% Feature Noise Rate: 45%

Fig. S10: Data value trajectories for NDDV under the influence of noise. a. Data value
trajectories on the six different levels of label noise rate. b. Data value trajectories on the six
different levels of feature noise rate.
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a Dataset: 2dplanes Dataset: electricity Dataset: fried

Dataset: pol Dataset: nomao Dataset: MiniBooNE

b Dataset: 2dplanes Dataset: electricity Dataset: fried

Dataset: pol Dataset: nomao Dataset: MiniBooNE

Fig. S11: Noisy data detection for the interpretable NDDV on the six datasets. a.
Noisy label data detection. b. Noisy feature data detection. The F1-score of various methods is
compared on the six noise proportion settings. The higher F1-score indicates superior performance.
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Dataset: 2dplanes Dataset: electricity Dataset: fried

Dataset: pol Dataset: nomao Dataset: MiniBooNE

Fig. S12: Data state trajectories for the interpretable NDDV on the six datasets.

Dataset: 2dplanes Dataset: electricity Dataset: fried

Dataset: pol Dataset: nomao Dataset: MiniBooNE

Fig. S13: Data co-state trajectories for the interpretable NDDV on the six datasets.
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Dataset: 2dplanes Dataset: electricity Dataset: fried

Dataset: pol Dataset: nomao Dataset: MiniBooNE

Fig. S14: Data value trajectories for the interpretable NDDV on the six datasets.
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a Detecting Corrupted Data Removing High-Value Data Adding Low-Value Data

b

c

d

e

Fig. S15: Ablation study for NDDV. a. Impact of data points re-weighting. b. Impact of the
mean-field interactions. c. Impact of the diffusion constant. d. Impact of the metadata sizes. e.
Impact of the meta hidden points.
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