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Abstract

Enclosed are the comprehensive supplementary materials for our paper, titled
"Towards Efficient, Fair, and Interpretable Neural Dynamic Data Valuation’.
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1 Nomenclature

Table S1 presents the key abbreviations and notations employed throughout this work.

2 Related works

2.1 Dynamics and optimal control theory

The dynamical perspective, viewing Deep Neural Networks (DNNs) as continuous-time dynamical
systems, has provided new insights into their architecture and training processes [1]. This method
equates the propagating rule in deep residual networks with a one-step discretization of the forward
Euler scheme on an ordinary differential equation (ODE), enhancing numerical approximations
in residual blocks [2, 3]. Furthermore, the deep continuum limit allows for transport analysis
using Wasserstein geometry [4]. This analogy extends to optimization and control mechanisms
in algorithms, promoting new mean-field optimal control problem frameworks for reinterpreting
supervised learning methodologies [5, 6]. Inspired by control theory, new training algorithms have
been developed [7-9]. A similar analysis can be applied to stochastic gradient descent (SGD) by
viewing it as a stochastic dynamical system. Most previous discussions on implicit bias formulate
SGD as stochastic Langevin dynamics [10]. Recent studies also consider other stochastic models
like Levy processes [11]. Stability analyses of Gram matrix dynamics induced by DNNs indicate
global optimality [12, 13], leading to optimal adaptive strategies for tuning hyper-parameters in
SGD, such as learning rate, momentum, and batch size [14, 15].

2.2 Data valuation

Existing data valuation methods, such as LOO [16], DataShapley [17, 18], BetaShapley [19],
DataBanzhaf [20], InfluenceFunction [21] and so on, generally require knowledge of the underlying
learning algorithms and are known for their substantial computational demands. Notably, the
work by [22] proposes a k-Nearest Neighbor classifier as a learning-agnostic proxy model for
data valuation. Still, it is less effective and efficient than NDDV in distinguishing data quality.
Alternatively, measuring the utility of a dataset by the volume[23] provides an algorithm-agnostic
calculation but fails to detect label errors. Assessing data points with the Shapley value is still
costly for large datasets. Moreover, the work by [24] introduces a learning-agnostic data valuation
method using class-wise Wasserstein distances, yet it relies on a validation set and has limitations
in assessing fairness. Recently, a method based on the out-of-bag estimate is computationally
efficient and outperforms existing methods [25]. Despite its advantages, this method is constrained
by the sequential dependency of weak learners in boosting, limiting its direct applicability to
downstream tasks. Marginal contribution-based methods have been studied and applied to various
machine learning problems, including feature attribution [26, 27], model explanation [28, 29], and
collaborative learning [30, 31]. Among these works, the Shapley value is one of the most widely
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Table S1: Abbreviations and notations.

LOO the leave-one-out

OOB the out-of-bag

MLP a multi-layer perceptron network

FSDEs the Forward Stochastic Differential Equations

BSDEs the Backward Stochastic Differential Equations
FBSDEs the Forward-Backward Stochastic Differential Equations
SMP the Stochastic Maximum Principle

MSA the method of successive approximations

TPR the true positive rate

FPR the false positive rate

EOp-score the equal opportunity score

EOdds-score the equalized odds score

KANs the Kolmogorov—Arnold Networks

RBF the radial basis function

T; a data point

Yi a label corresponding x;

[N] a training set of size N

D the training dataset

S a subset of the training dataset D

X the input space belongs to R¢

Yy the label space belongs to R

U a utility function belongs to 2V — R

U;(S) the data state utility for the data point (x;,y;) in subset S
A a base model trained on the subset S

Aj(zi,yi; U) the static marginal contribution of (z;,y;) for a utility function U and j € [N]

Az, yi; Ui(S))
Proo (@i, yis U)
Pshap(Ti, yi; U)
i(wi,yz‘; Ui (S)

the dynamic marginal contribution of (z;,y;)

the value of data point (z;,y;) is evaluated using the LOO metric

the value of data point (x;,y;) is evaluated using the Shapley value metric
the value of data point (z;,y;) is evaluated using NDDV

the stochastic control parameters

X the data state

Y: the data co-state

Z the coefficient of W}

(] the terminal cost function, corresponding to the typical loss term

R the running cost function, playing a role in regularization

b the drift function, embodying a combination of a linear transformation
o the diffusion function, remaining identical constants for all ¢

Wi the standard Wiener process and dW; remains identical constants for all ¢
H the Hamiltonian

% the meta-weight function

(% the hyper-parameters in the meta-network

¢ the meta loss

K, the modified Bessel function

r the Gamma function

hy a basis function, utilizing the SiLU activation function

hy parametrized function as RBF

ay the weighted parameter via the Xavier initialization for hy

g the trainable coefficient for hy

used marginal contribution-based methods, and many alternative methods have been studied by
relaxing some of the underlying fair division axioms [32, 33]. Additionally, some methods are
independent of marginal contributions. For instance, in the data valuation literature, a data value
estimator model using reinforcement learning is proposed by [34]. This method combines data
valuation with model training using reinforcement learning. However, it measures data usage
likelihood, not the impact on model quality.

To our knowledge, optimal control has not yet been exploited for data valuation problems.
The proposed NDDV method diverges from existing methods in several key aspects. First, we
construct a data valuation framework from the perspective of optimal control, marking a pioneering
endeavor in this field. Second, whereas most data valuation methods rely on calculating marginal
contributions within cooperative games, necessitating repetitive training of a predefined utility
function, our method derives control strategies from a continuous time optimization process. The
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gradient of the Hamiltonian concerning the control states serves as the marginal contribution,
representing a novel attempt at data valuation problems. Finally, we transform the interactions
among data points into interactions between data points and the mean-field state, thereby
circumventing the need for exponential combinatorial computations.

3 Problem formulation

In this section, we formally describe the data valuation problem. Then, we review the concept of
marginal contribution-based data valuation.

In various downstream tasks, data valuation aims to fairly assign model performance scores to
each data point, reflecting the contribution of individual data points. Let [N] = {1, ..., N} denotes
a training set of size n. We define the training dataset as D = (x;, yi)f\;l, where each pair (z;,y;)
consists of an input z; from the input space X C R? and a corresponding label y; from the label
space )Y C R, pertaining to the i-th data point. To measure the contributions of data points, we
define a utility function U : 2V — R, which takes a subset of the training dataset D as input and
outputs the performance score that is trained on that subset. In classification tasks, for instance,
a common choice for U is the test classification accuracy of an empirical risk minimizer trained on
a subset of D. Formally, we set U(S) = metric(A(S)), where A denotes a base model trained on
the dataset S, and metric represents the metric function for evaluating the performance of A,
e.g., the accuracy of a finite hold-out validation set. When S = {} is the empty set, U(S) is set to
be the performance of the best constant model by convention. The utility function is influenced
by the selection of learning algorithms and a specific class. However, this dependency is omitted
in our discussion, prioritizing the comparative analysis of data value formulations instead. For a
set S, we denote its power set by 2% and its cardinality by |S|. We set [j] := {1,...,j} for j € N.

A standard method for quantifying data values is the marginal contribution, which measures
the average change in a utility function when a particular datum is removed from a subset of
the entire dataset D. We denote the data value of data point (z;,y;) € D computed from U as
d(x;,y:; U). The following sections review well-known notions of data value.

3.1 Loo metric

A simple data value measure is the LOO metric, which calculates the change in model performance
when the data point (z;,y;) is excluded from the training set N

Bro0 (T4, yi; U) £ U(N) = U(N\ (z4,9i))- (1)

The LOO metric quantifies the impact of removing a specific data point (z;,y;) from the entire
dataset D. This metric incorporates Cook’s distance and the approximate empirical influence
function to measure changes. However, it is known to be computationally feasible, but it often
assigns erroneous values that are close to zero [35].

3.2 Static marginal contribution

Existing standard data valuation methods can be expressed as a function of the marginal contri-
bution. For a specific utility function U and j € [N], the marginal contribution of (z;,y;) € D
with respect to [j] data points is defined as follows

Aj(zi i U) £ Z U(SU (zi,9:)) = U(95), (2)

(J;I:ll) SeD\ (@i vi)

where D\@i:¥i) = {§ C D\ (z4,y;) : |S| = j — 1}. Eq.(2) is a combination to calculate the error in
adding (z;,y;), which is a static metric.
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3.3 Shapley value metric

The Shapley value metric is considered the most widely studied data valuation scheme, originating
from cooperative game theory. At a high level, it appraises each point based on the average utility
change caused by adding the point into different subsets. The Shapley value of a data point ¢ is
defined as

¢Shap (l’i, yiv ‘TT ) yu . (3)

\Mz

As its extension, Beta Shapley is proposed by is expressed as a weighted mean of marginal
contributions

¢Beta i,y U Z@] zzaym ) (4)

where 8 = (B1,...,05,) is a predefined weight vector such that Z;‘Vﬂ B; =1 and 5; > 0 for all
J € [N]. A functional form of Eq.(4) is also known as semi-values.

Shapley value metric is empirically more effective than the LOO metric in many downstream
tasks such as mislabeled data detection in classification settings [18, 19]. However, their computa-
tional complexity is well known to be expensive, making it infeasible to apply to large datasets
[17, 20, 36]. As a result, most existing data valuation methods have focused on small datasets,
e.g., n < 1,000.

4 The axioms of existing methods

The popularity of the Shapley value is attributable to the fact that it is the unique data value
notion satisfying the following five common axioms [27], as follow

e Efficiency: The values add up to the difference in value between the grand coalition and the
empty coalition: Y.y &(xi, ys; U) = U(N) = U(0);

o Symmetry: if U(S U (2;,y:)) = U(S U (zj,y;)) for all S € N\ {(z;, ), (z;,y;)}, then
o(i, yis U) = olxj,y5; U);

¢ Dummy: if U (SU (z;,v;)) = U(S) for all S € N\ (z;,y;), then it makes 0 marginal
contribution, so the value of the data point (z;,y;) should be ¢ (x;,y;; U) = 0;

e Additivity: For two utility functions Uy, Us; and arbitrary «aq,as € R, the total contri-
bution of a data point (x;,y;) is equal to the sum of its contributions when combined:
¢ ((zi,9i); a1Ur(S) + aaUa(5)) = 19 (x4, yi; Ur(S)) + aa¢ (x4, yi5 U2(S));

® Marginalism: For two utility functions Uy, Us, if each data point has the identical marginal
impact, they receive same valuation: Uy (S U (x4, v:)) — U1(S) = U2(S U (4, ;) — U2(S) holds
for all ((z;,y:); ), then it holds that ¢(x;, y:; Ur) = o(x4, yi; Uz).

5 Details of learning stochastic dynamic

5.1 Basic MSA

In this section, we illustrate the iterative update process of the basic MSA in Alg.S1, comprising
the state equation, the costate equation, and the maximization of the Hamiltonian.

6 Derivation of re-weighting strategy

6.1 Convergence proof of the training loss
Lemma 1 Consider two non-negative real sequences (an)n<1 and (bn)n<1 with the following properties:
® The series ZZO:1 an diverges.

® The series Y oo | anbn converges.
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Algorithm S1 Basic MSA

1: Initialize ¥° = {4 € U:¢t=0...,7 —1}.
2: for k=0 to K do
3: Solve the forward SDE:

dXF =b(t, XF oH)dt + odWy, X§ =2,
4: Solve the backward SDE:
VY = VoA (6, XE, Y 0t + ZEdWe, Vi = ~Va®(XF, 6F),
5: For each t € [0,T — 1], update the state control 1/)f+1:

f+1 = argmaXH(t,th;)/tk7Ztkaw)'
pevw

6: end for

® There exists a constant K > 0 such that |[b,4+1 — bn| < Kay for all n.

Under these conditions, the sequence (bn),>1 converges to 0.

Theorem 1 Let £ be a Lipschitz smooth loss function with Lipschitz constant L, and let V(:) be a
differentiable function with a §-bounded gradient and a twice-differentiable Hessian bounded by B. Assume

that £ has p-bounded gradients for training and metadata points. Suppose the learning rate oF is defined

as o = min{l, %}, for some constant k > 0 such that % < 1. Let ﬁk be a monotone decreasing

. k 1 : T k
sequence with 8% = min {Z’ ﬁ} for some constant ¢ > 0, ensuring that # >Land Y ;2 B¥ < oo,
S22 1 (8%)% < co. Then,

Jim E[[ve@hs 0"7)?] = o. (5)

Proof Tt is easy to conclude that o satisfy A o = oo, Z,;";O(ak)Q < 00. Recall the update of v in
each iteration as follows

N
a
W =9 £ 5 VM (0 V@i ) 67T (6)
i=1
It can be written as
W = P VA 6 (7)
where VH(-,9*; 0) = —VL("*; 6). Since the mini-batch 0¥ is drawn uniformly at random, we can
rewrite the update equation as:
A O Rt (8)

where v = VH (-, ¥F; 0871 | v — VH(, 9", 0¥F1). Note that v* is i.i.d. random variable with finite
variance since T* are drawn i.i.d. with a finite number of samples. Furthermore, E[vk] = 0, since samples
are drawn uniformly at random, and E[|[v*?] < o2.

The Hamiltonian H(-,; 6) can be easily checked to be Lipschitz-smooth with constant L, and have
p-bounded gradients concerning training data. Observe that

7‘[( wk+1. 9k+2)—H(' ”ka 9k+1)
= {HE P O — (M T b faC T ) et 0 ()
For the first term,
H 0 052 (gt 0t
N T-1
= S { @itk 02 = v wh): 0] [pwbvewh) +0ziwh)] - Ritwh)}
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. gk-‘rl _ 0k>

! i“{ '<aV<<I>i(-,w§~>; 0)

o0 0

#5101 =012 [osbvacu) + o2uu)] - Roh) |

2
1 on = [ [, av@it, vh); 0) .
2
225 e 0%)) + €1 | oty vist) + oz uh)] - Rz-wf)}
Len e [ [, 0v@ic. vh); 0) k ko ok K
P3PS [<89T o =B [V O0) + €]y
2
+ 208 e (6) + €412 | [b)Visk) + o Zu(wh)] - RM)}

~ k 2 ~
B [ o) + ]+ 2L (1va@t i + e
1=1 t=0
+2 (V" (0%).65))] [pwhvewh) + oz wh)] - Ritwh) } (10)
For the second term,
'H(',wk—’_l; 9k+1)_7_[(.71/)k; 9k+1)
S(VH('lbk, 9k+1)7wk‘+1 _wk> + §|‘wk+1 _¢kl|2
kN2

=(VHC, 5 0, —ab v 00 + b)) + HOD at oh ) k2

L(Oék)Q

k
— (o = KOy o by g2 4 KOS

2
51081 = (o, = L@))(VH( 0% 05,08 (1)
Therefore, we have

HC, o 05 F2) — 91,y 0F T

1L av(@i(,v"); 6)
§N§{< 90

5(5%)? ok (12 k)2 Tk sk ok k
+ = VAT ODIT + NIE717 + 2{VE7(07)),€7)) ¢ @i( ")

o =B [e@R ) +€))

L(Ock)Q
2
Taking expectation of both sides of Eq.(11) and since E[¢¥] = 0, E[v*] = 0, we have

E [H(.7¢k+1; 9k+2)] _E [H(.7¢k; 0k+1)]

{<6V(<I>i(-,w’“); 9)

— ("~ VA 6 ) + L(O‘Tk)zuv’“w = (@ = L(@")?)(VH(, ¢ 677 0F). (12)

1 N k
<E D Hi(,v")

S| =Bt et o))+

1=1
k\2
+ 2 (e @) + |£’“|2)} —aME VA, 0 P
k\2
+ HO R [iome. vt o7 + B [0 )P] )

Summing up the above inequalities over k = 1, ..., 00 in both sides, we obtain

o > ol k)
> 0k [IVHC, s 0] + S0 R S e ) G 0)
k=1 =1

RO

k=
S LD 8 [ 0% 0] [ 1] 8 [0 62)] <l B [, 0 0449

2
k=1

IN
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{NZIH EITEE* 0 )1 +E|s’“||2}
SiL((;k)2{p2+02}+]E [Htr('ﬂbl; 02)] n i 2)}§oo.
k=1

The last inequality holds since 352 (a¥)? < 00, 352 ,(6%)? < oo, and + Zf\il 1H; (-, ") < M for
limited number of data points’ loss is bounded. Thus we have

k. R
Za’“E [I7HC 0 052 + Zﬂ B S 1N B0 o) < .
= =1
(13)
since
k. A oo
Z FEL Z Ity N AL ek @ < Mop 3 < oo, (1)

k=1
This indicates that 32, o”E[||VH(-,4*; 6¥T1)||?] < co. Building upon this foundation and referring
to Lemma 1, to validate that lim¢— o E[VH(, wk; 9k+1)\|2] =0, since > 12 a® = oo, it is essential to
demonstrate that

(BN 652)) - ENIVHC, v* 6717 < ca, (15)
for some constant C. Based on the inequality
|(lall + N6l (llall = [[6ID] < lla + blllla — b,
we then have
[ENVHC, 05 084212 = B [IVHE, w5 08|

=B [UIVHC 0" 0552 VR 0% 8T DATHE, 05 0572 = 9mc, vFs 64|
<E [[IFHC, 955 01+ I9HE 655 09D] |I9RE 05 0582 = 9, v¥5 05|
<E[|[RE M 0542 4 Tre s 08 ||| Ve 0E T 0 - v, ubs 60|

< [([| V3, w8 05|+ [ Vr w08 [re, v 04 - o w0
<2LpE [[[(*,052) — (vF, 04 |

ot [| (99,58 408 ) 50

<2Lpau i |\ITHC, 055 0541)  oF 2 4 | 0eos1) 1 e

<2Lpan B JE [IVH(, 0¥ 0551 + o [2] + E[[VE(0-1) + €41 2]

S2Lpakﬂk\/E [IVHC,pk; 0-F0)[12] +E [[loF]2] + E [[[€+1]12] + E [[[VE(0++1)||2]
<2LpakB* /202 + 2p2

<24/2(02 + p2)Lppa”. (16)

According to the above inequality, we can conclude that our algorithm can achieve
lim B [IVH(,v¥5 05T?] = 0. (17)
k—o0

The proof is completed. O

6.2 Convergence proof of the meta loss

Assume that we have a small amount of meta dataset with M data points {(x},y}),1 <i < M}
with clean labels, and the meta loss is

1 M
=5 Y6, (18)
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Let’s suppose we have another N training data points, {(x;,y:),1 < ¢ < N}, where M < N, and
the training loss is

N [T-1

. Z D0 Rilt, X, pes hie) + V(@i br); 0)@i( X, pryor) | (19)

i=1 Lt=0

Lemma 2 Suppose a meta loss function ¢ that is Lipschitz smooth with a constant L, and a function
V(-) that is differentiable, with a é-bounded gradient, and twice differentiable with its Hessian bounded
by B. If the loss function’s gradients are bounded by p to metadata points, then the gradients of 6 to ¢
are Lipschitz continuous.

Proof The gradient of the parameter 6 concerning the meta loss ¢; can be expressed as
M ~
_ e (0LE) T 92,0, 0) | V@, 0"); 0)
ok M = o lgr O gk a0

Let V;(-; 0) = V(‘bj(-,¢k); ) and G;; being defined in Eq.(39). Taking gradient of # in both sides of
Eq.(20), we have

Voli (45 (9))

; (20)

ok

n 2
2 5 ok o« 9 oV; (- 0) *V;(+; 0)
Vo li(0"(0)] ), = 773_1 {89 (Gij) oo 90 lor T (Gij) 082 g |
For the first term on the right-hand side, we have that
0 (ay| Vil 0)
%( ”) ok 00 o
T (.
S(S _ A 8®]( »1/1)
5|2 a<1>m( V) V(5 0) T 0%;(,v)
1; wk N A U A U T
%4 - OPm ()| WVm(; 0) T 0%,(,¢) 2.2
= — | <
0 < o wk N mz=1 o gk 00 ok | lge Oy < alpte, (1)
since % o <L, 8‘}%75;7’2}) " < p, W’%H < 6. For the second term, we have
9*V;(+ 0) o) T 0;( )| 9%V5(5 6) 2
. <
‘ (G5) 002 lo* o gk By gk 962 lok|| T Br, 22)
~T .
since 6%71(;” " <p, ‘%’%HSB. Combining the above two inequalities Eq.(21) and (22), we have
2 ok 2 2
Vot @) || < ar(@Ls® + B). (23)
Define Ly = ap2 (aL62 + B), based on Lagrange mean value theorem, we have
IVE(" (61)) = VE(" (62))]] < Lyllo1 — 62|, for ¥ 61,02, (24)
where VE(§*(61)) = Voli (0" (0))], - 0

Theorem 2 Assume the meta loss function £ is Lipschitz smooth with constant L, and V(-) is differential
with a J-bounded gradient and twice differential with its Hessian bounded by B, and ¢ have p-bounded
gradients concerning metadata points Let the learning rate o satisfies of = min{1, } for some

k > 0, such that % 7 <1, and B 1 < k < K is a monotone descent sequence, 81 = mln{ I } for

some ¢ A> 0, such that # > L and thl Bt < 007th1 ﬂt < o0. Then meta network can achieve
E[||[ V(%" (0F))]|?] < € in O(1/€?) steps. More specifically,
~ C
in E[||Ve&*0%))3 <o
min B[ V@697 < o

— 25
o) (25)
where C' is some constant independent of the convergence process, o is the variance of randomly drawing
uniformly mini-batch data points.
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Proof The update of 6 in the k-th iteration is as follows

M
=gt D > vt @), (26)
This can be written as:
0"t = 0% — BVeF (07))] 2 (27)

Since the mini-batch ZF is drawn uniformly from the entire dataset, we can rewrite the update equation as
k+1 k k 2k pk k
0"t = 0" — BE [V (0%)) + €7, (28)

where ¢¥ = Vf(ﬁk(ﬁk)ﬂ . —VE(*(6%)). The random variables £* have finite variance because the samples

=F are drawn 1ndependent1y and identically distributed (i.i.d.) from a finite sample set. Additionally, the

expected value E[f ] = 0, as the samples are drawn uniformly at random. Observe that
@) e@&’“(e’“))
= {e@* ) — e O+ {e@h e ) - @t )} (29)

By Lipschitz smoothness of meta loss function ¢, we have
. . . L. - .
S<Vg(wk(6k+l))’wk+1(9}€+1) _ wk(6k+1)> + §Hwk+1(9k+1) _ ’(/)k(ekJrl)”Q

~ ~ k
since FTH(OFT) — R (0FFT) = =G TR V(@i R T 05TV @i, 1) s e have
GEHL R Sk pll ko L@®)? oL
16" (07T7) = L (0TI € a™p” + —=F5—p" = a”p (1+—2 ) (30)
0%, (-1) ot ()| T
Where Jalll d,k AN T’l’[}l[)k Sp

By Lipschitz continuity of V£(¢)*(#)) according to Lemma 2, we can obtain the following
GHO™) — @)
(VO (O")), 05— 6%) 4 Tt - )
L(g"?
2

=(VL(* (7)), —BF [VeF (07)) + €°) + IVe* (6F)) + ¥

k k\2
(0 - HO ppugt e + HE k2 (5 - Lt et o)) @)
Thus Eq.(29) satisfies

k kN2
(L) — 004 (8)) <ot + 2 E) - (8% - EO wat o
L(B*)? ky2 ok k2 Tk gk ¢k
R AR A2 U VR M €

Rearranging the terms, we can obtain

k k
(8~ HEO 0 (012 <ol 20+ S5 4 10 0) - e 0)

k\2
+ PO k2 - (5 - Lty veit o). €). (83)

Summing up the above inequalities and rearranging the terms, we can obtain
K x LY k
S 6 = HEE vt ot 2

- - K oFr
SN O — @O + Y et (1 )
k=1

K
= (B~ L") (v * (6%)) ha L Zﬂk )|1€%

k=1
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. oFL. & =
<P 0Y)+ Z o 2 (14 0T = (6 - L8 AT (07)),.€9+ 5 SR, (39)
k=1 k 1
15 By taking expectations with respect to § n both sides of Eq (34), we obtain
K 1(8%)2 . kr o2 K
S0 - MO e e I < 6+ 3 b+ - B S, )
k=1 k=1 k=1

s since Egx (VL(6%), €%y = 0 and E[||€¥||?] < o2, where 62 denotes the variance of £¥. Consequently, we can
107 further deduce that

mink [ V(5" (6°))]?]
S (8" = M B Vet 04
i (8 - HEE)

! 2
s N+ « 2+a D+ Lo
I (288 — L(B*)?) [ Z kZl ]
! 2
S Sk N+ aF o2+ afL) + Lo
zéilﬂk { Z kzl }
—Kﬁk |:2£(7/’())+O‘PT2+L +L0‘ Z :|
2w ON 1 2010224+ L) Lo
_ KWK( ))W_F pﬂ(k—i— )+7Zﬁk
< 25(’41}1((91))ﬁ711C n 2a1p2ﬂ(§ +1L) 4 Lo2pk
111
:MT(&))max{ U\F}_Hmn{l *} ax{L, U\F} 2(2+L)+L02min{%,ﬁ}
o) ") | kop*(2+ L) | Loc
< VK —+ Vi +\/?
1
v (36)

1s The third inequality holds due to 2521(25;% — L(B"?) > Z,Ile BF. As a result, it is demonstrated
199 that this approach consistently achieves ming<<x E[||VL(0%) |1 < (9(#) within K iterations. This
200 concludes the proof of Theorem 2. O

o 6.3 Derivation of the update details for meta parameters

22 We now recall the updated equation for the parameters of the data re-weighting strategy, given by
M
0k+1 _ ek} . ‘€1 Tk 0
837 2 Vot O], (37)

23 The computation of Eq. (37) through backpropagation is detailed in the following derivation, as

1 M
Tk
7 ;vew )],
1R o)) & OUR(O)  V(D;(-,1k); 6)
7M; o (0) w;av@j(-,wk); 0) 00 ok
o mOL()] 0B ) | OV(R;(, ) 6)
TTNME g e 00 w0 e
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N M () (. NRTLAY
oy (_AZ ()" 92,(4) ) W@ ) (58)
= = o ¥ (R o
Let
06T 02,(, ) 20
R W b T (39
by substituting Eq.(38) into Eq.(37), we can get:
N M
k+1 _ pk Oﬁ 1 B 8V(‘I’j('ﬂ/’k)§ 9)
oF =0~ + NJZ;(M;G”) —— | (40)

7 Detailed description of the weighted mean-field MSA

7.1 Weighted mean-field MSA

In this section, we illustrate the iterative update process of the weighted mean-field MSA in Alg.S2,
comprising the state equation, the costate equation, and the maximization of the Hamiltonian.

Algorithm S2 Weighted Mean-field MSA

1: Initialize ¢° = {¢ e U:¢t=0...,7 —1}.
2: for k=0 to K do
3: Solve the forward SDE:

axk = [a(,ut —XF) + wf] At + odWe, X§ =z,

4: Solve the backward SDE:
AV = =V H (6 XE, Y, pf gf)dt+ ZEdWy,  YE = —V(®(); 0)Va®(XF, pi, ¥F),
5: For each ¢ € [0, T — 1], update the state control 1/),@”1:

k+1 k k k
= Ht, X7, Y, ZE, we, ).
by arg max (t, X, Ye, 2t e, o)

6: end for

7.2 Error estimate for the weighted mean-field MSA

In this section, we derive a rigorous error estimate for the weighted mean-field MSA, aiding in
comprehending its stochastic dynamic. The discrete-time analogue of the weighted stochastic
control problem is

N [T-1

1 —
rf%l N Z Z Ri(t, X, e, i) + V(O (Xs,r, pr, Yir); 6)@i(Xir, pr, vir) |
’ i=1 Lt=0
S.t.Xi’t+1 = Xi,t + [a(,ut — Xi,t) + wi,t] At + O'AW (41)

Let us now make the following assumptions:

Assumption 1 The terminal cost function ® in Eq.(41) is twice continuously differentiable, with ® and
V& satisfying a Lipschitz condition. There is a constant K > 0 such that VX, Xé« eR,YYr € U

9. Xr) = 8, Xp)] + V(. Xr) = Vo, X0 < K| 555 ||
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Assumption 2 From Eq. (41), the running cost function R and the drift function b are jointly continuous
in t and twice continuously differentiable in X;. The functions b, Vb, R, and VR satisfy Lipschitz
conditions in Xy, uniformly in ¢ and . Given that o is constant, it does not influence the error estimate.
There exists a constant K > 0 such that Va € R, Voo € ¥, and Vt € [0, T — 1]

Ib(Xe, ") = (X2, )|+ [IVab(Xe, ) = Vab(Xi, )| + [R(Xe, ) — R(X4, )]
+[IVaR(Xt, ) = Vo R(X, )| < K[ Xe — Xi|

With these assumptions, we provide the following error estimate for weighted mean-field MSA.

Lemma 3 Suppose Assumptions 1 and 2 hold. Then for arbitrary admissible controls ¢ and 1’ there
exists a constant C' > 0 such that

N T-1
( ) [’(1/) Z Z H(t XZ t7Y;,t7PZ tﬂ/)z t) (t7X’i,t7Yi,t7P’L'}t7¢7/;,t)]
i=1 t=0
C N T-1
+NZZ”b Xt Yt Pits i) = b(Xi g, Yir, Pt )12
=1 t=
N
C N
+NZZ Veb(Xie, Yie, Pity¥it) — Vab(Xip, Yie, Pig, i)l
=1 t=0
c N T-1
+NZZHVJR i, zt: ztawzt) VJ,R( it ’Lt? lt,wzt)H 9 (42)
i=1 t=0

The proof follows a discrete Gronwall’s lemma.

Lemma 4 Let K > 0, and let u; and w¢ be non-negative, real-valued sequences such that
ut41 < Kug + we,
fort=0,...,T — 1. Then, for every t =0,...,T, the inequality

T-1
ug < max(1, KT) (uo + Z ws>
s=0

holds.

Proof We prove by induction the following inequality:

T-1
up < max(l,Kt) <u0 + Z ws) ,
s=0

from which the lemma immediately follows. The base case ¢t = 0 is trivial.
Assuming the inequality holds for some t, we have

upp1 < Kug + wy,

T-—1
<K- max(l,Kt) <u0 + Z ws> + wt,
s=0
T-—1

K t+1 Wt
8t 1. K R S
max(1, K?) <u0 + SZO ws> +max(1, ) max(1, Kt+1)’

_ t+1 K wi
=max(1, K" ) <max(1,Kt (uo + Z w5> max(l, KT71) Kt""l)) .

o o K
Now, consider the expression (1K)

= max(1, Kt+1) .

K |k, if K <1,
max(1, Kt) ~ | Kt if K > 1,
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232 When K <1, we have

T—1
upr1 < max(lthJrl) (K (Uo + Z ws> +wt> ,
s=0
t
< (UO + ZWS) )
s=0

233 since K < 1 implies Kttt <1.
234 When K > 1, we have

25 and therefore

T-1
uppr < K (uo +> ws) + we,
s=0

¢
Upg1 < maX(LKH_l) (uo + Zws> .

s=0
236 Thus, the inequality (7.2) holds for ¢ + 1. By mathematical induction, the inequality holds for all
37 t=0,...,T, proving this lemma.
238 This proves (7.2) and hence the lemma. O
230 We begin by proving a preliminary lemma that provides an estimate for the magnitude of Y;

20 for any arbitrary ¢ € W. Throughout this proof, C' will denote a generic constant that does not
21 depend on v, 1, and the batch size S, but may depend on other fixed parameters such as T and
a2 the Lipschitz constants K specified in Assumptions 1-2. The value of C' may vary from line to
23 line, while retaining the same dependencies, to minimize notational complexity.

2¢ Lemma 5 There exists a constant C' > 0 such that, for each ¢t = 0,...,7T and for every ¢ € ¥, the
25 following holds:

C
H Z,tH_ N7
us foralli=1,..., N.

27 Proof First, observe that Y; ; = —%VV(@(-); )P(X; ) and ||Y; ]| = %HVV(‘I)(-); DP(X;1)]l-
28 By Assumption 1, it follows that
K
1Yiell < -
249 where the constant K absorbs the effect of V(®(+); 6).
250 Foreach 0 <t < T,
1Yl = IVaH(t, Xit, Vi1, Zie, e, Vi),

1
= || Vab(t, X, e, 05 0) Vigrr + NVmR(tvxi,thwi,t)H,

1
<V ab(t, Xty e, )| - Vi || + N||Va:R(t7 Xt ity %3 t)]ls

K
< K|Y; —.
= H l,t"r].“ + N

251 Define us = ||Y; ¢, wt = %7 and K is a positive constant.
252 Then
ut < Kugy1 + we.
253 By applying Gronwall’s inequality (Lemma 4) in reverse time

T—1
up < max(l,KT) (uT + Z ws> ,
s=t
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254 Since up = %,
ug < max(l,KT) (% + %K) ,
255 This simplifies to
up < ¢
t > N’
256 where C' = K max(1, KT)(1 4 T). O
257 We are now ready to prove Theorem 3.

28 Proof Recall the Hamiltonian definition
H(tz Xt,Yt, Zt7 Ht, wt) = [a(ﬂt - Xt) + ¢t] . Yt + UTZt - R(t, Xt:“tawt)'
250 Let us define the quantity

T-1

I(Xe, Yo wn) i= > [Yirr - Xewr = H(b Xe, Yert, Zes o) = 0 Ze = Rt X, e, 1) |
t=0

260 Next, we consider the linearized form given by
b(t, Xit1, pret1, Yer1) = b(t, X, e, e) + Vab(t, X, pue, ¥t ) (Yr — Xt)
= la(pe — Xt) + ¥i] + Va [alps — Xt) + ] (e — X3), (43)
261 From Eq.(43), we have I(X¢,Y:,¢t) = 0 for ¢ € W. Now, fixing a specific sample 7, we obtain the following

%2 estimates

0= I(X¢,Ye,he) — I(X1, YY)

S
L

= |:(}/1‘+1 . Xt—‘rl - 1/1‘,1—&-1 : X){-‘,—l) - (H(t>Xt7 }/t—i-ly Zt7ﬂt>wt) - H(t7 X£7 Y't/-i-lz Z{7l”‘£7¢£))
t

I
=)

UTZt - UTZt/) - (R(t, Xt7ﬂt71/)t) - R(ta X@Méﬂ/’é))}

VS

.
L

= [(Yt+1 = Y1) - Xep1 + Yigr - (Xeg1 — Xi41)

~+
Il
(=]

H(t Xtvyvt-‘rlvztnu’t?wt) (t,Xt/,}/t/+1,Zé,M£,w£))
— o' (Z - Z4) - (R(t, X¢, e, be) — R(taXévﬂff,l/)i))}

—~

q

5
L

[(Yt+1 = Y{11) - (Xig1 — X1) — (H(t, Xe, Yig1, Ze, e, 0r) — HE X, Yir, Zit, p, 0t))

~
I
o

(2 —z}) - (R(t, X¢, e, be) — R(taXévﬂ{fywllf))]
N T-1
=D Yaerr Xiwrr = Yiepr - Xi 1]

i=1 =0
N T-1
- [Hi(t, Xi 1, Yi g1, e i) — Hit, X0, Vi ggr, s i)
i—1 1=0

<.

T-1

Z t XZ ta/‘l’tawz t) (t7 Xz{,t7ﬂg7¢g,t)} . (44)

1t=0

Z\H
M=

K2

263 where we omit the G'T(Zt Z{) term since Z; = Zj, reflecting that both paths are driven by the same
264 Wiener process.
265 The first term on the right—hand side can be rewritten as

Z Z i1 - Xitr1 — Yiepr - Xigqa]
i=1 t=0
T—

,_n

[Yitr1  AXip1 + Xipp1 - AYi i1 — AXG 1 - AY 4], (45)

Y1

1t=0

K2
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where we have defined AX; ; := X ; — X;t and AY; ; ==Y, s — Yz/,t Further simplification is possible by
noting that AX; ¢ = 0, and thus

N T-1
SN Wit - AXips1 + Xippr - AYigqa]
i=1 t=0
N T-1
=Z{YzT AXir+ Y [Yie - AXip+ Xy - AthH]}
i=1 =0
N T-1
= {Ym DX+ Y [VaHilt, Xig, Yierts e, he) - AXy ¢ + Vo Hi(t Xie, Yt it ¥he) - AYiei1] }
i=1 =0

Introducing P; ; := (X ¢, Yi 1) and P} = = (X! 5 Y/ ++1), this expression can be reformulated as

N T-1 T-1
SN Wit - AXi g1 + Xippr - AYigqa] Z{ v AXir+ Y VpHit, P, e, i) - Apzt}

i=1 t=0 i=1 t=0
(46)
Similarly, we also have
N T-1
DD AXip AVips
i=1 t=0
L N Tl
=5 > [AXi 1 A1+ AXi 1 - AYii1]
i=1 t=0
1 N lel
=52 {AXZ-,T Ayt g Y [VeHilt P e i) = VoHilt Py, s, tie)] APM}
i=1 t=0
1 ;T2
5 Z {AXi,T . A)/iaT + § [Vp?‘[(t, Pi’t7 Zt, tht) - VZH(t7 Pi,ta Zt7ut7w'£,t)} : AP’i,t
=1 t=0
L T
T3 Z AP - VIH(t Py +ri(t )APi,bZthty'é/)i,t)APi,t} (47)
t=0

where in the last line, Taylor’s theorem was applied with r1(¢) € [0, 1] for each ¢. Consequently, the
terminal terms in Eq.(46) and Eq.(47) can be rewritten as follows

1
Yir+ §A}/i,T) CAXG T

1 1
=- g VV(@(); VO(, X p) - AXy 1 — N [VV(@(); )O(, Xi) = VV(D(); (- Xip)] - AXi 1
1 1
=y VV(@0); V(- X ) AXy p — SN AXiT VAV(D(-); VO(, Xf 1 + raAX; 1) AX; 1
1 1
=- N(‘I’(',XT) —®(, X7)) — ﬁAXLT V2o, Xir+712AX; 1)+ VQCD(HX{,T +r3AX; )| AX; T,
(48)
for some ro,r3 € [0, 1]. Finally, for each t =0,1,...,7 — 1, we have
H(t, Py, Zises bt Vie) — H(E Py, Zig i f)
= [H(t, Pl 1, Zi g, 1t Pit) — HEs ity Ziogs ot Vi 1)
+ VPH(t7 Pi/,h Z’i,t, Mt wi,t) : APi,t
1
+ §APi,t VMt Py + ra() APt Ziy, e, it ) AP ¢ (49)

where r4(t) € [0, 1].
Substituting Eq.(45)-(49) into Eq.(44) yields

1 N

N -
=1

T-1
> Ri(t, Xig pit, i) + V(®i(-); ‘)éi(Xi,T»wi,T)]
=0

T-1

R; (t7 Xz{,h ,ué, ¢§,t) + V(CI)Z()7 )q)l(XZ/,T7 w;,T):|
t=0
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o / ! / / ! li /
= Z [H’L(ty Xt7Y1‘,+17,U’t7 Tﬁf) - Hl(t7 Xt7)/;f+17/-l’t7 wi,t)]
LN
5N E {AXi,T “V(@i(-); -) [qu)i('»Xz{,T + 1 AX; 1) + V20 (-, X+ TSAXi,T)] AXi,T}
1
52> [VoHils Pleie) = VoHi( Plowia)] - APy

N
+ % Z AP, [V H ( t +T’1( )APi7t) V Hz( t + ?“4( )APz,t)] AP@@ (50)

25 Observe that by summing over all s, the left-hand side reduces to £(3) — £(3)'). Next, we simplify the
276 right-hand side. First, applying Assumption 1, we obtain

AXyz - V(@i(); ) [V X7 + 128X, 7) + V20(, Xl p + 130X, 1) | AXir < K| AKX,z [3. (51)
277 Next
[VoH(, Ple,ig) — V2HC Py, vie)] - AP,
SIVaH(C, X4, Yiiggr, $ie) — VaH (-, Xi g, Y g1, Vi) HAX 4|
+ ||Vy (s Xz{taYil,t-&-lv"/)i,t) — VyH(, Xi 4 Y i1, 0L ) IIAYG g ||

2
< 2N lAX;, I *||Vz7'l(‘7 Xi oY, ve) = VaH(, X4, Vi1, 9013

2
||AY1 |13 toN ||V H( Xi e, Yier1, i) — VyHC Xi 6, Y o1 9i4) 5

<5 IAXi A3 + N||vxb(~,X£,t,wi,t)—vxb(~,X£,t,w£,t)|\%
+ 5l Ve RO X410 = VRO, XL 0t )13

N 2, 1 2
+ §||AY1:¢||2 + ﬁ”b(',X{,t,wi,t) —b(-, X{ %1013, (52)
273 where in the last line, we utilized Lemma 5. Similarly, the last term in Eq.(50) can be simplified. Since
279 the second derivative of H with respect to Y vanishes due to its linearity, following the same reasoning as
20 in Eq.(51) and applying Lemma 5, we obtain
AP; ;- [VEH(wPi/,t +rL(8)AP; ) — VEH(, Py +ralt )APi,t)] AP; ¢

2KC
<7||AX1 lI? + 4K || AX; (||| AYG 1]

2KC
<7||AthH +7HAth|| + 2K N||AY; 1411 (53)

281 Substituting Eq.(51

~

-(53) into Eq.(50), as follow
N

2|~

T-1
> Rilt, Xig, i, ie) + V(®i(); 0)4(t, Xi,T»Mt7¢i,T):|

i=1 Lt=0

(]

N [T-1
|:Z Ri(t7 Xz{7t7 u;a wg,t) + V((I)Z()7 e)q)t(tv X{,Tv ,LL;, w;,T):|

t=0

<.
[

"ﬂl\

[y

I
I
M™M= ==

o
Il
s

[H’L(ta Xév Yt/+17 :u’;h 1/Jt) - Hl(ta Xév Y't/+17 ,U/;h 1/]’/L,t):|

N T-1

IAX; 4|2 +CON YD |AY el
i=1 t=0

+
M=1M= 1
T I~

©
I
—
o~
Il
<}

_|_

2
b (t, X1 ¢, 11t i) — bit, Xi g, o, i)l

)ﬂ
L

_|_
zla =zla za

Y-

o
Il
i
~
Il
=

va (t Xz tvut:wz t) Vazb; (t Xz tvut:wz t)”
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T-1

N
+ 72 Z ||V$R t Xz t://Lt7¢l t) VxRi(t7Xz{,t7M1/57'l/)7/;,t)H2 (54)
i=1 t=0

We now proceed to estimate the magnitudes of AX; ; and AY; ;. Notably, since AX; o = 0, it follows that
for each t =0,...,T — 1, we have

IAX; ty1 |l IB(E Xty gt i) — bt Xi g, st i) || + 10CE X7 ¢, 1, ie) — b(Xi 4, s W50 |
<K|AX; 4]l + |1b(t, Xi ¢, p1, i) — bt Xi g, bt 05 0) |
Using Lemma 4, we have

N T-1

IAX(l < CD D b, X, gty i) — bt, X 4, pat, o) | (55)
i=1 t=0

Similarly
|AY; ]| <IIVaHi(t, Xit, Yiies1, Zigs bt i) — VaHi(t, X0 Yi o1, Ziogs it Vit
SORAYi e+ SIAX
UVl XLt 50) — Vbl XL )|
ISR X 60) — VB X it 000

and so by Lemma 4, Eq.(55) and the fact that ||AY; 7| < %HAXZ-,TH by Assumption 1, we have

N T-1
|AY; ¢ || <= Z Z 1b(t, X4, pt, i) — b(t, Xi o, it i)l
=1 t=0
N T-1
NZ Z ||Vx t X’L tnutvwz t) (t Xz tvﬂt»wz t)”
i=1 t=0
C N T-1
N Z Z IVaR(t, X] 4, pt,hie) — VaR(t, X g, i, 054)]]. (56)

To finalize the proof of Theorem 3, we incorporate the estimates from Eq.(55) and Eq.(56) into Eq.(54).
]

8 Proof of NDDV

8.1 Proof of the data state utility function

In this section, we provide detailed proof of the data state utility function based on the dynamic
interaction between the data state and the data co-state. Specifically, we address the optimality
and effectiveness of the data state utility function.

Theorem 3 Assume that a subset S undergoes a single training session using NDDV, yielding an
optimal control strategy *, and simultaneously obtaining the data state utility functions U(S) =
(U1(S),U2(S), -+ ,Un(S)) corresponding to all data points. The data state utility U(S) for the data point
(zi,y;) is then as follows

Ui(S) = -Xs7-Ysr,

Proof For optimality, we set the control strategy v during optimization and the optimal control strategy
1*. Compared to v, ™ possesses, in some sense, the optimal descent direction to obtain the best data
state utility functions U(S).

According to the Hamiltonian maximization condition, as

H(t,X?,)Q*7Z:7¢:)—H(t,X;‘,}/t*,Zt*,’(/}) 207 (57)

where H is
H(tv Xt: }/tv Ztﬂ//t) = b(t7 Xt7 ’/’t) Y+ tI‘(O’TZt) - R(t7 Xtﬂ//t)» (58)



303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

The rate of change for the Hamiltonian is given

CONTENTS 19

oOH ab(t, Xt:wt) aR(tatht)
— LY, — . 59
Ot G ' Oy (%)
For arbitrary i, we have

Consequently, X; and Y; evolve along the optimal trajectories X/ and Y;", leading to U(S,v*) =
—X7 - Y7 that is superior to U(S,4) obtained under arbitrary . For an arbitrary data point (x;,y;),

U;(S,4™) is superior to U;(S, ).

To compare the utility functions U;(S, ™) and U; (S, ) for (x;,y;), we first consider the difference of

these

=-Xir Yir+Xir Yir,
Substituting X7 = X; 7 + AX; r and Y;'p = Y; 7 + AY; 1, we get
AUS) = —(Xs 7+ AX; ) - (Yir +AY ) + X1 - Vi r,

Expanding and simplifying

AUS)=-Xs7 Yo —Xir - AY; 0 —AXy - Vi —AXs 7 - AY; 7+ X517 Yir

=-Xir-AY;r —AX; - Yir — AX; p- AY; 1,

Since 1* maximizes the Hamiltonian, it satisfies
oH _ Ob(t, X7, 97)

OR(t, X7, ¥f)

O =7 Ny

From Eq.(64), the ¢* satisfies
OH S OH

.yt*_

Ny

Oy lpi=pr = Ot lp=ys,”

which implies
ob(t, X; ,vf .
(t, X{, %) Yy

aR(tv X;: 1/%?) > ab(tv X:a wt)

.yt*,

un 0Pt -

0Pt

207

OR(t, X}

un

Furthermore, we consider the rates of change for X; ; and Y; ;, as follows

{dAxi,t =b(t, X[y, 7 )dt — b(t, X; ¢, b )dt,

dAY; ;= — [VaH(t, X4, Y, ¥ie) — VaH(t, Xi g, Yie, ¥ie)] dt + (25 —

Similarly, the changes in AX; 7 and AY; 7 at the terminal time 7" are given

T
AXir=AXiq+ / [b(s, X750 65.0) — b(s, Xi.0101.)] dls,
t

T
AYi,T = A}/i,t - / [va(S, XZSy 1/’;:87 U);s) + V$H(S7 Xi,s7 Yi787 wi,s)} dS + /
t t

We then compute AX; 7 - AY; 7 by expanding the following terms

AX; - AY; 1
T
=AX; - AY 4+ AX - | (Zis — Ziys)dWs
t

T

- AXi,t : (VIH(Sv Xi*,s7 )/iTS7 ’(/);:S) + VCL‘H(S7 Xi,S7 YVZ‘,S, 1/11‘,3)) ds

t

T
+ (/ [b(st;,saw;s) - b(sti,37¢’i,s)j| dS) : AY—i,t
t

(61)

(62)

J/’t).

Zi ¢ )dWr,

T
(Zi,s - Zi,s)dWS'

(68)

T T
- </ I:b(s7Xl*,97w;k,9) +b(S7Xi,371/)i,s)] dS) : / VIH(“;?X;S’Y':S?/LZ);S) +V$H(S7X’L',57)/i,37¢'i,s)ds
t t
T

T
+ </f: [b(S,Xf,st,s) - b(S,Xi,sﬂ/)i,s)] dS) /t (Z;s -

Zi,s)dWS7

(69)
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Using It6’s Isometry to handle the stochastic integral term and applying the properties of H, we simplify
AX; - AY; 1
=AX; - AY; 4
T (70)
[ D6 X ) = U X
. [—va(S, Xi*,sv }/i*s: w;k,s) + Vﬁ-[(s, Xi,sy 1/;,57 wi,s)] ds.

According to ¥*, H is maximized:
b(sz Xi*,sv w;‘,s) ) [—va(S, X;k,sa }/’iTS’ 1/11*,5)] > b(S, Xi,s, 1%%'73) . [_vx/H(‘S’ Xi7s: Yvi,sa wi,s)] . (71)
Thus
AX;p - AY;p S AXG - AY . (72)
It can be observed that, in the process of ¥ searching for the optimal control strategy, the data state and
co-state gradually stabilize.
Integrating from ¢ to T' yields

AX; - AY; 7 <0, (73)
Therefore, Eq.(63) satisfies
AU(S) > -X,7-AY, r —AX; r-Y; 7 > 0. (74)
Thus
Ui(S,9™) > Ui (S, ). (75)
When 1) # 1", we typically have
—Xi1-AY; = AX; - Y1 >0, (76)
which implies the strict inequality
Ui(S,9")>U;(S,9). (77)

The proof of optimality is complete.

For effectiveness, for arbitrary two arbitrary data points (z;,%;) and (z;,%;) in the subset S, where
i #j € [N], if V(®;(-); 8)>V(®;(-); 0), we compare U;(S) and U;(S).

Given that V(®;(-); 0)>V(®;(-); 0), it follows that

{Yi,T = —Va (V(®;(-); 0)®s( X1, 1, %5,1)) 5 (78)
Yjr ==V (V(®;(); 0)®;(X; 1, ur,¢j1)),
We can then express the difference in utility functions as
Ui(S) = U;(S) = —Xir - Yir + X1 Y, (79)
Substituting the expressions for Y; 7 and Y} 7 in Eq.(79), we obtain
Ui(8) = U;(S) = Xir - Va(V(®4(-); 0)®4i(Xi 1, s i 1)) — (80)
Xjr - VaV(P;(); O)@;(Xj1, 1, 5,1)), (81)

Since V(®;(-); )>V(®;(-); 8), the data point (z;,y;) contributes more to the training than (z;,y;).
It is well known that training involves minimizing the loss function, and in optimal control, the terminal
loss function is major. Thus, ®;(-)>®;(-), and the data point (x;,y;) is more readily optimized. Based on
this, we get
Vae(V(@i(-); 0)@i(Xir, pr,¥i,r))>Va(V(P;(); 0)2;(X; 1, prs tbjr)), (82)
Furthermore, the data point (z;,%;) has been better optimized compared to (x;,y;), making it easier
to achieve a stable terminal data state and data co-state. From Eq.(72), we get
AXi,T . AY;"T<AX]"T . AY}"T, (83)
Substituting Eq.(83) into Eq.(83), we obtain
AX; - AVe(V(@i(-); 0)Pi(Xir, pr, ¥i,r))>AX 1 - AV (V(R;5(); 0)®5(Xy7r, pr,v5,r)),  (84)
Based on Eq.(83), we simplify this
AX; 7>AXj 1, (85)
Thus, we obtain
U;(S)>U;(S). (86)
Traditional utility functions U(SU{(z;,y;)}) often employ backpropagation-based learning algorithms
primarily based on empirical risk minimization to measure model performance in classification or regression
tasks. The data state utility function U;(.S) is similar to a performance evaluation mode based on Gradient
x Input [37, 38], which has been shown to slightly outperform commonly used backpropagation-based
learning algorithms. Based on this, the data state utility function U;(S) can be viewed as an enhancement
of the traditional utility function U(S U {(z;,y;)}), such that ||U;(S) — U(SU{(z,y:) DI < e.
The proof of effectiveness is complete. O
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8.2 Proof of dynamic marginal contribution

In this section, we provide a detailed proof of dynamic marginal contribution in Proposition 1.

Proposition 1 For arbitrary two data points (x;,v;) and (x;,v;), ¢ # j € [N], if U;(S) > U;(S), then
Alzi,yis Ui(S)) > Al yz; Us(S5))-

Proof For i # j, if U;(S) > U;(S), we have
A, y53 Ui(S)) — Az, y55 Uj(9))

GO %’ﬁ]—[wm— > (]JVJESI)]

i'e{l,....N}\i J'e{l,... .N}\j

1

= [Ui(S) = U;j(9)] N_o1 [ > Uj(S) — > Ui’(S)]
J'e{l,....N}\j ie{l,....,N}\i

1

= [Ui(8) = U;(9)] + 577 [Ui(S) = U;(5)]
N
= N_1 [Ui(S) - UJ(S)]
> 0. (87)
Then, the proof is complete. O

8.3 Proof of dynamic data valuation

In this section, we provide a detailed proof process demonstrating how our proposed dynamic
data valuation metric satisfies the common axioms.

For the efficiency property, If there are no data points within the coalition, then no data
states are presented. In this case, it still holds that

> by Ui) = Alwi,yi; Ui)

iEN ieN
U;(S
= Z Ui(S) — Z NJE i
ieN je{l, N}i
=—-Xr-Yr—-0
=U(N) - U(®), (88)

For the symmetry property, the value to data point (z},v}) is ¢((z},y.); U/(S)). For arbitrary

(2

S e N\ {(xs,y:), (@, y)}, T US U (z4,9:)) = U(S U (25,9;)), the proof of this property as follow

o(xy,yi; Ui (S)) = Aag, yi; Ui(9))

_ 77/ _ Uj(S)
JE{1,... . N}\{i,i}
_ U;(5)
= UZ(S) - . Z  N-—-1
Je{1,....,N}\{i,i'}
= ¢4, yi; Ui(9)), (89)

For the dummy property, since U (S U (z;,y;)) = U(S) for all S € N \ (x;,y;) always holds, the
value to the data point (x;,y;) is

d(xi, yis Ui(S)) = Alzi, yi; Ui(9))
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je{L,....N}\i
=0, (90)

s For the additivity property, we choose the two utility functions U (S) and Us(S) together,
w6 impacting the data point (x;,y;). The value to it for arbitrary aq,as € R is

& (x4, yi; a1U14(S) + a2Uz4(5))
= A(zi, yis aqU14(S) + axUs4(S5))
Z OélUl,j(S) +O&2U27j(S)

= [ U1 4(S) + aglUs4(8)] —

) ) N -1
Fe{l,..,N}\i
U,;(5) Uz,;(5)
= Ul,Z(S)_ ' Z . N1 +a2 UQJ(S)_ . Z ﬁ
Je{l,..N}\i Je{l,. . N}\i
=10 (@i, v:); U1,i(9)) + a2 (25, v:); U2,4(9)), (91)

7 For the marginalism property, if each data point has the identical marginal impact in two utility
s functions Uy, Us, satisfies Uy (S U (2;,y:)) — U1(S) = U2(S U (x4, y:)) — U2(S). The proof of this
w0 property is as follows

o(xi, yi; Uri(9)) = A4, yi, Ur,i(5))
=U,:(S) — Z U1,4(5)

A N -1

Fe{l,...,N}\i
=U1(SU (24,¥:)) — U1(9)
=Us(SU (z4,¥:)) — Ua(S)

Uz, (5)

—U2,1,(S)7A Z N-1

Fe{l,...,N}\i
= ¢(xi,ys5 Uay). (92)

s Then, the proof of the five common axioms is complete.

3n It is evident that our proposed dynamic data valuation metric satisfies the common axioms.
s» Then, we provide the following Proposition 2 to identify important data points among two
sz arbitrarily different data points.

s Proposition 2 For arbitrary two data points (z;,y;) and (z5,y;), ¢ # j € [N], if U;(S) > U;(S), then
w5 ¢, yis Ui(S)) > ¢z, 455 Us(S5))-

s Proof For i # j,if U;(S) > Uj(S), we have

(i, yi5 Ui(S)) — d(z4,y5;5 Uj(S))
= Az, 955 Ui(9)) — A=y, 955 Uj(S))

CCEED ﬁﬂ?]—twa— > %“?

ire{l,...N}\i J'e{1,....N}\j

= [U:(8) - U;(9)] + ﬁ [ > U - Y Ui/(S)]
je{l,....N}\j i'e{1,....N}\i
1

= [Ui(8) = U (9] + 5 |

Ui(S) = U;(95)]
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N
“N_-1 [Ui(s) - Uj(S)]
> 0. (93)
Then, the proof is complete. O

Moreover, the following Proposition 3 shows that our proposed dynamic data valuation metric
converges to the LOO metric.

Proposition 3 For arbitrary ¢ € [n] and error bound e, if |U;(S) — U(S U (z4,y;))|| < e, then |[NDDV —
LOO| < 2e.

Proof For arbitrary pair data points (z;,;) and (x;,y;), ¢ # j € [N]. The LOO metric difference between
those data points is

Dro0(@is yi; U(S)) — droo(@j, y55 U(S))

=[U(SU (zi,9:) = U(S)] = [U(S U (z5,95)) = U(S)]

=U(SU (%5,9:)) —U(S U (z5,95)), (94)
Then, call for Eq.(87), we have

Ouctaw (1,915 Ui(5)) — bnaas 27,05 Uj(5)) = o [Ui(S) ~ U (S)] (95)

In addition, the Lo error bound between the NDDV and LOO metric is

INDDV — LOO||

= || [#ndav (@i, ¥i), Ui(S)) = dndav (25, 95), U; (9))] = [b100 (x5, 43), U(S)) — dro0((z5,45), U(S))] |l
= H% [Ui(S) = U;(S)] — [U(S U (i, 5:) —U(S U (z5,9;))] I

= [ [Us(S) = U(S U (zi,4:))] — [U;(S) = U(S U (z5,y;))] + Nl_ 1 [Us(S) = U;(9)] |l

1
< NU(S) =U(S U (i, yi)) | + 1U5(S) = U(S U (5, y;))ll + 7= IU:(S) = U; (Sl
= 2e, N — oo. (96)
Concludes the proof. O

Finally, we also provide the Lo error bound between our proposed dynamic data valuation
metric and Shapley value metric in the following Proposition 4.

Proposition 4 For arbitrary ¢ € [N] and error bound ¢, if ||[U;(S) — U(S U (x4,¥:))|| < €, then |[NDDV —
Shap|| < F7T.

Proof For arbitrary pair data points (x;,y;) and (x;,y;), i # j € [N]. The Shapley value metric difference
between those data points is

Bshap (Zi, Yi; U(S)) = bshap (i, vi; U(S))

N N
1 1
=% > Ag(wi s U(S)) - ~ >~ Aji(i,yi; U(S))
=1 =

3 W[U(SU(@,%))—U(S)]
SeD\(=i:y;) '

3 w [U(S U (25,y7)) — U(S)]
seDp\i-vy)

=y B D (s U (a0 UGS U (g, 0)]

SeD\ (@i vi)
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SIN(N —|S| —1)!
N 3 SEN =D (50 (a1, 00)) — 0(5)
SE{T|TED, (wi,y:) T (w;,y;) €T} '
SINN — |S] = 1)!
B T % [U(SU (25,5;)) — U(S)]
SE{T|TeD,(x:,y:)ET,(z;,y;)¢T} ’
S|NN — |S] = 1)!
_ 3 % [U(S U (zi,9:)) — U(S U (2,5;))]
SeD\{(z4,y:),(2;,95)} '
S+ 1)(N =5 —2)!
. 3 DU =S =28 (057 U (i) — U(S' U (a,)]

S'eD\{(wiy:),(x;,y;)}

S|I'(N —|S] —1)! S|+ 1IN —|S| —2)!
_ > P I( N|' |- 1) n (S| )(N' 15| —2) [U(SU (zi,3:) — U(S U (25, 5,))]
SeD\{(=i,y:i),(w;,y5)} ’ '
1 1
=~ > ST [U(S U (zi,4i)) = U(S U (z5,9))] - (97)
SED\{(wi,1),(x5,95)} ON=2
Then, call for Eq.(87), we have
N
$nddv (@i, yi; Ui(S)) = éndav (25,955 Uj(5)) = 57— [Ui(S) — U;(9)] (98)
In addition, the Lo error bound between NDDV and Shapley value metric is
|INDDV — Shap||
= || [pndav (@i, yi; Ui(S)) = ¢naav (€, ys; Uj(S)] — [@shap (@i, ¥i; U(S)) = shap (25,455 US))] |l
N 1 1
= | ws) - U9 - 5 > o WS V@) U U )] |
SeD\{(zi,yi),(z5,9;)} Y N-2
N R |
2
= |7 B - 0] - 55 X A e S UG - VS U aw)] |
k=0 N-2
N N2 )
: —2
< | [0(8) = Ug()] —min § 57 O 6 [U(S U (o)) = U(S U )] |
k=0 N-2
N _ 1
= 1| [Wi(8) = Us(8)] =2 —= [U(S U (wi,i) = U(S U (25,9 |
NCN2,
N
< =7 IUi(S) = U(S U (i, yi)) Il + 1U;(S) = U(S U (25, 9:))l
= ]\invl, N — . (99)
Concludes the proof. O

9 Experiments details

In this section, we evaluate NDDV through three experiments: elapsed time comparison, corrupted
data detection, and data points removal/addition. These experiments are designed to assess the
computational efficiency, and accuracy in identifying mislabeled data, and the impact of data
values on model training, following the evaluation protocols commonly adopted in previous studies
[18, 24, 34]. The experiments demonstrate the superior computational efficiency of NDDV, the
effectiveness of NDDV in accurately identifying mislabeled or corrupted data points, and the
effectiveness of NDDV in improving model performance by selectively removing detrimental (low-
value) data points and adding beneficial (high-value) ones. Our Python-based implementation
codes are publicly available at https://github.com/liangzhangyong.

9.1 Experimental Setup

We use six datasets that are publicly available in OpenDataVal [39], many of which were used
in existing works [18, 19]. We compare NDDV with the following eight methods: LOO [16],
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DataShapley [18], BetaShapley [19], DataBanzhaf [20], InfluenceFunction [21], KNNShapley [22],
AME [40], and Data-OOB [25]. To make our comparison fair, we use the same number or a greater
number of utility functions for existing data valuation methods compared to NDDV.

We apply a standard normalization procedure to each dataset, ensuring that each feature
has zero mean and unit standard deviation. Next, we divide the normalized dataset into four
distinct subsets: training, validation, test, and meta. The training subset is used to train the
models, while the validation subset is employed to evaluate the utility functions for the existing
data valuation methods. NDDV utilizes only a smaller subset of the training data and does not
require the validation subset, as it operates independently of the utility functions. The test subset
is reserved for evaluating the test accuracy during the point removal experiments, providing an
unbiased assessment of the model’s performance on unseen data. The meta subset is utilized for
meta-learning purposes, such as hyperparameter tuning or model selection. We fix the sizes of the
validation, test, and meta subsets at 10%, 30%, and 10% of the training size, respectively. For the
training subset, we consider two different sizes: 1,000 and 10,000 data points.

9.2 Datasets

In this section, ten distinct datasets are summarized, detailed in Tab.S2. To comprehensively
evaluate performance across various types of datasets, we implement datasets involving three
categories: tabular, textual, and image.

9.3 Hyperparameters for existing methods

In this section, we explore the impact of hyperparameters for marginal contribution-based data
valuation methods.

e For LOO [16], we do not need to set arbitrary parameters, maintaining the default parameter
values. For the utility function, we choose the test accuracy of a base model trained on the
training subset.

e For Data Shapley [18] and Beta Shapley [19], we use a Monte Carlo method to approximate the
value of data points. Specifically, the process begins by estimating the marginal contributions
of data points. Following this, the Shapley value is computed based on these marginal
contributions, serving as the data’s assigned value. Accordingly, we configure the independent
Monte Carlo chains to 10, the stopping threshold to 1.05, the sampling epoch to 100, and the
minimum training set cardinality to 5.

e For DataBanzhaf [20], we set the number of utility functions to be 1,000. Moreover, We use
a two-layer MLP with 256 neurons in the hidden layer for larger datasets and 100 neurons
for smaller ones.

e For InfluenceFunction [21], we also set the number of utility functions to be 1,000. Subse-
quently, the cardinality of each subset is set to 0.7, indicating that 70% of it consists of data
points to be evaluated.

e For KNN Shapley [22], we set the number of nearest neighbors to be equal to the size of the
validation set. This is the only parameter that requires setting.

e For AME [40], we set the number of utility functions to be 1,000. We consider the same
uniform distribution for constructing subsets. For each p € {0.2,0.4,0.6,0.8}, we randomly
generate 250 subsets such that the probability that a datum is included in the subset is p. As
for the Lasso model, we optimize the regularization parameter using ‘LassoCV’ in ‘scikit-learn’
with its default parameter values.

e For Data-OOB [25], we set the number of weak classifiers to 1,000, corresponding to utility
function. These weak classifiers are a random forest model with decision trees, and the
parameters are set to the default values in ’scikit-learn’.

® Qur method, we set the size of the meta-data set to be equal to the size of the validation set.
The meta network’s hidden layer size is set at 10% of the meta-data size. For the training
parameters, we set the max epochs to 50. Both base optimization and meta optimization use
Adam optimizer, with the initial learning rate for out-optimization set at 0.01 and for in-
optimization at 0.001. For base optimization, upon reaching 60% of the maximum epochs, the



CONTENTS

26

7] agewy 10 01 8708 0000S 0THVALD
(7] ogewy 10°0 01 96 0008 0T'TLS
[97] X, c0 4 892 0000$ dAINT
[e7] X9, LT°0 g 892 & 2qq
[¥7] Te[qey, ¢0 4 05 8665.L HNOOIUI
7] Tenqef, €870 (4 68 GOTPE orwou
(17] Te[qer, 9£€°0 (4 8F 0006T [od
[17] Tepqey, 86%°0 4 01 89.0% pory
[e7] Temqey, €0 z 9 PLVSE ICIGIRIRETE
(17] Te[qer, 6670 4 01 89,07 souerdpg
20mog  odAp, eye( uorpiodord sse) Iouljy — sesse[) Jo Iaquun)  uorsuewli(] nduy  sz1g ojdureg 7 jeseye([

‘sjueTIIadXo INO UT PO $)9SB)eP UOIYBINISSe[d SNOLIeA JOo ATewIns Y :gS 9[qeL,



460

461

462

463

465

466

467

468

469

CONTENTS 27

learning rate decays to 10% of its initial value, and at 80% of the maximum epochs, it further
decays by 10%. For meta optimization, only one epoch of training is required. To maintain
the original training step size, weights of all examples in a training batch are normalized to
sum up to one, enforcing the constraint [V(¢; )| = 1, and the normalized weight

. V(@i 1i); 0)
TS V() )+ O V(@) 60)

where 6(3°, V(+; 0%)), set to 7> 0if >, V(+; %) = 0 and 0 otherwise, prevents degeneration
of V(-; 6%) to zeros in a mini-batch, stabilizing the meta weight learning rate when used with
batch normalization.

9.4 Pseudo algorithm

We provide a pseudo algorithm in Alg.S3 to illustrate the process of NDDV. It is evident that the
implementation of NDDV is straightforward and easy to implement.

Algorithm S3 Pseudo-code of NDDV training

Input: Training data D, meta-data set D,, batch size n, m, max iterations K.

Output: The value of data points: ¢(x;,y;; U(S)).
1: Initialize The base optimization parameter wo and the meta optimization parameter 0°.
2: for k=0to K —1do
3: {z,y} + SampleMiniBatch(D, n).

4: {x/ , y,} — SampleMiniBatch(D, ,Mm).

5: Formulate the base training function 1*(6) by
o N T-1
7k k k k k k k k
=9 + N Z Z VyHi(t, Xie, Yie, ue 0, V(@i Xi 1, i1, 1) 9))|wk7
i=1 t=0
6: Update the base optimization parameters gk+1 by

k+1_ ok B ul ok k
07 = 0" — 2> Voli($(0)]y,
i=1

7 Update the meta optimization parameters d)k""l by
N T-1
W = gt 1 TS VR X Vit 0 V@ (X il w); 051 s
i=1 t=0
8: Update the weighted mean-field state uerl by
k+1 1 L= k41 k+1  k+1y. pk+1y yk+1
M = Nz Z V(CD(XZ‘,; 7#1"—7’: 71/"T+ ); 0 * )Xi,?_ :
i=1 t=0

9: end for
10: Compute the data state utility function U;(S) by

Ui(S) = —X;r-Yir,
11: Compute the dynamic marginal contribution A(z;,y;; U;) by

Aoy U =tis) - Y G
je{1,...,N}\i

12: Compute the value of data points ¢(z;,y;; U(S)) by
¢(xi, yi; Ui(S)) = Alzi, yi; Ui(5)).
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9.5 Convergence verification for the training loss

To validate the convergence results obtained in Theorem 1 and 2 in the paper, we plot the changing
tendency curves of training and meta losses with the number of epochs in our experiments, as
shown in Fig.S1. The convergence tendency can be easily observed in the figures, substantiating
the properness of the theoretical results in proposed theorems.

9.6 Additional results on efficiency and effectiveness

In this section, we present a comprehensive set of additional results that demonstrate the efficiency
and effectiveness of NDDV. These results further substantiate our claims about the method’s
superior performance and practical applicability in various scenarios.

First, to evaluate the ability of different data valuation methods to detect corrupted data,
we synthesize label noise on the training datasets by introducing perturbations. Specifically, we
randomly select a subset of the training data points and flip their labels, simulating a label noise
rate of 10%. The training sample size is set to n € {1,000, 10,000}. However, due to the low
computational efficiency of LOO, DataShapley, BetaShapley, and DataBanzhaf, we compute their
results only for the smaller sample size of n = 1,000. After conducting data valuation, we use the
k-means clustering algorithm to divide the value of data points into two clusters based on the mean.
The cluster with the lower mean is considered to be the identification of corrupted data points. As
shown in Tab.S3, the Fl-scores for various data valuation methods are presented, showcasing their
performance under the influence of mislabeled data points across six datasets. Overall, NDDV
outperforms the existing methods, demonstrating its superiority in detecting corrupted data points.

Then, we analyze additional results from data valuation experiments conducted on six datasets,
each with a 10% label noise rate, as shown in Fig.S2. These experiments include removing low-value
data (see Fig.S52a) and adding high-value data (see Fig.S2b). Further, Fig.S2a) depicts the impact
of removing the least valuable data points on performance by different data valuation methods.
The results show that removing the least valuable data points has a less significant impact on
performance compared to removing the most valuable data points, and NDDV’s effectiveness in
removing the least valuable data points is comparable to that of most existing methods. Data-OOB
shows the worst performance in removing low-value data points, indicating a lack of sensitivity
towards low-quality data. Similarly, Fig.S2b demonstrates the test accuracy curves of different
data valuation methods in the data point addition experiment. The experiments show that adding
high-value data points boosts test accuracy above the random baseline. This observation highlights
the effectiveness of the data valuation methods in identifying the impact of adding high-value
data points. It is apparent that both types of experiments have a modest impact on the model
performance relative to existing methods.

Furthermore, we explore the impact of introducing various levels of label noise, using
the pol dataset as an example. Here, we consider the six different levels of label noise rate
Dnoise € {5%, 10%, 20%, 30%,40%,45%}. As shown in Tab.S4, NDDV consistently achieves excel-
lent performance across all levels of label noise. Additionally, the performance of this method
initially increases and then decreases with rising label noise rates, reaching its peak F1l-score at a
30% noise rate. Under the influence of label noise, compared to existing methods, NDDV excels
in data valuation tasks such as detecting corrupted data (see Fig.S3a), removing high/low-value
data points (see Fig.S4b-S5b), and adding high/low-value data points (see Fig.S6b-S7b). Overall,
its performance is comparable to that of Data-OOB.

Similarly, we investigate the effects of introducing various degrees of feature noise. In this
analysis, we evaluate six distinct levels of feature noise rate, following the format described
previously. As indicated in Tab.S5, NDDV attains optimal performance at all levels of label noise
rate. Furthermore, as the label noise rate increases, the performance of this method generally shows
a rising trend, a pattern also observed in existing methods. This demonstrates that increasing
feature noise can enhance model performance, serving as a form of data augmentation. With
increasing feature noise, NDDV excels in the aforementioned data valuation tasks, demonstrating
overall performance comparable to that of Data-OOB and KNN-Shapley (see Fig.S3b, Sdb, S5.b,
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S6.b, and S7.b). Particularly, in experiments involving the addition of high-value data points (see
Fig.S6b), the performance improvements with NDDV are most pronounced.

9.7 Additional results on the data valuation process

In this section, we present additional results concerning the process of NDDV. Here, we consider
six levels of label and feature noise rate, consistent with the settings described in Section 9.6.
Fig.S8 demonstrates that with increasing label noise rates, the lower-valued data state trajectories
tend to cluster, while Fig.S9 reveals that the segments of higher and lower values within the data
state trajectories gradually separate with rising the label noise rate. Furthermore, as shown in
Fig.S10, the data value trajectories evolve over time from concentrated to dispersed, effectively
displaying the high and low values of data points. As the label noise rate increases, the learned
data value trajectories become more diffuse (see Fig.S10a). These results indicate that increasing
label noise enhances the visibility of individual data point values. In contrast, increasing feature
noise has a smaller impact on the data value trajectories, slightly reducing the prevalence of
low-value trajectories (see Fig.S10b).

9.8 Additional results on interpretability

In this section, we present additional results that enhance the interpretability of NDDV, encom-
passing analyses related to noise impacts and data valuation processes. Specifically, as shown in
Fig.S11, the interpretable NDDV demonstrates superior F1-scores compared to existing methods
across various levels of label and feature noise rate on the six datasets. Furthermore, the inter-
pretable NDDV exhibits robust performance with label noise (see Fig.S11a) and demonstrates
linear performance improvements as the feature noise rate increases (see Fig.S11b). Among exist-
ing methods, AME exhibits the poorest performance, while DataShapley and BetaShapley show
instability. The performance of other methods tends to cluster more tightly.

Additionally, we demonstrate the data valuation process of the interpretable NDDV on the six
datasets, including the learning of data state trajectories (see Fig.S12), data co-state trajectories
(see Fig.S13), and data value trajectories (see Fig.S14). The results reveal a clear valuation process
whereby, influenced by the data state and co-state trajectories, the data value trajectories evolve
over time from concentrated to dispersed, effectively distinguishing between higher and lower value
rankings. Consequently, our proposed method validates its effectiveness as an interpretable model.

9.9 Ablation study

We perform an ablation study on the hyperparameters in the proposed NDDV method, where we
provide insights on the impact of setting changes. We use the mislabeled detection use case and
the plc dataset as an example setting for the ablation study.

For all the experiments in the main text, the impact of re-weighting data points on NDDV is ini-
tially explored. As shown in Fig.S15a, NDDV enhanced with data point re-weighting demonstrates
superior performance in detecting mislabeled data and removing or adding data points. Addition-
ally, in the same experiments, Fig.S15b shows the impact of mean-field interactions parameter a at
1,3,5,10. It is observed that when a = 10, NDDV exhibits poorer model performance, whereas, for
the other values, it shows similar performance. Furthermore, we explore the impact of the diffusion
constant ¢ on NDDV. Specifically, we set o at 0.001,0.01,0.1, 1.0 to compare model performance.
As shown in Fig.S15c, the model performance significantly deteriorates at ¢ = 1.0. It can be
observed that excessively high values of ¢ increase the random dynamics of the data points, caus-
ing the model performance to randomness. Then, we use the meta-dataset of size identical to the
size of the validation set. Naturally, we want to examine the effect of the size of the metadata set
on the detection rate of mislabeled data. We illustrate the performance of the detection rate with
different metadata sizes: 10, 100, and 300. Fig.S15d shows that various metadata sizes have a min-
imal impact on model performance. Finally, we analyzed the impact of the meta-hidden points on
model performance. As shown in Fig.S15e, it is an event in which the meta hidden points are set to
5, and there is a notable decline in the performance of NDDV. In fact, smaller meta-hidden points
tend to lead to underfitting, making it challenging for the model to achieve optimal performance.
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Fig. S1: Convergence verification for NDDV. a. Training loss tendency curves on the six
datasets. b. Meta loss tendency curves on the six datasets.
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Fig. S2: Additional results on removal and addition experiment. a. Removing low-value
data experiment on six datasets with 10% label noisy rate. Test accuracy curves show the trend
after removing the least valuable data points. b. Adding high-value data experiment on six datasets
with 10% label noisy rate. Test accuracy curves show the trend after adding the most valuable

data points.
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Table S4: Fl-score of different data valuation methods on the different label noise rates.

. Data Beta Data Influence KNN Data
Noise Rate | LOO Shapley  Shapley Banzhaf Function Shapley AME -OOB NDDV
5% 0.09+ 0.12+ 0.11+ 0.09+ 0.11+ 0.17+ 0.01+ 0.62+ 0.74+
0 0.003 0.007 0.008 0.004 0.003 0.003 0.009 0.002 0.003
10% 0.16+ 0.19+ 0.19+ 0.18+ 0.18+ 0.30+ 0.18+ 0.74+ 0.76+
© 0.007 0.010 0.009 0.005 0.003 0.003 0.010 0.002 0.003
20% 0.30+ 0.25+ 0.25+ 0.31+ 0.31+ 0.45+ 0.010+ 0.79+ 0.77+
° 0.005 0.008 0.008 0.002 0.002 0.004 0.009 0.001 0.001
30% 0.39+ 0.52+ 0.51+ 0.42+ 0.42+ 0.55+ 0.46+ 0.80+ 0.78+
0 0.003 0.012 0.010 0.002 0.008 0.002 0.011 0.001 0.004
40% 0.54+ 0.55+ 0.56+ 0.48+ 0.46+ 0.60+ 0.58+ 0.73+  0.74+
0 0.008 0.008 0.008 0.003 0.004 0.002 0.010 0.001 0.002
45% 0.55+ 0.55+ 0.62+ 0.48+ 0.48+ 0.56+ 0.27+ 0.63+ 0.67+
¢ 0.007 0.008 0.009 0.003 0.001 0.004 0.009 0.001 0.004

Note: The mean and standard deviation of the Fl-score are derived from 5 independent experiments. The
highest and second-highest results are highlighted in bold and underlined, respectively.

Table S5: Fl-score of different data valuation methods on the different feature noise rates.

. Data Beta Data Influence KNN Data
Noise Rate | LOO Shapley  Shapley Banzhaf Function Shapley AME -OOB NDDV
5% 0.09+ 0.10+ 0.10+ 0.07+ 0.10+ 0.17+ 0.09+ 0.15£ 0.30+
° 0.007 0.009 0.007 0.004 0.003 0.003 0.012 0.002 0.006
10% 0.18+ 0.18+ 0.18+ 0.15+ 0.15+ 0.15+ 0.18+ 0.21+ 0.28+
0 0.007 0.010 0.009 0.005 0.003 0.003 0.010 0.002 0.003
20% 0.33+ 0.01+ 0.01+ 0.28+ 0.30+ 0.27+ 0.01+ 0.32+ 0.34+
0 0.005 0.008 0.008 0.002 0.002 0.002 0.010 0.001 0.003
30% 0.43+ 0.01+ 0.01+ 0.33+ 0.35+ 0.35+ 0.01+ 0.37+ 0.45+
0 0.008 0.012 0.010 0.002 0.008 0.002 0.012 0.001 0.005
40% 0.51+ 0.01+ 0.01+ 0.01+ 0.37+ 0.40+ 0.01+ 0.43+ 0.57+
0 0.008 0.010 0.008 0.003 0.004 0.002 0.010 0.001 0.004
15% 0.53+ 0.01+ 0.01+ 0.50+ 0.47+ 0.39+ 0.01+ 046+ 0.62+
0 0.007 0.011 0.009 0.003 0.001 0.002 0.012 0.001 0.006

Note: The mean and standard deviation of the F1-score are derived from 5 independent experiments. The
highest and second-highest results are highlighted in bold and underlined, respectively.
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Fig. S3: Detecting corrupted data under the influence of noise. a. Detecting corrupted
data on the six different levels of label noise rate. b. Detecting corrupted data on the six different

levels of feature noise rate.
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Fig. S4: High-value data points removal experiment under the influence of noise. a.
Removing high-value data points experiment on the six different levels of label noise rate. b.
Removing high-value data points experiment on the six different levels of feature noise rate.
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Fig. S5: Low-value data points removal experiment under the influence of noise. a.
Removing low-value data points experiment on the six different levels of label noise rate. b.
Removing low-value data points experiment on the six different levels of feature noise rate.
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Fig. S6: High-value data points addition experiment under the influence of noise. a.
Adding high-value data points experiment on the six different levels of label noise rate. b. Adding
high-value data points experiments on the six different levels of feature noise rate.
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Fig. S7: Low-value data points addition experiment under the influence of noise. a.
Adding low-value data points experiment on the six different levels of label noise rate. b. Adding
low-value data points experiments on the six different levels of feature noise rate.
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Fig. S8: Data state trajectories for NDDV under the influence of noise. a. Data state
trajectories on the six different levels of label noise rate. b. Data state trajectories on the six
different levels of feature noise rate.
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Fig. S9: Data co-state trajectories for NDDV under the influence of noise. a. Data
co-state trajectories on the six different levels of label noise rate. b. Data co-state trajectories on
the six different levels of feature noise rate.
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Fig. S10: Data value trajectories for NDDV under the influence of noise. a. Data value
trajectories on the six different levels of label noise rate. b. Data value trajectories on the six
different levels of feature noise rate.
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Fig. S11: Noisy data detection for the interpretable NDDYV on the six datasets. a.
Noisy label data detection. b. Noisy feature data detection. The F1-score of various methods is
compared on the six noise proportion settings. The higher F1-score indicates superior performance.
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Fig. S12: Data state trajectories for the interpretable NDDV on the six datasets.
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Fig. S13: Data co-state trajectories for the interpretable NDDV on the six datasets.



Dataset: 2dplanes

-2

Dataset: pol

-0.02

Fig. S14:

8.00

Dataset: electricity

<2.00
-4.00
-6.00
0.0 0.2 04 0.6 0.8 .0
t
Dataset: nomao

3

2

1

0.0 02 04 0.6 0.8 1.0

s

200

0.00

-2.00

-4.00

-0.03

-0.05

CONTENTS 47

Dataset: fried

—_‘é
0.0 02 0.4 0.6 0.8 1.0
t
Dataset: MiniBooNE

Data value trajectories for the interpretable NDDV on the six datasets.



48 CONTENTS

a Detecting Corrupted Data Removing High-Value Data Adding Low-Value Data

1.0+ 1.0 1.0+

g

°

°

% 0.8 0.8+ 0.8

2

H g g

© 0.6 S 0.6+ S 0.6

=3 3 3

c o Q

= 8 8

° © ©

£ 0.4 B 0.4 B 0.4

o o @

P Lo 3

o

5§02 0.2 0.2

= — — Optimal —e—Removing high value data —e—Adding low value data

E —e—NDDV — »~ Removing low value data — = Adding high value data

I: ~—+—NDDV without re-weight ~—e—Removing high value data without re-wi —e+—Addving low value data without re-weight
0.0 ----Random 0.0 { — — Removing low value data without re-w 0.0 - — — Adding high value data without re-weight

T T T T
0.2 04 0.6 0.8
Fraction of data inspected

T T T T
0.0 0.2 0.4 0.6

T
08

Fraction of data removed

T T T T
0.0 0.2 04 0.6

Fraction of data added

4

g
]
°©
°
2
o
£ > >
H ) b o
0 0.6 S06- £0.6-
- 3 3
2 ] 3
Qa o o
8 2 s
b 0.4+ 2 0.4+ _ _ \ 2 04— Adding low value data with a=1 N
i ——Removing high value data with a=1 i = Adding high value data with a=1 .
- i with a- g high value data with a=
S = Optimal ~~Removing ::’_"’h“"l“ ":;‘ "'f"h"13 —e—Adding low value data with a=3 N
5 0.2 —e—NDDV with a=1 024~ '7;::‘;:;:: e o 0.2 4|~ — Adding high value data with a=3
B * u‘ggz "::: 'f: —+—Removing high value data with =5
8 - With a= ~ ~Removing low value data with a=5.
o NDDV with a=10) Removing high value data with a=10|
0.0 ----Random 0.0+ Removing low value data with a=10 0.04
T T T T T T T T T T T T T T T T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0
Fraction of data inspected Fraction of data removed Fraction of data added
[
1.0+ 1.0
g
&
°©
KLEE 08
o
£ > >
H o o
S 0.6 S 0.6 S 0.6
° 3 3
® o )
Qa o o
o © ©
$ 0.4+ % 0.4+ % 0.4
3 HJ > —*—Adding low value data with =0.001 |\
s Lo Lo} — = Adding high value data with 4=0.001, —
S Optimal value data with o= —e—Adding low value data with =0.01
S 0.2 —+—NDDV with =0.001 0.2 0.2 — — Adding high value data with 0=0.01
S —+—NDDV with 6=0.01 - ‘:::::::: o +—Adding low value data with 0=0.1
8 ~+—NDDV with 0=0.1 - Adding high value data with 0=0.1
i NDDV with 6=1.0 e e et it Adding low value data with 0=1.0
0.0 Random 0.0 Removing low-value data with o=1.( 0.0 Adding high value data with 6=1.0
g T T T T T T T T T y 4 T T u T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0
Fraction of data inspected Fraction of data removed Fraction of data added
d 1.0+ 1.0 1.0+
£
o
°©
T o8 08+ 0.8+
=3
2 > >
H o o
S 0.6 0.6 0.6
° 3 3
@ Q 3
- o o
3 © ©
$ 0.4+ 3 0.4 3 0.4
£ © o
- = e
° —e—Removing high value data with M=10
502 ~ ~ Optimal 0.2 ||~ — Removing low value data with M=10 0.2
b —+—NDDV with M=10 —e—Removing high value data with M=100
8 —+—NDDV with M=100 ~ -~ Removing low value data with M=100
el ~+—NDDV with M=300 ~—=+—Removing high value data with M=300 ~—+—Adding low value data with M=300
0.0 ----Random 0.0 | — —Removing low value data with M=300 0.0 { — — Adding high value data with M=300
T T T T T T T T T T T T T T T T T T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0
Fraction of data inspected Fraction of data removed Fraction of data added
e o 10 1.0
£
o
°
T o3 08+ 0.8+
=3
g > >
H Q o
S 0.6 S 0.6 0.6
- 3 3
@ g 3
- o o
g © ©
$ 0.4+ % 0.4 % 0.4
£ © o
b = =
—e—Adding low value data with h=5
§0.2- - ~ Optimal 024 = _R::z::: igh value data with I 0.2| '~ Adding high value data with h=5
b —e—NDDV with h=5 . Removing high value data with n=10 —e—Adding low value data with h=10
o " - i i it =
8 —+—NDDV with h=10 " Removing low value data with #=10 Adding high value data with h=10
fre —+—NDDV with h=30 —+—Removing high value data with h=30| +—Adding low val with h=30
0.0 ----Random 0.0+ —~Removing low value data with h=30 0.0  — —Adding high value data with h=30
T T T T T T T T T T T T T y T
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0

Fraction of data inspected

Fraction of data removed

Fraction of data added

Fig. S15: Ablation study for NDDV. a. Impact of data points re-weighting. b. Impact of the
mean-field interactions. c. Impact of the diffusion constant. d. Impact of the metadata sizes. e.

Impact of the meta hidden points.
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