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Supplementary Discussion
S1 Poisson's ratio for layered composite structures calculation based on classical laminate theory
In this paper, the IM7/977-3 was selected as the prepreg for layered composite structures (LCSs). The specific material parameters used for both theoretical and numerical analysis are shown in Table S1.
The findings concerning the minimum negative Poisson's ratios (NPR) and the lamination angles of low-dimensional layered composite structures (comprising up to 10 layers) determined through the multi-start resampling algorithm are presented in Table S2.
We concentrate on Poisson's ratio (PR) , which is significantly affected by stiffness. According to the classical laminate theory (CLT), the out-of-plane PR can be calculated by the following equation [1]

where  are elements in the  entry of matrix . The exact process will be derived and written in brief below.
For an LCS with arbitrary layup, the relation between load and deformation are written as

From Eq. S2, we get

Without the exerted moment, the expression for the strain vector  can be obtained as

where

The elements of the aforementioned stiffness matrices , and  can be defined as

In Eq. S6,  represents the stiffness matrix of th layer after angle transformation, which can be determined by the stiffness coefficients and the lamination angle .
The matrix  [1] is symmetric, with all elements given by the following formula:

S2 Convergence Proof for the Multi-start Resampling Algorithm
S2.1 Multi-Start Resampling Algorithm
1. Sampling step.
(a) Set  as the number of population size,  as the number of sample size.
(b) In the space of , as -dimensional vectors are uniformly generated, denote as .
(c) Choose an initial point  at random from .
(d) Choose the next point  with probability ( where  is the minimal distance from  to all sampled points).
(e) Repeat (d) until  points have been chosen in total.
2. Evaluation step.
(a) For i = 1 ... , Do,
(b) Let  be the starting point,
(c) , where is a local search procedure.
(e) End For.
[bookmark: _Hlk178174074]S2.2 Hierarchical clustering algorithm
The clustering module utilizes the hierarchical clustering algorithm and includes the following steps.
Step 1: For layers to, calculate three indicator variables and two numerical variables to characterize the angular distribution and the minimum NPR at its lowest point for each layer.
Step 2: Calculate the similarity between each layer based on features.
Step 3: Construct a clustering tree based on the distance matrix using the ward linkage criterion. The resulting hierarchy of clusters can be visualized as a dendrogram.
Step 4: Determination of the final clustering results by cutting the dendrogram at a certain height or distance threshold. The cutting height is chosen using the maximum breakpoint of all breakpoints selected by the silhouette coefficient.
S2.3 Convergence Proof for the Multi-start Resampling Algorithm
The proof involves introducing two key concepts:
1. Convergence Probability  : This is a constant representing the probability that a randomly chosen initial point will eventually converge to the global minimum after iterations.
2. Successful Convergence Number  : This is a random variable representing the number of initial points that will eventually converge to the global optimal point.
Here we assume  is a constant and is strictly greater than zero, basing on the assumption that the function  is well-defined and has a global minimum.
When sampling  random initial points, the successful convergence number  follows a binomial distribution with parameters  and , i.e., . Then the probability of no successful convergence point is

Therefore, the probability of at least one initial point that converges to global minimum is

As  increases to infinity,  approaches 0. That is

This shows that with a large enough , the probability that at least one initial point will converge to the global minimum approaches 1.
The proportion of successful convergences  has a standard deviation () given by

This indicates that as  increases, the standard deviation of the proportion of successful convergences approaches zero, reflecting diminishing variability.
S3 Analytical evidence for 4K LCSs
Highly regular results are typically achieved through numerical solutions; however, the accuracy of these results remains unvalidated, and the mechanisms underlying such regularity have not been fully elucidated. To tackle these critical issues, this section presents a detailed theoretical derivation of the minimum out-of-plane NPR for LCSs. The approach simplifies the task of locating the global minimum point to a polynomial root-finding problem. Remarkably, the optimal lamination angles deduced align precisely with those derived from the previously discussed numerical algorithm, providing indirect validation of the numerical algorithm's accuracy.
For the category , there are four assumptions as follow:
1. LCS is symmetrically layered.
2. The thickness of each layer is consistent.
3. The absolute value of the angle of each layer is equal.
4. The number of layers with a positive angle equals the number of layers with a negative angle.
The symmetry in Assumption 1 leads to , thereby simplifying the matrix  in the inverse matrix of . Then, the derivation of this numerical problem proceeds in two main steps. The first step is to use the assumptions to simplify the formula for calculating  to a fraction that only relates to . The second step is to utilize the properties of  in terms of sine and cosine functions and apply the substitution method to transform the problem of finding the extremum of  into a polynomial root-finding problem. The process is as follows:
The expression for each element of the matrix  is:

From Eq. S14, we can express it in matrix form as follows:

where  and  are in matrix form which has been mentioned in Section 1 of SI. There exists an odd power term of , which lead  and  to odd functions in matrix . Therefore, the nature of the odd function of  can be utilized to transform  and  to 0 under special conditions, which is a result of assumptions 3 and 4. This yields the  matrix as follows:

With the above conditions satisfied, the values of  and  are all 0 and the elements of the  matrix are simplified. At the same time,  is symmetric matrix. Following,  has the expression:

According to the calculation method of matrix inverse,  can be written as

where  is the determinant of  is the adjoint matrix of . Thus,

Since , the expression for  can be simplified and written as:

In summary, we have finally simplified  to an expression involving only  and . Next, we will simplify  as a function of .
In the expression of , all  has only two forms.
Form 1:  can be transformed into a functional relation of the same form. i.e.,

where  and  are constants.
Form 2:  can be transformed into another functional equation of the same form, i.e.,

where and  are constants.
The first order derivatives of forms 1 and 2 can be expressed as:

Denoting , we can transform , and their derivatives into:

Next, we can transform the issue of solving the minimum value of  into a matter of calculating the extreme value of . Using the quotient rule for differentiation, the derivation of  can be written as

Let

When  has critical points that may be extrema. Therefore, the points where derivatives are zero can be solved to find the corresponding  values. Consequently, we denote the numerator of  as , then

where both terms of  and  contain . Thus  can be extracted as a common factor in the expression for , transforming the problem entirely into a problem of solving the zeros of a fourth-degree polynomial in , where . Following, it is sufficient to solve for the value of  at .
After solving this polynomial equation, which has a pair of conjugate complex roots, a negative root, and only one valid solution, 0.1687, falls in the interval . Solving again for , the final result solves with  and .


Supplementary Figures
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Fig. S1 Boundary conditions of FEA with mesh convergence and theoretical comparison for -layer LCSs. (a) Boundary conditions and load of the finite element model. (b) Mesh convergence results of FEA (red horizontal and vertical axes) and the comparison between the theoretical results of -layer LCSs and the FEA results (blue horizontal and vertical axes).
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Fig. S2 Ultrasonic testing setup and wave speed measurements. (a) Experimental apparatus for performing non-destructive ultrasonic testing. (b) Schematic diagrams of longitudinal and transverse wave measurements of the speed of sound.


Supplementary Tables
Table S1. Material properties of IM7/977-3 unidirectional lamina [2-4]
	Thickness
	
	
	
	
	
	
	

	0.14mm
	159 GPa
	9.2 GPa
	9.2 GPa
	0.253
	0.253
	0.45
	4.37GPa



Table S2. Minimum NPRs and corresponding layups for LCSs with 3 layers to 10 layers
	Number of layer
	PR value
	Layup

	3(2K+1, K=1)
	-0.3128
	[19.3/-30.7/19.3]

	4(4K, K=1)
	-0.3367
	[24.5/-24.5/-24.5/24.5]

	5(2K+1, K=2)
	-0.3285
	[21.3/-28.1/21.3/-28.1/21.3]

	6(4K+2, K=1)
	-0.3347
	[22.3/-25.9/-25/25/25.9/-22.3]

	7(2K+1, K=3)
	-0.3326
	[22.2/-27/22.2/-27/22.2/-27/22.2]

	8(4K, K=2)
	-0.3367
	[24.5/24.5/-24.5/-24.5/-24.5/-24.5/24.5/24.5]

	9(2K+11, K=4)
	-0.3342
	[22.7/-26.5/22.7/-26.5/22.7/-26.5/22.7/-26.5/22.7]

	10(4K+2, K=2)
	-0.3365
	[25.4/-23.8/-24/24.8/-24.4/24.4/-24.8/24/23.8/-25.4]

	…
	…
	…





Table S3. 7 groups of LCSs ultrasonic calibration PR results
	Sample No.
	LCS family & Layup (°)
	Long. Sound Vel. (m/s)
	Trans. Sound Vel. (m/s)
	 Meas.
	 Avg.
	CLT Theor. 

	1-A
	3 layers
(2K+1)
[20/-30/20]
	2754.97
	2166.67
	-0.310673
	-0.3166
	-0.3124

	1-B
	
	2526.32
	1990.78
	-0.319167
	
	

	1-C
	
	2628.57
	2073.24
	-0.323097
	
	

	1-D
	
	2672.94
	2103.70
	-0.313809
	
	

	2-A
	4 layers
(4K)
[25/-25]S
	2815.50
	2228.22
	-0.338084
	-0.3368
	-0.3362

	2-B
	
	2764.10
	2175.28
	-0.342201
	
	

	2-C
	
	2714.55
	2145.45
	-0.328872
	
	

	2-D
	
	2713.51
	2147.59
	-0.338270
	
	

	3-A
	5 layers
(2K+1)
[20/-30/20/
-30/20]
	2540.00
	2001.97
	-0.320040
	-0.3267
	-0.3266

	3-B
	
	2710.20
	2141.97
	-0.331947
	
	

	3-C
	
	2839.74
	2245.03
	-0.333370
	
	

	3-D
	
	2546.34
	2007.69
	-0.321603
	
	

	4-A
	6 layers
(4K+2)
[20/-252/252/
-20]
	2692.22
	2130.81
	-0.338414
	-0.3335
	-0.3309

	4-B
	
	2788.30
	2207.41
	-0.339535
	
	

	4-C
	
	2814.46
	2224.76
	-0.332809
	
	

	4-D
	
	2684.15
	2117.24
	-0.323433
	
	

	5-A
	9 layers
(2K+1)
[20/-25/-25/
20/20/20/
-25/-25/20]
	2695.89
	2127.57
	-0.325626
	-0.3249
	-0.3234

	5-B
	
	2690.45
	2122.61
	-0.324271
	
	

	5-C
	
	2535.06
	2002.05
	-0.328709
	
	

	5-D
	
	2759.73
	2175.66
	-0.321043
	
	

	6-A
	12 layers
(4K)
[25/-25]3S
	2807.55
	2220.90
	-0.336012
	-0.3352
	-0.3362

	6-B
	
	2737.11
	2220.41
	-0.335998
	
	

	6-C
	
	2730.00
	2162.38
	-0.341884
	
	

	6-D
	
	2598.79
	2051.67
	-0.327206
	
	

	7-A
	14 layers
(4K+2)
[-25/252/-25/25/
-252/252/-25/25/
-252/25]
	2652.85
	2098.36
	-0.335667
	-0.3347
	-0.3361

	7-B
	
	2714.89
	2144.54
	-0.329671
	
	

	7-C
	
	2588.24
	2046.51
	-0.334055
	
	

	7-D
	
	2480.38
	1963.64
	-0.339535
	
	


Note: Subscript "s" denotes the symmetry.
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