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The potential in the Schrödinger equation is calculated by the formula1–3:

V (x) ≈ EFc +Wc
(1− α/d) (1 + δ/d)2

(1− δ/d)2 ε
×

[
1− δd

(x+ δ (1− x/d)) (d− x+ xδ/d)

]
− eUax

d
. (1)

Here the work functions (WF) of the cathode and anode are assumed to be the same: Wc = Wa,

and are related to the parameter δ: Wc = c2/(16πε0δ), α = δ (2 ln (2) + 1) . In (1), at the cathode

V (0) = EFc , and at the anode V (d) = EFc − eUa. In the case of different WFs, it is necessary to

add the term (EFa − EFc)x/d.

In addition to Joule heat generation at the cathode and anode, heat is also produced along

the mean free path of phonons and electrons, resulting in increased heating of the surface layers

of the electrodes. To simplify our analysis, we assume that in the layer near the cathode of size

λ′
c = (λcp + λce) /2 the temperature is distributed linearly from T ′

c at its boundary to Tc on the

surface of the cathode, and similarly on the anode. The temperatures decrease linearly from T ′
c to

T0 at the cathode and from T ′
a to T0 at the anode. In the regions from the electrodes to lc,a, ballistic

heat transfer occurs towards the electrodes, followed by diffusion.

Consider diffusive and ballistic heat transfer. In the case of a 3D conductor, the number of

phonon modes is proportional to the cross-sectional area S: Mp (ω) = SM3D (ω) , where M3D =

Dp(ω)vg(ωπ/2 = k2(ω)/(4π) is the number of phonon modes per unit volume in a 3D material.

The heat flux depends on the number of phonon states Dp (ω) = 3 (ℏω)2 /
[
2π (ℏvD)3

]
, the phonon

transmission coefficient T̃p (ω, l) = λp (ω) / (λp (ω) + l), and the group velocity vg (ω), and is given

by4–7:

Qp (T1, T2) =
1

4

∫ ∞

0

ℏωT̃p (ω, l)Dp (ω) vg (ω) [n (ω, T1)− n (ω, T2)] dω. (2)

We will use Debye’s dispersion law with a constant average group velocity vg (ω) = vD, and take

the equal velocities averaged over frequency for three polarizations. The equilibrium distribution of

phonons is the Bose-Einstein function n (ω, T ) = (exp (y)− 1)−1, where y = ℏω/ (kBT ). The Debye

energy is ℏωD = kBTD = ℏvD (6π2N)
1/2

, with N the number of phonons per unit volume. The heat

flow in a conductor of length l and cross section area S with different temperatures at the ends is

Qp (T1, T2) =
1

2πℏ

∫ ∞

0

ℏω
Mpλp

λp + l
[n (ω, T1)− n (ω, T2)] d (ℏω) . (3)

In this expression, the number of phonon modes is proportional to the cross-section area: Mp (ω) =

Sk2 (ω) / (4π), with k (ω) the phonon dispersion.

Considering the Debye model of dispersion with equal average velocities of longitudinal and trans-

verse acoustic modes vD, we obtain Mp (ω) = 3S (ℏω)2 / (4πℏ2v2D). At the second end of the conduc-

tor, we have

n (ω, T2) ≈ n (ω, T1) + ∆T∂n (ω, T ) /∂T.
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Introducing the phonon conductivity window wp (ω) = − (3/π2)ω∂ωn (ω) / (kBT ), considering a small

temperature difference ∆T = T2 − T1, T (x) = T1 + x∂T/∂x, ∂T/∂x = ∆T/l, i.e. T (0) = T1,

T (l) = T2, and linearizing (3) as Qp (T1, T2) = −Sκp∆T/l, we obtain the expression for the thermal

conductivity of the phonons:

Gp (T, l) =
3k4

BT
3

8π2ℏ3v2D

∫ A

0

λp

λp + l

y3 exp (y)

(exp (y)− 1)2
dy, (4)

where A = ℏωD

kBT
, and the thermal conductivity coefficient κp (T ) is given by

κp (T ) =
3k4

BT
3

8π2ℏ3v2D

∫ A

0

λp
y exp (y)

(exp (y)− 1)2
y2dy. (5)

Here the fraction in the integrand is proportional to the conductivity window wp (y) =

(3kBT/π
2) y exp (y) / (exp (y)− 1)2, we restricted the upper limit to the Debye energy, and the

transmission coefficient used to obtain (5) is T̃p (ω, l) = λp (ω) /l, which is typical for massive

structures l >> λp. We then obtain: Qp (T1, T2) /S = −∆TGp (T ) = −κp (T )∆T/l. For bal-

listic thermal conductivity, we have l << λp, and the integrals (2)–(4) with infinite limits yield,

Gball
p (T ) = π2k4

BT
3/ (10ℏ3v2D). The ballistic heat flux is thus

Qball
p (T1, T2)

S
=

π2k4
B

40ℏ3v2D

(
T 4
1 − T 4

2

)
. (6)

The ballistic thermal conductivity coefficient can be determined by taking a small temperature

difference ∆T = T2 − T1 << T1 on the mean free path (MFP) λp, so that T 4
1 − T 4

2 ≈ −4T 3
1∆T . We

thus obtain from (6):

κball
p = π2λpk

4
BT

3/
(
10ℏ3v2D

)
.

On the other hand, assuming the MFP in (5) to be constant and the upper limit to be infinite, we

obtain κp = κball
p /4.

Realistically, however, the Debye energy should constrain the upper limit, as higher frequency

phonons do not contribute to heat transport. To accurately determine the MFP λp, we will estimate

the thermal conductivity coefficient (5). Setting y = 2x, the integral is expressed in terms of the

Bernoulli numbers B2k as8:

I = 4

∫ yD/2

0

x3

sinh2 (x)
dx = −y3D coth (yD/2)

2
+

3

4

∞∑
k=0

B2ky
p+2k−1
D

(p+ 2k − 1) (2k)!
. (7)

The value of the integral (7) for an infinite upper limit is 7.147632. This value is correct for

yD/3 < π. For beryllium yD = 4.72, it is necessary to use a very large number of terms in (7). In the

region of ultralow temperatures yD is large, i.e. one can take an infinite limit. In the region T ∼ TD,

we have yD ≈ 1, and the integral can be calculated with high accuracy using a series expansion,
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giving 0.4719, and κp = 0.06k4
BT

3
Dλp/ (ℏ3v2D), i.e. this coefficient is approximately four times smaller

than the one obtained when the limit is infinite. At room temperature, one has I ≈ 5.35321.

The thermal conductivity of metals is the sum of electronic and lattice contributions but is largely

determined by the electronic thermal conductivity κe (T ) = (π2/3)σeTk
2
B/e

2, where σe is the elec-

tronic conductivity. However, for beryllium, phonon (lattice) thermal conductivity also makes a

significant contribution due to the very high Debye temperature and low electron dispersion poten-

tial. Comparing the conductivity of beryllium and copper, for which the electron MFP equals 42

nm, we obtain for beryllium the electron MFP λeb = 9.8 nm. From the Wiedemann-Franz law and

the Lorentz number L = 2.47 · 10−8 W·Om/K2 for 300 K, we obtain the electronic thermal conduc-

tivity of beryllium κe = 168.4 W/(m·K). Since κb = κe + κp = 201 W/(m·K), the phonon thermal

conductivity is κp = 32.6 W/(m·K), from which we obtain the phonon MFP: λp = 27.3 nm.

To determine the thermal balance, it is convenient to identify areas with dimensions λc and λa

near the boundaries of the cathode and anode, in which heat is released or absorbed due to the

Nottingham and Peltier-type effects, as well as to the absorption of ballistic phonons transferred

through the RTN. For beryllium electrodes λc = λa ∼ (λe + λp) /2 ∼ 20 nm. Since these areas are

small, we set temperatures T ′
(c,a) at their boundaries with the main parts of the electrodes.

We consider heat balances in four regions: two with dimensions λc and λa near the electrode

surfaces, and two extensive regions bordering the thermostat. At the electrode boundaries, we set

the temperatures Tc and Ta, supposing Tc > Ta. This sets the direction of the ballistic flow from the

cathode to the anode, which is determined by formula (6). Let us denote this flow per unit surface as

Q̃ball
pca . In the following, tildes indicate flow densities. For a structure with a vacuum gap, Q̃ball

pca = 0,

and only the heat flux due to photon transfer should be taken into account, which is usually small

for low temperatures2, and it will be further neglected.

In an inhomogeneous structure, phonon reflection occurs. Therefore, the materials of the grids and

dielectric layers should have similar parameters. Most consistent with this are beryllium grids placed

on diamond dielectric layers. Since the Kapitza thermal resistances are formed at the boundaries

of dielectric and conductive structures, we introduce the transmission coefficient of such a contact9

τ̃0 = 4ZbZd/ (Zb + Zd)
2, where Z(b,d) = ρ(b,d)v(b,d) are acoustic impedances of beryllium and diamond.

There is no electron heat transfer through non-conductive diamond, so there is none for beryllium

films either.

Let us examine ballistic heat transfer in the RTN involving beryllium and diamond. Both materials

share the same speed of sound: vb = vd = 12600 m/s. The density of diamond is 3550 kg/m3, and

that of beryllium is 1848 kg/m3, so their acoustic impedances differ only by 1.8 times, and τ̃0 = 0.916.

Given that the density of CVD diamond is slightly lower, we consider τ̃0 = 0.93. Let the cathode and
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anode be made of beryllium with a low work function of 3.92 eV and the highest Fermi energy of 14.6

eV among metals. It exhibits high conductivity and melting point, along with a high heat capacity

of 1.8 kJ/(kg K). Its Debye temperature is TD = 1440 K, and the corresponding Debye energy is

0.124 eV, which corresponds to a frequency of ωD = 1.87 · 1014 Hz. Therefore, beryllium is a very

good material for emission electronics. For diamond, the heat capacity is 502 J/(kg·K), the thermal

conductivity ranges from 900 to 2300 W/(m·K), and the phonon diffusion factor is λpd = 494 nm10.

For a beryllium layer of length lb the phonon transmission coefficient is τ̃b (λpb, lb) = λpb/ (λpb + lb).

The same applies to a diamond layer of thickness ld, but due to a large MFP, we can take τ̃d = 1.

For an RTN with one quantum well, the total transmission coefficient is

τ̃ca = τ̃ 40 τ̃d (λpd, ld) τ̃b (λpb, lb) τ̃d (λpd, ld) .

and with two quantum wells

τ̃ca = τ̃ 60 τ̃
3
a (λpa, la) τ̃

2
b (λpb, lb) .

For la = lb = 2 nm, τ̃a = 0.996, and τ̃b = 0.9459, we obtain the transmission coefficient for one

well τ̃ca = 0.702, and for two wells τ̃ca = 0.572. The flux density from the cathode to the anode is

Q̃ball
p = Q̃ball

pcc τ̃ca, and from anode to cathode −Q̃ball
p . An amount of heat Q̃c = κc (Tc − T ′

c − T ′
0) flows

from the cathode to the thermostat. The diffusive thermal conductivity determines this flux, so κc

is the usual experimental thermal conductivity coefficient. Similarly, the heat from the anode to the

thermostat is Q̃a = κa (Ta − T ′
a − T0). We calculate the current density J = J+ − J−, therefore the

density of Joule heat sources at the cathode is uniform and equal to qc = ρcJ
2, and at the anode

qa = ρaJ
2.

The release and absorption of heat with source densities qc and qa due to the Nottingham or the

Peltier-type effects occurs at electron mean free paths λec and λea. For the densities of heat sources

per unit surface in areas near the electrode boundaries due to the Nottingham and Peltier effects,

we have qc,a = q′c,a + q′′c,a Here

q′c,a =
mekBTc,a

2π2ℏ3

∫ ∞

0

(µc,a − E)D± (E,Ua) ln

(
1 + exp

(
µc,a − E

kBTc,a

))
dE, (8)

Quantities marked with a double prime correspond to electrons hitting the electrode. The corre-

sponding densities are given by

q′′c,a =
mekBTa,c

2π2ℏ3

∫ ∞

0

(E − µc,a)D
∓ (E,Ua) ln

(
1 + exp

(
µa,c − E

kBTa,c

))
dE. (9)

From equation (9), we obtain

T ′
c,a = ρc,aJ

2
(
lc,a − λ′

c,a

)2
λ′
c,a/ (lc,aκc,a) + Tc,a

(
1− λ′

c,a/lc,a
)
+ T0λ

′
c,a/lc,a.
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Then one has ∆Qc,a = 0, and we write the remaining conditions in the form ∆Q = (∆Q′
clc/κc)

2 +

(∆Q′
ala/κa)

2 = 0. To find the temperatures Tc and Ta, we minimize ∆Q(Tc, Ta). One then obtains

Tc,a = fc,a (Tc, Ta) = T0 +
qc,alc,a + ρc,aJ

2
[
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2]− σp (T
4
c − T 4

a ) lc

κc,a

, (10)

∆Q′
c,a = qc,a + ρc,aJ

2
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2
lc,a

+ κc,a
(T0 − Tc,a)

lc,a
− σp

(
T 4
c − T 4

a

)
. (11)

Here σp = π2k4
B τ̃ca/

(
40ℏ3v2p

)
is analogous to the Stefan-Boltzmann constant (only for the average

group sound velocity). For low currents, the sources are small and consequently, the temperatures

remain low. Temperatures can be further reduced by lowering τ0 or by decreasing the lengths lc and

la. Increasing the width of barriers tn, n = 1, 2, 3, also reduces the current, while it increases with

the increase of the wells width tg. In the latter case, additional resonant levels may arise. For low

and approximately equal temperatures, the ballistic transport (last term on the right-hand side) can

be neglected, and then we obtain3

Tc,a = T0 + qc,alc,a/κc,a + ρc,aJ
2
[
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2]
/κc,a. (12)

These equations apply at low temperatures when the temperature difference is small or there is

a vacuum gap. In the latter case, the radiative heat transfer is approximately (vp/c)
2 ∼ 4 · 10−5

times less than heat transfer by phonons2. For vacuum gaps or low temperatures, these equations

become accurate, and in the latter case, the right-hand sides do not depend on temperatures. For

RT, the current density J is small when the anode voltage Ua is low, while D+ ≈ D−, and at room

temperature q′c,a ≈ −q′′c,a, i.e. qc ≈ qa ≈ 0. Then the temperatures are determined only by the Joule

heat and its outflow into the thermostat:

Tc,a = T0 + ρc,aJ
2
[
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2]
/κc,a.

If temperatures differ greatly, and for example Ta > Tc, the approximate temperature at which

the ballistic transport begins to dominate is Ta > 4
√

ρalaJ2. For J ∼ 3 · 1013A/m2, ρa = 3.5 · 10−8

Ohm·m, and la = 3 · 10−7m, we obtain Ta > 800 K.

From equation (9) we obtain

T ′
c,a = ρc,aJ

2
(
lc,a − λ′

c,a

)2
λ′
c,a/ (lc,aκc,a) + Tc,a

(
1− λ′

c,a/lc,a
)
+ T0λ

′
c,a/lc,a.

Then one has ∆Qc,a = 0, and we write the remaining conditions in the form ∆Q = (∆Q′
clc/κc)

2 +

(∆Q′
ala/κa)

2 = 0. We decompose the integrals into two parts, one up to 3EF and the other in the

region (3EF ,∞).
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To find the temperatures Tc and Ta, we minimize ∆Q(Tc, Ta). One then obtains

Tc,a = fc,a (Tc, Ta) = T0 +
qc,alc,a + ρc,aJ

2
[
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2]− σp (T
4
c − T 4

a ) lc

κc,a

, (13)

Here σp = π2k4
B τ̃ca/

(
40ℏ3v2p

)
is analogous to the Stefan-Boltzmann constant (only for the average

group sound velocity). For low currents, the sources are small and consequently, the temperatures

remain low. Temperatures can be further reduced by lowering τ0 or by decreasing the lengths lc

and la. Increasing the width of barriers tn, n = 1, 2, 3, also reduces the current, while it increases

with the increase of the wells width tg. In the latter case, additional resonant levels may arise.

For low and approximately equal temperatures, the ballistic transport (last term on the right-hand

side) can be neglected, and then we obtain3. These equations apply at low temperatures when the

temperature difference is small or there is a vacuum gap. In the latter case, the radiative heat transfer

is approximately (vp/c)
2 ∼ 4 · 10−5 times less than heat transfer by phonons2. For vacuum gaps or

low temperatures, these equations become accurate, and in the latter case, the right-hand sides do

not depend on temperatures. For RT, the current density J is small when the anode voltage Ua is

low, while D+ ≈ D−, and at room temperature q′c,a ≈ −q′′c,a, i.e. qc ≈ qa ≈ 0. Then the temperatures

are determined only by the Joule heat and its outflow into the thermostat:

Tc,a = T0 + ρc,aJ
2
[
λ′
c,alc,a +

(
lc,a − λ′

c,a

)2]
/κc,a.

If temperatures differ greatly, and for example Ta > Tc, the approximate temperature at which

the ballistic transport begins to dominate is Ta > 4
√

ρalaJ2. For J ∼ 3 · 1013A/m2, ρa = 3.5 · 10−8

Ohm·m, and la = 3 · 10−7m, we obtain Ta > 800 K.

For beryllium electrodes, we take these lengths to be about 10 nm. To simplify the model, it is

convenient to assume that heat release occurs uniformly over certain lengths λ′
c and λ′

a of the order of

MFP, i.e. determine the energy balance in these areas near the surfaces of the electrodes and in the

remaining areas of the electrodes. Then the balance in the cathode region is: λ′
c (qc + q0c) = Q̃ball

p +Q̃c,

where Q̃′
c = κc (Tc − T ′

c) is the flux to the cathode. In the corresponding area of the anode the balance

reads as λ′
a (qa + q0a) = −Q̃ball

p + Q̃′
a. Here Q̃′

a = κa (Ta − T ′
a) is the flow to the anode. Let us write

similar balances on the cathode (lc − λ′
c) qc = Q̃c and anode (la − λ′

a) qa = Q̃a, Q̃c = κA (Tc − T0),

Q̃a = κa (Ta − T0). We assume that heat generation due to electron scattering is proportional to

length. Within the RTN itself, no heat is generated. Additionally, we neglect the temperature

dependencies of the coefficients included in the heat balance formulas.

An alternative to diamond can be beryllium oxide (longitudinal wave speed of sound 11300 m/s,

density 2800 kg/m3). Alternatively, tungsten electrodes can be used instead of beryllium electrodes.



8

The speed of sound in tungsten is 1700 m/s, and the density is 19300 kg/m3, significantly reducing

T̃ca, but making RTH more resistant to heat.

It is important to note that the results presented provide stationary temperature and current

values based on the heat balance. However, this does not imply that the system will necessarily

reach these states when the anode voltage is turned on (for a given grid) or when both voltages are

turned on simultaneously. These are non-stationary and nonlinear transient processes that should

be rigorously analyzed using non-stationary equations. In particular, processes such as explosive

emission may occur during this evolution. The transition to the calculated states at temperatures

below the melting point of the electrodes can be achieved through relatively smooth voltage changes,

allowing the system to reach an equilibrium state with each adjustment. The value of the material

parameters depends on temperature, which can be accounted for in the balance (6,7) (main text). By

applying a smooth voltage change with discrete time Ua (tn) = Ua (n∆t) = n∆tU0/N , n=1,2,. . . ,N,

it is possible to formulate non-stationary nonlinear heat conduction equations, with temperature-

dependent coefficients and solve them iteratively.
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