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 16 
Figure S4: Estimates for the multifractal index 𝛼 as a function of timescale for all of the 17 

representative datasets analysed in the main body of the report. The transition scales between different 18 
climate regimes are shown by vertical grey bars. At short time scales, 𝛼 ≈ 0, but it undergoes a rapid 19 
increase, often at the same timescale at which the scaling regime changes, to reach a plateau of 1 ≲ 𝛼 ≲20 
1.5 at longer timescales. This shows that at short timescales, the measurement density approaches a 21 
monofractal set, whereas at longer timescales it appears more as a multifractal.  22 
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Figure S5: The results of Haar analysis on datasets that analysed fossilized pollen records over the 26 
Holocene. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 𝐹(∆𝑡), the slope of which 27 
gives an estimate of 𝐶! (and which differs from the log-log plot of the ratio between the fluctuation in 28 
measurement density and its root mean square by a constant coefficient for constant 29 
𝛼	-	shown	on	the	right	axis), and c) the correlation coefficient between fluctuations in measurement 30 
density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in temperature for 31 
the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes of the climate 32 
system. The transition scale between different climate regimes is shown by a vertical grey bar. Two distinct 33 
scaling regimes can be seen: one with 𝐻 ≈ −0.5 and 𝐶! ≈ 0 (fluctuating sedimentation rate dominant) and 34 
a second with 𝐻 ≈ 0.5 and 𝐶! ≈ 0.2 (erosion process dominant), with a transition timescale around 300 yr.  35 

 36 
Figure S6: Estimates for the multifractal index 𝛼 as a function of timescale for datasets that analysed 37 

fossilized pollen records over the Holocene. The transition timescale between different climate regimes is 38 
shown by a vertical grey bar. At short timescales, 𝛼 ≈ 0, but it undergoes a rapid increase - at the same 39 
timescale at which the scaling regime changes - to reach a plateau of 1 ≲ 𝛼 ≲ 1.5 at longer timescales. 40 
This shows that at short timescales, the measurement density approaches a monofractal set, whereas at 41 
longer timescales it appears more as a multifractal. 𝛼 for the Moosent dataset does appear to decrease 42 
steadily after an initial peak at the transition timescale, however 𝛼 remains much larger than at the very 43 
shortest timescales. 44 
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 46 

 47 
Figure S7: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 48 

the paleo chronologies of datasets that analysed fossilized pollen records over the Holocene, where ∆𝜏′ is 49 
the duration of a random interval and ∆𝜏 is a threshold. Black dotted lines show the best fit Gaussian 50 
distribution, whereas straight black lines show a best fit linear curve on a portion of the data. The exponents 51 
𝑞" are shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have been offset vertically for 52 
presentation. A Gaussian fit does not describe the data sets well, and that all the data sets have long linear 53 
tails demonstrating extreme scaling behaviour in the probability distribution, particularly for the HOB 54 
dataset with 𝑞" = 1.2. 55 
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Figure S8: The results of Haar analysis on datasets that analysed speleothems over the Holocene. a) 58 
< 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 𝐹(∆𝑡), the slope of which gives an 59 
estimate of 𝐶!, and c) the correlation coefficient between fluctuations in measurement density and 60 
fluctuations in the measured quantity. In grey in plot a) are the fluctuations in temperature for the EDC 61 
(left) and Grossman (right) datasets to demonstrate the different scaling regimes of the climate system. The 62 
transition scale between different climate regimes is shown by a vertical grey bar. Two distinct scaling 63 
regimes can be seen: one with 𝐻 ≈ −0.5 and 𝐶! ≈ 0 (fluctuating sedimentation rate dominant) and a second 64 
with 𝐻 ≈ 0.33 and 𝐶! ≈ 0.3 (erosion process dominant), with a transition timescale or around 100yr.  65 

 66 

 67 
Figure S9: Estimates for the multifractal index 𝛼 as a function of timescale for datasets that analysed 68 

speleothems over the Holocene. The transition timescale between different climate regimes is shown by a 69 
vertical grey bar. At short timescales, 𝛼 ≈ 0, but it undergoes a rapid increase - at the same timescale at 70 
which the scaling regime changes - to reach a plateau of 1 ≲ 𝛼 ≲ 1.5 at longer timescales. This shows that 71 
at short timescales, the measurement density approaches a monofractal set, whereas at longer timescales it 72 
appears more as a multifractal.  73 
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 75 
Figure S10: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 76 

the paleo chronologies of datasets that analysed speleothems over the Holocene, where ∆𝜏′ is the duration 77 
of a random interval and ∆𝜏 is a threshold. Black dotted lines show the best fit Gaussian distribution, 78 
whereas straight black lines show a best fit linear curve on a portion of the data. The exponents 𝑞" are 79 
shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have been offset vertically for 80 
presentation. A Gaussian fit does not describe the EurSpain data set well, although it describes the Oregon 81 
dataset passably at the beginning. Both data sets have linear tails demonstrating scaling behaviour in the 82 
probability distribution, although the scaling behaviour of the EurSpain dataset is considerably more 83 
extreme than that seen in Oregon. 84 
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  87 
Figure S11: The results of Haar analysis on ice core datasets that measured temperature over the 88 

Quaternary. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 𝐹(∆𝑡), the slope of 89 
which gives an estimate of 𝐶!, and c) the correlation coefficient between fluctuations in measurement 90 
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density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in temperature for 91 
the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes of the climate 92 
system. The transition scales between different climate regimes are shown by vertical grey bars. Two 93 
distinct scaling regimes can be seen for each dataset: one with 𝐻 ≈ −0.5 and 𝐶! ≈ 0 (fluctuating 94 
sedimentation rate dominant) and a second with 𝐻 > 0 and 𝐶! > 0 (erosion process dominant). There are 95 
different transition timescales for the datasets that depend on their latitude. The datasets from the Northern 96 
polar regions (WAIS and NEEM) transition at around 100 yr, whereas the datasets from the Southern polar 97 
regions (EDC and EDML) transition around 1000 yr. The dataset from mid latitudes (Fuji) transitions at 98 
around 10,000 yr.  99 

 100 
 101 

 102 
Figure S12: Estimates for the multifractal index 𝛼 as a function of timescale for ice core datasets that 103 

measured temperature over the Quaternary. The transition scales between different climate regimes are 104 
shown by vertical grey bars. At short timescales, 𝛼 ≈ 0, but it undergoes a rapid increase - at the same 105 
timescale at which the scaling regime changes - to reach a plateau of 1 ≲ 𝛼 ≲ 1.5 at longer timescales. 106 
This shows that at short timescales, the measurement density approaches a monofractal set, whereas at 107 
longer timescales it appears more as a multifractal. The Fuji dataset does not seem to follow this trend well, 108 
as its value for 𝛼 reaches a peak before decreasing again to values similar to those seen at very high 109 
frequencies. 110 
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 112 

 113 
Figure S13: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 114 

the paleo chronologies of datasets that measured temperature over the Quaternary, where ∆𝜏′ is the duration 115 
of a random interval and ∆𝜏 is a threshold. Black dotted lines show the best fit Gaussian distribution, 116 
whereas straight black lines show a best fit linear curve on a portion of the data. The exponents 𝑞" are 117 
shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have been offset vertically for 118 
presentation. A Gaussian fit does not describe most of the datasets well, except for the WAIS dataset which 119 
roughly follows a Gaussian distribution until the very longest gaps. All the datasets have linear tails 120 
demonstrating scaling behaviour in the probability distribution. In particular, the NEEM dataset displays 121 
very extreme scaling with 𝑞" = 0.6. It should be noted there is no useful probability distribution for the 122 
Fuji dataset as it was sampled in such a way that all the times allocated to only had gaps of either 250 yr or 123 
500 yr between them. This means that the measurement density was still free to fluctuate, but the probability 124 
distribution only consisted of two values, hence it was not included in this plot. 125 
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Figure S14: The results of Haar analysis on the Vostok dataset, an ice core that measured temperature 127 
anomaly over the Quaternary. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 𝐹(∆𝑡), 128 
the slope of which gives an estimate of 𝐶!, and c) the correlation coefficient between fluctuations in 129 
measurement density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in 130 
temperature for the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes 131 
of the climate system. The transition scales between different climate regimes are shown by vertical grey 132 
bars. Two distinct scaling regimes can be seen: one with 𝐻 ≈ −0.5 and 𝐶! ≈ 0 (fluctuating sedimentation 133 
rate dominant) and a second with 𝐻 ≈ 0.5 and 𝐶! ≈ 0.4 (erosion process dominant). The transition 134 
timescale occurs around 3000 yr.  135 

 136 
Figure S15: Estimates for the multifractal index 𝛼 as a function of timescale for the Vostok ice core 137 

dataset that measured temperature anomalies over the Quaternary. The transition scales between different 138 
climate regimes are shown by vertical grey bars. At short timescales, 𝛼 ≈ 0, but it undergoes a rapid 139 
increase - at the same timescale at which the scaling regime changes - to reach a plateau of 𝛼 ≈ 1.4 at 140 
longer timescales. This shows that at short timescales, the measurement density approaches a monofractal 141 
set, whereas at longer timescales it appears more as a multifractal.  142 
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 144 
Figure S16: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 145 

the Vostok ice core paleo chronology that measured temperature anomaly over the Quaternary, where ∆𝜏′ 146 
is the duration of a random interval and ∆𝜏 is a threshold. The black dotted line shows the best fit Gaussian 147 
distribution, whereas the straight black line shows a best fit linear curve on a portion of the data. The 148 
exponent 𝑞" is shown for the linear log-log fit, where 𝑃𝑟 ≈ ∆𝜏#$!. A Gaussian fit does not describe the 149 
dataset well. The dataset has a linear tail with 𝑞" = 23.9 demonstrating some scaling behaviour in the 150 
probability distribution.  151 
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Figure S17: The results of Haar analysis on lake and marine sediment datasets that measured 154 
temperature over the Quaternary. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 155 
𝐹(∆𝑡), the slope of which gives an estimate of 𝐶!, and c) the correlation coefficient between fluctuations 156 
in measurement density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in 157 
temperature for the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes 158 
of the climate system. The transition scales between different climate regimes are shown by vertical grey 159 
bars. Just one scaling regime can be seen for each dataset with 𝐻 ≈ −0.1 and 𝐶! ≈ 0.1. This indicates 160 
considerable intermittency that is a result of strong erosion processes, yet the measurement density still 161 
approaches a well-defined mean regardless.  162 

  163 
Figure S18: Estimates for the multifractal index 𝛼 as a function of timescale for marine sediment 164 

datasets that measured temperature over the Quaternary. Transition scales between different climate 165 
regimes are shown by vertical grey bars. These datasets did not transition between scaling regimes, and no 166 
change in behaviour for 𝛼 is observed. Instead, 𝛼 is seen to steadily increase for all timescales.   167 
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Figure S19: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 169 
paleo chronologies from lake and marine sediment datasets that measured temperature over the Quaternary, 170 
where ∆𝜏′ is the duration of a random interval and ∆𝜏 is a threshold. Black dotted lines show the best fit 171 
Gaussian distribution, whereas straight black lines show a best fit linear curve on a portion of the data. The 172 
exponents 𝑞" are shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have been offset 173 
vertically for presentation. A Gaussian fit does not describe either dataset well and both datasets have linear 174 
tails demonstrating scaling behaviour in the probability distribution.  175 
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Figure S20: The results of Haar analysis on ice core datasets that measured dust concentrations over 178 
the Quaternary. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 𝐹(∆𝑡), the slope of 179 
which gives an estimate of 𝐶!, and c) the correlation coefficient between fluctuations in measurement 180 
density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in temperature for 181 
the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes of the climate 182 
system. The transition scales between different climate regimes are shown by vertical grey bars. Two 183 
distinct scaling regimes can be seen for each dataset: one with 𝐻 ≈ −0.5 and 𝐶! ≈ 0 (fluctuating 184 
sedimentation rate dominant) and a second with 𝐻 ≈ 0.3 and 𝐶! ≈ 0.2 (erosion process dominant). The 185 
transition timescale appears to be around 300 yr.  186 

 187 
Figure S21: Estimates for the multifractal index 𝛼 as a function of timescale for ice core datasets that 188 

measured dust concentrations over the Quaternary. The transition scales between different climate regimes 189 
are shown by vertical grey bars. At short timescales, 𝛼 ≈ 0, but it undergoes a rapid increase - at the same 190 
timescale at which the scaling regime changes - to reach a plateau of 1 ≲ 𝛼 ≲ 1.5 at longer timescales. 191 
This shows that at short timescales, the measurement density approaches a monofractal set, whereas at 192 
longer timescales it appears more as a multifractal. 𝛼 for the NGRIP dataset does appear to decrease steadily 193 
after an initial peak at the transition timescale, however 𝛼 remains much larger than at the very shortest 194 
timescales. This suggests that 𝛼 does not remain in the range 1 ≲ 𝛼 ≲ 1.5 indefinitely. 195 
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 197 

 198 
Figure S22: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 199 

paleo chronologies from ice core datasets that measured dust concentration over the Quaternary, where ∆𝜏′ 200 
is the duration of a random interval and ∆𝜏 is a threshold. Black dotted lines show the best fit Gaussian 201 
distribution, whereas straight black lines show a best fit linear curve on a portion of the data. The exponents 202 
𝑞" are shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have been offset vertically for 203 
presentation. A Gaussian fit does not describe any dataset well, except for the start of the Talos distribution. 204 
However, all datasets have long linear tails, demonstrating scaling behaviour in the probability distribution.  205 
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Figure S23: The results of Haar analysis on loess and marine sediment datasets that measured dust 208 
concentrations over the Quaternary. a) < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻, b) plot of log 209 
𝐹(∆𝑡), the slope of which gives an estimate of 𝐶!, and c) the correlation coefficient between fluctuations 210 
in measurement density and fluctuations in the measured quantity. In grey in plot a) are the fluctuations in 211 
temperature for the EDC (left) and Grossman (right) datasets to demonstrate the different scaling regimes 212 
of the climate system. The transition scales between different climate regimes are shown by vertical grey 213 
bars. Two distinct scaling regimes can be seen for each dataset: one with 𝐻 ≈ −0.5 meaning that the 214 
measurement density is converging to a well-defined mean and a second with 𝐻 ≈ 0.4 meaning there is no 215 
well-defined sampling rate. The transition timescale between the two regimes is about 3000 yr. However, 216 
the scaling regimes are much less clear in the plots in b). Only the scaling regimes for the South Pacific 217 
dataset are clear in b) where	𝐶! ≈ 0 in the first and 𝐶! ≈ 0.2 in the second. However, for the other two 218 
datasets, 𝐶! ≈ 0.2 at all time scales, suggesting that erosion processes were significant at all timescales for 219 
these datasets.  220 

 221 
Figure S24: Estimates for the multifractal index 𝛼 as a function of timescale for loess and marine 222 

sediment datasets that measured dust concentrations over the Quaternary. The transition scales between 223 
different climate regimes are shown by vertical grey bars. At short timescales, 𝛼 ≈ 0, but it undergoes a 224 
rapid increase - at the same timescale at which the scaling regime changes - to reach a plateau of 1 ≲ 𝛼 ≲225 
1.5 at longer timescales. This shows that at short timescales, the measurement density approaches a 226 
monofractal set, whereas at longer timescales it appears more as a multifractal.  227 

 228 

3 4 5 6
Log10Δt

0.5

1.0

1.5

2.0
α

Xifeng (loess)

Central Pacific (marine)

South Pacific (marine)

Macro
climate 

Climat
e 



 229 
Figure S25: the probability distribution 𝑃𝑟(∆𝜏′ > ∆𝜏) of intervals between consecutive datapoints in 230 

paleo chronologies from loess and marine sediment datasets that measured dust concentration over the 231 
Quaternary, where ∆𝜏′ is the duration of a random interval and ∆𝜏 is a threshold. Black dotted lines show 232 
the best fit Gaussian distribution, whereas straight black lines show a best fit linear curve on a portion of 233 
the data. The exponents 𝑞" are shown for the linear log-log fits, where 𝑃𝑟 ≈ ∆𝜏#$!.  Distributions have 234 
been offset vertically for presentation. A Gaussian fit describes the beginning of the Xifeng and Central 235 
Pacific datasets well, but all datasets have long linear tails for larger gaps, demonstrating scaling behaviour 236 
in the probability distribution.  237 

 238 
Removal of large timescale trends 239 
The statistical analyses estimate fluctuations at a given lag Dt by averaging over all the disjoint 240 

intervals of length Dt, the underlying assumption being that the series are statistically stationary.  While 241 
this is a reasonable approximation for many of the series ti clearly is problematic for ice cores where even 242 
though (snow) sedimentation rates may be stationary, the lower parts of the core are significantly 243 
compressed due to the weight of the overlying ice.  In this case, the series are clearly not stationary, yet it 244 
is straightforward to largely eliminate the effect by removing an overall linear or quadratic trend.  Fig. 26 245 
shows the result of this on the EDC series.  Since the compression is a low frequency effect, as expected,  246 
the short lag statistics are essentially unaffected and the qualititative and even quantitative conclusions are 247 
essentially unchanged.  248 
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 249 
 250 
Figure S26: The measurement density of the EDC dataset, an ice ore that measured dust 251 

concentrations over the Quaternary as a function of the age of the sediment, with the temporal resolution 252 
degraded by a factor of 100 (top) and < 𝜌(∆𝑡) >, the slope of which gives an estimate of 𝐻 (bottom). These 253 
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plots are shown with the original measurement densities taken from the dataset (blue), the measurement 254 
densities with a linear regression removed (red), and with a quadratic regression removed (green). This was 255 
done to simulate the compression that the sediment undergoes over time due to pressure. By removing this 256 
compressive factor, it is possible to see that < 𝜌(∆𝑡) > is not strongly affected by this process except at the 257 
very lowest frequencies. Therefore, the compression of sediments does not seem to affect the conclusions 258 
drawn in this paper about the scaling regimes. 259 
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