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1. The dispersion relation of flexural-mode for the unit cell in circulator 27 

We designed the unit cell to tailor the wave vector, which is realized by arranging varying-28 

length cantilever beams on the both sides of waveguide channel. The detailed size of unit 29 

cell is shown in Fig. S1(a). Here, 𝐻 = 10 𝑚𝑚 , ℎ = 5 𝑚𝑚 , 𝛿 = 10 𝑚𝑚 , 𝑠  is the 30 

length of cantilever beams, which determines the dispersion profile. We take the unit cell 31 

with 𝑠 = 8 𝑚𝑚 as an example to derive the dispersion. The whole region is divided into 32 

two parts. Part I is the waveguide channel and part II are the cantilever beams. The out-33 

of-plane displacement in part I can be written as 34 

𝑤1 = Φ(𝑦) ∙ 𝑒𝑖(𝜔𝑡−𝑘𝑥𝑥) (S1) 

where, 𝜔 is the angular frequency and 𝑘𝑥 is the wave vector in 𝑥 direction. Using the 35 

classical Kirchhoff plate theory, we substitute Eq. (S1) into the flexural wave equation 36 

and get 37 

Φ(4)(𝑦) − 2𝑘𝑥
2Φ(2)(𝑦) − (𝑘4 − 𝑘𝑥

4)Φ(𝑦) = 0 (S2) 

The solution of Eq. (S2) can be written as 38 

Φ(𝑦) = 𝐶1𝑒
√−𝑘2+𝑘𝑥

2𝑦
+ 𝐶2𝑒

−√−𝑘2+𝑘𝑥
2𝑦
+ 𝐶3𝑒

√𝑘2+𝑘𝑥
2𝑦
+ 𝐶4𝑒

−√𝑘2+𝑘𝑥
2𝑦

 
(S3) 

In the equation, if 𝑘 > 𝑘𝑥, we let 𝜉1 = √𝑘2 − 𝑘𝑥
2
 and 𝜉2 = √𝑘2 + 𝑘𝑥

2
. Conversely, if 39 

𝑘 < 𝑘𝑥 , 𝜉1 = √𝑘𝑥
2 − 𝑘2  and 𝜉2 = √𝑘2 + 𝑘𝑥

2
 . 𝐶1 , 𝐶2 , 𝐶3 ,𝐶4  are undetermined 40 

coefficients. Ignoring time harmonic term 𝑒𝑖𝜔𝑡, the displacement 𝑤1 in the waveguide 41 

can be written in the following two forms, 42 

𝑘𝑥 > 𝑘: {

𝑤1 = (𝐴𝑐𝑜𝑠ℎ(𝜉1𝑦) + 𝐵𝑐𝑜𝑠ℎ(𝜉2𝑦))𝑒
−𝑖𝑘𝑥𝑥

𝜉1 = √𝑘𝑥
2 − 𝑘2,  𝜉2 = √𝑘𝑥

2 + 𝑘2              
 (S4) 

𝑘𝑥 < 𝑘: {

𝑤1 = (𝐴𝑐𝑜𝑠(𝜉1𝑦) + 𝐵𝑐𝑜𝑠ℎ(𝜉2𝑦))𝑒
−𝑗𝑘𝑥𝑥

𝜉1 = √𝑘2 − 𝑘𝑥
2,  𝜉2 = √𝑘2 + 𝑘𝑥

2              
 (S5) 

𝐴  and 𝐵  are two undetermined coefficients. As the width ℎ  of cantilever beams is 43 

much smaller than the wavelength, the displacement 𝑤II in part II can be written in the 44 

form of plane wave, 45 
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𝑤2 = 𝑎 𝑒−𝑖𝑘𝑦 + 𝑏𝑒𝑖𝑘𝑦 + 𝑐𝑒−𝑘𝑦 + 𝑑𝑒𝑘𝑦 (S6) 

Applying the continuous condition for displacement, slope, bending moment and shear 46 

force at the interface between part I and part II (𝑦 =
𝛿

2
), then we get 47 

∫ 𝑤1

𝐻/2

−𝐻/2

𝑑𝑥 = ∫ 𝑤2

𝑤/2

−𝑤/2

𝑑𝑥 (S7) 

∫
𝜕𝑤1

𝜕𝑦

𝐻/2

−𝐻/2

𝑑𝑥 = ∫
𝜕𝑤2

𝜕𝑦

𝑤/2

−𝑤/2

𝑑𝑥 (S8) 

∫
𝜕2𝑤1

𝜕𝑦2
+ 𝜈

𝜕2𝑤1

𝜕𝑥2

𝐻/2

−𝐻/2

𝑑𝑥 = ∫
𝜕2𝑤2

𝜕𝑦2
+ 𝜈

𝜕2𝑤2

𝜕𝑥2

𝑤/2

−𝑤/2

𝑑𝑥 (S9) 

∫
𝜕

𝜕𝑦
(
𝜕2𝑤1

𝜕𝑦2
+ 𝜈

𝜕2𝑤1

𝜕𝑥2
)

𝐻/2

−𝐻/2

𝑑𝑥 = ∫
𝜕

𝜕𝑦
(
𝜕2𝑤2

𝜕𝑦2
+ 𝜈

𝜕2𝑤2

𝜕𝑥2
)

𝑤/2

−𝑤/2

𝑑𝑥  (S10) 

For the free boundary at the end of cantilever beams (𝑦 =
𝛿

2
+ 𝑠), the bending moment 48 

and shear force equal zero, then we can get 49 

∫
𝜕2𝑤1

𝜕𝑦2
+ 𝜈

𝜕2𝑤1

𝜕𝑥2

𝑤/2

−𝑤/2

𝑑𝑥 = 0 (S11) 

∫
𝜕

𝜕𝑦
(
𝜕2𝑤1

𝜕𝑦2
+ 𝜈

𝜕2𝑤1

𝜕𝑥2
)

𝑤/2

−𝑤/2

𝑑𝑥 = 0 (S12) 

Combining Eq. (S7) ~ Eq. (S12), we can build the relation between matrix 𝑇 and the 50 

coefficient vector [𝐴 𝐵 𝑎 𝑏 𝑐 𝑑]𝑇, 51 

𝑻 ∙ [𝐴 𝐵 𝑎 𝑏 𝑐 𝑑]𝑇 = 𝟎 (S13) 

𝑻 =

[
 
 
 
 
 
 
 
 
 𝑇11 𝑇12 −ℎ𝑒−𝑖𝑘

𝛿
2 −ℎ𝑒𝑖𝑘

𝛿
2 −ℎ𝑒−𝑘

𝛿
2 −ℎ𝑒𝑘

𝛿
2

𝑇21 𝑇22 𝑖𝑘ℎ𝑒−𝑖𝑘
𝛿
2 −𝑖𝑘ℎ𝑒𝑖𝑘

𝛿
2 𝑘ℎ𝑒−𝑘

𝛿
2 −𝑘ℎ𝑒𝑘

𝛿
2

𝑇31 𝑇32 −𝑘2ℎ𝑒−𝑖𝑘
𝛿
2 −𝑘2ℎ𝑒𝑖𝑘

𝛿
2 𝑘2ℎ𝑒−𝑘

𝛿
2 𝑘2ℎ𝑒𝑘

𝛿
2

𝑇41 𝑇42 −𝑖𝑘3ℎ𝑒−𝑖𝑘
𝛿
2 𝑖𝑘3ℎ𝑒𝑖𝑘

𝛿
2 𝑘3ℎ𝑒−𝑘

𝛿
2 −𝑘3ℎ𝑒𝑘

𝛿
2

0 0 𝑒−𝑖𝑘(
𝛿
2
+𝑠) 𝑒𝑖𝑘(

𝛿
2
+𝑠) −𝑒−𝑘(

𝛿
2
+𝑠) −𝑒𝑘(

𝛿
2
+𝑠)

0 0 𝑖𝑒−𝑖𝑘(
𝛿
2
+𝑠) −𝑖𝑒𝑖𝑘(

𝛿
2
+𝑠) −𝑒−𝑘(

𝛿
2
+𝑠) 𝑒𝑘(

𝛿
2
+𝑠) ]

 
 
 
 
 
 
 
 
 

 (S14) 

𝑇11 =
2𝑐𝑜𝑠 (

𝛿

2
𝜉1)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
 , 𝑇12 =

2𝑐𝑜𝑠ℎ (
𝛿

2
𝜉2)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
, 52 

𝑇21 =
−2𝑠𝑖𝑛 (

𝛿

2
𝜉1)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)𝜉1

𝑘𝑥
, 𝑇22 =

2𝑠𝑖𝑛ℎ (
𝛿

2
𝜉2)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)𝜉2

𝑘𝑥
, 53 
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𝑇31 =
2𝑐𝑜𝑠 (

𝛿

2
𝜉1)(𝑘𝑥

2𝜐+𝜉1
2
)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
, 𝑇32 =

2𝑐𝑜𝑠ℎ (
𝛿

2
𝜉2)(𝑘𝑥

2𝜐−𝜉2
2
)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
, 54 

𝑇41 =
2𝑠𝑖𝑛 (

𝛿

2
𝜉1)𝜉1(𝑘𝑥

2(2−𝜐)+𝜉1
2
)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
, 𝑇42 =

2𝑠𝑖𝑛 ℎ(
𝛿

2
𝜉2)𝜉2(−𝑘𝑥

2(2−𝜐)+𝜉2
2
)𝑠𝑖𝑛 (

𝐻𝑘𝑥
2

)

𝑘𝑥
, 55 

Only when det 𝑻 = 0 is satisfied, the coefficient [𝐴 𝐵 𝑎 𝑏 𝑐 𝑑]𝑇 is the nonzero vector. 56 

In the case, we can calculate the wave vector 𝑘𝑥 at different frequencies and plot the 57 

dispersion relation of two flexural modes, which is shown in Fig. S1(b). 58 

 59 

2. The impedance characteristics of unit cells 60 

Here we derived the impedance of flexural modes based on homogenized model. As shown in 61 

Fig. S2(a), asymmetric behavior can also be realized in the elastic waveguide system which 62 

consists of homogenized unit cells. The unit cell is enlarged in the dashed box. It contains two 63 

isotropic materials with different Young’s modulus. The waveguide channel has the constant 64 

modulus 𝐸0 , while the boundary modulus 𝐸𝑖  varies along the waveguide. The modulus 65 

profile 𝐸𝑖  is exhibited in Fig. S2(b) and the corresponding refraction index 𝑛𝑖  increases 66 

linearly. The relation between 𝐸𝑖 and 𝑛𝑖 can be expressed by 67 

𝐸𝑖 =
𝐸0
𝑛𝑖4

 (S15) 

According to Eq. (S15), the Young’s modulus 𝐸𝑖 alters along the waveguide, as shown in Fig. 68 

S2(b). In this case, flexural waves excited at the left port will propagate along the +𝑥 direction. 69 

On the contrary, they will be blocked and reflected back if excited at the right port. The 70 

simulated out-of-plane displacement fields at 4.5 kHz are shown in Fig. S2(a). 71 

The underlying physical mechanism can also be explained by dispersion relation of two 72 

flexural modes. We select five unit cells to investigate the evolution of wave vector 𝑘𝑥, as 73 

shown in Fig. S2(c). Mode 1 (blue dots) excited at the left port can always intersect with the 74 

frequency 4.5 kHz (the black dashed line), which means flexural waves in mode 1 are supported 75 

in the waveguide. Although the intersection points are invisible at 𝑥 = 80 𝑚𝑚 and 𝑥 =76 

100 𝑚𝑚, they still exist because the grating constant 𝐻 can be small enough to ensure the 77 

branch of mode 1 can coincide with 4.5 kHz at far location. From the opposite direction, the 78 

intersection points between mode 2 and 4.5 kHz can be observed until the cut-off position of 79 

𝑥 = 60 𝑚𝑚, which determines mode 2 will not supported beyond this location. The yellow 80 

solid line represents the wavenumber 𝑘 of flexural waves in infinite plate. Below the yellow 81 
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solid line, flexural waves will converge to the boundary and be converted into surface waves. 82 

In the end, the asymmetric waveguide based on homogenized unit cells are also be explained 83 

by the evolution of wave vector 𝑘𝑥, which is in the same as the waveguide based on cantilever 84 

beam model in the main text. 85 

Based on the above analysis, we confirm that the homogeneous waveguide exhibits same 86 

physical property as discrete waveguide in the main text, which allow us to calculate the 87 

impedance of flexural waves by the homogenized unit cells. We select the unit cell at 𝑥 =88 

70 𝑚𝑚 with 𝐸0 = 200 𝐺𝑃𝑎 and 𝐸𝑖 = 959 𝑀𝑃𝑎, which supports two flexural modes at 4.5 89 

kHz. The unit cell is shown in Fig. S3(a), whose geometric parameters are 𝛿 = 20 𝑚𝑚, 𝑙 =90 

5 𝑚𝑚,𝐻 = 10 𝑚𝑚. For mode 1, 𝑘𝑥 > 𝑘0 and the displacement 𝑤1 is expressed in Eq. (S4). 91 

For mode 2, 𝑘𝑥 < 𝑘0  and the displacement 𝑤1  is expressed in Eq. (S5). The dispersion 92 

relations of two flexural modes are provided in Fig. S3(b). 93 

The out-of-plane displacement 𝑤  in the middle and boundary of waveguide channel is 94 

denoted as, 95 

𝑚𝑜𝑑𝑒 1: {
𝑤𝑦=0 = 𝐴 + 𝐵

𝑤𝑦=𝛿/2 = 𝐴𝑐𝑜𝑠ℎ(𝜉1𝛿/2) + 𝐵𝑐𝑜𝑠ℎ(𝜉2𝛿/2)
 (S16) 

    𝑚𝑜𝑑𝑒 2: {
𝑤𝑦=0 = 𝐴 + 𝐵

𝑤𝑦=𝛿/2 = 𝐴𝑐𝑜𝑠(𝜉1𝛿/2) + 𝐵𝑐𝑜𝑠ℎ(𝜉2𝛿/2)
 (S17) 

We extract the average displacement at 𝑦 = 0  and 𝑦 = 𝛿/2  based on the simulated 96 

eigenmodes in Fig. S3(c) and (d). By substituting 𝑤𝑦=0 and 𝑤𝑦=𝛿/2 into Eq. (S16) and 97 

Eq. (S17), the coefficients 𝐴 and 𝐵 can be solved. The distribution of displacement 𝑤 98 

and two constituting terms are plotted in Fig. S3(c) and (d). The first term 𝐴𝑐𝑜𝑠ℎ(𝜉1𝑦) 99 

and 𝐴𝑐𝑜𝑠(𝜉1𝑦) are much more than the second term 𝐵𝑐𝑜𝑠ℎ(𝜉2𝑦) and 𝐵𝑐𝑜𝑠(𝜉2𝑦) for 100 

mode 1 and mode 2, respectively. Therefore, the out-of-plane displacement 𝑤 for mode 101 

1 and mode 2 are approximately equal to  102 

𝑘𝑥 > 𝑘: {

𝑤 = 𝐴𝑐𝑜𝑠ℎ(𝜉1𝑦)𝑒
−𝑖𝑘𝑥𝑥

𝜉1 = √𝑘𝑥
2 − 𝑘2,  𝜉2 = √𝑘𝑥

2 + 𝑘2              
 (S18) 

 103 
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𝑘𝑥 < 𝑘: {

𝑤 = 𝐴𝑐𝑜𝑠(𝜉1𝑦)𝑒
−𝑖𝑘𝑥𝑥

𝜉1 = √𝑘2 − 𝑘𝑥
2,  𝜉2 = √𝑘2 + 𝑘𝑥

2              
 (S19) 

The impedance 𝑍  of flexural waves can be defined by 𝑍 =
𝑀𝑥

𝜑
 . 𝑀𝑥  and 𝜑𝑥  are 104 

bending moment and slope in 𝑥  direction, which can be expressed by −𝐷(𝜕𝑥𝑥𝑤 +105 

𝜐𝜕𝑦𝑦𝑤) and 𝜕𝑥𝑤, respectively. 𝐷 =
𝐸𝜏3

12(1−𝜈2)
 is the bending stiffness of plate and 𝜐 is 106 

the Poisson rate. Applying Eq. (S18) and Eq. (S19) into  107 

the expression of impedance 𝑍. Eventually, the impedance 𝑍 has the following unified 108 

form, 109 

𝑍 = 𝑖𝐷(
𝑘2𝜈

𝑘𝑥
+ 𝑘𝑥(1 − 𝜈)) (S20) 

According to Eq. (S20), the impedance 𝑍  only depends on wave vector 𝑘𝑥  if the 110 

medium in waveguide channel keeps constant. Therefore, we can tailor the impedance of 111 

waveguide by assigning different unit cells. Although the conclusion is deduced based on 112 

homogeneous effective medium, it is still available to unit cell based on cantilever beam 113 

in the following sections. 114 

 115 

 116 

 117 

 118 

 119 

 120 

 121 

 122 

 123 

 124 

 125 

 126 

 127 

 128 

 129 

 130 

 131 

 132 

 133 

 134 

 135 
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 136 

Fig. S1 The dispersion relation of unit cell in circulator. (a) The basic parameters of 137 

unit cell. (b) The analytical and simulated dispersion relations for mode 1 and mode 2. 138 
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 170 

Fig. S2 Asymmetric transmission of elastic waves by homogeneous waveguide. (a) The 171 

simulated out-of-plane displacement fields at 4.5 kHz. The unit cell is enlarged in the inset. (b) 172 

The elastic modulus 𝐸𝑖 of waveguide boundary and corresponding refraction index 𝑛𝑖 along 173 

the waveguide. (c) The dispersion relations of two flexural modes for five unit cells. The yellow 174 

solid line represents the wavenumber of plate.  175 

 176 

 177 

 178 

 179 

 180 

 181 

 182 

 183 

 184 

 185 

 186 

 187 

 188 

 189 

 190 

 191 

 192 

 193 

 194 

 195 

 196 

 197 

0

1

2

3

4

5

6

7

8

kx (π/a)
10.5

F
re

q
u
e

n
c
y
(k

H
z
)

0

x=20mm

𝑤 

-1

1

0 20 40 60 80 100 120
0.1

1

10

100

1

2

3

4

5

6

E
i(
G

P
a
)

Ei

x(mm)

ni
ni

kx (π/H)
10.50

x=100mm

kx (π/a)
10.50

x=40mm x=80mm

kx (π/H)
10.50

kx (π/H)
10.50

x=60mm
c

Mode 1

Mode 2

Mode 1

Mode 2

Mode 1

Mode 2

Mode 1

Mode 2

Mode 1

a b



9 

 

 198 

 199 

Fig. S3 The analysis of flexural-wave impedance in the waveguide. (a) The schematic of 200 

unit cell. (b) The dispersion relation of unit cell. Two flexural modes at 4.5 kHz are marked by 201 

stars. The eigenmodes for mode 1 and mode 2 are shown in (c) and (d), respectively. 202 
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 224 

Fig. S4 The experiment results at other frequencies 225 
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 243 

Fig. S5 The experiment setup 244 
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 274 

Supplementary table S1. The detail sizes of cantilever beams in unit cells of circulator 275 

azimuth (°) 
lengths of cantilever 

beam (mm) 
azimuth (°) 

lengths of cantilever 

beam (mm) 

0 6.70 62.4 1.03 

4.8 6.88 67.2 1.77 

9.6 7.05 72 2.78 

14.4 7.22 76.8 3.59 

19.2 7.39 81.6 4.10 

24 7.58 86.4 4.36 

28.8 7.84 91.2 4.38 

33.6 8.12 96 4.86 

38.4 8.44 100.8 5.13 

43.2 8.95 105.6 5.50 

48 9.47 110.4 5.87 

52.8 10.00 115.2 6.30 

57.6 0.00 120 6.70 
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