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I. CAVITY ELECTRO-OPTICS AND COMB GENERATION
A. Hamiltonian formalism

The Pockels effect drives frequency conversion processes in the lithium tantalate (LiTaO;) microresonator forming the comb
generator. It alters the optical permeability 77 = 1/e,. in response to a microwave electric field E™ such that

Am—j = rijkE]rgna (D

where r;;, and €, denote the Pockels tensor components and relative permittivity, respectively. Here we use the Einstein
notation. According to Bethe—Schwinger perturbation theory for cavities [1], the change in optical impermeability, in turn,
implies a change in the refractive index n
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where D;’pt and E P* correspond to the optical electric displacement and field components, and €y and ¢; ; denote the vacuum
permittivity and the permittivity tensor components at optical frequencies. Consider first just one single optical cavity mode. The
modification of the optical path length of the cavity then leads to a shift in its resonance frequency. The parametric dependence
of the resonance frequency on E™ is encapsulated in the interaction Hamiltonian

~ 1 -
HEO = —;hgde a, (3)

where @ and a' are the annihilation and creation operators of the optical field, / is the reduced Planck constant, 7 is the round trip

time of the optical cavity, and gZA> is the optical phase delay in response to the microwave field [2]. By introducing a microwave
resonator in the realization of a cavity electro-optic system [2, 3], we have
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for the m*"-harmonic optical mode. Here, b and b' are the annihilation and creation operators of the microwave mode. The
corresponding zero-point voltage Vzpr = /hwn, /(2C), which increases (decreases) with the microwave resonance frequency
w, (the capacitance C). Combining Egs. (3) and (4), we obtain an interaction Hamiltonian that takes on the same form as the
canonical two-mode optomechanical Hamiltonian

HPO = —nghata (b+b1) . 5)
For cavity electro-optics, the vacuum coupling rate
127m On
bbb v 6
90 =~ 7y VZPF (6)

can be interpreted as the frequency shift of the optical mode induced by a single microwave photon. Consider instead a triply
resonant system with two optical modes (G;, G2) and one microwave mode (b). Equations (2) and (5) can be extended as

7:[EO = — hg(/) (&1&1 + &£d2> (i) + I;T)

A (7
— hgo (a{aQ + ala;) (b " bf) ,
where both self- and cross-mode couplings are included through ¢, and go respectively. EO comb generation concerns cross-
mode coupling involving a;, as, and b.
Besides comb generation, it is interesting to point out that cavity electro-optics can be leveraged for quantum coherent
microwave-optical transduction. With a large coherent drive of amplitude « inside the optical cavity (assumed to be a real
number without loss of generality), the two-mode interaction Hamiltonian (Eq. (5)) can be linearized as

~EO ~ ~
H o = —hgha (a+a") (b+0F)

— ~hgha (@b +ab) — ngha (ab + a'dt) . (8)

The two terms mediate quantum state transfer and two-mode squeezing between the optical and microwave modes, respectively
[4]. The effective coupling rate (g{,v) is enhanced by the intracavity pump field.



B. Comb generation

The comb generator operates in the regime where the free spectral range (FSR) wrsg = 27/7 = 27 frgr is close to the
resonance frequency of the microwave cavity wy,. This leads to cascaded interactions between optical modes mediated by the
microwave

Z hdo (awa b +ala ,16)7 9)

where the cross-coupling terms from Eq. (7) satisfying w,,y1 = w,, + wn, is included. For simplicity, the vacuum coupling rate
is assumed to be constant over the comb span. The full system Hamiltonian with an optical drive and a microwave pump at
frequencies wry, (close to mode i = ') and wp is given by

H = hwnb'b + > hwyala, + HEO
K (10)
+ih\/"€ex,u’ (dindz/e—ith _ d;fnauleith) +ih /Fex,m ([;ini)Te—ith _ I;;fni)eith> ]

For ease of physical interpretation, we go into the frame co-rotating with microwave drive frequency wp for b and the evenly
spaced optical frequency grid centered on the laser frequency wr, + (u — p') Dy for {a,}. The associated input laser and
microwave pump detunings are in turn denoted as Ay, = wy, — w, and A, = wp — wy, , respectively. Moreover, D; is
the optical FSR defined with respect to the driven mode p’. The optical gross detuning, defined in the main text as A, =
Ar — Ding(), is encapsulated in the self-energy term of the Hamiltonian in this frame. Here, we account for the integrated
dispersion Dine (1) = wy, — [w + (1 — /) D1). Setting 1/ = 0, we therefore have

A= ~hAwb'h— 3" hAala, — > hgo (apsaafble Prr)t 4
I 1 (1n
Vil /Feno (amag - ajnao) + il R (Bméf - Bjni)) ,

Since we choose wp = D1, the time dependence from the phase term in the first line drops off. The internal system dynamics

can then be obtained using the Heisenberg equations %&u =4 [&w H} + aa“

i (t) = [0 = 2] @u(8) + igoayas (DB (1) + igoa—1 (Db(E) + \Foxtin ()0

. : (12)
%b(t) = [ZA :| + Zlgoau+1 ) + V Fex, mbln( )

where Kex ;, and Kex.m (£, and Ky,) represent the external coupling (total decay) rates of the modes, and d,, ¢ is the Kronecker
delta function. With a strong microwave pump with power Pp and phase ¢p, the microwave equation of motion can be simplified
by dropping the coupling terms with the optical modes as

dA m | 7 2
Zb(t) ~ [ZA “2 } b(t) + \/Fexmbin(t). (13)

Without loss of generality, we set ¢p = 0. The microwave photons mediate the interaction between the optical modes. The
steady-state mean intracavity microwave photon number can be computed as

Rex,m PD

_ fexm I 14
A% 4 12 74 hop” (14

Nm =

and the effective EO coupling rate becomes g = go/Mom .
Following Eq. (12) and neglecting vacuum fluctuations, we can write the coupled mode equations describing the dynamics of
the slowly varying electric field amplitudes a,,(t) = (a,(t)), given by

%am) = [0 = %] @) + ig [au-1(8) + 1 ()] + VFextin ()0 (15)

In the presence of strong birefringence-induced mode-mixing between TE and TM modes, Dj, can no longer be described by a
polynomial series. The resonances become locally shifted.



C. Comb slope and span

The comb envelope slope can then be derived from Eq. (15). Assuming A, ~ 0, we have

d Ky .
%au(t) = —7‘&” +ig (ap—1 + auy1) = 0. (16)

in the steady state. For simplicity, let all x, = k. Assuming a constant slope for the comb envelope, i.e., d,+1/d, = A for
pu>0anda,_i/a, = Xfor u < 0, we obtain

K . 1
Erig (A H) _o. (17)

In the regime of strong EO interaction where g >> &, the solution of A reads

2
K K K K
A=—i| ——14]/1 — ~ill—— ) ~1 —— . 18
"\ 1g +<49) l( 49) ZeXp( 49) (%)

The power ratio between adjacent comb lines (for p > 0) is therefore given by

Py 2 K
E RS —— . 1
R (19)

D. Birefringence Limit

In this section, we derive the comb power drop when the dispersion contribution of the gross detuning A, is no longer
negligible. As discussed in the main text, birefringence-induced mode-mixing is one major reason for such resonance frequency
shift in e.g., LiNbO;, imposing limits on the attainable comb span. When mode-mixing occurs at mode 1 = o > 0, the
induced resonance frequency distortion J,,, can be at the gigahertz level, which is much larger than the typical cavity loss rate
k. Consequently, we can omit the loss term in Eq. (15) and obtain the steady-state field amplitude as

%aﬂo (£) = iy g (£) + 69 [y -1 () + @y 11.(£)] = O. 20)
Since the resonance distortion induces a significant drop in the comb line field amplitude, given as

Apo—1 > Qpo41, 21
we can approximate Eq. (20) as

iy @y + g1 = 0. (22)

The power drop at the mode-mixing point g is therefore

2

2
Lo _ | o ‘ g (23)
PMO*l Qpo+1 ANO

When mode-mixing occurs, several nearby modes typically become distorted. Additionally, the effective EO coupling rate will

decrease from g to g,,, since the hybrid mode does not fully utilize Xg?s of LiTaOj3, unlike the TE mode. The combined effect
thus leads to a cascaded power drop as

N-1 N-1

BuotN 1T Luotitr Guuo+i+1 (24)
~ ~ :
Puo 5 Puoti |25 Buoti

for a mode N FSRs away.



E. Comb existence range

In this section, we discuss the comb existence range as a function of laser detuning, which is directly related to the stability of
the comb when the input laser frequency fluctuates. In Eq. (15), omitting the  term for all modes as well as integrated dispersion
Diye (1) such that A, = Ay, we have

d

%au(t) =1Ara, +ig(au—1+auy1) =0. (25)

Following the constant comb slope assumption as in Section I C, we obtain from Eq. (25)

1
iAL +ig (A + /\) =0. (26)

Choosing the solution on physical grounds for ;o > 0, we have

2
)\:1 Ar (AL> 4. 27)
2\ v g

As the comb slope A decrease significantly when (Ay,/ g)2 — 4 > 0, the comb cut-off occurs at the detuning
|Ap| > 2g. (28)

It can be seen that enhancing g with a microwave resonator extends the comb existence range, approaching the optical resonator
FSR in our case. The expression for the normalized comb slope P,41/P, = |)\|2 when £ # 0 can be derived using the

same method. The numerical simulation results are shown in Figure S1. In our triply resonant system, with 37-dBm on-chip
microwave power, we have /g = 0.013.
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Figure S1. Normalized comb slope P,,+1/P, from simulation, with the same normalized coupling rate g and different cavity loss rates . The
comb existence range is given by |Ar| < 2g. In the ideal case when g > &, the comb slope remains unchanged within the range. The comb
slope undergoes a sharp decline when A, = +2g. This cut-off becomes less sharp as the cavity linewidth  increases.

F. Analytic solution and pulse width

In this section, we derive the rigorous analytical solution for the comb equation Eq. (15) in steady state. Utilizing this analytical
solution, we subsequently derive the pulse width in the time domain for the EO comb. In steady state, we have

da K. .
d—t” = (—5 + ZA#) ay +1ig(au—1 + apy1) + VKex@indpo = 0. (29)



Here 1 = —N/2,--- , N/2, with N — 400 being the total number of modes. Introducing a new basis in the Fourier domain,
we define
1 27
A, = —— a, e N pk (30)
"TUN Zﬂ g

so that a,, = \/% S, Are N1k Omitting dispersion such that A, = Ay, and rewriting Eq. (29) with Ay, we have

k. ) 2rk Kex _
(—5 + zAL) Ay + 2ig COb(N>Ak + Wam =0, (€1}
where
« 1
Ap =42 in- (32)

N (k)2 —iAr) — 2ig cos(2mk/N)
Using Eq. (30) and taking the limit N — 400, we have

1 27i
_ —Smk
Ay \/@Z (k/2 —iAL) — 2ig (:05(271'1@‘/]\[)e i
\/7/ 1 —ipu
— — — (& Qin (33)
27 (k/2 — iAr) — 2igcosu u=2rk/N
dz 1 i
F‘%l 1 27T’LZ 5/2_ZAL) _Zg(z+1/z) zze—iu

We found the contour integral can be calculated by the residue theorem as

: p
D Tex %0 Gin, (34)
V(AL —ik/2)2 — 4g2

where z is the solution for (x/2 — iAp)z — ig(z + 1/2z)z = 0 within |z| < 1 for ;1 > 0 (the solution outside |z| > 1 for
< 0). The solution provided in Eq. (34) confirms the validity of the ansatz used earlier in Section I C, where a,,+1/a,, = 2o.
Additionally, the splitting of the resonance in the optical transmission is also evident from Eq. (34), as it occurs when AZ —4g? =
0.

Now we consider the pulse in the time domain. The Fourier domain introduced previously for Ay in Eq. (30) is actually the
physical time. The optical field inside the optical cavity at time ¢ is given by

a(t) = Zaue“‘“’FSRt. (35)
m

a, =

Here, wrsr corresponds to the optical FSR, which is related to the comb repetition rate by wrsg = 27 frep. Comparing with
Eq. (30), we have

a(t) = VN A, (36)
where k = wrgrtN/(27). With Eq. (32), the pulse of EO comb in the time domain can be written as:
K/ex
t) = . 37
a(?) (k/2 — iAL) — 2ig cos wrsrt (37)
The pulse power I(t) = |a(t)|* when A, = 0 is
1
I(t 38
( ) > K2+ 1692 cos? wFSRt’ (38)
from which we obtain the pulse full width at half maximum
At=—" (39)
2gwrsr

In our system with x/(27) = 100 MHz, g/(27) = 7.5 GHz, and wrsr /(27) = 30 GHz, we obtain the pulse width At = 35fs.



G. Numerical simulations of comb span and existence range

The steady-state solution of the system is found trivially by setting da,,/dt = 0 and inverting Eq. (15). Because we operate
the triply resonant system in a regime where the effective EO coupling rate g = 27 x 7.5 GHz is comparable to the optical mi-
croresonator FSR, we have to include the coupling of the laser to multiple longitudinal modes in the optical microresonator. This
regime mandates the use of an explicit time-domain model (Ikeda map) of the field propagation inside the racetrack resonator
for the simulation of nonlinear frequency comb generation. For the linear system of the EO comb, we can simply calculate the
comb generation for all the resonator modes close to the pump separately and coherently add the generated sideband amplitudes
to capture the mutual interferences of the combs generated by coupling the laser field into multiple resonator modes, given by

- Z tg(ap—1+ apt1) + /Rex@in0p v
. —k/2+1iA, —ivD, '

(40)

Figure S2 depicts a calculation of the generated combs inside the racetrack resonator and in the bus waveguide for an FSR
D, /(2m) of 30 GHz, internal k¢ /(27) and external xex/(27) photon decay rates of 30 MHz, a mismatch between the optical
FSR and the microwave pump (D7 — wp) /(27) of 2 MHz, and a small normal dispersion Do /(27) of 2 kHz for an integrated
dispersion of Dj,; = Do /2 x 112. Plotting the resulting output power spectrum in Fig. S2a and S2d, we find excellent agreement
with the observed detuning spectrogram depicted in Fig. 4 of the main manuscript. If the laser is tuned to the center between
two resonances, we observe a destructive interference between the generated sidebands at a high offset frequency with a slight
tilt that is related to the small microwave detuning. Figure S2c and S2f depict the change in comb sideband powers as we tune
the laser over a full FSR. We find that at an intermediate optical frequency offset of 10 THz, the comb sideband stays almost
constant, and in general, we can tune the laser by more than 15 GHz with only a 1.5 dB sideband modulation amplitude.
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Figure S2. Numerical simulation of comb span and existence. (a) Normalized spectrogram of intracavity optical power |a,|* as function
of laser cavity detuning Ar, at a microwave-FSR mismatch of (D1 — wp) /(27) = 2MHz. (b) Optical spectra at three different detunings,
0 GHz (blue), 7.5 GHz (red), 15 GHz (green). (c) Comb line power as a function of detuning for comb lines at 1 THz (blue), 10 THz (red),
20 THz (green) positive offset from the pump laser frequency. (d,e,f) Same as (a,b,c) but for outcoupled power in the optical bus waveguide.



II. MICROWAVE ENGINEERING FOR ELECTRO-OPTIC FREQUENCY COMB GENERATION
A. Definitions

The span of a triply resonant EO comb scales with 1/C, where the cooperativity C = 4g3ny, /K2, Equivalently defined as in
Eq. (14),

N = MQ Qum,on(1 —n) (41)

represents the microwave intracavity photon number, where P, and w,, denote the input microwave power and frequency,
respectively. The coupling efficiency 77 = Qm.0/(Qm,0 + @m,ex) is related to its intrinsic and external quality factors (Qp, ¢ and

Qm,ex, respectively). The intrinsic and external loss rates of the optical modes are denoted as rg and k., respectively. The total
optical cavity loss rate is therefore Kk = kg + Kex. The cross-mode vacuum coupling rate in Eq. (9) can be computed as

hwmwpws .
1/ EpiE? By dV. 42
W W, We /L1T303XZJ’€ ok “42)

The three-wave mixing process here involves a microwave pump field E,;, of frequency w,,, mediating interaction between two
optical modes (Ey, ) such that ws = wy, £ wy,. The mode fields are normalized to their respective energies using

3
Wm,p,s = 50 /57’(Wm,p,s)|Em,p,s|2 dV7 (43)

where &, (wm,p,s) is the space-dependent relative permittivity of the medium at the corresponding mode frequency.

B. Microwave resonator design

Three parameters can be controlled from a microwave engineering standpoint to maximize C and thus, the comb span, for
a given P, : (i) the overlap integral of the vacuum coupling rate, which must be maximized via the engineering of the field
distribution, (ii) the external quality factor @ x = Qm,o for critical coupling and maximization of n.,, and (iii) the microwave
intrinsic quality factor Q, o which shall be maximized.

1. Maximize go with optimal microwave field distribution

We focus our study on racetrack resonators where the straight arms of length ¢, are orthogonal to the optical axis of the crystal
(¢ = £2), as depicted in Fig. S3. A given coplanar waveguide (CPW)-like microwave field distribution permeates the straight
arms, and no microwave field exists in the bent arms of arc length ¢;. A longitudinal coordinate ¢ is defined along the entire
perimeter of the racetrack resonator.

Figure S3. Schematic of racetrack resonator embedded in coplanar waveguide (CPW).



The overlap integral in Eq. (42) is computed inside the optical waveguide and within the straight sections only, where x(?) # 0
and |Ey,| = Ey, # 0. In this region, we assume the fields are separable in the transversal and longitudinal coordinates, i.e.,
En = Uy(r1)fm(0), and E, = \Ilpjs(rL)e*wa, where [, and S5 are the wavenumbers of the pump and sideband,
respectively, and fv av = [ s I, , 40dS. Then, owing to the similarity between transversal profiles of pump and sideband
modes, we consider the ¥, only, and the expression for the vacuum coupling rate reduces to go = K x { x AS —1/2 % 1. Aside
from the pre-factor

1/2

K =x® _ fwmwpws (44)
2e0er (wp)er(ws) ’
we have an optical filling factor
-1

| s, 1P dS

C=[1+ 5 (45)
er(wp) fswg |@,|” dS

that quantifies the fraction of optical energy propagating inside the nonlinear material Sy, (¢ =~ 1 for a highly confined mode),
relative to the total area (including the evanescent tail in S — Si,,). The relative effective microwave mode area is given by

2

AS = / e (o) | 2| g, (46)
S \IImO
where
U, | 0,7 dS
AL 47)
Js. W ds

is the average microwave electric field inside the waveguide weighted by the optical mode profile. This effective field approxi-
mates the microwave field amplitude evaluated at the peak of the optical mode. While smaller CPW gaps minimize A S, they also
degrade Qv 0, as well as the optical Q factors if the electrodes disturb the optical evanescent tails. Finally, the phase-matching

term
1 [t iy
_ 1 / &0) - su(t)e H de (48)
L 0

£(0)
Jo 1F@)Pae”

¢ is in the direction of the optical axis. The exponential term in Eq. (48) contains the group velocity v, of the optical modes, and

must be optimized by choosing an appropriate longitudinal microwave field distribution u(£) = The unit vector

is a consequence of the first-order approximation 5 — B, ~ wm 3 ‘ = wm/vg. By convention, f(¢) is the microwave field

component in the 2 direction. In this case, ¢ can be a function of / if the Crystal is poled, and is always parallel (or anti-parallel) to
2. Since both optical modes have common polarization along the racetrack, no extra sign change is required. The total perimeter
of the racetrack resonator is L = 20, + 2/,

For CPW even modes, the microwave field distribution is symmetric with respect to a plane (magnetic wall) perpendicular to
the plane of the racetrack, parallel to its straight arms, and passing through its the center. This allows us to write Eq. (48) as

1 [t 1
I== / w(f)e ve t de ' e et / u(ls — 0)e' st de, (49)
L Jo L 0
where we have assumed that the optical axis is uniform along each straight arm, but possibly different. Concretely, ¢ = 2 in
the top arm, and ¢ = %2 in the bottom arm. Taking the minus sign implies bilateral poling of the racetrack, which can be done
by applying a high DC voltage to the CPW line terminated in open circuit. Then, we note that for the optical sidebands to be
resonant,

wm = 27 M frsg = 2 M 2

7 (50)

7771

w\h

where M is the integer number of optical FSRs between the two optical modes. Defining the integer p = :Fez = Fei™™,

the racetrack factor r = ¢,/ L, the normalized wavenumber £ = 2w M, and applying a change of variables = ¢/¢; to scale
the domain to 0 < z < 1, we can rewrite Eq. (49) as



10

1
I= \/T ) e dn, 51)
2L/0 P

where,

i£/2 _ _ ‘ M odd ‘M even
gp(z, &) = ?e ig/;:o’sg(x 1/2), p=1 , and No poling| p=1 [p=—1 (52)
i2¢sing(w —1/2), p= -1 Bilateral poling|p = —1| p = 1.

The overlap integral in Eq. (51) has the form of an inner product between a kernel g, (z, £), and a unity-norm field distribution.
Therefore, the magnitude of I is maximum when f({sx) = Ag, (z,€), where A is any constant. Various conclusions can be
drawn from the above results:

No poling Bilateral poling
1 1
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= 05¢ ; 051
=
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Figure S4. Optimal microwave field distributions g, (z, &) for different choices of parameters. In the top row, 7 = 0.5 is assumed for different
values of M. In the bottom row, M = 1 is assumed for different values of . A uniform (left column) and bilaterally poled (right column)
optical axis is considered in each case

1. The kernel g, (z,§) is real-valued except for a global complex factor, for which a standing-wave distribution is optimal. In
this case, the value of |I|* becomes

2 T ! 9 T sin(§)
|I| opt — i\/o |gp(xa£)| dr = Z (1 +p g ) . (53)

2. The optimal standing-wave pattern satisfies S, {5 = £ = 2rMr. From Eq. (50), we have 8, = wm /Upm = 20 Mvg/(Lvp m).

Therefore the optimal microwave phase velocity equals the optical group velocity vy, ., = v, as is the case for plane waves
and whispering-gallery modes. This also implies that the optimal guided microwave wavelength A,,, = 27/8,, = L/M is
fixed for a given optical waveguide and microwave frequency.
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3. For a given M and optical group velocity, L = M A, is fixed, and | \ipt increases with 7. In practice, however, there exists

a maximum 7 < 1/2, or a minimum ¢, for which optical bending losses are not detrimental. One can more easily see this
constraint by rewriting the racetrack factor as r = 1/2 — £, /L = 1/2 — £,/ (M \y).

4. A consequence of the point above is that choosing a higher M always results in a higher r for a given microwave frequency,
since L increases while ¢, remains constant. However, for a sufficiently small £, /A, M = 1 is still optimal because the
increase in L has a greater effect on gy compared to r. The full effect can be seen in Fig. S5.

5. For an even CPW mode, the maximum value of |I|°L is 1/2, which occurs for the limiting case r = 1/2. For a phase-
matched microwave whispering-gallery mode (i.e., f(¢) = sgn(fs — £)e"vs ¢ with no crystal poling) the maximum value
is |1 |2L = 2r = 1 for r = 1/2 using Eq. (48). Therefore, more complex microwave structures that allow such non-CPW

traveling-wave resonances could improve go by a factor of /2 with respect to the optimal CPW case. Note that if only one
of the two straight racetrack arms carried a microwave field (a slot line/ground-signal-type excitation) the optimal solution is

again a phase-matched traveling wave, and |I|*L = r/2. A static solution f(¢) = 1 yields |I| # 0 for p = 1 only, in which

case |I|>L = 2r (%)2, which is always lower than Eq. (53).
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Figure S5. Maximum |/ |2/\m versus optical bend length for different choices of M. Left: Uniform optical axis. Right: Bilaterally poled
optical axis.

Figure S4 shows that the optimal field distribution is cosine-shaped when p = 41 (indicating a short-circuit-terminated
resonator) and sine-shaped when p = —1 (indicating an open-circuit-terminated resonator). Note that while the value of |I|?L
for an unpoled, center-fed, half-wavelength, M = 1 resonator terminated in an open circuit is non-zero, the configuration is sub-
optimal. Indeed, the field distribution has a [sin {(z — 1/2)| form, and for » = 0.43 (corresponding to the racetrack resonator
measured in this work), Eq. (52) yields

r )fol |sin &(z — 1/2)[2e%/2 cos é(z — 1/2) dx ’
2 i siné (@ — 1/2)* da

1I)°L = = 0.2537. (54)

In contrast, for an optimal cos &(x — 1/2) distribution, obtainable with a half-wavelength resonator terminated in short circuit,
|7 |2L = 0.4978 as obtained from Eq. (53). This is a twofold improvement in cooperativity, or equivalently, a reduction by a
factor of two in the microwave power requirement for achieving a given comb span. Note that if the open-circuit-terminated
resonator were edge-fed instead of center-fed, the field pattern would become antisymmetric about z = 1/2, with the form
sin&(x —1/2), and |I|°L = 0, i.e., the vacuum coupling rate gy would vanish. This demonstrates the importance of using the
correct topology.

In practice, there is also a trade-off between phase matching and the physical dimensions of the resonator. Since r < 0.5 for
any practical design, the optimal microwave field distribution has a half-wavelength that is longer than /. Thus, a phase-matched
microwave resonator (v, = vg) Will not fit the straight arm of the racetrack as evidenced from the cropped lobes in Fig. S4
(right). This can be circumvented in two ways: (i) by terminating the resonator in reactive loads using e.g., inductors or bridges
to extend the resonator outside the racetrack, or (ii) by using slow-wave structures such that the half-wavelength fits inside the
racetrack. The degradation produced by the latter approach on the value of the overlap integral will be small provided that
r =~ 0.5. This is the strategy we employ for the present device, although the main motivation is to improve @, o, as discussed
in Section II B 3.
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2. Achieve critical coupling via impedance matching

The resonant structure must be critically coupled to maximize the electric field enhancement inside the CPW resonator.
Critical coupling is realized when the resonator impedance is matched with external microwave components, typically with
a characteristic impedance (Zy) of 502. Minimization of microwave reflection is important for integration with high-power
devices such as power amplifiers. A common strategy of impedance-matching a CPW resonator like the one employed in this
work is to couple via a reactive element. This element, either in shunt or in series depending on the topology, serves as a
matching network to the source impedance. However, such a network is designed for only a given microwave intrinsic Q factor,
which may be a priori difficult to predict, leading to under-coupling or over-coupling. For simplicity, and to maintain design
flexibility, we choose to feed these resonators with a ground-signal-ground (GSG) probe positioned off-centered. By adjusting
the probe contact position along the CPW, it is possible to achieve critical coupling for a wide range of intrinsic quality factors.

To understand the microwave feeding scheme, consider a Lejo = A/2 transmission line resonator terminated in short circuits,
as illustrated in Fig. S6a. Let £; be the distance between one end of the termination and the feeding position. In this configuration,
the impedance seen by the source is the parallel combination of two short-circuited transmission lines with lengths ¢; and
Leiec — 5. As Uy is swept from €5 = 0to {5 = Leiec/2, the short line becomes longer and the long line becomes shorter.
Therefore, as shown in Fig. S6b, the reflection coefficient seen towards the short side will start at the leftmost side of the Smith
chart (a short circuit) and move clockwise in spiral form (non-constant circle due to non-zero losses) until £y = A\/4 = Lejec/2,
at which point the reflection coefficient is the closest to an open circuit. Similarly, the reflection coefficient seen towards the
long side will start at a short circuit (since it is A/2 away from the short circuit termination) and move counter-clockwise around
the Smith chart in spiral form until it is similarly closest to an open circuit. Since at any point on the line both reflection
coefficients —and therefore impedances and admittances—are nearly complex conjugates of each other, their parallel equivalent
is approximately purely resistive, with values that ideally range from 0 €2 (at the edge of the resonator) to oo €2 (at the center of
the resonator), encountering Z, somewhere in between.

Short side
Long Side

Total

e Total, +0.6% frequency shift

'''' Hniniaiall ~ ~ T - TaEnialal T —
c 0
10
m-20
8oy e Q0 = 10 0 < 0f/f <0.013
— Qo =20. 0<6f/f <0.006
-40 1 Quo=30. 0<6f/f <0.003
Qmo=40. 0<4f/f <0.002
-50 a - 1 Il |
0 0.1 0.2 0.3 0.4 0.5

Zf /Lclcc

Figure S6. (a) Offset feeding schematic. (b) Smith chart representation of the reflection coefficients as £ is tuned. (c) Reflection coefficient
of the resonator as a function of feeding position ¢ for different choices of intrinsic microwave Qm,o.

If we consider a half-wavelength CPW resonator short-circuited on either end with characteristic impedance Zy; and intrinsic
quality factor @ o, the achievable input resistance ranges from 0 Q2 to %Qm,OZOl. Therefore, it is possible in practice to match
the resistive part of the input impedance to 50 2 even for low microwave quality factors. The reactive part, however, does not
cancel out perfectly for low-Q resonators due to the loss-induced asymmetry of the circle paths in Fig. S6b, resulting in the
yellow path on the Smith chart. This effect is self-corrected with a slightly shifted resonance frequency f + df. The shift
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moves each reflection coefficient on its circular path in clockwise direction, but at different speeds (the longer side is faster) until
complex conjugation is met. This is represented in the purple trace on Fig. S6b after a 0.6% frequency shift. In practice, the
resonance frequency shift at which critical coupling occurs ranges between 0.2% and 1.3% of the nominal resonance frequency
for microwave quality factors ranging from Qo = 10 to Qmo = 40. This is shown in Fig. S6c where the solid lines
delineate the reflection coefficient at the nominal frequency for different feeding positions, and the shaded region illustrates the
improvement in impedance match with a frequency sweep ¢ f/ f. Here, the reflection coefficient is computed using the equations
for the input impedances of two lossy transmission lines in parallel, each terminated with a short circuit:

Zb =7y,  cothyly + Zy," cothy(Letee — £y), (55)

where v and Zy; are the propagation constant and characteristic impedance of the line. Note that our feeding strategy is also valid
for open-terminated CPW resonators. However, care must be taken as the phase distribution of the mode varies significantly
with the feed position, potentially leading to vanishing modal overlaps.

3. Improve microwave intrinsic quality factor via periodic loading of CPW resonator

We engineer the CPW resonator to optimize the product |/ |2Qm}0. We simulate an ungrounded CPW transmission line, with
the layer stack composition (geometry) shown in Fig. S7a (Fig. S3), using finite-element method (FEM; Ansys HESS) to extract
the characteristic impedance Zj; and propagation coefficient v = a+14/3. The impedance of the excitation ports are de-embedded
via ABCD matrices. The CPW electrode gap is chosen to be 6.5 um to balance the trade-off between modulation efficiency and
optical loss. The simulation yields Q0 = 3/(2a)) = 16.5 and a microwave effective refractive index neg = ¢f/wn, = 2.228 at
29 GHz. The simulated n.g is close to the optical group index, satisfying the phase matching requirement A\, ~ L for M = 1.
On the other hand, the microwave loss is significant and the electrodes would be too long to fit inside the (optical) racetrack
resonator.

Consider a distributed circuit parameter model, where R/, L', G’ and C’ denote the distributed series resistance, series in-
ductance, shunt conductance, and shunt capacitance, respectively. At room temperature, the conductor Ohmic loss R’ limits the
Qm,o of narrow-gap CPWs. For R’ <« wL and negligible dielectric loss G’ — 0, the propagation coefficient is approximately
given by

/ / /
v=a+iB = /(R +iwl) (G +iwC") ~ iwVI'C'\/1 - inL, ~ %\/% +iwVI'C. (56)

The propagation loss o o< 1/ VL' and Qm,0 x L' can therefore be improved by increasing the series distributed inductance of the
narrow-gap CPW. Following the approach of [5], we load the line with a periodic series inductance as in Fig. S7b, synthesized
from wide-gap (i.e., large characteristic impedance) short-circuit-terminated slot lines, or T-cells. In fact, the microstructure can
also be interpreted as capacitive loading of the higher-Q wide-gap CPW line. In this case, although the microstructure increases
a o< v/ (', it does not affect the quality factor of the wide-gap transmission line. We therefore expect Qy, o of the periodically
loaded line to be similar to that of the unloaded wide-gap CPW, with the additional advantage of higher field confinement. While
periodic loading also introduces a slow-wave effect (8 o« +/L/C”) that leads to a slight phase mismatch, the combined effect
still results in a twofold cooperativity improvement, as summarized in Table I. Finally, the microstructure modifies the mode
wavelength, allowing us to fit a full \/2 resonator along the straight sections of the racetrack resonator.

2.5pum
800nm| 500 nm] Au 16.5um
100 nm LiTaOs ' =7
25um1 3um{4 um|5pum/
43 pm
Si
a b

Figure S7. (a) Device layer stack composition (not to scale). (b) Geometry of periodic inductive loading to the narrow CPW line. Only half of
the CPW structure is shown.

To extract the )y, 0 from the measured and simulated S;; data, we bring the resonator to the critical coupling regime and
measure the full width at half maximum. The measured Q)r, 0 ~ 12.8 deviates from the simulated (), o ~ 36.7. Other methods
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Transmission line |1°L Qm,0 Neff Figure of merit: 7| LQum,0 o C
Standard CPW 0.5 16.5 2.228 8.25
Periodic loading 0.48 36.7 3.05 17.61

Table I. Summary of transmission line simulation results. Although the standard CPW has a better phase-matching overlap with the optical
mode, the gain from Q by employing a loaded transmission line leads to a better overall design.
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Figure S8. Measured and simulated S1: of the CPW resonator.

such as circle fitting on the Smith chart yield similar estimations. The significant Q reduction may be attributed to fabrication-
induced and piezo-electric loss. Figure S8 compares the simulated and measured S1;. The difference in resonance frequency
therein can be attributed to an underestimation of the LiTaOj; dielectric constant in simulation.

C. Comparison between resonant and non-resonant implementations

While the theory above is useful for comparing different implementations of microwave resonators, a generalization to arbi-
trary microwave field distributions, whether resonant or not, is possible. Since VC x g = \/Tumgo, we can set ny, = Wi, /(Awp, ).
As aresult,

(2)
= — @ /ﬂ (2)E E* E dV ~ XBBBWPC E A 57
g \/7Tm90 4 WpWs [‘jTaO3 Xz_]k: p,i s, jom,k 2€T(wp) | |peak ) ( )

where A = |I| fOL |£(€)]* d¢. By convention, we have normalized f(¢) such that max [f(£)] = 1, and |U0| = B ear o

/P, is the peak electric field along the resonator, inside the optical waveguide. Higher values of |E\peak are achieved with
higher-Q microwave resonators that are critically coupled. Equation (57) allows us to compute g from the peak microwave
electric field and its geometric distribution along the optical waveguide obtained from driven full-wave simulations excited with
available power P,,. The factor A is purely geometrical, with A = |I|y/Lejec for a (multiple of) half-wavelength standing wave,
with A — 1/2 in the limiting case where r — 1/2.

Let us compare the performance of the two microwave structures presented in this work, namely, the offset-fed inductively-
loaded half-wavelength resonator terminated in short circuits (Fig. S9a), and the center-fed non-resonant pair of 50 um wide
coplanar-strip (CPS) transmission lines terminated in open circuits (Fig. S9b). Figure S9¢ and Fig. S9d show the field distribu-
tions in both structures at 29.6 GHz obtained from 3D FEM simulations made in Ansys HFSS, normalized to the square root of
the available power. It is possible to find analytical expressions for the fields in a transmission line of characteristic impedance
Zy; terminated with reflection coefficients I'r,. The line is fed at an arbitrary distance £ from one end by a voltage source with
internal real-valued impedance Z (or a line with characteristic impedance Zj). Referring to Fig. S9e, the voltage distribution

becomes

+ d —~d
vy (e”l—i—I‘Le 71) dy < Uy
U(dl) - {v;‘ [e’Y(Lelec*dl) 4 I‘Le*’Y(Lelec*dﬂ] dy > [f ’ (58)
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Figure S9. Layout of optical racetrack resonator embedded in microwave resonator (a) and non-resonant electrodes (b). The electric field
distribution in resonant and non-resonant topologies is shown in (c) and (d), respectively, and is obtained from the theoretical transmission line
model, and compared with FEM simulations. Panel (e) depicts the schematic of the transmission line model.

The boundary condition at the feed point entirely determines vf and v;r through the double equation

Z;
U1+ (eyef + I'\Lef’yéf) — v; |:6'Y(Lclcc7ef) + PLC*V(LCMJH} = mvs’ 59)
where
1—Tre2% 1 —Dpe2eee—tn) ]}
Zin = Zoy — | (60)
1+Tpe 2 14T e 27 Letec—4y)
and

V| = V/8ZyPu. 61)

The voltage in Eq. (58) is then converted to electric field via 2D FEM simulations of the quasi-TEM mode. Such 2D simulations
also provide values for v and Zy;. The transmission line model predicts reasonably well the field distribution along the transmis-
sion line for resonant and non-resonant structures when compared to the 3D full-wave FEM simulations as shown in Fig. S9c
and Fig. S9d. In Fig. S10, the maximum peak electric fields as a function of frequency, obtained through the transmission line
model and FEM simulations are compared. Three cases are studied: the non-resonant open-terminated transmission line and the
short-terminated resonator exhibiting intrinsic quality factors Qo = 36.7 (expected) and Qy,,0 = 12.8 (measured). The latter
case is modeled in Ansys HFSS by artificially introducing a conductive sheet of resistivity 14k /0 at the silicon-oxide inter-
face. Figure S11 shows good agreement between the geometric factors of the field profile obtained from the transmission line
model and the FEM simulation. From these results, we can estimate g for a given available microwave power P, using Eq. (57),
shown in Fig. S12 for resonant and non-resonant cases for P, = 7 dBm. In this case, we estimate g ~ 27 x 290.46 MHz for the
resonator with @, o = 12.8.
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Figure S10. Maximum peak electric field |E \pcak per square root of available input microwave power inside resonant and non-resonant
structures as a function of frequency.
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Figure S11. Phase-matching geometric factor |/ \2L as a function of frequency for resonant and non-resonant structures, calculated with
the transmission line model and through FEM simulations. Note that the non-resonant open-circuited transmission line becomes resonant at
~ 40 GHz, at which point |I|*L ~ 0.25.

In accordance with Section I B, the effective coupling rate g is experimentally measured via two independent methods. First,
we fit the power ratio between consecutive comb lines to the cooperativity as a function of microwave power levels, as in Sec-
tion I C. Second, we measure the optical spectrum for different microwave power levels and extract g from the optical mode split-
tings [6]. Both methods provide consistent values of g as shown in Fig. S13a. We can then estimate ny, = PyQm o/ (hw?,) for a
critically coupled resonator, resulting in the estimations of go shown in Fig. S13b. Here, we obtain go/(27) = (2.31£0.29) kHz
from slope measurements and go/(27) = (2.03 £ 0.47) kHz from mode splitting measurements, where the quoted uncertainty
corresponds to two standard deviations. By extracting the proportionality constant g/+/Py, o< go via a single-parameter ex-
ponential fit of the measurement data in Fig. S13a, we obtain go/(27) = (2.22 £ 0.04) kHz from slope measurements and
go/(2m) = (2.19 £ 0.18) kHz from mode splitting measurements, where the quoted uncertainty corresponds to the 95% confi-
dence interval of the fit. From simulations and the transmission line model, we obtain go/(27) = 2.20 kHz.

III. DISPERSION-ENGINEERED LITHIUM TANTALATE WAVEGUIDES

In optical resonators, the integrated dispersion D;y¢ (i) at the p longitudinal mode from the input carrier is defined by

w(p) = wo + Dyp+ Ding(p), (62)
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Figure S12. Nonlinear coupling rate g for a microwave available power P,, = 7 dBm estimated with transmission line model and with FEM
simulations. The measured value of g in the resonator is included. The error bar corresponds to two standard deviations of a sample that
comprises seven microwave power levels for the determination of g by means of the comb slope.
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Figure S13. (a) Measurement of the nonlinear coupling rate g via the cooperativity +/C obtained through the power ratio between consecutive
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lines of measured comb spectra for different microwave power levels. The lines are single-parameter exponential fits to g = Ae™ 20 Lm.dBm
(b) Estimation of the vacuum nonlinear coupling rate go = g//Tm.
where D1 = wrsg is the optical FSR. The integrated dispersion D;,; can be expanded as
1 2, 1 3, 1 4
Dint(p) = 5y Dap” + 5y Dap” + 5 Dap” + .. (63)

3! 4!

To generate an EO comb, the dispersion must fall within the comb existence range such that |Dj,¢| < 2g. Consequently, dis-
persion engineering is essential for ultra-broadband comb generation. A unique advantage of integrated photonic waveguides
is the engineering degrees of freedom they offer to tailor the dispersion profile. In deeply etched photonic waveguides, specifi-
cally those used in our work with a 600-nm total thickness (100-nm slab and 500-nm etch depth), the dispersion profile can be
precisely engineered by adjusting the waveguide width. This adjustment modifies the Dy and D, parameters, allowing them to
cancel each other to achieve a flat dispersion.

IV. OPTICAL MICRORESONATOR CHARACTERIZATION

The characterization results of the racetrack microresonators used in the experiment are summarized in Fig. S15. Device
C4_R202 (C11_R102) corresponds to the design with resonant (non-resonant) electrodes in Fig. 3i, generating a 450-nm
(100-nm) comb. Device C2_R104, employed in Fig. 3h, also has resonant electrodes. In particular, it is under-coupled, resulting
in lower comb generation efficiency compared to the over-coupled ones despite a narrower total linewidth. This characteris-
tic is desirable for low microwave power-driven comb generation, enabling a 100-nm comb with only 13 dBm of microwave



18

L— Optical octave f—2f S —
30 [ T T T T

20 — Current span — i

/ery [GHZ]
I
T

int

D

0 e 2.0um, D,/(2r)= 16.4 kHz ]
20 - 2.1um, D2/(2r1)= 5.7 kHz B
® 2.2um, D2/(2n)= -2.9 kHz
30 | | | | | |
120 140 160 180 200 220 240 260 280

Frequency [THz]

Figure S14. Measured integrated dispersion Dyt /(27) for x-cut LiTaO; waveguide with a total thickness of 600 nm (100-nm slab and 500-nm
etch depth), with different waveguide widths.
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Figure S15. The microresonator resonances used for comb generation. The intrinsic loss rate and external coupling rate are denoted as x¢ and
Kex, Tespectively.

pump. All the devices have an optical FSR of around 29.6 GHz with slight variations. In the experiments, the microwave pump
frequencies are optimized for each device to match the corresponding optical FSR.

V. SELF-INJECTION LOCKING AND HYBRID INTEGRATION
A. Noise reduction in self-injection locking

In our system, the comb laser source is a hybrid-integrated distributed feedback (DFB) semiconductor laser diode. As shown in
Fig. S16, the free-running DFB laser exhibits significant frequency noise. However, when the DFB laser diode is butt-coupled to
the comb generator chip, self-injection locking occurs, resulting in a frequency noise reduction of more than 10 dB. Self-injection
locking involves an external low-loss cavity, where some amount of light is reflected back into the laser via resonant Rayleigh
scattering, affording optical feedback to the laser. Consequently, the laser’s linewidth and frequency noise are proportionally
reduced, and the reduction is determined by the square of the quality factor of the external resonator Q..s[7, 8]. The ultimate limit
of this noise reduction would be constrained by the fundamental refractive noise [9]. In our system, a distributed feedback laser
(DFB) is self-injection-locked to the racetrack microresonator, also used for comb generation. To prevent lock instability, the
reflection is provided by only random Rayleigh backscattering from material and fabrication defects in the photonic waveguides
and not enhanced by additional reflector structures. The frequency noise reduction factor can be expressed as [10]

of Q?l 1 1
~ o
6ffree I%es 16F?e5(1 + 0‘3) %es ’

(64)

where 0 f ¢, represents the frequency fluctuation of the DFB laser due to drive current noise and temperature fluctuations and
0 f is the frequency deviation of the locked laser. The quality factors of the DFB laser diode and the microresonator are denoted
as Qq ~ 103-10% and Qe ~ 106-107. T, is the resonant amplitude reflection coefficient from the microresonator, and ay is
the phase-amplitude coupling factor, which is approximately unity.
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Figure S16. Laser frequency noise of a free-running distributed feedback laser diode (DFB) and when it is self-injection-locked with the
LiTaO; resonator, measured using heterodyne detection with a reference laser.

B. Self-injection locking during electro-optic comb generation
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Figure S17. Time-frequency spectrogram of the input carrier mode beat with a reference laser, with different microwave powers applied for
comb generation. The microwave frequency matches the optical free spectral range.

The significant linewidth reduction due to self-injection locking provides a unique advantage for hybrid-integrated comb
generators, as low phase noise is essential for many applications. The detuning range A fi,cx where self-injection locking can
occur depends on the sharpness of the frequency-dependent reflection peak (cavity linewidth of the LiTaO; cavity) and the
strength of the optical reflection [10], given by

Ires

Aflock ~ 1+ a? )
f 7 Qa

Figure S17 shows the measured time-frequency spectrogram of the beating between the input carrier mode of the comb and a
stable reference laser. Frequency pulling corresponding to self-injection locking can be seen in Fig. S17a and S17b, without
and with a weak microwave pump. The optical mode splitting induced by the microwave drive is also observed in Fig. S17b,
as the frequency pulling range is split into two. As the microwave pump increases further in Fig. S17c, no frequency pulling,
and thus no self-injection locking, is observed. This is due to the reduced reflection I',¢5 of the split resonances caused by the
applied microwave tone. In summary, we found that although self-injection locking can coexist with low microwave pump power
(narrow comb), the current single-microresonator configuration cannot support the generation of an ultra-broadband EO comb
and self-injection locking simultaneously. Alternative designs, such as dual-ring comb generation [11] or adding a separate
extended distributed Bragg reflector (E-DBR) section [12], may be required.

(65)
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VI. DEVICE FABRICATION

The devices were fabricated on x-cut single crystalline thin-film LiTaO; wafers from SIMIT-Shanghai. The thin-film
LiTaO; wafers were fabricated by ion-cutting and wafer bonding methods. Commercially available optical-grade bulk
LiTaO; were used. Hydrogen ions with an energy of 100 keV and a fluence of 7.0e16 cm~2 were implanted into a 4-inch
x-cut bulk LiTaO; wafer, creating an ion-damaged layer beneath the surface. The implanted wafer was then inverted and bonded
to a 525 um thick high-resistivity silicon carrier wafer coated with 4.7 um thick thermal silicon dioxide. A thermal annealing
process 190 °C was applied, allowing the separation of the remaining bulk wafer and the exfoliated LiTaOj; thin film. Subse-
quently, we carried out edge removal of the LiTaOj; thin film and performed chemical mechanical polishing to eliminate the
rough and defect-laden layer of LiTaO; impacted by H-ion implantation, reducing the LiTaO; film to the target thickness of
600 nm. The wafer stack consists of a 600 nm thin-film LiTaO;, a 4.7 um thick thermal silicon dioxide, and a 525 pm thick
high-resistivity silicon carrier wafer. The LiTaO; photonics integrated circuits were fabricated using the diamond-like-carbon
(DLC) hard mask, which we recently demonstrated for both LNOI and LTOI platforms [13, 14]. We employed deep-ultraviolet
(DUV) stepper photolithography (ASML PAS 5500/350C) to define the photonic waveguides and components. The pattern
was transferred into the DLC hard mask layer through oxygen-based dry etching in a reactive ion etcher. Then, the patterns
were transferred to the LiTaO; layer using ion-beam etching (Veeco Nexus IBE350). Additional chemical cleaning is used to
remove the amorphous redeposition of LiTaO; during the ion-beam etching process. The etch depth is 500 nm, leaving a 100 nm
thick slab for dispersion engineering. The metal layer was patterned with the same DUV tool and fabricated using a lift-off
process with silicon dioxide as a sacrificial layer. The silicon dioxide sacrificial layer is removed in buffered oxide etchant
after electrode fabrication. The metallization layer consists of a 20-nm aluminum adhesion layer and an 800-nm gold layer to
reduce Ohmic loss and enhance the microwave quality factor. After electrode fabrication, 800 nm thick aluminum air bridges
were fabricated using a photoresist-based lift-off process (AZ NLOF 2020), with the bridge curvature defined by thermal reflow
[15]. The minimum distance between the air bridges and the photonic waveguide is maintained at more than 1.5 pm to prevent
additional optical loss. Chip singulation is achieved through a combination of dry etching for the LiTaO; and wet oxide layers
using fluoride chemistry, as well as deep reactive-ion etching (DRIE) for the silicon carrier [16]. The process ensures smooth
facets for butt coupling with the DFB laser diode. The residual photoresists are removed using TechniStrip NI555 and cleaned
with oxygen plasma.
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