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[bookmark: _Hlk117601304]1. RA-SHG measurements of BFO/SAO/STO films at different temperatures
[image: ]
[bookmark: _Hlk131413910][bookmark: _Hlk166684773][bookmark: _Hlk172059748]Supplementary Figure 1 | a-f RA-SHG results and analyses of BFO/SAO/STO films below  (about 596 K for BFO/SAO/STO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. g-i RA-SHG results and analyses of BFO/SAO/STO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order. 


2. RA-SHG measurements of freestanding BFO films at different temperatures
[image: ]
Supplementary Figure 2 | a-d RA-SHG results and analyses of freestanding BFO films below  (about 565 K for freestanding BFO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. e-g RA-SHG results and analyses of freestanding BFO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal.  The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order.


3. X-ray reflectivity measurements of BFO films grown on different substrates
[image: ]
[bookmark: _Hlk170676148]Supplementary Figure 3 | X-ray reflectivity measurements of BFO/LSAT, BFO/STO, BFO/DSO, BFO/GSO, and BFO/KTO films, respectively. The lines are the fitting curves to the experimental data (hollow dots). The thickness of all epitaxial BFO films on different substrates is approximately 30 nm.


4. RA-SHG measurements of BFO/LSAT films at different temperatures
[image: ]
[bookmark: _Hlk172059708][bookmark: _Hlk172059850]Supplementary Figure 4 | a RA-SHG results of BFO/LSAT films at different temperatures. b-f RA-SHG results and analyses of BFO/LSAT films below  (about 428 K for BFO/LSAT films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. g-l RA-SHG results and analyses of BFO/LSAT films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order.


[bookmark: _Hlk166708471][bookmark: _Hlk166749945]5. RA-SHG measurements of BFO/STO films at different temperatures
[image: ]
Supplementary Figure 5 | a RA-SHG results of BFO/STO films at different temperatures. b-g RA-SHG results and analyses of BFO/STO films below  (about 496 K for BFO/STO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. h-l RA-SHG results and analyses of BFO/STO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order. 


6. RA-SHG measurements of BFO/DSO films at different temperatures
[bookmark: _Hlk129094412][bookmark: _Hlk128425435][image: ]
[bookmark: _Hlk131414118][bookmark: _Hlk172060142]Supplementary Figure 6 | a RA-SHG results of BFO/DSO films at different temperatures. b-h RA-SHG results and analyses of BFO/DSO films below  (about 582 K for BFO/DSO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. i-l RA-SHG results and analyses of BFO/DSO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order.


7. RA-SHG measurements of BFO/GSO films at different temperatures
[image: ]
[bookmark: _Hlk172060277][bookmark: _Hlk172060208]Supplementary Figure 7 | a RA-SHG results of BFO/GSO films at different temperatures. b-j RA-SHG results and analyses of BFO/GSO films below  (about 632 K for BFO/GSO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. k and l RA-SHG results and analyses of BFO/GSO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order.


[bookmark: _Hlk166684790]8. RA-SHG measurements of BFO/KTO films at different temperatures
[image: ]
[bookmark: _Hlk172060373]Supplementary Figure 8 | a RA-SHG results of BFO/KTO films at different temperatures, the scattered points are the experimental data at different temperatures. b-i RA-SHG results and analyses of BFO/KTO films below  (about 646 K for BFO/KTO films), where both the antiferromagnetic order and the ferroelectric order contribute to the SHG signal, leading to the asymmetry of the RA-SHG patterns. j-l RA-SHG results and analyses of BFO/KTO films above , where contribution from the antiferromagnetic order disappears and only the ferroelectric order contributes to the SHG signal. The hollow dots are the experimental data, the blue lines represent the contribution from the ferroelectric order, and the gray shadows represent the contribution from the antiferromagnetic order.


[bookmark: _Hlk170669830]9. First-principles calculation results of the crystal structures of BFO with different strains
[image: ]
Supplementary Figure 9 | a-i Crystal structures of BFO with strains of -4%, -3%, -2%, -1%, 0%, +1%, +2%, +3%, and +4%, respectively.


[bookmark: _Hlk172017587]10.  plane-view of the BFO crystal structure with different strains
[image: ]
Supplementary Figure 10 | a-i  plane- view of the BFO crystal structure with strains of -4%, -3%, -2%, -1%, 0%, +1 %, +2%, +3%, and +4%, respectively.


11. Functional forms of electric dipole SHG for crystallographic 4mm and magnetic point-group m
[image: ]
Supplementary Figure 11 | Schematic diagram of the rotating-polarization-based RA-SHG setups.
The second-order nonlinear optical process can be expressed as: , where  is the second-order nonlinear optical susceptibility tensor of the three-rank, and  is the incident optical electric field of the femtosecond laser with a frequency 1,2. In general, the three-rank electric dipole (ED) term  plays a dominant role in the contribution of the SHG signal, and  can only be produced in non-centrosymmetric medium (such as ferroelectric materials, surfaces, and interfaces)3,4. For systems with broken spatial-inversion symmetry, information related to the crystal structure symmetry and phase transitions (such as crystal point groups and phase transition temperatures) can be analyzed from the results obtained from wide-temperature-range RA-SHG measurements5.
For a ferroelectric crystalline material with antiferromagnetic order (such as multiferroic BFO),  can be expressed as: , where the time-invariant tensor  and the time-noninvariant tensor  represent the crystallographic (spatial-inversion symmetry breaking) and antiferromagnetic order structure (time-reversal symmetry breaking), respectively6,7. With an approximation that considers only the electric dipole, the SHG source term  is related to the light-induced nonlinear polarization  in the following way:  , where . The SHG signal measured experimentally is the intensity  of the  light, and its relationship with P is:
	.	(1)
To analyze SHG experimental data, the second-order nonlinear optical susceptibility tensor should be represented in the laboratory coordinate system (x, y, z). We generally try to make the laboratory coordinate system parallel to the crystal coordinate system. Here, the incident angle  is 45°, as shown in the schematic diagram of Supplementary Fig. 12. By rotating the polarization angle  of the incident light and fixing the polarization of the reflection light as p (, parallel to the plane of incidence) or s (, perpendicular to the plane of incidence), the variation of the SHG intensity can be obtained. For non-centrosymmetric crystal 4mm point groups, the time-invariant SHG susceptibility tensor  is:
	,	(2)
for p-out configuration, so  = 0°. Substituting the time-invariant SHG susceptibility tensor  into , we have:
[bookmark: _Hlk170911636]	,	(3)
	,	(4)
	,	(5)
in which , , and  are the diagonal elements of the transmitted Fresnel factor  in fundamental and second harmonic optical materials. Considering , we obtained:
	.	(6)
Below , the existence of the antiferromagnetic order in BFO films breaks the time-reversal symmetry. As the non-centrosymmetric magnetic order also breaks the spatial-inversion symmetry, the magnetization-induced ED-SHG is produced. With magnetic point-group m, the time-noninvariant SHG susceptibility tensor  is7:
	.	(7)
Similarly, substituting the time-noninvariant SHG susceptibility tensor , we have:
	,	(8)
	,	(9)
	,	(10)
	.	(11)
Considering , we obtained:
	.	(12)
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