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1. Introduction

In this document we provide those details of the mathematical model
not provided in the main document. More precisely, we explain here those
features of the original model by Martin et al. [1] which remained unchanged;
while those that have been modified or are more relevant to the study are
presented in the main document.

This document is structured as follows: In section 2 we present the general
equations for competitive binding between ligands and receptors; the specific
equations for the competitive binding of the complex RANK-RANKL-OPG
and Wnt-Scl-LRP5/6 are given in sections 3 and 4 respectively. The co-
regulation of RANKL levels via the antagonistic effect of PTH and nitric
oxide is presented in section 5. The equations related to microestructural
damage are shown in section 6 and the upregulation of RANKL expressed
by osteocytes due to damage is given in section 7. The equations of the
PK model of Denosumab are given in section 8. The equations related to
the regulatory effect of TGF-3 are given in section 9. Section 10 describes
the term of proliferation of osteoblast precursors. The algorithm of bone
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mineralisation is shown in section 11. Finally, the model constants are given
in Table 1.

2. Competitive binding

Many biological processes are controlled by binding of biochemical factors
which act as receptor and ligand. In some of them two or more ligands
compete to bind to the receptor. This is the case of Wnt and sclerostin
that compete to bind to LRP5/6 to control the proliferation of osteoblast
precursors and also the case of RANK, OPG and Dmab which compete to
bind to RANKL to control the differentiation of osteoclast precursors into
mature active osteoclasts.

Let us consider separately the binding of a given receptor R to its ligands
A and B to form, respectively, the complexes A-R and B-R. Let us consider
for each species X=A,B,R a production term Px and a degradation term Dy,
along with a degradation term for the complex Dx_vy. Let K% _y and K&
be the reverse and forward binding reaction constants, respectively.

IpPg 1Py
KfAfR Da-r

R + A = A-R — 0 (1)
Ki_r

{Dg 1Da

1P 1Py
KfB—R Dp-Rr

R + B = B-R — 0 (2)
Kg_r

IDr IDp

The law of mass action provides the following set of differential equations:

TR K LAV - K (A~ B] - Dan[A-R]  (3a)
BB Ky (BRI~ K o [B—R]— Dy [B—R]  (3b)
% =Py —DalAl + Ky A —R]— K\ 4 [A][R] (3¢)



— Py, — Dy [B] + Kj_g [B— R] — Ky _y [B] [R] (3d)

(3e)

where [X] and [X — Y] represent, respectively, the concentration of species X
s and complex X-Y. The degradation terms are assumed proportional to the
concentration of the species, i.e. Dx = Dx [X], with Dx being the degradation
rate.
Following Pivonka et al. [2] we assume that the binding reactions are
much faster than the cell responses they produce and hence a quasi-steady
s state can be assumed, implying that the time derivatives of Egs. (3) are null.
This condition in Eqs. (3a) and (3b) yield:

Al[R
a-g = BN (1a)
A-R
Bl R
B k) = DN (4b)
B-R
where:
K g +Das_
Kag=—2 ﬁf AR (5a)
50 A-R
K Dp_
Kp = B‘;f == (5b)
B-R
The stationarity condition of Eqgs. (3c¢)-(3e) yields:
P
(I — (62)
Da + KA:R [R]
P
B] = - DE N (6b)
Dp + F:R [R]
P
[R] T = Da_r : Dp_r (GC)
Dr + =5 (Al + = [B]
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If the degradation (Dx,Dx_vy), production (Px) and dissociation con-
stants, (Kx_y) are known, (6) constitutes a non-linear system of three equa-
tions with three unknowns, namely [A], [B], [R].

The total concentration of a receptor is the sum of the concentrations of
the receptor which is found free and bound to ligands, i.e.:

[Rliot = [R] + [A = R] + [B - R] = [R] (1 + K[A] + K[B] ) (7)
A-R B-R
where Eqs. (4) have been used. The stationarity condition is equivalent to
establish that the production rate of a species must equal the degradation
rate, including all its forms, free and bound. For instance, in the case of the
receptor that can bind to different ligands, this condition reads:

Pr = Dy [R] + Z Dig [L - R] (8)

which can be obtained from Eqs. (3a), (3b) and (3e) by imposing that the

stationarity condition is met, (% = d“:i;R] =0 VL=AB). In the case

of a ligand, that only binds to the receptor, that condition reads:

Pr, =Dy, [L] + Di—gr [L — R] (9)

The degradation rates are usually assumed as constants but the produc-
tion rates are modelled in a more complex way. For instance, the production
rate of ligand L can be split into a term corresponding to endogenous pro-
duction, Py, 1, and a term accounting for external dosage, Pr, 4:

Py, =Prp +Pra (10)

The endogenous production is sometimes modelled by the following equa-
tion:

Py = Z Bry ”;(ct/rep,y Y (1 - [L[]L] > (11)
X,Y max

where Y is the concentration of the cell type Y producing L with a produc-
tion rate Py, regulated by the species X through the activator or repressor

4
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function ﬂifct JrepY The parenthesis establishes a saturation condition in such

a way that ligand is not produced if its concentration reaches the maximum
or saturation value, [L]yax.

As described by Pivonka et al. [3] the activation of a certain biological
process regulated by the formation of the complex L-R is given by the ratio
between the receptors R occupied by ligands L and the total number of
receptors:

. L-R _ [L-R
S S T S i oy (12

Similarly, the repressor action of the binding is given by the complemen-
tary to one of the latter:

. Rhe—L-R R+ [~ R]
Y = Rl R+, U R (13)

In case of a single ligand the latter expressions yield the first-order Hill
activator and repressor functions:

)
Ry = (11
YLKy

K%

L rep7

T = =" 15
rep,Y KLf}Z;L( + {L] ( )

rep

3. Competitive RANK-RANKL-OPG binding

The RANK-RANKL-OPG signalling pathway controls the differentiation
of uncommitted osteoclast progenitors and osteoclasts maturation, respec-
tively through 7 E5" and i B8 (see Eq. 7 in the main document). Thus,
an imbalance in that pathway, such as that occurring after menopause, may
result in the development of osteoporosis. Following Martin et al. [1], the
concentrations of OPG, RANK and RANKL are given by the following equa-

tions:
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oPQ] = _tora (16)

Doprg—RANKL [RANKI]

Dopg + KopG-RANKL
gANK OCp
[RANK] = 14 p[RANK} (17)

KRANK-RANKL

DopG-RANKL

[RANKL] =Pgankr - | Drankr +

- [OPG]
Kopg—raNKL
. (18)

DraNk
+ RANK—-RANKL . [RANK]
KRANKfRANKL

where DX and BX_Y are the degradation rates of the factor X and the complex
X-Y, respectively; Kx_v is the dissociation constant of the complex X-Y and
NRANK i the number of RANK receptors per osteoclast precursor. Popg is
the production rate of OPG by active osteoblasts:

(19)

OopPG
Popc = BoPG,0b, Mhep0b, OPa ( [ | )

[OPG pax]

where Bopc,ob, is the OPG production rate, 771l is the repressor function

that quantifies the effect of PTH on the production of OPG and [OPGyay]
is the saturation concentration of OPG above which no further production
takes place. Prankr is the RANKL production rate of Eq. (18) and it is
explained in the main document.

Finally, [RANKL];o is the total concentration of RANKL (bound and
free) and is defined as follows:

[RANKL];ot = [RANKL]:
(1+ [OPG] N [RANK] N [Dmab]BC) (20)

KOPGfRANKL KRANKfRANKL KRANKLfDmab




4. Competitive binding Wnt—Scl-LRP5/6-Rmab

The previous equations can be used to describe the competitive binding
Wnt—Scl-LRP5/6 and the sclerostin antibody: Rmab. Wnt signaling is an
anabolic pathway promoting the proliferation of osteoblast precursors and

no  hence bone formation. Extracellular Wnt binds to Frizzled and the lipopro-
tein receptor-related protein LRP5/6, so triggering intracellular activation of
-catenin. Sclerostin, produced by osteocytes, modulates the signaling path-
way by its interaction with LRP5/6 receptors. This prevents the formation
of the Wnt-Frizzled-LRP5/6 complex and therefore hinders preosteoblasts

us  proliferation. Competitive Wnt—Scl-LRP5/6-Rmab binding is modelled as
follows. First, Eq. (7) reads for LRP5/6:

[LRP5/6]tot:[LRP5/6]-(1+ (Wat] | __ (5] ) (21)
Kwnt-Lrprs/6  Ksc-Lrps/6

The production of sclerostin is given by an equation like (9), which now
reads:

Psap + Psaa = Dsa [Scl] + Dsa_rrps/s [Scl — LRP5/6] + Drumab_sa [Rmab — Scl]
(22)

where DSCI; [N)Sd_LR% /6 and BRmab_Sd are the degradation rates of sclerostin,

120 the sclerostin-LRP5/6 complex and the sclerostin-Rmab complex, respec-
tively. The concentration of these complex are given by the receptor-ligand
binding equation (3a), which read here:

[Scl — LRP5/6] = w (23)
Ksc—-L.rP5/6

Rumab — Sel] — ol [Rmablsc (24)
KRmab—Scl

The external dosage of sclerostin, Pgq 4, grows with age as seen in Ruiz-
Lozano et al. [4] and the endogenous production of sclerostin by osteocytes
s 1S:



€] o [Scl]
Pseb = Bsc1,0t Thepige Ot (1 ~ Bl (25)

where Bgaor and [Scl]max are, respectively, the sclerostin production rate
and its maximum concentration. The production of sclerostin by osteocytes
is downregulated by the mechanical stimulus through the repressor function
Tl max (see Eq. (36) later on).

rep,Scl

130 Following Martin et al. [1] we assumed that the total number of LRP5/6

receptors per osteoblast precursor (NI{)P];?/ 6) is constant and thus:

[LRP5/6]i0e = N/ Oby, (26)

Solving for [LRP5/6] in Eq. (21) and considering Eqs. (6) to obtain the
expressions for the concentrations of |Scl| and [Rmab|gc, we arrived at the
following equations:

[LRP5/6]01
[LRP5/6] = 1+ W ] (27a)
Kwnt—LRP5/6 Ksci-LrP5/6
135 p
[Scl] = — = ol - (27D)
Scl-LRP5/6 mab—Sc
DSC] + KSclfLRPS;G [SCH + Kgmaz—zci [Rmab]BC
P ma
Rmablyc = =5 (279
DRmabBC + KRmabfscl [SCI]

Finally, using Eqgs. (12) and (26), the activator function in the Ob,
proliferation term can be calculated as:

v [Wnt —LRPS/6] (W) [LRP5/c] 8)
act,Obp [LRP5/6]tot KWnt—LRP5/6 [LR‘P5/6}tOt

uw 5. Co-regulation of RANKL via PTH and NO concentration

RANKL transcription is upregulated by parathyroid hormone (PTH) and
downregulated by nitric oxide (NO). In the model developed by Martin et al.
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[1] this antagonistic influence was merged into a co-regulatory function cap-
turing both effects.

PTH,NO _ PTH NO PTH NO
act /rep, RANKL — As (Tcact,RANKL + ﬂrep,RANKL) + Ac Toct RANKL T ep,RANKL
(29)
where the activator function accounting for the effect of PTH is:

Tlct, RANKL — [PTH] + KPIH

act

and the repressor effect on OPG (see Eq. (19)) is accounted for through the
function:

KPTH
L — (31)
P20 [PTH] + KETH
being KPTH and KfeITDH constants and the concentration of PTH given by:
[PTH] = Pru (32)
Dprn

which comes from Eqgs. (8) to (11) when there is no ligand for the species, the
external dosage is null (Pprq = 0), the endogenous production rate is not

regulated (Trfa,(ct/rep,Y -Y = 1see Eq. (11)) and the saturation value [PTH]ax

is large enough to assume the parenthesis equal to 1. Ppry and DPTH are
the endogenous production and degradation rate of PTH, respectively. On
the other hand, the factor corresponding to nitric oxide is:

KNO

NO rep
Thep, RANKL — T 1L WNO (33)
P INOJ + Ki\ég

with KI9 a constant and the concentration of NO given by:

‘E‘max
Pro.da + BNo,0t Thet no OF

~ BNO,O1 T 82% Ot
Dxo + 0T

[NO| = (34)
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which also comes from Eq. (8) in the absence of ligands. The external dosage
of nitric oxide Pno q s set to zero in this study, Bno.ot, Do and [NOJnax are,
respectively, the endogenous production and degradation rate of nitric oxide
and its maximum content. The factor ﬂgﬂg‘ﬁfo is the mechanical feedback
activator function that accounts for the production of NO by osteocytes. This
function and the repressor function affecting the production of sclerostin by
osteocytes (see Eq. (25)) are defined by the following sigmoidal functions:

(“act - pact) ‘dmax

|€|max p—
Tt = P el .
Yrcp
(0,6 — £
WLZISEE = Olyep — ( Tep prep) yrepmax (36)

Sep + e

max

where p. and «. are, respectively, the minimum and maximum anticipated
response, Y~ is the sigmoidicity, influencing the steepness of the response,
b~ is the value of the stimulus producing the half-maximal response [5], and
is the maximun principal strain in absolute value.

’£|max

6. Damage

Targeted bone remodelling theories hypothesise that one of the major
functions of bone remodelling is to remove microcracks from bone matrix,
so avoiding an excessive accumulation of the latter, which could result in
macroscopic failure [6]. The accumulation of microcracks in a particular
volume of material is addressed here using a Continuum Damage Mechanics
approach [7]. This theory introduces a damage variable, d, which is linked
to the density of microcracks in a volume of material and to the loss of
stiffness through Eq. (37). This variable is such that de [0, 1], with d=0
corresponding to an undamaged state and d=1 to a local fracture or failure
situation:

C=(1-d)C, (37)

where C and C, are, respectively, the stiffness tensors of damaged and un-
damaged bone [7]. In the isotropic damage theory, Eq. (37) can be rewritten
in terms of the respective Young’s moduli, E and Ey, as E = (1 — d) Eq [8, 9]
(see Eq. (16) in the main document).

10
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A balance of microdamage is considered through the accumulation due to
fatigue loading and the removal due to bone remodelling, as osteoclasts resorb
the damaged tissue, while the osteoid deposited by osteoblasts is initially
intact. The evolution law for damage can be expressed as:

d=ds —dg (38)

where dy is the rate of damage accumulation by fatigue loading and dg is
the rate of damage removal by bone remodelling. The latter is assessed by
assuming that damage is uniformly distributed throughout the representative
volume element (RVE). So, the amount of repaired damage is proportional
to the damage present in that volume and to the volume of tissue being
resorbed, V,, through the fraction that this volume represents within the
bone matrix volume:

(39)

Damage accumulation is evaluated following the procedure described in
[10, 11]. This procedure makes use of the results of the experimental fatigue
tests performed by Pattin et al. [9], who provided the evolution of damage
with the strain level and the number of cycles. This evolution was mathemat-
ically modelled by Garcia-Aznar et al. [12] to yield the following differential
equation under tensile stresses:

Gy

d, =N
Cave

(1= d)'™ epfay exp(—=Co (1 — d)™) (40)
where N is the number of cycles applied per unit time and €, is the maxi-
mum principal strain expressed in pe.! The rest of parameters and constants
of the model are:

eC2 1
Cl = & = 14.1;
' Ki([Ca)) ! (41)

Ve = —0.018(emax — 4100) + 12; Oy = —20;

'In the damage model proposed by Martinez-Reina et al. [11], cracks were assumed to
grow normal to the maximum strain direction and only under tensile strains.

11
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where K¢([Ca]) is a function of the mineral content which will be defined next.
The experimental tests perfomed by Pattin et al. [9] included an estimation
of fatigue life, N¢, which was related to the deformation by the following
expression:

K
N = —o

o (42)
where K¢ was assumed constant and equal to 1.445-103 in tension. Martinez-
Reina et al. [10] introduced a correction in Ky to consider the degradation of
the fatigue properties with the increase in mineral content. A life Ny = 107
cycles was assigned to the fatigue limit, which is usually assumed to occur
for a given fraction of the ultimate tensile strain, €,/f3, where the parameter
B depends on the type of material [13] and § = 2 was assumed for bone [10]
with good results. So, Ky was obtained from Eq. (42) as:

K;([Cal) = 107 (%) f (43)

where the ultimate tensile strain depends on the calcium concentration of
bone matrix, [Cal, as Currey [14] showed. The following regression was fitted
in [10] from the experimental results presented by Currey [14]:

loge, = 31.452 — 11.341 log [Ca] (44)

where €, is expressed in pe and the concentration [Cal is expressed in mg of
calcium per g of bone matrix. This concentration is directly related to the
ash fraction, «, which will be defined in the next section. More precisely,
the relation [Ca] = 398.8 « was assumed, based on the molecular weigths of
hydroxyapatite and type I collagen [10].

7. Upregulation of RANKL expressed by osteocytes due to mi-
crostructural damage

As proposed in [15] we have assumed that RANKL expression by osteo-
cytes is upregulated by the presence of microstructural damage in the bone

12
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matrix through the factor 704", sxkr,, Which is defined as a sigmoidal function
of damage, d:

d

—_ 45
Kdam + d ( )

dam
7Tact,RANKL = Pdam + ((Xdam - pdam) (1 + Kdam)
where Kgam 18 a constant, pgam is the minimum value of the factor 7%z ANkL
corresponding to d=0, while &gay, is its maximum value, corresponding to

d=1.

8. Two-Compartment PK Model of Denosumab

Following the pharmacokinetic model developed by Martinez-Reina et al.
[16], a first-order rate process (k,p) governs the absorption of the drug (Dose)
from the subcutaneous (SC) injection site into the central compartment
([Dmab]cc), being Vep/Fp the volume of the central compartment adjusted
for bioavailability. The drug elimination from the central compartment is
described by a combination of a linear first-order process (kep ) and a non-
linear saturation process (Vaxp, Kup ):

d [Dmab] _Dose e pe ket
dt VCD/FD

V maxD [Dmab)

— | kep [Dmab|~~ +
b [ fa ]CC VCD/FD KMD -+ [Dmab]cc

(46)

In Eq. (46) Dose is given in ng per kg of body weight and then [Dmab]cc
is calculated in ng/ml and subsequently converted into pmol/l, through the
molecular weight of denosumab Mp,.;, = 149 kDa.

In previous models (Martinez-Reina and Pivonka [17], Martinez-Reina
et al. [18]) they have assumed that a fraction of the Dmab present in the
central compartment was available in the bone compartment to compete
with RANK to bind to RANKL. However, this availability actually implied a
reversible exchange of Dmab between both compartments. Given the affinity
of Dmab for RANKL, which is expressed by osteoblasts precursors within
the bone compartment, a flux from the central compartment to the bone
compartment seems more plausible than a reversible exchange. To this end,
they added the bone compartment to the PK model in Martinez-Reina et al.

13
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[16]. The term in square brackets in Eq. (46) represents the elimination
from the central compartment in the model of Marathe et al. [19] We have
assumed that only a fraction (1 — (p) of this term is actually eliminated via
urine and the rest, (p, is the flux of denosumab into the bone compartment.
In turn, the latter fraction can be considered as Pppap,., the production
term of denosumab in the competitive binding reactions between RANKL,
OPG and Dmab:

VmaXD [Dma’b]CC
VCD/FD KMD + [Dmab]cc

This production rate can be replaced in the expression that gives the
concentration of ligands in competitive binding reactions (See Section 2), ie:

Pbmabge = Cp |kein [Dmab] o + (47)

PDmab
[Dmabs, = - IV (48)
DDmabBc + RANKL—Dmab | [RANKL]

KRANKL-Dmab

9. Regulatory role of TGF-3

TGF-f is stored in the bone matrix and released during resorption by
osteoclasts. Its concentration is calculated following Pivonka et al. [2]:

XTGF-B kres OCa

[TGF — B] = (49)

Drar-p
where apgr_g is the concentration of TGF-f3 in bone matrix and DTGF,B
is the TGF—3 degradation rate. The concentration of TGF—3 is used to
define the activator/repressor functions in Eqs. (1)-(4) of the main document.
These functions control the upregulation of the differentiation of Ob, into
Oby, the upregulation of osteoclast apoptosis and the downregulation of the
differentiation of Ob, into Ob,:

TGF-B _ _TGF-p __ [TGF - B]
7TaLct,ObU. - T[aCt,OCp - KT(SF*[S + [TGF _ B] (50)
TGF—p

0% = KIGFP 1 (TGF - p]

. TGF— _ . . .
with KIS P and KISF~P the activation and repression constants, respec-

tively.

14
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10. Proliferation of osteoblast precursors

Let us recall the differential equation of osteoblast precursors.

d Oby, TGF—B TGF—p
T = DObu ' Obu ' 7Tauct,Obu - DObp ’ Obp ’ 7Trep,Obp (52)
+ Pop,, - Oby, - ﬂzgtn,t()bp
We can rewrite this equation as:
d Ob
T Y = Doy, - Ob, — Doy, - Oby, + Pop, - Oby, (53)

where the terms in the right-hand side correspond, respectively, to the dif-
ferentiation of Ob, into Ob,, the differentiation of Ob, into Ob, and the
proliferation of Ob, at a rate Pop, which is determined by Pop, and the
Wnt-Scl-LRP5/6 signalling pathway through e, (see Eq. (52)). As
discussed in Buenzli et al. [20], a necessary condition for the Ob, population
to stay bounded and to converge to a meaningful steady-state (with finite,
positive cell densities) is that:

Pob, —Dop, <0 as t — 00 (54)

Following Buenzli et al. [20] Pop, was defined considering a saturation
factor:

Ob
P, (1— =) if Ob,<Ob®
Oby ( (n%n> h PP = Uhy (55)

0 if Oby, > Obs™

Pop, =

where P%bp is a constant and ObJ* is the maximum concentration of os-
teoblast precursors above which no proliferation occurs. This saturation and
the choice of P, (see Table 1) ensures that Eq. (54) is fulfilled.

15
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11. Algorithm of bone mineralisation

Bone tissue is made up of bone matrix and pores. Thus, the representative
volume element, Vgyg, can be divided into the bone matrix volume, Vi,
and the volume of vascular pores, V.. In turn, bone matrix volume is
divided into inorganic (mineral), organic (mainly collagen) and water phases,
respectively designated as Vp,, V, and V:

VRVE - me + vvas - Vm + Vo + Vw + Vvas (56)

The volume fractions of extravascular bone matrix and vascular pores
are respectively given by f, = Vi /Veve and f.s = 1 — fym = Vias/Vrve-
The mineral content is usually measured by the so-called ash fraction, the
ratio between mass of mineral m,, (or ash mass) and dry mass (the sum of
inorganic and organic mass):

My + My P Vin + PoVo

(57)

where density of hydroxyapatite is taken for p,, = 3.2¢g/cm?® [14]. Organic
phase is mainly composed of type I collagen, but other non-collagenous pro-
teins are also present. Thus, p, = 1.41 g/cm? was adjusted to provide a tissue
density p; = 2.1g/cm3 for the completely mineralised tissue o« = 0.73 [12].

Specific volumes are defined by: v, = Vo /Vim, Vvin = Vi /Vim and vy, = Vi / Vi,

which implies that v, 4+ vy + vy, = 1. Then, Eq.(57) can be given in terms
of the specific volumes:

Pm Vm

= ——— (58)
Pm Vm + Po Vo
Bone tissue density is given by:
m
Pt = 77— = Pm Vm T Po Vo + Pw Vw (59)

vbm

Mineral accumulates by displacing water present in bone matrix [21].
Therefore, the volume ratio of organic phase is assumed constant during the
mineralisation process, v, = 3/7 [22]; while the variations of mineral and wa-
ter volume ratios hold Av,, = —Av,. We have followed Hernandez et al. [21]
to assess the increase of v, with time, by distinguishing the mineralisation
lag time; the primary phase, with a linear increase, and the secondary phase,
with an exponentially decreasing rate:

16
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0 it t <t

t— tmit .
Vm(t) = Vm prim t—m if tmlt <t S tprim + tmlt
prim
Vmmax — (Vm max ~ Vmprim) e_K'(t_tprim_tmlﬁ 1f tprim + tmlt <t

(60)
where ty; and tpu, are, respectively, the length of the mineralisation lag
time and the primary phase; vy, prim is the mineral specific volume at the end
of the primary phase, corresponding to o = 0.45 [21]; Vimax 1S the mineral
specific volume corresponding to the maximum calcium content, 300 mg/g
[14]; and k is a parameter measuring the rate of mineral deposition during
the secondary phase. Note that, with the assumptions made above, Eqs.
(58) and (59) establish a biunivocal relation between « and p;.

The amount of mineral contained in a RVE depends on the age of the
tissue through Eq. (60), but the RVE can be made up of tissue patches
formed in the recent history, viz. of different ages. Moreover, the tissue
within the RVE can be resorbed, which puts the mineral back into the blood
flow. The amounts of tissue of different ages contained in the RVE are
estimated using the algorithm depicted in Fig. 1 [11]. Viom(t,T) provides
the bone volume formed T days ago and still present (not yet resorbed) at
time t. Knowing the distribution of tissue patches of different ages at day t
(left column) and the volume formed (Vi (t) = Kiorm Oba(t)) and resorbed
that day (Vyes(t) = kyes Oca(t)), the distribution at day t-+1 (right column)
can be estimated:

vform (t> i)
Vi(t)

Finally, the mineral content of each patch is summed to estimate the
average mineral content of the RVE at day t+1.

Vm(t + 1) _ ZEU Vform(t + 1, i) ) Vm(i) (62)

Vp(t+1)
where the mineral contents of the patches, v,,(i), are calculated through Eq.
(60). tr represents the residence time, e.g. the typical time the patch tissue
remains within the bone before being resorbed. This residence time can be
very large but the queue can be truncated at a shorter time to reduce the

computational cost. See [23| for more details.

vform(t + 1a 1 + 1) = vform(tv 1) - Vres(t) (61)
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| me“m(t) = kfm‘m OBa(t)
Vform(t + 1: 0)

Vform(tv 0) Vf (T 0) > Vf("'m(t + 17 1)
— —Vyes(t _JormA®n 7 .
me‘m(t7 1) ( ) Vh(t)
V form(t, ) V() > Viorm(t+1,i+1)
. - 7‘65( /) T{t) .
Vform(t + 17 tR)

me"m (tv tR)
day ¢ day t+1

Figure 1: FIFO (first in - first out) queue algorithm used to update the distribution of
tissue patches of different ages within the RVE.

It must be noted here that the recursive character of this mineralisation
algorithm makes it necessary to integrate the set of differential equations
that governs the model using an explicit integration scheme.
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12. Model constants

340 The model constants, except for those related to the damage and miner-
alisation algorithms, which were given in the main document, are provided
in the following table.

Constant Value Units

Cell constants: differentiation, proliferation, apoptosis, activity

Oba 0.01 pM

Ocy 0.01 pM

Dop, 0.01 day~!

Do, 0.0705 day~!

POy, 3.47 day ™!

Ob3 0.005 pM

Do, 0.0388 day !

Do, 0.1216 day~!

Aop, 0.3502 day~?

Ao, 4.5 day~!

n 4143 107 pM / %>

Kres 200 % day~t pM~!

Kform 40 % day—! pM~!
RANK-RANKL-OPG signalling pathway

Dorc 0.35 day !

DraNnkL 0.4053 day !

Dbmabpc 16.22 * day~!

Dopa-raNkL  559.67 day !

Drank-rankr, 10.132 day—!

Dpmab-rankr, ~ 10.132 * day™!

Kopa-rankr 2300 pM

Krank-rankr 10 pM

Continued on next page

2Recall that fy, is expressed in %.
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Constant

Value Units

Kbmab—RANKL
RANK
NOCp

9.2 pM
4.16 -10° pM RANK / pM cell

Bopa,0b, 1.3 -10° * pM OPG / pM cell day~!
[OPG]imax 1.314 102 pM
[RANKL] e 41.584 pM
BRANKL Ot 2.836 -10>  pM RANKL / pM cell day !
BRANKL,Ob, 2.14 -10? pM RANKL / pM cell day™!
KR ook 7.487 pM
KaRC‘?%IC% 1.497 pM

Upregulation of RANKL via damage
Pdam 0.04 * -
Xdam 1~ -
Kaam 0.28 * -

Competitive binding Wnt-Scl-LRP5/6
DS 5 day~!
f)Scl—LRPE)/G 50 day~!
Kwni—rpse 1079 <108 pM
Ks-Lrps/6 8.57 pM
Nom. /° 5 pM LRP5/6 / pM cell
Bse1,0t 5-10% * pM Scl / pM cell day—*
[Wnt] 170 pM
(Sl max 70 pM
chl,d 0 pM day~!

Co-regulation of RANKL via PTH and NO

As 0.45 -
Ac 74.66 -
KPTH 0.65 pM
KETH 0.223 pM
KNO 5.24 -102*  pM
INOJ 9 .108 pM

Continued on next page
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Constant Value Units

BprH 250 pM day !
Dpri 83 day !
BNo.0t 1.39 -10* *  pM NO / pM cell day~!
Dro 2.1-1073 day ™!
Pro.d 0 pM day~!
Dmab PK-PD constants *
kap 0.17 day !
ke 1.15-1072  day!
Ve 77.9 ml kg~?
Fp 1 -
Ky 411 ng ml~!
V maxD 2672 ng kg=! day !
(b 0.4889 -
Rmab PK-PD constants *
kar 0.2 day !
Kelr 0.1 day !
Ver 80.9 ml kg~!
Fr 1 -
Kur 3000 ng ml—!
V maxR 5-10° ng kg™t day !
Cr 0.56 .
DRmabpe 1.18 1072 day!
PMO related constants *
kq 2.3 1073 pM RANKL/pM Cell days™2
ko 2.58-107° pM RANKL/pM Cell days2
ik 185 days
TGF-f3 related constants
ATGF—p Kres 1 i
Drar-p
KLGF-P 5.633-107% pM

Continued on next page
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345

350

355

Constant Value Units

KE;%F_B 1.754-107* pM
Parameters of mechanical regulation

Orep 1 -

Kact 1 -

Prep 0 .

Pact 0 -

drep 1.3-1073*  MPa

duact 6.2 -107**  MPa

Yrep 6~ -

YVoet 11.5 * .

deq 0.95 -

Mineralisation model *

Bt 8 days

tprim 14 days

Vm prim 0.12 -

Vin max 0.442 -

K 0.01 -

Table 1: Values taken for the constants of the PK-PD model. All the constants were taken
from the model developed by Martin et al. [1], except those marked with an asterisk.

All the constants in Table 1 were taken from the model developed by
Martin et al. [1], except those marked with an asterisk. These changes were
motivated by the fact that Martin et al. did not considered damage and the
variable mineral content of bone matrix. Hence, those constants needed to
be readjusted to reproduce the behaviour of the previous model. So, Bgsc ot
and PBno,or were readjusted to achieve the same sclerostin and NO levels.
The constants of the block “Upregulation of RANKL via damage” are new
since damage were not considered in the previous model. Their values were
fitted as in [15], so that the contribution of damage to RANKL production is
similar in normal situations (homeostasis) to the production of RANKL by
osteoblast precursors. The constants of the block “Dmab PK-PD constants”
are specific of the Dmab PK model and are taken from previous works [15, 18].
The constants of the block “Rmab PK-PD constants” are specific of the Rmab
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360

365

370

375

380

385

PK model and were adjusted as explained in section 2 of the main document.
The constants of the block “PMO related constants” were readjusted as done
in [4], i.e. to reproduce the results of the longitudinal experimental study of
Riggs et al. [24] on the evolution of the bone mineral density (BMD) in the
vertebral spine of post-menopausal women. Martin et al. [1| did not account
for variations in mineral content and assumed the bone matrix fraction to
evolve in the same way as the BMD. Now that this limitation has been
overcome by including the mineral content, it was necessary to readjust the
constants.
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