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This supplementary provides supporting material and related details for the presentation of the main text. It is
organized as follows: in Sec. I we extend the discussion of time order to finite temperature; in Sec. II, we present
calculation details related to the spin-1 atomic Bose-Einstein condensate (BEC) example considered; as a more
straightforward approach to understand numerical results, we present a variational approach for treating the polar
ground state of a spin-1 BEC in Sec. I1I. Finally, we give the details about ground state and eigen-energy calculation
in the non-Hermitian quantum many-body model with multi-body interaction in Sec. IV.

I. TIME ORDER AT FINITE TEMPERATURE

At finite temperature 7', excited states will be populated, which can be taken into account with the Gibbs ensemble
p=ePH /7 where Z = Tr e #H denotes the partition function and 8 = 1/T the inverse temperature. We then find
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where |vi) is the eigen-state twisted vector for |1y ), and c¢;, its associated weight. Analogously, for the non-Hermitian
case, we find
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where |11,(€l)> and |v,(:)) are the left and right twisted vectors for eigen-state |¢y), ¢;i is the corresponding weight.

It is easily noted that f(¢) at finite temperature contains contributions from all eigen-states of the quantum many-
body system H , with a temperature dependent weight factor for different energy level, but f(¢) remains to include
contributions from different periodic functions. Hence the quantum phase classification task essentially remains the
same (including its possible reference to F(t)) as is shown in the Letter for the ground state. At finite temperature,
due to thermal excitations to ground state, the temporal behavior will be more complex thus opening up for more
interesting possibilities, e.g., to control time order phases and to study crossover or driven phase transitions between
different time order phases.

II. TIME ORDER IN A SPIN-1 ATOMIC BEC

For typical interaction parameters of a spin-1 BEC (e.g., of ground state 8"Rb or 22Na atoms) in a tight trap, spin
domain formation is energetically suppressed when the atom number is not too large as spin-dependent interaction
strength is much weaker than spin-independent interaction [1-4]. This facilitates a single-spatial-mode approximation



(SMA) by assuming all spin states share the same spatial wave function ¢(r), which effectively decouples the spatial
degrees of freedom from the spin and results in the following Hamiltonian [2, 5]

H= 2672\7 [(2]\7’0 - 1) (N1 + N,l) +2 (d{&ﬂldodo + h.c.)} —p (1\71 — N,l) +q (N1 + N,l) , (3)
for the model many body system, where a,,,(mpr = 0,41) is the annihilation operator of the ground manifold state
|F = 1,mp) with corresponding number operator NmF =al »0mp. pand g are linear and quadratic Zeeman shifts
which could be tuned independently in experiments [6], while co denotes spin exchange interaction strength. The total
particle number operator N = Ny + Ny + N_; as well as the longitudinal magnetization operator F,=N; —N_; are
both conserved. Thus, linear Zeeman shift can be set to p = 0 effectively.

As discussed in the main text, a suitable order parameter for this model system is figy, = Nsum /N (Nsum =
Ny +N_, = N— No), which measures the fractional atomic population in the states |1,1) and |1,—1) and N
assumes the role of system size. Following our formulation and denoting the system energy eigen-state by |[);)
(i=0,1,2,---) with increasing eigen-energy ¢;, the ground state twisted vector becomes |v) = figum [t0) = Yoo @ilthi),
with a; = (1;|v) its expansion coefficient on the eigen-state |¢);). We find
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where b; = [a | is the weight of the ground state twisted vector, b = 3772 b; the total weight, and
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where A; = N(y;Jv), B; = |A;|* is the weight of the enlarged ground state twisted vector, and B = Z?io B; the
total weight.

Our study below is for the zero magnetization F, = 0 subspace and employs exact diagonalization (ED) to calculate
eigen-states as well as eigen-energies. The overall time order phase diagram for spin-1 BEC is shown in the main
Letter. For ferromagnetic interaction ¢y < 0, the critical quadratic Zeeman energy ¢/|ca| = 2 splits the whole region
into time trivial order (T'T) phase for smaller ¢ that observes TTS, and the generalized time crystalline (¢TC) order
phase for g/|ca| > 2 where TTS is spontaneously broken. The latter (¢TC phase) is found to coincide with the ground
state polar phase. The available computation resource limits the calculation to a finite system size, which prevents
us from mapping out the exact details in the immediate neighborhood of ¢ = 2, where further elaboration is need for
its time order properties. On the other hand, for antiferromagnetic interactions, we find ¢ = 0 separates TT phase
from and gTC order.

In Figure 1, the weights for the ground state as well as for the low-lying excited states are shown as functions of
q for a typical system size of N = 10000. Only the ground state weight by is nonvanishing in the ¢ < 2 (¢ < 0)
region for ferromagnetic (antiferromagnetic) interactions, but the total weight b is zero in the ¢ > 2 (¢ > 0) region
for ferromagnetic (antiferromagnetic) interaction, which prompts us to examine further the enlarged weights B;
corresponding to the bulk order parameter. For ground and the first excited states, the volume enlarged weights
By,1 are found to be nonvanishing, although both decrease as g increases and grow with N as g approaches ¢ = 2
(¢ = 0) for ferromagnetic (antiferromagnetic) interaction. However, as mentioned above, limited to a system size
of N = 10000 by computation resource in the ED calculation, we cannot exactly map out the behavior near ¢ = 2
(¢ = 0) for ferromagnetic (antiferromagnetic) interaction. This consequently leaves empty for ¢ in region [2.0,2.02]
([0,0.01]) for ferromagnetic (antiferromagnetic) interaction.

The dependence on system size N is clearly revealed by Fig. 2, with the enlarged weights in the gTC regime
attain fixed values as system approaches thermodynamic limit (N — o0). In regions away from ¢ = 2 (¢ = 0) for
ferromagnetic (antiferromagnetic) interaction, ED numerics can always approach thermodynamic limit except for the
immediate neighbourhood near ¢ = 2 (¢ = 0), where we infer with confidence the tendencies to divergence of the
weights By 1 as ¢ approaches ¢ =2 (¢ = 0).

The time evolution of two-time auto-correlation function F'(¢) is plotted in Fig. 3 (a) for ferromagnetic and (c) for
antiferromagnetic interactions, while Figs. 3 (b) and (d) display energy gaps between ground and the first excited
states as a function of ¢ for ferromagetic and antiferromagnetic interactions respectively at a system size of N = 5000.
The behavior of F'(t) is quantitatively consistent with that of the weights B;(¢q) (¢ = 0,1) shown in Fig. 1 and the
energy gap €1 — €y shown in Figs. 3 (b) and (d).

At finite temperature, excited states come into play by also contributing to the correlation function. We find the gT'C
order hosted in the polar phase persists for both ferromagnetic and antiferromagnetic interactions. The corresponding
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FIG. 1. Weights of ground state twisted vector in the ground and low-lying excited states as functions of g at system size
N =10000. The upper panel is for ferromagnetic interaction, where weights b; for ¢ < 2 are shown in (a) while weights B; for

g > 2 are shown in (b). The lower panel is for antiferromagnetic interaction, where weights b; for ¢ < 0 are shown in (c) while
weights B; for ¢ > 0 are shown in (d).
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FIG. 2. Weights of ground state twisted vector in the ground and low-lying excited states as functions of system size N at
g = 2.1 for ferromagnetic interaction (a) and at ¢ = 0.2 for antiferromagnetic interaction (b).

time evolution and Fourier transform of F(t) are shown in Fig. 4, calculated for N = 500 at a temperature of
B =1/T = 1. The Fourier transform is performed for Re(F) over ¢t = [0, 1000] with the zero frequency (DC) component
subtracted or for Im(F'). The upper (lower) panel corresponds to ferromagnetic (antiferromagnetic) interaction at
g = 3 (¢ = 2). For ferromagnetic interaction, two distinct frequency components are clearly identified for ¢ = 3,
associated with the two different energy level gaps. Thus, the gT'C phase remains at finite temperature. Moreover,
we also find a generalized time quasi-crystalline order phase assuming the two frequencies are incommensurate, by
fine tuning their corresponding energy gaps such that the relation Ay /Ay = my/ms with m; and ms being co-primes
is not satisfied. The gTC phase at finite temperature here is robust which is in contrast to the melting behavior of
Continuous Time Crystal (CTC) shown in Ref. [7].

Finally, we hope to address the critical question about how could this time order, sort of a perpetual
time dependence, can be observed. We note the bulk two-time auto-correlation function introduced F(t) =



FIG. 3. F(¢) for different ¢ as a function of time ¢. The solid and dotted lines correspond to Re(F') and Im(F') respectively.
The red, green, and blue lines correspond to ¢ = 2.5, ¢ = 3, and g = 5 respectively for ferromagnetic interaction (a). The red,
green, and blue lines correspond to ¢ = 0.7, ¢ = 1, and ¢ = 3 respectively for antiferromagnetic interaction (c). The energy gap
between ground and the first excited state €1 — €9 as a function of ¢ for ferromagnetic (b) and antiferromagnetic interactions

(d), at system size N = 5000.
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FIG. 4. F(t) as a function of time ¢ at ¢ = 3 for ferromagnetic interaction (a) and ¢ = 2 for antiferromagnetic interaction (c).
The red and blue solid lines respectively correspond to Re(F) and Im(F). The Fourier transform spectrum F(v) of Re(F) or
Im(F) with v = 1/T the frequency, T the period, for ferromagnetic (b) and antiferromagnetic (d) interactions, at temperature
B =1 and system size N = 500.



My o0 Nsum(t)Nsum(O) denotes nothing but the ground state (averaged) conditional outcome of measuring

Nsum(t) at ¢ after starting with Ngum(0) initially. The dynamics of F(t) follows that of Ngum(f) as in quantum
regression theorem. Given the system is well controlled, highly reproducible, one can simply detect F'(¢) by measuring
Nsum(t), although for each measurement at an instant ¢, a condensate is destroyed, and a follow up one will have
to be prepared as closely as possible in every respects (through selection and post-selection) and be measured at a
different ¢’ > ¢. Thus, a plausible way to detecting the ground state time dependence will require reconstructing the
time dependence of F'(t)/Nsum(0). As along as the oscillation amplitude is more than a few percent, it will be easily
observable with not too much difficulty, although such a reconstruction will still be difficult as Ngum(0) can be rather
small compared to Ny ~ N in the polar state. Alternatively, one can perhaps start from a twin-Fock state, i.e., by
preparing an initial state with Ngum(0) ~ N.

In Figure 5(a) we show the behavior of oscillation amplitude for F(t)/Ngum(0). The time dependence of
F(t)/Nsum(0) at ¢ = 2.5 for ferromagnetic interaction is shown in Fig. 5(b).
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FIG. 5. (a) B;/Nsum(0) as a function of ¢ for ferromagnetic interaction. (b) F(t)/Nsum(0) as a function of time ¢ at ¢ = 2.5 for
ferromagnetic interaction. The red and blue solid lines correspond to the real and imaginary part of F(t)/Nsum(0) respectively.

IIT. A VARIATIONAL POLAR STATE FOR FERROMAGNETIC SPIN-1 BEC

One might naively expect that nothing particularly interesting could happen in the polar phase of a ferromagnetic
spin-1 BEC, where essentially all atoms reside in the single particle state |1,0). Nevertheless, due to the competition
between spin exchange interaction ¢y and quadratic Zeeman shift ¢, the ground state of our system differs from
[Ny =0, Ng = N, N_; = 0), which can be affirmed based on a simple variational analytical calculation given in this

section.
We use the number state basis |N1, No, N_1) = |[V], M, k), where N,,, denotes occupation number of the mpg

magnetic state, M = Ny — N_j, and k = N_;. We take the following ground state variational ansatz [tho) =
L_ (|0, N,0) +a|l, N —2,1)) for the polar state of ferromagnetic spin-1 BEC, where a = re'® is a (complex)
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variational parameter with r and ¢ real. From Eq. (3) and (assumed) p = 0, the ground state energy follows from
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We see the extreme value (the minimum) of E is reached when cos(¢) = %1, i.e., for a real variational parameter a,
which will be assumed from now on. This gives
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(7)
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with z; = w + 2q and x9 = 2¢94/ % The derivative of the energy function E(a) is
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In the thermodynamic limit N — oo, they reduce respectively to a4+ =1 + é + w and B4 =co+q+
\/2¢3 + 2c2q + ¢%. The left and right asymptotic value for the energy function E(a) is therefore

E(a) = co(2 — %) +2q, (whena — +00). (11)

For ferromagnetic interaction (cz < 0), F_ assumes the minimum, which corresponds to the ground state |1)g) =

\/%7 (0, N,0) + a_|1, N — 2,1)) with Neym = 2a2 /(1+a?),and a_ = 1+ i+ 7V2C%Jrfjwﬂz in the thermodynamic
limit N — .

Despite of the vanishing order parameter ngu, in the polar phase (here the gTC order phase from the time order
perspective), the enlarged quantity Ngum, retains a finite value. Hence, the physics we present here clearly belongs to
the realm of quantum effects, beyond the reach of mean-field theory.

IV. THE NON-HERMITIAN SPIN MODEL WITH MULTI-BODY INTERACTION

The non-Hermitian quantum many body model Hamiltonian is

ﬁ:ﬁ0+(A+71)ﬁ1, (12)
with
R N
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= 770 (13)
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where [-] denotes the integral part, on1 = 01, A and « are spin-string interaction strength and dissipation strength
respectively. A and v are both real numbers. i is the imaginary unit. ¢%%7# are Pauli operators. N is the qubit
number of the system. The Hamiltonian has the [(N + 1)/2]— body interaction term and supports the GHZ state
|GL) as a non-degenerate excited state.

Firstly, denote the Greenberger-Horner-Zeilinger (GHZ) states as

1
|G4) = 5(\0>®N +[1)®M). (14)
Denote
. 1
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where Z = ([N/2] + 1,[N/2] +2,--- ,N) is a multi-index.
We immediately know that |G1) are the degenerate ground state of the ferromagnetic Ising Hamiltonian Hy with



eigen-energy E) = —N, |C~L7I> is the excited state of Hy with eigen-energy E;) = —N + 4.
The action of H; on |G_) (|G_ 1)) gives |G_ 1) (JG_)) with a multiplicative factor —2.

.Hl‘G,> = —2|é,’1>7

. (16)
H1|G—,I> = -2|G-).
Then we know the two eigen-states of H is a superpositon of |G_) and |G_ 7) and can be written as
W) = an|G) + a2|G - 1), (17)
where o 2 are the undetermined coefficients. Substitute into the Schrédinger equation H U) = ¢|U), we get
e — (Epy + Eq)) e+ (E@)Eq) — 4(A +71)?) =0, (18)
2(A +vi)ag = (Eq) — €)a. (19)
The eigen-energy e®) = 1[Eq) + Eq) £ \/(Eq) — E(0))? + 16(A +~1)%]. Choose a; = 1, we have as = 2?;04)_;5
Imposing the normalization condition, we have
v ) = ——= G ). (20)
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If v = 0, the Hamiltonian is Hermitian and we have the ground state |¥o) = |¥(7)) with energy ¢y = (7) =
—N —2(v/14 A2 —1). See more details about the Hermitian version of the system in Ref. [8]. Here, we choose the
eigen-state from {|W(H)) |T(-))} as the ground state |¥g) of our generalized non-Hermitian system, for it deforms
into the ground state of the Hermitian case when ~ approaches zero. If € is real, then the ground state energy ¢q
corresponds to the smaller one from ). However, the ground state energy ¢ corresponds to the one with the larger
imaginary part when € is a complex number. The ground state |¥y) are obtained straightforwardly.

For the GHZ state |G4), we can know it’s a non-degenerate excited state with energy e, = —N, for

Hi|G,) =0. (21)
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