m-p= L = Min[ax3 + a (1- €) x4 + x1, 1]

1
Xx1ln = x1
x1(1-(1-L+slL)d)+Lx2g
x1 + "f’a+ X—;a(l—e)
(L -L+sL)(1-d) +L(1-5) 3 (* Hermaphrodite x)
X1l + x3a + x4a (1l-¢€)
Lg x1+x—23a+x—24a(l—e)
X2n = x2 5 (» Female x)
x1(1-(1-L+sL)d)+Lx2g x1 + x3a+ x4a (l-¢€)
L(1-5s) x—;a+x—24a(1—e)
x3n = x1 5 (*x Male =x)
x1(1-(1-L+sL)d)+Lx2g x1 +x3a+ x4a (l-¢€)
Lg §a+x—24a(1—e)
X4n = x2 5 (* Male with CMS x)

x1(1-(1-L+sL)d)+Lx2g x1 + x3a+ x4a (l-¢€)

m= 3 = {{D[x1n, x1], D[x1n, x2], D[x1n, x3], D[x1n, x4]1},
{D[x2n, x1], D[x2n, x2], D[x2n, x3], D[x2n, x4]1},
{D[x3n, x1], D[x3n, x2], D[x3n, x3], D[x3n, x4]1},
{D[x4n, x1], D[x4n, x2], D[x4n, x3], D[x4n, x4]1}}; (» Jacobian x)

n-1= eig = Eigenvalues[J]; (» A is the leading eigenvalue,
that is the largest numerically x)
A =eigl4]; (» We need -1 < A < 1 for the considered
point to be stable (i.e., resistant to invasion) =)

mn-j- eig/. x1»0.25/.x2-50.25/.x350.25/.x4-0.25/. a4/, s-»0.3/.d-0.1/.
g->4/.€-50.2

our - {0, 0., 0.239176, 0.666072}

= Assuming[a > 0& &0 <d<1&&0<s<1&&0<e<1&&0<g,
eigld4] /. x1-51/.x350/.%x2-50/.x4-50//Simplify]
(* Condition for males and CMS
not to invade hermpahroditism is this term < 1 &)

1
ouf . ————————Root|(2ag-2ags-4adgs+4adgs’+2ad’gs’-2ad’gs’)nl+
2 (-1+ds)?

(-a-2g+as+ads+2dgs-ads?) n1®+u1° &, 3]

1
Infe J:= Reduce[—Root[(zag—2ags—4adgs+4adgsz+2adzgsz—Zadzgs3) #1 +
2(-1+ds)?

(-a-2g+as+ads+2dgs-ads?) #1%+n1° &, 3] <
1&&0<d<1&&o<s<1&&a>e&&o<g]

-2+2ds
o= 0<s<18&&0<d<1&&0<g<1l-ds&&0O<a< —
-1+s
(* Condition for CMS not to invade hermpahroditism g+d s<1 ,
Condition for males not to invade hermpahroditism a+2 d s<2+a s )
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. 2 (-1+ds)
Inf J:= Assum'lng[a > —— &&0<d<1&&0<s<1&&0<e<1&0<g,

-1+s
eigld4l] /. x1-50/.x350/.%x2-51/2 /.x4->1/2//$'imp1'ify]

(* Condition for CMS fixation 1is this term < 1 &)

8 Root[

1 1
outf- J= —ZaZgM'in[l, — a (l—e)] +2a2dgM‘in[l, — a (l—e)} +
2 2

2 . 1 5 i 1
4 a geM1n[1,fa(l—e)]—4a dgeM'ln[l,fa(l—e)]—
2 2
2 2 1 2 2 1
2a°ge M‘In[l,fa(l—e)]+2a dge M'in[l,fa<l—e)]+
2 2
1 2 1 2
ang‘in{l,fa(l—e)} —2a2dgM‘in[l,fa(l—e)] -
2 2

1 2 1 2
azgsM‘in[l,fa(l—e)} +2a2dgsM‘in[l,7a(l—e)} -
2 2

1 2 1 2
2a2geM'in[1,fa(l—e)] +4a2dgeM'in[l,fa(l—e)] +
2 2
1 2 1 2
2a2gseMin[1,fa(1—e)} —4a2dgseM'in[l,fa(l—e)} +
2 2
1 2 1 2
azgezMin[l,fa(l—e)} —2a2dg62M‘in{l,7a(l—e)} -
2 2
1 2 1 2
azgsezM'in[l,fa(l—e)] +2a2dgs<—:2M'in[l,fa(l—e)] JH12+81¢13&,
2 2
1 2
3]]/ a2 g2 (—l+e)2M'in[l,—£a(—l+e)}




ouf-l- O<d<18&&0O <s<1&&a> && <€<1&&1+g+2d (-1+s) >s+
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Reduce[

a

N R

1 1
(SRoot[(—Zang'in[l,—a(l—e)]+2a2dgM'in[1,—a(1—e)]+4a2geM'in[1,
2 2
2 . 1 2 2 . 1
(1—e)]-4a dgeM1n[1,—a(1—e)]-2a ge M1n[1,—a(1-e)]+
2 2
1 1 2
2a2dgezM'in[1,—a(l—e)]+a2gM'in[1,—a(l-e)] -
2 2
1 2 1 2
2a2dgM'in[1,—a(1—e)] —azgsM'in[l,—a(l-e)] +
2 2
1 2 1 2
2a2dgsM'in[1,—a(1—e)] —2a2geM'in[1,—a(1—e)] +
2 2
1 2 1 2
4a2dgeM'in[1,—a(1—e)] +2a2gseM'in[1,—a(1—e)] -
2 2
1 2 1 2
4a2dgseM'in[1,—a(1—e)] +a2gezM'in[1,—a(1—e)] -
2 2

a(l—e)]2+

)/

1 2
2a2dge2M'in[1,—a(1—e)] —azgsezM'in[l,
2

— NIR

1 2
2a2dgse2M'in[1, - a (1-e)] )n12+81¢13&, 3
2

1 2
(azg2 (—1+e)2M'in[1, -—a (—1+€)] ) <18&&0<d<
2

1&& 0 <s <1 &&
a >
2 (-1+ds)
— &&0 <
-1+s
€<
1 &&0 <

g &&

1
—a(l-€)<1 &k
2

0 <

€ <
1, g] /7 Simplify
2(-1+ds) -2+a 4_4d

-1+s a a-aec

(* Condition for CMS fixation given there 1is pollen limitation at
4-4 d
a-a €

*)

dioecious population, i.e., i a (l-e)<1l, 1is 1+g+2 d (-1+S)>s+
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mn- - Reduce [

(SRoot[(—zang'in[l, % a (1—e)] +2a2dgM'in[1, % a (1—6)] +4a2geM'in[1, a

N R

1 1
(1-@]-4a2dgth41,—a(1-a]-2a2g62Mn[L-—a(1-q]+
2 2
1 1 2
2a2dgezM'in[1,—a(l—e)]+a2gM'in[1,—a(l-e)] -
2 2
1 2 1 2
2a2dgM'in[1,—a(1—e)] —azgsM'in[l,—a(l-e)] +
2 2
1 2 1 2
2a2dgsM'in[1,—a(1—e)] —2a2geM'in[1,—a(1—e)] +
2 2
1 2 1 2
4a2dgeM'in[1,—a(1—e)] +2a2gseM'in[1,—a(1—e)] -
2 2
1 2 1 2
4a2dgseM'in[1,—a(1—e)] +a2gezM'in[1,—a(1—e)] -
2 2

a(1-eﬁ2+

)/

1 2
2a2dge2M'in[1,—a(1—e)] —azgsezM'in[l,
2

— NIR

1 2
2a2dgse2Mﬂ41,—a(1-eﬁ )ﬂf+8n13&,3
2

1 2
(azg2 (—1+e)2M'in[1, -—a (—1+€)] ) <18&&0<d<
2

1&&0 <s <1 &&
a>
2 (-1+ds)
— &&0 <
-1+s
€ <
1 &&

l1-sd<g&&

N R

a
(1-€) >
1 & o<e<1,g] /7 Simplify
2(-1+ds) -2+a

ouf-]- 0 <d<1&&0<s<1&&a> ——&& 0O <ec<
-1+s a

&&g>1+s-2ds

(* Condition for CMS fixation given there 1is pollen limitation

at dioecious population, i.e., i a (l-e)>1, 1is grl+s-2 d s x)

(* We do not analyse the condition for CMS not to invade androdioecy for 2
reasons. (1) It is the same as in the case of no pollen limitation -

model 1, because no pollen limitation should arise in our model 1if
females did not invade and all plants could produce pollen. Hence,

this condition is already analysed in the script of model

1. (2) The analysis of the condition for CMS to 1invade

androdioecy takes too much time to run because estimating

equilibrium frequencies is too complicated for this model x)



