SUPPLEMENTARY MATERIAL of
“The Hierarchical Stochastic Block Model for
Multiple Networks”

A Details on the MCMC sampler

The MCMC sampler described in Section 4.1 is a Gibbs Sampler based on the Restaurant
Franchise representation of the the HPY, equations (1) and (2) in the main article. In
principle, in the Gibbs sampler, we re-sample each classification variable Zs,,, s = 1,...,5,
w = 1,...,ns., from their full conditional distribution m(Zs ,|A, Z_ZS’M). However, as in
the sampler of Teh (2006) for the HDP, instead of sampling directly Z ,|A, Z~ %=, we are
going to re-sample the within graph vertex to cluster allocations ¢, ,, and the cluster to

block allocations ks¢. Given tg,, and ks¢, and the known labels (Z7*, ... ,Z}“(*n), Zsw can

ko

then computed as Zs ., = e

A schematic description of the sampler is provided in Algorithm 1. Initialization of
{tsw:s=1,....,8 w=1,...,ne.} and {ksy : s =1,...,5; t =1,...,ms} can be done
by drawing values from the prior, i.e. by sampling the variables from a Chinese Restaurant
Franchise (1) and (2). Even though the prior clustering allocation from the prior can have
much fewer components than the posterior allocation, in our experiments the algorithm
seems to converge quickly to its stationary distribution with a much higher number of
components.

In the next three subsections, we provide additional details to Section 4.1 on how to
update: 1-2) t,,, and ks, from their full conditional distributions; 3) the hyperparameters

of the model.



Algorithm: HSMB - MCMC
Initialise o4, 05, a, 7y, a, b;
Initialize t, ., ks using the CRF;
for t in 1:iterations do

for s in 1:5 do
Update cluster allocations:

for win 1:n,. do

Sample tg,, from 7(ts,|rest);

end
Update block allocations:

for t in 1:mg. do

Sample kg from m(ks¢|rest);
end
Update Local hyperparameters:

Sample o, 05 from 7(os, Os|rest);

end

Update Global hyperparameters:
Sample a, v from 7(a, y|rest);
Sample a, b from 7(a, b|rest);

Store all Z ., = Z;*

ksyts,w ?

end



Update of ¢, ,,

The update of ¢, from 7(ts,|rest) can be performed by following the four steps de-
scribed in Section 4.1.

For each t,,,, the algorithm first computes E@t)‘s’“’ and N(_:)S’“’, i.e. the matrices E(y
and N, computed without using fs,. Then, for each possible block component K e
{1,..., K, ®" + 1}, the algorithm needs to compute the likelihood probability of vertex w

from graph s being associated with block k’. This is

mT(A|Z 7w Zg o = Z3)

P = T(AJZ ] (1)

tSU)

where m(A|Z) is the collapsed likelihood (6) in the main article, computed using E( )
and N(_sgs’“’ at the denominator, while using E(,) and Ny, recalculated after assigning Z;

to block k' at the numerator.

For k¥ € {1,..., K, "}, (1) can be computed as follows

T(A|Z %o 7y = K)

SO N A
Wirﬁl
B (Beta(a, b))~ 15, T15y HKn Beta(Fs;j +a, N j+b)
N _ K;ts (K ;ts Y41) *ts,w s.w —ts,w
(Beta(a, b)) 2 Hs 1Hz 1 j nz Beta(Es” ta Ns,i,f +0)
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B Hi:l Beta(Es;x + a, Ngjp + b) H] g Beta(Eg g i + a, No g j +b)
Hiil Beta(E_ f‘z,w +a,N,, Zt‘;/w +b) HJ VI Beta(ESﬁf +a, Ns,lzf,;'u +b)
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where in the third equality, we have used the fact that K, bow = K, (since we are considering

K e{l,...,K,""}), and in the last equality, we have used the fact that E(5) and N, are

both symmetric.



For k' = K, " + 1, (1) becomes,

T(A|Z 7w, Zg oy = Z5)
m(A|Ztsw)
Ko (Kp+1)

(Beta(a, b))~ =z [[°_ 1Hz-1 HKn Beta(Fs;j +a, N j+b)

Pr =

Ky My ) Kt s
(Beta(a, b)) 2 Hs 1 H p ”Z Beta(E, f‘;w +a, N, i +b)
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0 ) 6, ) e 1
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—t t
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(Beta(a, b))”

4+a, N

K, 541
H Beta(E S7K’;ts7w+1,j

7j=1 +b)
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Beta(a, b)Kn K,

K. "/ Beta(E N
n eta( okt gy TGN et o+ b)
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j=1
where the third equality follow from the fact that K, = Kk + 1, and the last equality

follow from the fact that £ = 0, since there is only

s KoY LK S 41 — Ns,K;S‘w—l-l,K;S‘w—H

one vertex assigned to this block and we do not allow self-loops.

By setting, E;;;;t&“’ﬂ,j = NS_;; ) w1 =0 (i.e. adding an additional 0 row to E(—St)s,w

and N(_sgs’w), formula (1) can be written for all &' € {1,..., K, " + 1} as

—t

p Kﬁ Beta(Es x,j +a, Ns g j + )
k= - :
Beta(E, ;% +a, N, +b)

J=1

Update of k;;

The update of ks from m(ks¢|rest) can be performed by following the four steps de-
scribed in Section 4.1.

In order to compute

T(AZ s, Zy o = Z57)
T(A|ZFst)

Pk =

(2)

we can follow similar calculations as for ¢s,. Specifically, for k' € {1,..., K, ks’t}, (2)



becomes

Kn Beta(FEs j + a, Ngj ; + D)
pk/ - H ks t k's t
; Beta(E, ;. +a, Ny 75 +b)

_ks t

while, for ¥’ = +1, it is

k

Ky 41 _
Beta(ESKn .y + a, NS’Kn kst iy +b)
Beta(a, b) ’

Pr =
j=1
By setting £ " ,Kn T Ns et 0 (i.e. adding a row of 0s to E(;])fs’i and N ];S 9,

_ks t

these two formulas can be rewritten for all ¥’ € {1,..., K, ™" + 1}, as

—k

s,t
» KHH+1 Beta( sk’ + a, Ns Kt b)
k! =
e Beta(ES i ta N k,s T+ b)

Update of the HPY hyperparameters
The hyperparameters of the HPY can also been randomized and included in MCMC
sampler. Assuming independent priors for hyperparameters of different Pitman-Yor pro-

cesses, the full conditional distributions can be derived from

(o, y|(mge g €{1,...., 8 ke {l,...,Kp}), (05,05 : s €{1,...,S}),A) =

(I + K,)T(y)C(m.., Ky, @)
D(2)C(y +m..)

=7(a,y|lm.., K,) x TP (o, )

and, for each couple ((0s,0s) : s € {1,...S}), from

m(os, Os|(mse s € {1,...,Shte{l,...,ms}), 05,0 5,0,7 Ars)) =

(& 4+ ms)I'(05)C(ns.., ms., 05 )
= 71(0s, Os|ns.., ms.) X (05 9) (6:)C¢ )ﬂprwr((fs,ﬁs)
F(U—E)F(ﬁs + ns..)

where C is the generalized factorial coefficient, defined for all n € Nk < n,0 < o <
Las C(n,k;o) = (1/k!) - Doo< <k (-1) (];) (—jo),,, with the proviso C (0,0;0) = 1 and

C(n,0;0) = 0Vn and where (§ + 1), ;= (6 +1)(0+2)--- (0 +n —1)is the rising factorial



coefficient.

The hyperparameters a and b can be updated using Metropolis-Hastings and the collapsed
likelihood (6) in the main article. In our real data examples, we have used Random Walk
Metropolis-Hastings for a and b with proposal variance 0.5. If needed, this proposal variance
can be easily tuned to a specific dataset using the posterior variance estimate of a and b

obtained from a short initial MCMC run.



B Derivation of the Variatonal Inference updates

In this section, we derive the updates for VI. In VI, we need to derive the values of the free

parameters that maximise the ELBO function, which is defined as
ELBO(q(B',7’,k,t,C)) := E(logm(A, B, k,t,C)) — E(log (8,7’ , k., t, C)) (3)

Given our choice of the class Q, described in formula (8) in the main article, we first
derive a formula for the ELBO function, hence computing the expectations in (3), and then
maximize it with respect to the free variational parameters using Coordinate Ascent and
Stochastic Gradient Descent. Throughout the derivations, we consider the hyperparameters
of the HPY, o1.g,01.5, , 7, as fixed. These hyperparameters could potentially be included
in the maximization using Variational EM.

The ELBO function can be written as
ELBO(q) = E,[log p(A, 8,7, t,k, C)] — E,[log q(8', 7', t,k, C)]
= ZS: {Eq[log p(A(s)|Z(s), Cp(ks|B)p(ts|m)p(my)] — Eqllog q(ks)a(ts)a(m)] }
+ Eq[log p(B")p(C)] — Eq[log ¢(B")q(C)]
{Eqllog p(A()|Zs), C)] + Eq[log p(ks|B")] + Eq[log p(ts|my)] + Eq[log p(mry)]

— Ey[log q(ks)] — Eqlog q(ts)] — Eg[log g(m})] }

+ Ey[log p(B)] 4 E4[log p(C)] — Eq4log ¢(B)] — Eq[log ¢(C)]

s
:Z Z Z Eqllog p(As gl Zsps Zs,g: C)]

s=1 | p=1qg=p+1

3 Egllogp(ksalB)] + S Eqllogp(tapln)] + 3 Eqllog ()]

t=1 p=1 t=1
*ZE log q(k st Zquogq sp Zquogq
t=1
—i-ZE [log p(5;,)] —i—ZZEq log p(C 1))
k=1k'=1



—ZE [log q(3;.)] ZZquogq Crp)]

k=1k'=1
:ZS: ”Z ”Z ZZE [IOngZ/”(Z“'FZ'?*)“ZSV(;:Z;?)

s=1 | p=1qg=p+1k=1k'=

X (1 - Ck‘,k‘/)CL?ASW#)H(ZS’F:Z;;*)H(Zs,q:ZZ,*

+ZE IOgH H(kst>k‘)6/]l 4= k)]
* ZE‘I logH (1- 7r t5p>t) /H(tsp_t)]
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Before turning the expectations into analytical expressions, we consider one that appears
multiple times, with the random variable r following Beta(c, d) under g:

Ia+h) o

T(e)I(B)

= E,[logT(e + B8)] — Ey[log T'()] — Ey[log ()]

g(aaﬁ’gd) L= Eq 1Og

+ (o — D)Eg[log r] + (8 — 1)Eq[log(1 — r)]
=logT(a + B) — logT'(at) — log T'(3)

+(a—=1)[¥(c) = ¥(c+d)]+ (8—1)[¥(d) - ¥Y(c+d)]



Now, the expression of ELBO(q) can be simplified:

S

ELBO(q Z Z Z Z Z E, [log c, ;/p M Zey=Z1 W Zeq=27F)

s=1 \ p=1qg=p+1k=1k'=

X(l — CkJC’)(1_As’p’q)H(Zs’p:ZI:*)H(Zs,q:ZZ,* ]

+ Z E, |log H ]I(kg t>k)521(k;s,tk)]
t=1 L

+ Z Eq log H 1 — 7r I(ts,p>t) /Hgts p_t)]
p=1 L
S I(ks,t=k) (e m
- ZE‘? log H o ] Z E, [logH = t>]
+ Z |:g (1 - 057 95 + Ust, 5\8,t7 Ss,t> - g (5\S,t7 337t, 5\S,t7 3S7t>:| }

o
+ Z [9(1 — o,y + ak, iy, 0) — g (g, Ok, Tk, O]

o0 o0
Z Z [ (6% b, G bk,k’) -9 (ék,kn bk i Qe bk,k'ﬂ

The last three lines are due to the posterior of w;,t, B, and C},  being approximated by
Beta(j\syt,g&t), Beta (1, 01,) and Beta(ay -, Bk,k/), respectively.
Thanks to the mean field assumption and definition of Z, the first line can be written

as

s,p,al(Zs,p=23" ) (Zs,q=2F
E [log Ok klpq ( 5P ) ( »q k )

= AspByll(ks ., = k)Eq[I(ks s, , = k')|Eq[log Crp]

= As pgBq[l(ksy = K)|Eq[I(tsp = t)|Eq[L(ksp = k/)]Eq [I(tsq = t/)]Eq [log C /]

and similarly for the part depending on (1 — Cj, ).

Also, under the variational approximation ¢, the distribution are truncated at K and
T, hence the elements greater than these values in the infinite sums are all zeros, since
the excpected values of the indicators under ¢ are zero, E,[l(ks; = k)] = 0 for k > K,

Ey[I(tsp =t)] =0for t > T.



Now we continue the calculations of ELBO:

S Ng.. MNg.. K K T T
ELBO(q) => 4> D Y Y 3> [BylI(kar = k)(tep = )(ksy = K )(tsq = t)]

s=1 | p=1q=p+1k=1k'=k t=1¢t'=1

X (As,pﬂEq[IOg Ck,k’] + (1 = Aspg)Eq [log(1 — Ckk’)])]

[Eg[I(kss > K)]Eq[log(1 — By)] + Eq[I(ks s = k)]Eq[log 81]]

+
2 1M
1= 11

_l’_

[Ep[I(tsp > t)|Eqllog(l — 4 ;)] + Ep[I(tsp = t)|Ep[log g ;]

hi
—_
-+
I
—

ns.. T
Eq [H(ks,t = k)] log ¢s,t,k - Z Z IEq [H(ts,p = t)] log Xs,p,t
p=1t=1

M-
M=

o~
Il
—
=
Il
A

E

+ |:g (1 — 0Os, 05 + Ust7 5\s,tv 58,1&) ) <5\s,t7 Ss,tv 5\s,t7 gs,t)} }

t=1

T

+ Z [g(1 = o,y + ak, iy, O) — g (i, Ok, U, O )]
k=1
K K

+ Z Z {9 <a, b, gk, bk,k’> -9 (dk,kH bk i, Qg o' » bk,k’)}
k=1 k'—k

In the first line, when t = t/, k = K/, there is one fewer indicator and no squared terms, as

Equs,t = kﬂ(ts,p = t)]I(ks,t’ = k/)ﬂ(ts,q = t/)]
= E,[I(ksy = k)I(tsp = t)L(ksy = k)L(ts,q = 1)]

= Eq[ﬂ(ks,t = k)ﬂ(ts,p = t)]l(ts,q = t)] = Qgs,t,kf(s,p,tf(s,q,t

10



Also, when t =t but k # k', either I(ks; = k) or I(ksy = k') has to be zero. This

prompts us to split the sum in the first two lines into three sums:

M=
E
E

f&p,q(k? kla t7 t/7 e )

K

>

k=1k'=k t=1t'=1

K K T T K K T
:Zzzzf&paQ(k7k/7tﬂtla‘ +ZZZf7quk/tt—t -)
k=1 k'=k (=1 /£t 1 b =1

K K T T K T
:ZZZZfs,p,q(k7k,>tat,a‘ +sz’quk/—ktt—t -)

o
Il
—_
X
Il
B
~+
Il
—_
B3
LS
-
o
Il

1t=1

where fspo(k, k', t,t',---) is the term within the (outer) pair of square brackets in the first

two lines. From there we can continue our calculations:

ELBO(q)

S ns.. ns..

K K T T
= Z Z Z Z Z Z Z és,t,k}%s,p,tés,t’,k’Xs,q,t’h(sa b, 4q, kv k/)

s=1 p=1q=p+1 k=1 k'=k t=1 t/#t
S ns. ns. K T

+ZZ Z ZZ Gs 1,k Xs,pt Xs,qt P (8D, 45 K, k)

s=1 p=1q=p+1 k=1 t=

II MN
%>

s K
+ Z — Wit + D)) + Gk (Vi) — U (B + 1))
s=1 t=1 k=1
S ns. T R R ) A A A
+3 3N Z Ropt(T(a) = Ut + 641)) + Rept(T(Aar) — U(Agy + 5“))]
s=1p=1t=1 Li=t+1
S T K A S ns..
_ZZ Ps tklOngstk_ZZZXs,p,tIOgXS,p,
s=1 t=1 k=1 s=1 p=1t=1

n
M=
MH

|:g (1 — Os, (95 + O-St) 5\s,ta Ss,t) ) (Xs,h 55,1%7 As,h 55,1%)}

t=1

®
Il
-

_.|_

M T
M=

[g (1 —a,y+ Olk?,ﬂk, 6k) -9 (akvlf)k)ﬂka ’[}k)]

+ [9 (a, b, gk, bk,k’) —9g (&k,k’a br ks Gk bk,k’)}

i
L

k'=k

where
h(s,p @, k') = Agp g (W) — Olappr + bpi)) + (1= Agpg) (W (bppr) — U(app + bppr))-

We need to optimize ELBO(q) with respect to all variational parameters:

11



© boip:s=1,...,8 t=1,.... T, k=1,...,K st. S0, dpss = 1;
® Xspt:s=1,...,8 p=1,..., N, t=1,...,T s.t. ZZ:NACS,p,t:l;

o (wp,ip): k=1,... K;

Before doing so, we first calculate the following derivatives:

%g(a,ﬁ, ¢,d)=(a—1) [\If'(c) -0 (c+ d)] —(B=1)V'(c+d) (4)

579(c Bre,d) = (B=1) [W'(d) = ¥(c+d)] - (a =)W (c+d) ()
The derivatives in (4) and (5) still hold if & = ¢ and § = d as the extra terms will be

cancelled out.

We first work with optimizing (4y, 0%) given all other free parameters:

S T K )
ELBO (i, 0) = > > > bana (U(0k) — W(ig + 63))

+
[~]=
[~
RS
®
S
=

>
T

|

(S
=
ol

+

(4
T

R S T K
OBELBO (i 06) _ NS~ S G Wi + )
Ot s=1 t=1 I=k+1
s T
+ Z Z ¢s,t,k (\If (uk) — v (uk + Uk))
s=1 t=1




This is equal to zero if

s T s T K
Uy = (ZZ@,M) —a+1, U = (ZZ Z ¢s,t,l) +v+oak (6)
s=1t=1 s=1 t=1 I=k+1

We double check that at these two values the derivative with respect to 9y is also 0:

~ ~ S T K
OBLBO (@, %) _ SUSTST G (W (n) — Wity + )

OV,

which is 0 if (6) holds.
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Next, we work with (ag x, Bk,k/), first considering k' > k:

S ns.. ns.

T
ELBO (dk,k’a 5k,k/> = Z Z Z Z Z Dot kX s.pit Dt b Xs.qu (5,0, ¢, K, k)
#

s=1p=1qg=p+1t=1t

+ g(a, b, ag ks, brrr) — 9@k ks, bk ks Ak g, kg ) + const
HELBO (akk bkk>

ay

S ns. ns.

= z Z Z Z Z ¢s t sz,p,ths v k’Xs,q,t’A 5,0, ( (ak,k/) — \If/(fl]ak/ + lA)k,k/))

s=1 p=1gq=p+1 t= lt’yét

S ns.. mns..

- Z Z Z Z Z ¢s,t,sz D, t¢s t! k’Xs 24, t’( - As,p,q) \Il/(dk,k’ + Z;k,k’)

s=1p=1q=p+1 t=1 t/#t
+ ((I — 1) (\D/(&k,k’) — qﬂ(&k,k’ + Z)k,k‘/)) — (b _ 1)@/(&k7k, + Bk,k’)

— (g — 1) (\If’(dw) — U (app + Bk,k’)) + (b — 1) (g g + by )

S
= <Z Ak’k/(s) +a— &k,k’> (\I//(CALng/) — ‘I’/((?L]%k/ + bk,k’))

S
_ Z Bk7kl(s) +b— bk,k’) \I’/(&k,k’ + bk,k’)

s=1
where
Ng.. MNg. T T
Apgo(s) = DD PethRoptbsrpRogr Aspg  and
p=1 g=p+1 t=1 t'#¢
Ns.. MNs. T T
Bkvk’(s) - Z Z ¢87t,kf(s,p,t¢s,t’,k’f(s,q,t’(1 - As,p,q)
p=1 g=p+1 t=1 t/#t
The derivative is equal to zero if
S S
g = Z Ag e (s) +a, bk = Z By (s) + 0 (7)
s=1 s=1

We double check that at these two values the derivative with respect to lA)kJC/ is also 0:
HELBO (akk bkk)

by g
S ns.. ns.. T

T
A~ n N 1/ A~ 7
== D0 DD berkRemtber i R Aspg Y anp + brw)

s=1 p=1 g=p+1 t=1 t/#t
S ns.. ns. T

T
+ Z Z Z Z Z gbsi,k}%s,p,t&s,t’,k’)A(s,q,t/(1 - As,p,q) (‘I//(l;kjk/ — \I//(&k,k’ + (A)k’k/)>

s=1 p=1g=p+1 t=1 t/#t
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+(-1) <\I’/(Bk:,k:’) — W' (g + Bk,k')) —(a — 1)V (agpr + br )
— (b — 1) (W/(Bk,k’) — U (agp + 131@,1@')) + (g — 1)V (Gg g + brp)

S
— —(Z Ak’k/(s) +a— dk,k’)qﬂ(dk’k’ + bk,k’)+
s=1
S ~ ~ A
O Big(s) +b—bpw) (q’/(bk,k') — U (g + bk,k’)) 7
s=1

which is equal to 0 if (7) holds.
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Next, we consider (G, I;kk)
S ns. ns. T
ELBO (g, by ) = > 3" buti Kot Rsath(s, v,k k)

s=1 p=1 q=p+1 t=1

+ g(a, b, ap o, b k) — 9@k bro oy ks D) + const

This leads to a derivative with respect to ajj similar to when k£ > k'

—_— s
OELBO (Gk,ka bk,k) = [ Ap(s) +a—any (\p’(@k k) — U (g + by k)) -
a1, = | | | |

s
- <Z B(s) +b— bk,k) W' (g, + br k),
s=1

where

S ns.. ns.

Ak k Z Z Z Z ¢s t sz,p,th,q tAs 5,0,0> and

s=1 p=1q= p+1t 1

S ns. ns.

Blc k(S Z Z Z Z Qbs t sz,p,th,q t (1 AS,p,q)

s=1 p=1 g=p+1 t=1

The derivative is equal to zero if

S S
dk,k = Z Ak,k(s) + a, bk,k = Z Bk,k(s) +b
s=1 s=1

We can verify that at these two values the derivative with respect to Bkk is also 0, as

OELBO (akk Bk,k)
Aby 1

s
=— (Z Apr(s) +a— dk,k) ' (G i + bk k)
s=1
S A~ A~
+ (Z By (s) +b— bk,k) (‘P'(%k) — W' (agx + bk,k))
s=1
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Next, we consider ¢y . As ¢, 1 has to sum over k to 1, we incorporate a term ps; for

such constrained optimization:

ELBO(¢;,1)

T
—
1
bS]
+
—
o
Il
—
~+
I
—

K
Z G50 (U(01) — W (g + 01)) + P 1o (U (1) — U (0, + tig,))

K
Gs,t,k 108 Ds 1 + st (Z stk — 1> + constq

k=1

The first line of the previous formula can be rewritten up to an additive constant (not

depending on Qgs,t,k) as

Ng.. K

Ng.. T
= Z Z Z Z és,t,kf(s,p,t&s,t’,k’)A(s,q,t’h(57p7 q, k; k/)

p=1 q=p+1k'=k t'#t

Ns.. MNs.. K

T
+ Z Z Z Z gg)s,t’,k)zs,p,t’ggs,t,k’)Zs,q,th(svp7 q, k? k/)

p=1q=p+1 k'=k t'#t
ns.. ns.. k=1 T

+ Z Z Z Z ﬁgs,t,k’)A(s,p,tﬁgs,tﬂkiaq,t’h(svpv q, k‘/, k)

p=1q=p+1k'=1t'#t
ns.. mns.. k=1 T

+ Z Z Z Z Qgs,t’,k’)A(s,p,t’(;gs,t,kf(s,q,th(svpv q, k‘/, k)

p=1q=p+1k'=1t'#t

The third line does not depend on (537“6. Also, the second line depends on (ﬁw,k only for

k' = k. Therefore,

Ng.. MNg.. K

T
= Z Z Z Z Qgs,t,kﬁs,p,tés,t/,k’Xs,q,t’h(sapa q, k‘, k/)

p=1q=p+1 k'=k t'#t
ns.. mns.. k—1 T

+ Z Z Z Z ?gs,t’,k’)A(s,p,t’g)s,t,kis,q,th(sypa q, kla k)

p=1q=p+1k'=1t'#t

Ns.. MNs..

T
YD b aXopw Ptk Xsath(s. p.a. k, k)
p=1 qg=p+1t'#t

Ng.. MNg..

K T
= Qgs,t,k Z Z ( Z Z )A(s,p,téss,t’,k/)A(s,q,t’h(sapa q, k7 k,)

p=1q=p+1 k'=kt'#t
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k—1 T

+ Z Z Qgs,t/,k’Xs,p,t’)%s,q,th(sa b,q, k,a k)
k=1t
T

+ Z (£87t/7k>257p7t/5€87q7th(87 p’ q’ k’ k))
1t

So, the ELBO is

Ns..

Ng.. K T
= Qgs,t,k Z Z ( Z Z )A(s,p,tqgs,t’,k’)zs,q,t’h(37p7 q, k, kl)

p=1qg=p+1 Kk'=kt'#t
k—1

3

T
n ~ A /
¢s,t’,k’Xs,p,t’Xs,q,th(svpv q, k ) k)
k'=1t'#t
T

+ Z ¢s,t’,k§(s,p,t/§(s,q,th(s)pa q, ka k)
t/ £t

+ XS,p,tXS,q,th(87 p7 q? k7 k))

k-1

+ Z G511 (U(0) — (0 + 01)) + Pspp(V(tg) — V(0 + Ug))
=1

- Qgs,t,k log Qgs,t,k + M57t¢33¢,k -+ consty

By setting ay, 5 := g  and (A);@k/ = Bk/’k for k > k', the function h(s,p,q,k, k') can be
defined for all k, k" = 1,..., K, and is symmetric in the last two terms. Therefore, we can

rewrite the term multiplying c;AS&t,k in the first four lines of the last formula as

Ns.. MNs.. K T A
<I>s,t,k = Z Z ( Z Z )A(s,p,tgss,t’,k’f(s,q,t’h('s»p7 q, kv k/)

p=1q=p+1 Kk'=kt'#t
k-1 T

+ Z Z stpﬂu $s7tl7kl>zszq¢h(s?p? q, ka k/)
K'=1t'#t
T

+ Z és,t’,k}%s,p,t’f(s,q,th(sa b,q, k7 k)
1t

+ )A(s,p,tf(s,q,th(sapa q, ka k))

Now, differentiating the ELBO with respect to ¢, we obtain

OELBO(¢s.1.1)

k—1
A Ogpp+ > (WD) = Uiy + D)) + (P(dk) — U0 + ) — 1 — 108 Gup ke + pss
s,t,k =1

18



Setting this formula equal to zero, moving the log qgs,nk term on the other side and

exponentiating both sides, we can see that the update for ¢A557t,k is

k—1
QZA)&t’k X exp {(I)s,t,k + Z(\If(f)l) —U(a + 1)) + (V(ag) — ¥(or + ftk))}
=1

This proportionality is over k, meaning that the right-hand side has to sum over & to 1.
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~

Next, we work with (As4, Ss,t):

ns.. 1T
ELBO (Xs,ta 85,t> = Z Z )A(s,p,l (‘I/(gs,t) - \Ij(;\s,t + Ss,t))
p=1[=t+1
+ ZS: )%s,p,t (‘I’(S\s,t) - \IJ()\S ¢+ Ss t))
p=1

~

+4g (1 — 05,05 + 0st, 5‘8,157 55,15) ) (5\s,t7 Ss,u 5\s,t7 5S,t> + const

ns.. 1T
— — Z Z )A(s’p’lll’/(j\syt + gs,t)

p=11=t+1

HELBO (Xs,t, SS,t)
st

£ Ko (V0e0) — W+ 800)
p=1

~ ~

. (\y’(ﬂs,t) W (A + Ss,t)) — Oy + ot — 1)V (Asy + 0s0)

- (5\8,15 - 1) (q//(j\s,t) - \Il,(j\s,t + Ss,t)) + (85,7? - 1)\Ij,(5\s,t + Ss,t)

A

ns.. 1T
= —U'( st 4 ds1) Z Z Xspil | +0s+0st — 054
p=11=t+1

Ng..
+ (‘Il/()\s,t) - \II/(AS,t + 55,7&)) Z )A(s,p,t — 05 — As,t +1
p=1

This is equal to zero if

Ng.. ns.. T
As,t = Z Xs,p,t —os+1, 6s,t = Z Z )A(s,p,l +0s + ot (9)
p=1 p=11l=t+1

We can check that at these two values the derivative with respect to 3 is also 0 as

~

HELBO (As,t, S
st

ns.. T Ns..
> = Z Z )A(s,p,l (W/(és,t) - W/(Xs,t + 55,75)) - Z )A(s,p,tllll(j\s,t + Ss,t)

p=1Il=t+1 p=1

4 (0 + gt — 1) (\ms,g (e + 8S,t)) oV (8yy + bss)

— (051 — 1) (\If’(és,o — (s + 58,t>) 4+ Aot — DU (Nt + 0s)

Ng..
= ' (Asp +050) || DKot | =05 = Asa+1
p=1

Ng.. T
(Vo) = WOt +850) [ [ 30D Kot | + 0+ 0t = 8o
p=11=t+1
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Finally, we consider Xs, ¢, which has to sum over ¢ to 1, thus requiring a similar con-

strained optimization to ¢ x:

ELBO(Xs.t)

ng ng K T
+ Z Zz¢s,t sz,p thqth(S p7Q7k k)
p=1 q=p+1 k=1 t=1
T ~ A~ ~ ~
+ Z Z Z Xs,p, \I/O\s,t + 5s,t)) + )ACs,nt(\Il()‘S,t) - ‘I’()‘S,t + 58,1%))

pltllt+1

- Z Z Xs.p,t 108 Xspt + Hsp <Z Xs,pt — > + consty

p=1t=1
The first line can be decomposed into,

Ns.. MNg.. K K T T

Z Z Z Z Z Z qzs,t,k)%s,p,tqgs,t’,k’)A(s,qﬂf’h(sapa q, k, k,)

p=1q=p+1 k=1 k'=Fk t=1 /£t

K K p-1T
= O b kXoawbsip Xspih(s, a,p, b, &)
k=1k'=k q—l t'#£t
n ~
Z Cbs,t’,kf(s,p,t’Cbs,t,k/f(s,q,th(sapa q, ka k,)
g=p+1t
p—1 T
+) Z Dt kX0, Pt/ o Xo,pytr B(S, 4., Koy K
g=1 t’;ét
Ns..
+ Z Z (bs,t,sz,p,t(bs t k’Xs \q, t’h(s D, q, k k )) =+ const
q=p+1t'#t

and the second and third line of the previous formula do not depend on X p

Therefore, the ELBO can be written as

p—1

K K T
ELBO()ZS,p, Xs,p Z Z Z ¢s,t’,k’f<s,q,t’¢s,t,k’h(Sa q,D, /{3, k/)
k=1k'=k

q=1t'#t
+ Z Z ¢s,t,k¢s t’ k’Xs,q t’h<3 D, q, k k ))
q=p+1t'#t
p—1 K Ns.. K
+ )A(s,p t Z Z ¢s t sz,q,th(S q,D, k k) Z Z gbs,t,k}%s,q,th(sapa q, ka k))
q=1 q=p+1 k=1
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~ A~

t—1

+ Z Kot (F(0s1) — U(As s+ 0s10)) + Xspt (T Ast) — U( At + 0st))
=1

— Xs,p,t 108 Xs p,t + fhs,pXs,pt + consto

Denoting,

K K p-1T Ng.. T
Xs,p,t = Z Z (Z Z ¢s,t’,k>€s,q,t’¢s,t,k:’h(s7 q,D, k: k/) + Z Z ¢s,t,k¢s,t/,k’)%s,q,t’h(sa b, 4q, ka kl))"’
k=1k'=k q=11t'#t q=p+1t'#t
K p—1 Ns..
+ (Z @bs,t,kf(s,q,th(sv q,p, k, k) + Z d’s,t,k)%s,q,th(sa D, ¢k, k))
=1 ¢=1 g=p+1

ol

OELBO(X, = A )
PO et Y W0) = Whea + 6ua)) + (Phnr) — s +5.0)
5P, =1

) )

—-1- log Xs,p,t + Ms,p

Setting this formula equal to zero, moving the log s ,: on one side and exponentiating

both sides, we can see that the update for X, is

t—1
Xs.p,t O €XP {Xs,p,t ) (T(0s0) = T(Asy +050)) + (T(Ase) — U(Asy + 5s,t))}
=1

This proportionality is over ¢, meaning that the right-hand side has to sum over ¢ to 1.
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Finally, the Coordinate Ascent Variational Inference (CAVI) algorithm for the HSBM
can be summarized as in Algorithm 2. Both in Algorithm 2 and Algorithm 1 (in the main

document), the quantities Ay 1/ (s), Bi i (), Pstr and X, are defined as follows,

Ns- Ns..

Ak kl Z Z Zz¢sths,p,t¢s 4 k’qut/A s,D,q

p=1 g=p+1 t=1 t/#t

Ns.. MNs..

Bka/(S

T T
Z Z Qbs,t,k)Zs,p,ths,t’,k’)A(s,q,t’ (1 - Asm,q)

1g=p+1 t=1 t/t

S
Il

M. T
Z Z Z Z )A(s,p,tés,t’,k’f(s,q,t’h(87p7 q, k, k,)

p=1qg=p+1 Kk'=kt'#t
k=1 T

+ Z Z Xsipi/és»t/vk,Xs’q7th(87p7 q7 k’ kl)

k=1t#t

+ Z O R pt Xs.ath(s,p, 4, k. k)
vt

1

bS]
|

T Ns.. T

N GspriRsaqt Psawh(s, 0.0k K) + DN buprbspiXoqwh(s,p.a, b k) +
Lt/ #t q=p+1t'#t

1

O bsthXsqih(s, a,p k. k) + Z s t kXsg.th(5, D, 4, K, F))
q=1 q=p+1

M=
M

K
Xopit = Z

Q
”?H

_l_
M= L7

e
Il
—

h(s,py @,k k') = Ag g (U(appr) — Clapps + bpi)) + (1= Agpg) (W (bppr) — O(app + bppr))-

where U(s) =I"(s)/I'(s) denotes the Digamma function.
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Algorithm 2: HSMB - CAVI
Initialize global parameters (y, f)k)lgkgj(, (&k,kH Bk,k’)lgk,k’gK
for t in 1:convergence do

for s in 1:5 do
Update local parameters:

for ¢t in 1:T do
és,t,k X
exp { @+ LI (W(8) — Wi+ 00)) + ((ig) — (i + i) |

>\s,t = Z;tl )A(s,p,t —o0s+1

2 s T .
st = ZZ:l Dimti1 Xspd +0s + 05t

end

for p in Im,. do

Xs,pt X
exp {Xs,p,t + 301U (0s) — O (Aag +0s0)) + (T(Ase) — U(Ngs + 5s,t))}
end
Update Global parameters:

for k in 1:K do
Uy, = Zf:l ZtT:1 Qgs,t,k —a+1

N S T K "
Uk = 25:1 Zt:l Zl:k+1 Gst1+ 7+ ak

for £’ in k:K do
g =S50 Apw(s) +a

Z;k,k’ e Ele Bk‘,k'(s) + b

end

end

end

Evaluate ELBO(q(B', 7', k,t,C))

end
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