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1 Web Appendix A: Technical details of
mathematical results

Proof of Theorem 3.1 Suppose the total number of observed points Ni is a
random integer number. Let f̃i be an empirical measure of the form such that
f̃i = N−1

i

∑Ni
j=1 δXij , where Xij is independent with the distribution associated with

fi, and δXij is a Dirac measure at Xij . For any x ∈ X , the kernel density estimator
is given as the convolution measure f̂∗i (x) = (f̃i ∗Kai)(x) = 1

Ni

∑Ni
j=1 Kai(x −Xij).

The Nadaraya-Watson estimator for the normalization issue can be represented by
f̂i(x) = f̂∗i (x)/

∫
f̂∗i (x)dx. This yields

d2
W (f̃i, f̂i) ≤

1
Ni

Ni∑
j=1

dW

(
δXij ∗Kai∫
f̂∗i (x)dx

, δXij

)

= 1
Ni

Ni∑
j=1

1∫
f̂∗i (x)dx

∫
X 2
‖x− z‖2[δXij ∗Kai ](x)dxδXij (z)dz

= 1
Ni

Ni∑
j=1

1∫
f̂∗i (x)dx

∫
‖x−Xij‖2Kai(x−Xij)dx ≤

a2
i∫

f̂∗i (x)dx
.
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Let µK be a measure corresponding to the kernel density K and µL be the Lebesgue
measure. Under the assumption of Section 4.4.1 in ?, ai ≤ 1, we compare two prob-
abilities by using the variable change to derive the lower bound of the denominator
in the above equation as the followings

∫
f̂∗i (x)dx =

∫
X

1
Ni

Ni∑
j=1

Kai(x−Xij)dx = 1
Ni

Ni∑
j=1

∫
(X−Xij)/ai

K(x)dx

= µK{(X −Xij)/ai} ≥ µK{X −Xij} =
∫

X−Xij
K(x)dx

≥
∫

X−xj
K(dsup)dx = K(dsup)µL(X ) > 0,

where it is assumed that the diameter of the compact set X denoted by dsup =
supx,y∈X ‖x − y‖2 is finite. Defining the constant CK = K(dsup)µL(X ) depending
on the kernel, we have

d2
W (f̃i, f̂i) ≤

1
Ni

Ni∑
j=1

dW

(
δXij ∗Kai∫
f̂∗i (x)dx

, δXij

)
≤ CKa2

i for ai ≤ 1. (1)

Suppose that the total number of observed points for the ith subejct consists of
Ni = N

(1)
i +, . . . , N (η)

i , where each N
(1)
i has the same distribution as η independent

copies from πi, for instance, a Poisson distribution. Then, the empirical measure f̃i
similarly consists of f̃i = N−1

i (
∑N

(1)
i

j=1 δ
X

(1)
ij

+· · ·+
∑N

(η)
i

j=1 δ
X

(η)
ij

). Following Karr (2017),
we have

1
η

η∑
k=1

N
(η)
i∑
j=1

δ
X

(k)
ij

p−→ µi.

It follows from Condition 3.2 µi ∈ W that f̃i converges µi in the Wassertein distance,
i.e., dW ( 1

η

∑η
k=1

∑N
(η)
i

j=1 δ
X

(k)
ij

, µi)
p−→ 0, which leads to the weak convergence because

that the weak convergence is equivalent to Wasserstein convergence when Condition
3.3 holds, i.e.,

∫
X

hd
1
η

η∑
k=1

N
(η)
i∑
j=1

δ
X

(k)
ij

p−→
∫

X

hdµi for all h ∈ C(X ),

where C(X ) denotes the class of the functions satisfying the boundedness and con-
tinuity on X . It follows from Condition 3.6 E[Ni(A)|Ti] = κµi(A), for any Borel set
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A ⊆ B(X ), and Slutsky’s theorem that

1
Ni

η∑
k=1

N
(η)
i∑
j=1

δ
X

(k)
ij

p−→ µi.

Although it is an abused notation, we denote it as f̃i
p−→ fi for the brevity. The result

of (1) and the triangle inequality lead to

dW (f̂i, fi) ≤ dW (f̂i, f̃i) + dW (f̃i, fi) ≤
√
CKai + dW ( 1

Ni

η∑
k=1

N
(η)
i∑
j=1

δ
X

(k)
ij

, fi)→ 0.

This completes the proof for the first statement in Theorem 3.1.
Let us define risk functionals on the W(X )

M(f) = 1
2E[d2

W (f1, f)], Mn(f) = 1
2n

n∑
i=1

d2
W (fi, f)

M̃n(f) = 1
2n

n∑
i=1

d2
W (f̃i, f), M̂n(f) = 1

2n

n∑
i=1

d2
W (f̂i, f)

as the populational, empirical, conditional, and smoothed risk functionals, respect-
ively. We note the property of the Wassertein distance

dW (f, g) ≤
√

sup
h∈P(X 2)

∫
X 2
‖x− y‖2dh(x, y) ≤

√
sup

x,y∈X
‖x− y‖2 = dsup <∞.

The key idea of our proof is to show the uniform convergence of M̂n(f) to M(f)
over the Wasserstein space. We consider the difference between the conditional and
smoothed empirical risk functionals, and factorize this difference into two parts as the
followings:

|M̂(f)− M̃n(f)| = |dW (f̃i, f)− dW (f̂i, f)||dW (f̃i, f) + dW (f̂i, f)|

≤ 2
n
dsup

n∑
i=1

dW (f̃i, f̂i),

where the reverse triangle inequality for the first factor and the property of the
Wassertein distance are used for the inequality. Hence we have

sup
µ∈W2(X )

|M̂(f)− M̃n(f)|≤ dsup
√
CK

1
n

n∑
i=1

ai , (2)
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where it vanishes under the assumption of Theorem 3.1. We similarly have

sup
µ∈W2(X )

|M̃n(f)−Mn(f)| ≤ 1
n

n∑
i=1

dW (f̃i, fi).

By the weak law of large numbers and the equivalence of the weak convergence to the
Wasserstein convergence with Condition 3.3, We have

1
n

n∑
i=1

dW (f̃i, fi)
p−→ 0 and E

[
1
n

n∑
i=1

dW (f̃i, fi)
]
p−→ 0. (3)

By the markov inequality, the concentration inequality is given by

P
[

1
n

n∑
i=1

(
dW (f̃i, fi)− EdW (f̃i, fi)

)2
> ε

]
≤

E
(
dW (f̃i, fi)− EdW (f̃i, fi)

)2

ε2n
≤ 4dsup

ε2n
,

(4)

Notice that dW (f̃1, f1), . . . , dW (f̃n, fn) are independent and identically distributed.
According to the results of (3) and the Borel-Cantelli lemma by taking ε = n−1/3 in
(4), we obtain

∣∣∣∣ 1n
n∑
i=1

dW (f̃i, fi)
∣∣∣∣ ≤∣∣∣∣ 1n

n∑
i=1

dW (f̃i, fi)− E
(

1
n

n∑
i=1

dW (f̃i, fi)
)∣∣∣∣+∣∣∣∣E( 1

n

n∑
i=1

dW (f̃i, fi)
)∣∣∣∣ p−→ 0 .

It follows from the weak law of large numbers that for a fixed f

Mn(f) p−→M(f).

For the fixed ε > 0, because of the boundedness of W(X ) from Condition 3.2, there
exist finite ε-cover γ1, . . . , γl satisfying that for any f ∈ W(X ), there exists j such
that dW (f, γj) ≤ ε, where l depends on the size of ε. We decompose Mn(f) −M(f)
into three parts:

|Mn(f)−M(f)| ≤ |Mn(f)−M(γj)|+|Mn(γj)−M(γj)|+|Mn(γj)−M(f)|
≤ 2dW (f, fj) · dsup + |Mn(fj)−M(fj)|
≤ 2dsupε+ |Mn(fj)−M(fj)|

Thus, it yields

sup
µ∈W2(X )

|Mn(f)−M(f)|≤ 2dsupε.
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Since ε is an arbitrary, we conclude

sup
f∈W2(X )

|M̂n(f)−M(f)| p−→ 0.

The uniform convergence of M̂n(µ) to M(f), and the continuity of M(f) on the
compact set W2(X ) lead to dW (f̂⊕, f⊕) p−→ 0, where f̂⊕ and f⊕ are minimums for
M̂n(f) and M(f), respectively. This completes the proof for second statement in
Theorem 3.1.

It can be shown that
√
n(F̂−1

⊕ − F−1
⊕ ) =

√
n(F̂−1

⊕ − F̄−1
⊕ ) +

√
n(F̄−1

⊕ − F−1
⊕ ) = I + II.

For I =
√
n(F̂−1

⊕ − F̄−1
⊕ ), we observe that

‖F̂−1
⊕ − F̄−1

⊕ ‖ = ‖ 1√
n

n∑
i=1

F̂−1
i − 1√

n

n∑
i=1

F−1
i ‖

≤ 1√
n

n∑
i=1
‖F̂−1

i − F−1
i ‖ = 1

n

n∑
i=1

dW (f̂i, fi).

It follows from the triangle inequality and the upper bound aforementioned that

1√
n

n∑
i=1

dW (f̂i, fi) ≤
1√
n

n∑
i=1

dW (f̂i, f̃i) + 1√
n

n∑
i=1

dW (f̃i, fi)

≤ 1√
n

n∑
i=1

dW (f̃i, fi) +
√
CKnσn.

The markov inequality yields

P
[

1
n

n∑
i=1

dW (f̃i, fi) > ε

]
≤
∑n
i=1 EdW (f̃i, fi)

εn
≤ EdW (f̃i, fi)

ε
.

We consider the upper bound for the expectation of the Wasserstein distance between
f̃i and fi. It can be easily shown that

EdW (f̃i, fi) ≤ dsup · dW1(f̃i, fi)

≤ dsup ·
∫

X

E
∣∣∣∣F1(x)− 1

N1

η∑
k=1

N
(η)
1∑
j=1

δ
X

(k)
1j

(x)
∣∣∣∣dx

≡ dsup ·
∫

X

E|Y (x)|dx, (5)
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where for the first inequality holds by the holder inequality, and the second inequality
holds by the 1-Wasserstein distance property with the application of Fubini’s Theorem.
Note that when the total number of the observed points N1 is a fixed case along
with the Poisson distribution assumption, the random variable Y (x) is defined as
Y (x) = X(x)/N1−F1(x), for which X(x) follows a Binomial distribution, i.e., X(x) ∼
Binomial(N1, F1(x)). Thereby, we have the conditional expectation of Y (x) given on
N1 as EY (x)|N1 = 0 and the second moment for it as

EY (x)2|N1 = N1F1(x)(1− F1(x))
N2

1
≤ 1

4N1
.

Assuming that N1 follows the Poisson distribution, i.e., N1 ∼ Poisson(η), we compute
the unconditional second moment as the following

EY (x)2 ≤ E
1
N1

=
∞∑
j=1

1
j
e−η

ηj

j ! ≤
∞∑
j=1

2e−η ηj

(j + 1) ! = 2κ−1
∞∑
j=1

e−η
ηj+1

(j + 1) ! ≤
2
η

By applying this result into (5), we obtain

EdW (f̃i, fi) ≤ d1/2
sup

∫
X

E|Y (x)|dx ≤ d1/2
sup

∫
X

E|Y 2(x)|1/2dx ≤ C
√
η

Hence, we obtain the convergence rate of this quantity to zero given by

1
n

n∑
i=1

dW (f̃i, fi) = op(
1
√
η

),

which implies

1√
n

n∑
i=1

dW (f̂i, fi) = op(
1
√
ηn

) + op(
√
nσn) (6)

Since the Conditions 3.1-3.5 yields that the quantity in (6) converges to zero, we have

√
n(F̂−1

⊕ − F̄−1
⊕ ) = op(1). (7)

For II =
√
n(F̄−1

⊕ − F−1
⊕ ), we observe that

√
n

(
1
n

n∑
i=1

F−1
i (s)− F−1

⊕ (s)
)
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Since F1, . . . , Fn are independent and identically distributed, and the second moment
of the term II, since the Condition 3.2, is the finite value,

E
[∫ 1

0

(
1√
n

n∑
i=1

F−1
i (s)− F−1

⊕ (s)
)2
ds

]
= Var⊕[F ] <∞.

the second term II converges to a Gaussian process Z(s) in L2([0, 1]) with the cov-
ariance function given by Σ0(u, v) = E[Z(u)Z(v)] as n goes to infinity.
Next, by the continuous mapping theorem,

√
n( 1
n

n∑
i=1

tµ̂iµ⊕
− i) =

√
n(F̂−1

⊕ − F−1
⊕ ) ◦ F⊕

=
√
n(F̂−1

⊕ − F̄−1
⊕ ) ◦ F⊕ +

√
n(F̄−1

⊕ − F−1
⊕ ) ◦ F⊕ (8)

The first term of the right-hand side in (8) is asymptotically negligible as the result
of (7). For the second term of the right-hand side in (8), we have

√
n(F̄−1

⊕ − F−1
⊕ ) ◦ F⊕ =

√
n( 1
n

n∑
i=1

F−1
i ◦ F⊕ − F−1

⊕ ◦ F⊕)

=
√
n( 1
n

n∑
i=1

tµiµ⊕
− i),

which converges to a Gaussian process in L2(X ), i.e.,
√
n( 1

n

∑n
i=1 tµiµ⊕

− i) D−→ Z ◦F⊕
with the covariance function given by

Σµ⊕(u, v) = E[(µ−1 − µ−1
⊕ ) ◦ µ⊕(u) · (µ−1 − µ−1

⊕ ) ◦ µ⊕(v)]
= E[(tµµ⊕

(u)− u)(tµµ⊕
(v)− v)]

This completes the proof for Theorem 3.1. �

Proof of Theorem 3.2 Under the null hypothesis with the given Conditions, recall
that (ν−1

⊕ −µ−1
⊕ )◦µ⊕ is zero function for all y ∈ Y . By the asymptotic expansion the

proposed statistics, Un,m is represented by

√
nm

n+m

(
1
m

m∑
j=1

ν̂−1
j −

1
n

n∑
i=1

µ̂−1
i

)
◦
(

1
n

n∑
i=1

µ̂−1
i

)−1

=
√

nm

n+m

(
1
m

m∑
j=1

ν̂−1
j −

1
n

n∑
i=1

µ̂−1
i

)
◦ µ⊕ + op(1)

=
√

nm

n+m

(
1
m

m∑
j=1

ν̂−1
j − ν

−1
⊕ −

1
n

n∑
i=1

µ̂−1
i + µ−1

⊕ + ν−1
⊕ − µ−1

⊕

)
◦ µ⊕ + op(1)

7



=
√

m

n+m

√
m

(
1
m

m∑
j=1

ν̂−1
j − ν

−1
⊕

)
◦ µ⊕ +

√
n

n+m

√
n

(
1
n

n∑
j=1

µ̂−1
j − µ

−1
⊕

)
◦ µ⊕ + op(1)

D−→
√
θ(tνµ⊕

− ν−1
⊕ µ⊕) +

√
(1− θ)(tµµ⊕

− i),

where the first equality holds from the result of (7) and the Slustky, and Theorem
3.1 are applied to obtain the asymptotic distribution. Denoting Γ as the asymptotic
random function, i.e., Γ =

√
(1− θ)Z ◦ F⊕ +

√
θZ ◦ F⊕, the Γ follows the Gaussian

process with the mean E(Γ(y)) = µ(y) for all y ∈ Y and covariance function,

Σ(y, y′) = (1− θ)E[(tµµ⊕
(y)− y)(tµµ⊕

(y′)− y′)] + θE[(tνµ⊕
(y)− y)(tνµ⊕

(y′)− y′)]
= (1− θ)Σµ⊕(y, y′) + θΛ(Σν⊕(y, y′)).

It follows from Σ(y, y′) has finite trace, i.e., tr(Σ) =
∫

Y Σ(y, y)dµ⊕(y) < ∞, it al-
lows the singluar value decomposition (SVD) Σ(y, y′) =

∑∞
k=1 λkφk(y)φk(y′), where

λk and φk(·) are the kth eigenvalue and function for the covariance function such
that

∫
φk(y)2dµ⊕(y) = 1 for all k and

∫
φk(y)φh(y)dµ⊕(y) = 0 for k 6= h. By

Karhunen–Loève expansion in L(µ⊕),

Γ(y) = µ(y) +
∞∑
k=1
〈Γ, φk〉µ⊕φk(y)

where E〈Γ, φk〉µ⊕ = 0 and E〈Γ, φk〉2µ⊕
= E〈Γ, φk〉µ⊕〈Γ, φk〉µ⊕ =

〈E〈Γ, φk〉µ⊕Γ, φk〉µ⊕ = 〈λkφk, φk〉µ⊕ = λk. It is easy to see EΓ(y) = µ(y) and
cov(Γ(y),Γ(y′)) = Σ(y, y′)

Un,m =
∫
µ2(y)dµ⊕(y) + 2

∞∑
k=1
〈Γ, φk〉

∫
µ(y)φk(y)dµ⊕(y) +

∫
(
∞∑
k=1
〈Γ, φk〉φk(y))2dµ⊕(y) + op(1)

=
∞∑
k=1
〈µ, φk〉2 + 2

∞∑
k=1
〈Γ, φk〉〈µ, φk〉+

∞∑
k=1
〈Γ, φk〉2 + op(1)

=
K∑
k=1

(
〈µ, φk〉+ 〈Γ, φk〉

)2
+

∞∑
k=K+1

〈µ, φk〉2 + op(1)

=
K∑
k=1

λk

[
(〈µ, φk〉+ 〈Γ, φk〉)2

λk

]
+

∞∑
k=K+1

〈µ, φk〉2 + op(1)

Under the Gaussian property, we have (〈µ, φk〉+ 〈Γ, φk〉)/
√
λk ∼ N(〈µ, φk〉, 1), which

results in

Un,m
D−→

K∑
k=1

wkχ
2
k,δk,(1) +

∞∑
k=K+1

〈µ, φk〉2

Hence, under H0, we have Un,m
D−→
∑K
k=1 wkχ

2
k,(1). This completes the proof for the

first statement.
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For the notational convenience, denote

Σ̂
µ̂⊕

= 1
n

n∑
i=1

(tµ̂i
µ̂⊕
− i)(tµ̂i

µ̂⊕
− i), Λ̂(Σ̂

ν̂⊕
) = 1

n

n∑
i=1

(tν̂i
ν̂⊕
− ν̂−1
⊕ (µ̂⊕))(tν̂i

ν̂⊕
− ν̂−1
⊕ (µ̂⊕))

Σµ⊕ = E[(tµiµ⊕
− i)(tµiµ⊕

− i)], Λ(Σν⊕) = E[(tνiν⊕
− ν−1
⊕ (µ⊕))(tνiν⊕

− ν−1
⊕ (µ⊕))]

and Σ̃[(y1, y
′
1), (y2, y

′
2)] = E[(tµµ⊕

(y1)−y1)(tµµ⊕
(y′1)−y′1)(tνν⊕

(y2)−y2)(tνν⊕
(y′2)−y′2)]−

E[(tµµ⊕
(y1)− y1)(tµµ⊕

(y′1)− y′1)]E[(tνν⊕
(y2)− y2)(tνν⊕

(y′2)− y′2)] . Under the null hypo-
thesis, denote Σ0

µ⊕
as Σµ⊕ = Λ(Σν⊕) ≡ Σ0

µ⊕
. We first show a Gaussian process for the

discrepancy between two covariance kernels based on the the asymptotic expansion√
nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Λ̂(Σ̂
ν̂⊕

)(y, y′)
)

=
√

nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)
)
−
√

nm

n+m

(
Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′)

)
=
√

1− θ
√
n

(
Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)
)
−
√
θ
√
m

(
Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′)

)
+ op(1)

D−→
√

(1− θ)B1(y, y′)−
√
θB2(y, y′)

where we use the arguments applied in Theorem 3.1.
Consequently, we have

√
n

(
Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)
)

D−→ B1(y, y′) and
√
m

(
Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′)

)
D−→ B2(y, y′),

respectively, where B(y, y′) is a Gaussian process with the covariance process,
Σ̃[(y1, y

′
1), (y2, y

′
2)]. Note that the independence of Σ̂

µ̂⊕
and Λ̂(Σ̂

ν̂⊕
) and the unit

sphere condition of the sample proportion,
√

1− θ2 +
√
θ

2 = 1, we obtain the following√
nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Λ̂(Σ̂
ν̂⊕

)(y, y′)
)

D−→ B(y, y′) + op(1).

By the asymptotic expansion the proposed statistics, Vn,m is represented by

Vn,m =
∫

Y

∫
Y

nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Λ̂(Σ̂
ν̂⊕

)(y, y′)
)2
dµ⊕(y)dµ⊕(y′)

=
∫

Y

∫
Y

nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)
)2

+ nm

n+m

(
Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′)

)2

− 2 nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)
)(

Λ̂(Σ̂
ν̂⊕

)(y, y′)− Σ0
µ⊕

(y, y′)
)
dµ⊕(y)dµ⊕(y′)

=
∫

Y

∫
Y

(√
n(Σ̂

µ̂⊕
(y, y′)− Σ0

µ⊕
(y, y′)),

√
m(Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′))

)(
I − P

)

9



×
(√

n(Σ̂
µ̂⊕

(y, y′)− Σ0
µ⊕

(y, y′)),
√
m(Λ̂(Σ̂

ν̂⊕
)(y, y′)− Σ0

µ⊕
(y, y′))

)T
dµ⊕(y)dµ⊕(y′),

where I is the identity matrix in R2, P = JJT /(n + m), and J = (n,m)T . We
see that (√n1(Σ̂

µ̂⊕
(y, y′) − Σ0

µ⊕
(y, y′)),√n2(Λ̂(Σ̂

ν̂⊕
)(y, y′) − Σ0

µ⊕
(y, y′))) converges

to a bivariate Gaussian process (B1(y, y′), B2(y, y′)) and I − P is a symmetric and
idempotent matrix, where tr(I − P ) = 1. Therefore, by the theorem of the quadratic
form for the Gaussian process, there exists a Gaussian process such that

Vn,m =
rank(I−P )∑

r=1

∫ 1

0

∫ 1

0
Wr(u, v)TWr(u, v)dudv

=
rank(I−P )∑

r=1

( K∑
k=1

wkχ
2
k,δk,(1) +

∞∑
k=K+1

〈µ, φk〉2
)

=
K∑
k=1

wkχ
2
k,δk,(rank(I−P )) +

rank(I−P )∑
r=1

∞∑
k=K+1

〈µ, φk〉2,

where the process Wr(u, v) is defined as Wr(u, v) = (I − P )(BF (u, v), BG(u, v))T .
Hence, we conclude

Vn,m
p−→

K∑
k=1

wkχ
2
k,(rank(I−P )),

where ωk is the kth eigenvalue of Σ̃[(u1, v1), (u2, v2)] = E[(tµµ⊕
(u1) − u1)(tµµ⊕

(v1) −
v1)(tνν⊕

(u2) − u2)(tνν⊕
(v2) − v2)] − E[(tµµ⊕

(u1) − u1)(tµµ⊕
(v1) − v1)]E[(tνν⊕

(u2) −
u2)(tνν⊕

(v2)− v2)] under H0. This completes the proof for the second statement. �

Proof of Theorem 3.3 We only show the power performance for the variance dif-
ference test while it is not difficulty in showing the power performance for the mean
difference test. Let us define Rn,m,α = {Vn,m > qα}, and Hn,m = {∆ : ∆ ≥ an,m},
βHn,m = infV ∈Hn,m P(Rn,m,α) as the rejection region, the local alternative hypothesis,
and the power for the test at the significance level of α. It can be shown that

Vn,m =
∫

Y

∫
Y

nm

n+m

(
Σ̂
µ̂⊕

(y, y′)− Λ̂(Σ̂
ν̂⊕

)(y, y′)
)2
dµ⊕(y)dµ⊕(y′)

=
∫

Y

∫
Y

nm

n+m

[{(
Σ̂
µ̂⊕

(y, y′)− Σµ⊕(y, y′)
)
−
(

Λ̂(Σ̂
ν̂⊕

)(y, y′)− Λ(Σν⊕)(y, y′)
)}2

+ 2
(

Σµ⊕(y, y′)− Λ(Σν⊕)(y, y′)
){(

Σ̂
µ̂⊕

(y, y′)− Σµ⊕(y, y′)
)
−
(

Λ̂(Σ̂
ν̂⊕

)(y, y′)− Λ(Σν⊕)(y, y′)
)}

+
(

Σµ⊕(y, y′)− Λ(Σν⊕)(y, y′)
)2]

dµ⊕(y)dµ⊕(y′)

= nm

n+m

∫
Y

∫
Y

(Ṽn,m + ∆n,m)dµ⊕(y)dµ⊕(y′),
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where denote Ṽn,m(y, y′) = [(Σ̂
µ̂⊕

(y, y′)−Σµ⊕(y, y′))−(Λ̂(Σ̂
ν̂⊕

)(y, y′)−Λ(Σν⊕)(y, y′)]2

and ∆n,m(y, y′) = 2(Σµ⊕(y, y′) − Λ(Σν⊕)(y, y′)){(Σ̂
µ̂⊕

(y, y′) − Σµ⊕(y, y′)) −
(Λ̂(Σ̂

ν̂⊕
)(y, y′)−Λ(Σν⊕)(y, y′))}+[Σµ⊕(y, y′)−Λ(Σν⊕)(y, y′)]2. Under H1, we observe

∆n(y, y′) p−→
(

Σµ⊕(y, y′)− Λ(Σν⊕)(y, y′)
)2

= ∆(y, y′).

Let qα be (1−α)the quantile of the weighted sum of the chi-squared distribution, i.e.,∑K
k=1 wkχ

2
k,(rank(I−P )). For the rejection region, we obtain the probability given by

P[Rn,m,α] = P
[∫

Y

∫
Y

(
Ṽn,m(y, y′) + ∆n,m(y, y′)

)
dµ⊕(y)dµ⊕(y′) > n+m

nm
qα

]
≥ P

[∫
Y

∫
Y

(
Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) + 1

2∆n,m(y, y′)
)
>
n+m

nm
qα

]
≥ P

[
nm

n+m

∫
Y

∫
Y

Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) > qα −
nm

2(n+m)

∫
Y

∫
Y

∆n,m(y, y′)dµ⊕(y)dµ⊕(y′)
]
.

Thus, we have the power performance given by

lim
n,m→∞

βHn,m = lim
n,m→∞

P[Rn,m,α]

≥ P
[
nm

n+m

∫
Y

∫
Y

Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) > qα −
nm

2(n+m)

∫
Y

∫
Y

∆n,m(y, y′)dµ⊕(y)dµ⊕(y′)
]

≥ P
[
nm

n+m

∫
Y

∫
Y

Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) > qα −
θ(1− θ)

2

∫
Y

∫
Y

(n+m)∆(y, y′)dµ⊕(y)dµ⊕(y′)
]

≥ P
[
nm

n+m

∫
Y

∫
Y

Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) > qα −
θ(1− θ)

2 (n+m)an
]

Since we already have the result from Theorem 3.2,

nm

n+m

∫
Y

∫
Y

Ṽn,m(y, y′)dµ⊕(y)dµ⊕(y′) D−→
K∑
k=1

wkχ
2
k,(rank(I−P )),

if we have an,m such that (n+m)an →∞, then we conclude limn,m→∞ βHn = 1, for
all α > 0. This completes the proof for Theorem 3.3. �
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