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1 Web Appendix A: Technical details of
mathematical results

Proof of Theorem 3.1 Suppose the total number of observed points IV; is a
random mteger number. Let f; be an empirical measure of the form such that
fl N, Z j=1 dx,;, where Xj; is independent with the distribution associated with
fi and dx,; is a Dirac measure at X;;. For any z € 2, the kernel density estimator
is given as the convolution measure f*( ) = (fl * Ko,)(2) = - Zjvl K, (x — X;;).
The Nadaraya Watson estimator for the normalization issue can be represented by
fL( z)/ [ f )dzx. This yields
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Let ux be a measure corresponding to the kernel density K and pr be the Lebesgue
measure. Under the assumption of Section 4.4.1 in ?, a; < 1, we compare two prob-
abilities by using the variable change to derive the lower bound of the denominator
in the above equation as the followings
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where it is assumed that the diameter of the compact set 2  denoted by dsyp, =
sup, ,e o |2 — y|? is finite. Defining the constant Cx = K (dsup)pr(2") depending
on the kernel, we have
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Suppose that the total number of observed points for the ith subejct consists of
N; = Ni(1)+, ce Ni("), where each Ni(l) has the same distribution as n independent

copies from m;, for instance, a Poisson distribution. Then, the empirical measure f;
L . = _ N® N .
similarly consists of f; = N; 1(2];1 5Xf;) FeE Y 5ij"))' Following Karr (2017),

we have
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It follows from Condition 3.2 u; € W that ﬁ converges u; in the Wassertein distance,
(n)
ie., dw(% iy Z;V:"l Oy ) i) 2, 0, which leads to the weak convergence because
ij

that the weak convergence is equivalent to Wasserstein convergence when Condition
3.3 holds, i.e.,
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where C(Z") denotes the class of the functions satisfying the boundedness and con-
tinuity on 2". It follows from Condition 3.6 E[N;(A)|T;] = kui(A), for any Borel set



A C B(Z'), and Slutsky’s theorem that
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Although it is an abused notation, we denote it as ﬁ 2y f; for the brevity. The result
of (1) and the triangle inequality lead to
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¥ k=1 j=1

This completes the proof for the first statement in Theorem 3.1.
Let us define risk functionals on the W(Z2")
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as the populational, empirical, conditional, and smoothed risk functionals, respect-
ively. We note the property of the Wassertein distance
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The key idea of our proof is to show the uniform convergence of ]/W\n( f) to M(f)
over the Wasserstein space. We consider the difference between the conditional and
smoothed empirical risk functionals, and factorize this difference into two parts as the
followings:
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where the reverse triangle inequality for the first factor and the property of the
Wassertein distance are used for the inequality. Hence we have
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where it vanishes under the assumption of Theorem 3.1. We similarly have
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By the weak law of large numbers and the equivalence of the weak convergence to the
Wasserstein convergence with Condition 3.3, We have
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By the markov inequality, the concentration inequality is given by
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Notice that dW(fl,fl), . ,dW(fn,fn) are independent and identically distributed.
According to the results of (3) and the Borel-Cantelli lemma by taking € = n~1/3 in
(4), we obtain
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It follows from the weak law of large numbers that for a fixed f
My (f) 5 M(f).

For the fixed € > 0, because of the boundedness of W(Z") from Condition 3.2, there
exist finite e-cover 71, ..., satisfying that for any f € W(Z"), there exists j such
that dw (f,7,) < €, where [ depends on the size of e. We decompose M,,(f) — M(f)
into three parts:
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Thus, it yields
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Since € is an arbitrary, we conclude

sup | M, (f) — M(f)|% 0.
fEWz(.%)

The uniform convergence of M\n(u) to M(f), and the continuity of M(f) on the
compact set Wa(2') lead to dw (fa, fo) & 0, where f@ and fg are minimums for

]T/[\n( f) and M (f), respectively. This completes the proof for second statement in
Theorem 3.1.

It can be shown that
Vi(Fg' = Fgh) = Vin(Fg ' — o) +vn(Fg' — Fg') = T+ 11.

For I = \/ﬁ(fegl — F; '), we observe that

It follows from the triangle inequality and the upper bound aforementioned that
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The markov inequality yields
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We consider the upper bound for the expectation of the Wasserstein distance between
fi and f;. It can be easily shown that
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where for the first inequality holds by the holder inequality, and the second inequality
holds by the 1-Wasserstein distance property with the application of Fubini’s Theorem.
Note that when the total number of the observed points N7 is a fixed case along
with the Poisson distribution assumption, the random variable Y (z) is defined as
Y(z) = X(z)/Ny — Fy(z), for which X () follows a Binomial distribution, i.e., X () ~
Binomial(Ny, Fy(z)). Thereby, we have the conditional expectation of Y (z) given on
N; as EY (2)| N1 = 0 and the second moment for it as

oy MiFi(@)(1 - Fi(z)) _ 1
EY (2)?|N; = =21 R ! <

Assuming that Nj follows the Poisson distribution, i.e., N ~ Poisson(n), we compute
the unconditional second moment as the following
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By applying this result into (5), we obtain
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Hence, we obtain the convergence rate of this quantity to zero given by
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Since the Conditions 3.1-3.5 yields that the quantity in (6) converges to zero, we have
V(g = Fg') = o0,(1). (7)

For IT = \/n(F3"' — F3'), we observe that
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Since Fi, ..., F, are independent and identically distributed, and the second moment
of the term I1, since the Condition 3.2, is the finite value,

U <fz <>> ds}— Varg[F] < oc.

the second term I converges to a Gaussian process Z(s) in Ly([0, 1]) with the cov-
ariance function given by ¥ (u,v) = E[Z(u)Z(v)] as n goes to infinity.
Next, by the continuous mapping theorem,

Zt —i) = Vn(F3' — F5') o Fyg

= V(5! = F3') o Fo+v/n(Fg' — Fg')o Fy (8)

The first term of the right-hand side in (8) is asymptotically negligible as the result
of (7). For the second term of the right-hand side in (8), we have
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which converges to a Gaussian process in Ly(2), i.e., v/n(: S0t —1) 2 Zo Fg

n i=1"pg
with the covariance function given by
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This completes the proof for Theorem 3.1. O
Proof of Theorem 3.2 Under the null hypothesis with the given Conditions, recall

that (vg T uél) o g is zero function for all y € #. By the asymptotic expansion the
proposed statistics, Uy, », is represented by
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where the first equality holds from the result of (7) and the Slustky, and Theorem
3.1 are applied to obtain the asymptotic distribution. Denoting I' as the asymptotic
random function, i.e., I' = \/(1 — 0)Z o Fg + V0Z o Fg, the T follows the Gaussian
process with the mean E(I'(y)) = u(y) for all y € & and covariance function,

Sy, ') = (L= 0)E[(th, (y) —v)(th, (¥) — )] + B[t (v) —y)(t, . () —¥)]
= (1 =02, W, y) +OAZ0, (v, 1))

It follows from X(y,y’) has finite trace, i.e., tr(X) = [, X(y,y)due(y) < oo, it al-
lows the singluar value decomposition (SVD) ( Y) =Y peq Mtk (y)or(y'), where
Ar and ¢ (-) are the kth eigenvalue and function for the covariance function such
that [ ér(y)’dpe(y) = 1 for all k and [ ¢r(y)¢n(y)due(y) = 0 for k # h. By
Karhunen—Loéve expansion in L(ug),
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where  E(I',¢p)u, = 0 and E<Fv¢k>i@ = BT 0k (T bk
(B0, 60) sl Skds = (Mbis @idus = Aie It is easy to see E(y) = p(y) and
cov(I'(y),T'(¥")) = X(y,9)

o0

y)due(y +2Z / 0)bn(v)dii () + / (ST, 1) 0()) i () + 0y (1)

k=1

Unm:

m= [
>

(1, 08)* 42> (T, 1) (s b1 + > (T, 0w)” + 0p(1)
k=1 k=1

oo

e 2

Z(u,m ¢>k>> £Y (o +op()
k=1 k=K+1

i |: ﬂ»¢k

Under the Gaussian property, we have ((i, ¢r) + (T, ox)) /v e ~ N ({1, é1), 1), which
results in
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Hence, under Hy, we have U, p, 2, Zk:l kak (1) This completes the proof for the
first statement.



For the notational convenience, denote
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and S[(y1, ¥1) (y2,y2)] = E[(t], (y1) —y1)(th, (v1) — 1) (7, (v2) —y2) (b7, (¥3) —v5)] —
E[(t)., (y1) — yl)(tﬁ@ (1) —yD)IE[(t7, (y2) — y2)(t7, (42) — y3)] - Under the null hypo-
thesis, denote E pe A By = A(Zyg) = Eg@. We first show a Gaussian process for the
discrepancy between two covariance kernels based on the the asymptotic expansion

nimm <§;® (y,9') — A(EA )Y,y ))
_ n’lmm (i%(y,y')—xﬂe}(y,y’)) - nimm AE )y, y) - 20 (y y/)>
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where we use the arguments applied in Theorem 3.1.
Consequently, we have

ﬁ(%( y) =52y, ’>) 2, Bi(y,y') and m(mi%)(y,y')zﬁ@(y,y’)) 2, Bo(y. ),

respectively, where B(y,y’) is a Gaussian process with the covariance process,
Y[(y1,91), (y2,y5)]. Note that the independence of 3., and A(E;@) and the unit

2
sphere condition of the sample proportion, v/1 — 92 +v/0" =1, we obtain the following
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By the asymptotic expansion the proposed statistics, V,, n, is represented by
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T
X (\/ﬁ@;@ W,9) = 2 (0, 9)), V(A (S5 ) () = 25, (y,y’))) dpe (y)dpes (y'),

where I is the identity matrix in R?, P = JJT/(n +m), and J = (n,m)T. We

see that (VAn(Sy, (1) = S5, (090, via(R(S5, ) (,y") = 20, (5.9'))) converges

to a bivariate Gaussian process (B1(y,vy’'), B2(y,y’)) and I — P is a symmetric and
idempotent matrix, where tr(I — P) = 1. Therefore, by the theorem of the quadratic
form for the Gaussian process, there exists a Gaussian process such that

rank(I—P)
Vam = Z / / W, (u, v) T W, (u, v)dudv
rank(l P)
Z (Z WX 60,(1) F Z 14, Dr) )
r=1 k=K+1
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where the process W,.(u,v) is defined as W,.(u,v) = (I — P)(Br(u,v), Bg(u,v))T.
Hence, we conclude

K
Vn7m £ Zwkxlzc,(rank(l—P))7
k=1
Whel"(i wy is the kthyeigenvalue of E[(ul,vl) (uz,v2)] = E[(th_ (u1) — ul)(tlzje9 (v1) —
v1)(ty, (u2) — u2)(ty, (v2) — v2)] — E[(b], (u1) — wi)(t) (v1) — v1)]E[(t), (u2) —
uz)(ty,, (v2) — v2)] under Hp. This completes the proof for the second statement. [

Proof of Theorem 3.3 We only show the power performance for the variance dif-
ference test while it is not difficulty in showing the power performance for the mean
difference test. Let us define Ry, .o = {Vim > ¢a}, and Hpp = {A 0 A > ap i}y
BH, .. = infvemn, . P(Rnm,q) as the rejection region, the local alternative hypothesis,
and the power for the test at the significance level of . It can be shown that

//o;/n—i—m( ) - A, y)>2du@(y)du@(y’)

L]l <y,y'>—zu@<y,y'>)—(A(zA o)~ A0 ) b

+z(z%<y,yf>_ ){( zﬂ@@,y'))—@@ o)~ A(zu@><y7y'>)}
(B ) - AE20) ) J o e )
:n+m// (Vi + D )dps (y)dpa (),
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where denote Vi m (y,4') = (S5 (1,9) =S (4,9) = (A5 ) (4:9) —A(S0e ) (3,9
and Anm(y:y) = 2Tue®:9) = AC) W )HEs, (009) — Suo(w,y) —
(A(EA )Y, 9") = AZ0e) (Y, ¥ )} + [Bus (v,y) = A(Swg ) (v, ¥')]. Under Hy, we observe

2
Ay y) (zu@ W, y) - A(zu@xy,y')) — AW.y).

Let ¢, be (1 — a)the quantile of the weighted sum of the chi-squared distribution, i.e.,
Zkl,(zl kai (rank(I—P))" For the rejection region, we obtain the probability given by

Pl =F| [ [ (Tom0t) 4 B ) ) i aialtf) > =g,

nm

> IP’-/ / (Vn,m(%y’)du@(y)du@(y’) + ;An,m(y,y’)> > n;mmqa]

(9 e () dpa () > o — 5 Ao (43 dpis (y) dpa (o)
n+m// 2(n+m)/@/@/ ]

Thus, we have the power performance given by

>P
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n,m—00 n,m—00
2B ] Vs e 0) > o = 5 [ S s () )
=Hntm nmyy Ha\Y)app Y o 2(n+m) v nm\Y, Y JOp\Y)Alep Y
[ 0(1—-0 '
2B ] Ve e v) > a0 = U [ [ o s ) ()
L+ m o Ju .
[ (1 —0)
>P ! -
> |2 [ Yo (s () > 4 (1 ma
Since we already have the result from Theorem 3.2,
K
nam (U, 9')d )d ;
n+m / / y NEB( MGB ;kak (rank(I—P))
if we have a,, », such that (n 4+ m)a, — oo, then we conclude limy, ,,—00 Sa,, = 1, for
all @ > 0. This completes the proof for Theorem 3.3. O
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