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Supplementary Material
Algorithm for GraphPCA
Here, we describe the detailed algorithm for GraphPCA. Let X be annxm

gene expression matrix, where x;; denotes the expression of the jth gene on
the ith spot, i = 1,:--,n, j = 1,---,m. The spatial coordinates of individual spots
are denoted as S = (sy, ..., sy)",s; € R?/R3. As mentioned in the Methods section,
our aim is to find a k-dimensional projection Z € R™* under the following
objective function:

. 1
min |1X = ZW|3 + 32 S0 en AyllZ - Z13, 5.t WW =1, (1)

where W is an orthonormal eigenvector matrix and 4 is a hyperparameter that
balances the reconstruction error and the smoothness of the projections over
the graph. A is the adjacent matrix of the spatial neighborhood graph, which
can be constructed by various distance metrics and graph construction
strategies, such as k-nearest neighbor (kNN) graph, shared nearest neighbor
(SNN'") graph, circular-neighborhood graph, and Delaunay triangulation?.
Moreover, the GraphPCA framework supports not only ordinary graphs with
binary 0-1 adjacency matrices as input but also weighted graphs with arbitrary
weighting schemes, including the Heat kernel® and Dot-product. By default,
adjacency matrix of kNN graph was employed as input.
The above objective function can be rewritten as

min ||X = ZW||5 + Mr(Z'L2), 5.t WW =1, (2)

where L = D — A is the Laplacian matrix of the spatial neighborhood graph, and
D is the diagonal matrix of node degrees. To solve the optimization problem,
we fixed W as constant to solve the optimal Z*, which becomes a quadratic and
convex problem. Let / denote the objective function as given in equation (2). it
is easy to derive the optimal solution by setting the derivative of J with respect
to Z to be zero. Since

6]_6 T T T
57 =37 (X —ZW)' (X - ZW") + 22'L.Z]

9]
=t [X'X —2WZ'X + WZ'ZW' + AZ"LZ]
9]
= ootr [X'X —2WZTX + WZ'ZW' + AZ"LZ]
= —2XW + 2Z + 2ALZ.
Thus the derivative equals to zero if and only if Z* = (I + AL)"1XW. To simplify
the notation, we denoted



K=U+2D)1,
which is a symmetric and positive definite matrix. Then, we substituted Z in
objective | with Z* = KXW, and reduced the optimization problem as
min ||X — KXWWT|)3 + Atr(WX'KTLKXW),s.t. WW = I. (3)

Taking advantage of the trace properties, the equation (3) is equivalent to
min tr [(X — KXWW)'(X — KXWWT") + A(KXW)'LKXW]

wwiw=I
= mTin tr (XTX —2X'KXWWT+ WW'XTKTKXWWT + /IWTXTKTLKXW)
wwiw=I
= WrVerTiMT}_Itr (XTX —2X'KXWWT+WW'XTKTKXWWT' + /ILKXWWTXTKT)
= WrVerTiMT}_Itr [—ZXTKXWWT + X'"K'TKXWW'WWT + (K_1 — I)KXWWTXTKT]
= WrVerTiMT}_Itr [—ZXTKXWWT + XTK'TKXWW' + (K_1 — I)KXWWTXTKT]
= mTin tr (—ZXTKXWWT + X'K'TKXWWT+ XWWTX'KT — KXWWTXTKT)
wwiw=I
= WrVerTiMT}_Itr (—ZXTKXWWT + X'K'KXWW' + X'KTXWWT — XTKTKXWWT)
= min tr (-X'KXWWT)
wWww=I
= min tr(-W'X'KXW).
wWww=I

(4)

It is easy to show that the matrix X'KX is symmetric and positive semi-

definite. The optimal solution W* of equation (4) is the combination of

eigenvectors, associated with the largest k eigenvalues of the graph-revised
covariance matrix X'KX.

Integrating multiple graph regularizations in GraphPCA

Due to the flexibility of the GraphPCA framework, it is easy to integrate other
types of information as graphical constraints, such as gene expression profiles
or Hematoxylin and Eosin (H&E) images. For example, besides the spatial
location information, we incorporated gene expression data as an additional
graph constraint into the objective function of GraphPCA. Specifically,

min WX -ZWIE+5h Y AZ-ZIE+5h Y ANz~ LI
{i,jeA} {i,jeA?}
s.t. W'w =1,

(5)
where 4; and A, control the strengths of the neighborhood graphs constructed
by spatial location information and gene expression data, respectively. A and
A? represents the adjacent matrix of spatial neighborhood graph and gene



expression data-derived graph, respectively. Accordingly, we can also obtain

the compact form of the objective function as (5)

min ||X = ZW|5 + htr(Z'1'2) + Atr (Z'172), 5.t WW = 1,

where L1

(6)

and L? are Laplacian matrices of the spatial neighborhood graph and

gene expression graph, respectively. Analogy to the above optimization

procedures, we can obtain the optimal Z* = (I + A, L' + A,L?)"1XW . By
substituting Z in objective function (6) with Z* = K'XW, where K' = (I + 2,L* +
A,12)~1 we can obtain

min ||X = K'XWWT|3 + MLtr(WIXTK LK’ XW) + L,tr(WX'K'TL2K'XW),

s.t.WW = 1.

(7)

Making use of the trace properties of matrices, the equation (7) is equivalent

to
min
wwiw=

= min
wwiw=

= min
wwiw=

= max
wwiw=

= max
wwiw=

= max
wwiw=

tr [(X = K'XWWD'(X = K'XWWT) + 4, (K'XW)'LIK'XW + 2, (K'XW) LK XW]
tr(X'X — 2X'K'XWW' + WW'X'KTK'XWW' + L, L' K’ XWW'X'K' +
I
LK XWWTXTK'™)
tr [-2WXTK'XW + WXTK'TK'XW + L, W XK' L'K'XW + L, W XTK"TL2K'XW |
I

[t [WIXT(2K" - K"K = K" LY + ,L3)K" ) XW]

tr (WX'[K" + (I — K(I + 4 L' + 1,L2)K'|xw}

tr(WXTK'XW).
1

1

(8)

It can be observed that the optimal solution W* of equation (8) is the

combinat

ion of eigenvectors associated with the largest k eigenvalues of the

graph-revised covariance matrix X'K'X. Therefore, when incorporating an

additiona
obtained

| graph regularization, the optimal solutions for Z* and W* can be
by simply replacing AL in the matrix K with the product of 4 = [1;, 4,]

and the augmented Laplacian matrix L = [L!, L?].
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Fig. S1 Impact of the hyperparameter (A) on the performance of GraphPCA
in simulated mouse brain sagittal-anterior data.
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Fig. S2 Impact of the hyperparameter (A) on the performance of GraphPCA
in simulated mouse brain sagittal-posterior data. a,b Spatial domains
identified by GraphPCA for sagittal-posterior sections 1 (a) and 2 (b). ¢ Line
plots depicting clustering accuracies (ARI, NMI, and HS) on simulated data
across different values of the graph constraint parameter A.
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Fig. S3 Spatial domains detected by benchmarking methods on the
DLPFC dataset. The first column corresponds to the ground truth by
pathological annotation, while the second to eighth columns represent
clustering results by GraphPCA, PCA, NMF, SpaGCN, BayesSpace, DR-SC
and SpatialPCA, respectively.
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Fig. S4 Sensitivity analyses on the DLPFC dataset. Line plots illustrate the
clustering accuracy of GraphPCA at different gene ratios. Dots and error bars
in line plot represent means and 95% confidence intervals of clustering metrics,
including ARI, NMI, and HS. Different colors indicate different simulation
scenarios. Red corresponds to the top 3000 spatially variable genes detected
by SPARK. Sky blue corresponds to the top 3000 highly variable genes
detected by Scanpy. Green denotes all genes except the top 3000 spatially
variable genes detected by SPARK. Blue represents randomly selected 3000
genes except the top 3000 spatially variable genes detected by SPARK.
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Fig. S5 UMAP visualization of all sections in the DLPFC dataset by low-
dimensional embeddings obtained from different methods.
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Fig. S7 Spatial expression patterns of layer marker genes for sample
151673 of the DLPFC dataset. Marker genes are detected for each spatial
domain inferred from GraphPCA. Layer marker genes include MBP and
CLDND1 for white matter, KRT17 for layer 6, PCP4 for layer 5, PVPLB and
TMSB10 for layer 4, MFGES for layer 3, CXCL14 for layer 2, and MALAT1 for
layer 1.
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Fig. S8 Gene set enrichment analyses of layer marker genes for sample
151673 of the DLPFC dataset. The top 30 enriched gene sets are shown for
each of the seven detected tissue regions.
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Fig. S9 Top principal components (PCs) generated by GraphPCA are
associated with spatial expression patterns of the DLPFC dataset. a
Visualization of top 8 PCs obtained from GraphPCA. b,c,d Gene expression
patterns of 5 example genes associated with the top 3 PCs, respectively.
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Fig. S10 Spatial trajectory and pseudo time of the DLPFC dataset by
GraphPCA, PCA and DR-SC. a Pseudo time inferred from low-dimensional
embeddings by GraphPCA. b,c Trajectory and pseudo time inferred from low-
dimensional embeddings by PCA (b) and DR-SC (c). Arrows point from tissue
locations with low pseudo-time to those with high pseudo-time. Color
represents different tissue regions.
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Fig. S11 Spatial domain detection results for the STARmap dataset. a
Spatial domain detected by SpaGCN and BayesSpace on section BZ5 of the
STARmap dataset. b Bar plots of the runtimes spent by different methods in
spatial domain detection. ¢ Clustering accuracies (ARI, NMI, and HS) of



different methods for the STARmap dataset at the domain-level. d,e Clustering
accuracies in terms of ARI (d) and pesduo-R? (e) at varying low-dimensional
components inferred by different methods. f UMAP visualization of low-
dimensional embeddings inferred by six methods.



L1 vs. rest L2/3 vs. rest L5 vs. rest L6 vs. rest
20 20 20 20 E
15 15 15 15
]
§ § :
10 1018 10{s% 10 3
f R Pl %y
Fizl. gzfy |
2} Blig,ec 1 T Epo
I T O T 5 B8535 5oy 5 28853kine.3 5 Biaysy, .
Hinlahs +11ihs3 i QI
0 5 10 15 0 5 10 15 [ 5 10 15 [ 5 10 15
ranking ranking
b
Domain L1
Bcelé
s

DTN
ey
I

Pcp4 Sla Syté Ctgf
Ay R T ¢ ryxail | et vty ||
SRR | AR
gl iz ) 3 FEAB AN
£ i Tl ' RN :
N AT ;
‘\_1 SNLR] 4;

A
&v‘é‘"‘

c

Fraction of cells

in group (%)

LH{0@e® . . e| c00@®

L2/34 o - Q9000 - @ o - 20 40 60 80

L5 C o ) 0 e @® © o Mean expression

L6 fe ® @0 oo in group

CO e oU s~ e O% 0Q% 0 1
Qom‘&xngzrgvswgg
mmﬁ—stz.‘%gm%ﬁg&’ @ O

Fig. S12 Differentially expression analyses of the STARmap data at the
spot-level. a Ranking of domain-specific DE genes identified by t-test using
Scanpy package. b Visualization of top 4 marker genes for each layer. ¢ Dot
matrix illustrating the mean expression of layer markers detected by GraphPCA.
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Fig. S13 Spatial trajectories inferred by GraphPCA, PCA, NMF, SpaGCN,
DR-SC and SpatialPCA for the STARmap data. a Trajectory inferred from
low-dimensional embeddings by different methods. Arrows point from tissue
locations with low pseudo-time to those with high pseudo-time. Color
represents different tissue regions. Slingshot fails to get meaningful output on
clustering result of DR-SC since there is only one cell detected as category of
Layer L2/3. b Pseudo time inferred from low-dimensional embeddings of
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Fig. S14 Clustering results of different methods on the STARmap data at
the cell level. a Cell type distribution patterns detected by GraphPCA, PCA,
NMF, SpaGCN, BayesSpace, DR-SC, and SpatialPCA on section BZ5 of the
STARmap data. b Clustering accuracies (ARI, NMI, and HS) by different
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data.
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Fig. S17 Spatial expression patterns of cell type marker genes in the
STARmap data.
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Fig. S18 Gene set enrichments of domain-specific DE genes in the
STARmap data. The top 30 enriched gene sets are shown for each of the four
detected tissue regions. Enrichment is calculated as -log10 adjusted p-value of
the domain-specific DE genes.
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Fig. S19 Spatial domains detected in the mouse cerebellum data by Slide-
seq. a Annotated layer structure and spatial domains detected by GraphPCA,
PCA, and NMF. b Visualization of each spatial domain detected by GraphPCA.
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Fig. S20 Spatial domains detected in the mouse hippocampus data by

Slide-seqV2. a Cell-type annotation provided by the Squidpy package is
considered as ground truth. b Spatial domains detected by GraphPCA, PCA,
and NMF, respectively. ¢ Impact of hyperparameter (A) on detected spatial
patterns using GraphPCA.



151669 151670 151671 151672 151673 151674 151675 151676

ARI=0.52 ARI=0.54 ARI=0.53 =
ARI=0.47 ARI=0.43 ARI=0.56 ARI=0.54 ARI=0.48
X3
- . n n H
1=0.5 ARI=0.5 ARI=0.51 =
ARI=0.42 ARI=0.42 ARI=0.55 ARI=0.6 [ ARI=0.51
STAligner . i ' ’ ' b l i |
= . ARI=0.61 ARI=0.6 =
ARI=0.38 ARIZ0.38 ARI=0.56 ARI=0.57 ARI0.51 ARI=0.56

BASSMult - 5

Domains @ Layer 1@ Layer 2 Layer 3 » Layer4 = Layer5 Layer6 © WM

o

Fig. S21 Spatial domain detected by multi-sample integration on the
DLPFC dataset.



Fig. S22 Clustering accuracies at different hyperparameters in integration

of both spatial location and gene expression data. Rows and columns
correspond to graphical constraints of location and gene expression information,
respectively.



Supplementary Tables

Supplementary Table 1. Summary of the ST data used in this study.

Tissue Platform Slice id # of spots
151507 4,226
151508 4,384
151509 4,789
151510 4,634
Human dorsolateral 151669 3,601
prefrontal cortex 10X Visium 121 2;? jﬁg
(DLPFC) ’
151672 4,015
151673 3,639
151674 3,673
151675 3,592
151676 3,460
Mouse medial prefrontal BZ5 1,049
cortex STARmap BZ9 1,053
(mPFC) BZ14 1,088

sagittal anterior 2,695

Mouse brain 10X Visium sagittal posterior 3,355

Mouse cerebellum Slide-seq SCP354 20,982

Mouse hippocampus Slide-seqV2 SCP815 53,208




Supplementary References

1.

Ertoz, L., Steinbach, M. & Kumar, V. in Workshop on clustering high dimensional data
and its applications at 2nd SIAM international conference on data mining, Vol. 8
(2002).

Lee, D.T. & Schachter, B.J. Two algorithms for constructing a Delaunay triangulation.
International Journal of Computer & Information Sciences 9, 219-242 (1980).

Belkin, M. & Niyogi, P. Laplacian eigenmaps and spectral techniques for embedding
and clustering. Advances in neural information processing systems 14 (2001).



