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Figure 1: Example of pair distribution function for different toy geographies and density of points. (a) Four dif-
ferent shapes of landmasses and their respective pair distribution functions (same maker shape and greyscale).
(b) For the circle shape, four different toy layouts of the built environment and their respective pair distribution
function (same greyscale).

1 The concept of pair distribution function distribution212

1.1 Pair distribution examples213

This section presents additional examples of toy geographies that vary both the shape of the214

landmasses and the density distribution of points. These examples intend to demonstrate215

that the pair distribution distribution can encode the geography of the built environment.216

Figure 1a, illustrates how the pair distribution function captures the shape of uniformly217

distributed points. Figure 1b illustrates the impact of spatial point distribution on a fixed218

shape.219

1.2 The pair distribution function emerges as a normalization for human mobil-220

ity221

Whenever points xi ∈ Ω are distributed in a d-dimensional subspace Ω ⊆ Rd according to
some density pd(x), their pair distribution function p(r) is one-dimensional and determined
by both the geometry of the space as well as pd(x), given that there exists a (pseudo-) metric
r ≡ R(x, y) that determines a distance between two points x and y. This pair distribution is

9



given by

p(r) =
∫

Ω
dx

∫
Ω

dy pd(x)pd(y)δ(r− R(x, y)). (1)

When observations are made between two distinct points (i.e. when a quantity is counted)
in the domain of interest, a distance-dependent distribution of the observed entities is ob-
served. This distribution is hereafter referred to as the function f (r). These observations can
be quantified as the number of packages sent from location A to location B at distance r, the
number of people moving from A to B at distance r, or the number of power line connections
that connect substations at distance r in a power grid. The observed distribution function
f (r) is the result of two factors: the number of pairs of points that exist in the domain of
interest, Ω, with associated point density pd(x), and the one-dimensional probability π(r)
with which pairs of distance r are manifested in the real world to be observed. In short, the
number f (r) of observations of distance r, is determined by the number of possible pairs
p(r) at distance r and the probability π(r) that they would exist at this distance, i.e.

f (r) ∝ π(r)p(r), (2)

bar a normalization constant.222

When we measure f (r), we always measure with it the geometry of the subspace Ω as well
as the density pd(x), manifested in the pair distribution function p(r). The “universal”, i.e.
geometry-independent law that encapsulates the behavior of the system we want to study,
is encoded in π(r). To properly deduce this geometry-independent behavior of our system,
we need to adjust our observation f (r) by the geometry encoded in p(r), i.e.

π(r) ∝
f (r)
p(r)

. (3)

A pertinent question is which reference topology (geometry and point distribution) would223

result in an observation f that is directly proportional to the behavior π. This question holds224

practical significance, as considering behavior benefits greatly from a conceptual framework225

for the distribution of points within a space. Indeed, our goal is to understand the mech-226

anisms that link two points within this space. Without defining these points or the space227

itself, this endeavor becomes somewhat pointless.228

In our formalism, this implies that we are seeking a topology where,

f (r) ∝ π(r), (4)

which implies

p(r) = const. (5)
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Looking at Eq. (1), we have to find Ω and pd(x) such that p(r) = const. While there might be
a multitude of solutions, the simplest one is a one-dimensional ring, which can be conceptu-
alized as a box of length L and domain x ∈ [0, L) with periodic boundary conditions, i.e. an
associated distance

R(x, y) =

|x− y|, 0 ≤ |x− y| ≤ L/2,

L− |x− y| L/2 ≤ |x− y| < L
(6)

and uniformly distributed points, i.e.

pd=1(x) =

L−1, 0 ≤ x < L,

0, otherwise.
(7)

then the pair-wise distance distribution evaluates to,

p(r) = L−2
∫ L

0
dx
(∫ x

x−L/2
dyδ(r− (x− y)) +

∫ x+L/2

x
dyδ(r− (y− x))

)
(8)

=

L−2
∫ L

0 dx (1 + 1) , 0 ≤ r ≤ L/2,

0, otherwise
(9)

=

(L/2)−1 0 ≤ r ≤ L/2,

0, otherwise,
(10)

for an illustration see Fig. 2. Hence, the observed distance distribution f (r) occurring be-229

tween pairs of locations at distance r on this topology will be proportional to the geometry-230

independent behavioral part π(r). This technique has been used in [2, 3, 4, 5].231

1.3 Conditions for the pair distribution function to identify a set of points uniquely232

According to [6], in general, point configurations can be uniquely determined by their pair233

distribution distributions, up to a rigid transformation. However. there are counterexam-234

ples, for example when two distances are equal, as in figure 3. The counterexample starts235

with four points (triangles are uniquely identifiable). This counterexample can be extended236

to any number of points, as one can add infinitely many points on the dotted line of the two237

examples and their respective pair distribution would be the same.238

In the context of geographic analysis, for a set of 2D points representing addresses, some239

distances between points will inevitably be repeated. If we consider 1× 106 points located240

in a 1000 km× 1000 km square and whose coordinates are known with a 1 m precision, by241

a simple combinatorial argument, the number of pair distances is 1 × 1012. Although the242

maximum distance in the square is
√

2× 1000 km, or 1.414× 106 m, which means that the243

set of possible distances contains 1.414× 106 different values (due to the limited precision),244

11
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Figure 2: Given a ring with uniformly distributed points, the pair distance distribution of points will be constant.

Figure 3: Example in which the pair distribution function does not uniquely identify a set of 2D points.

but there are 1× 1012 instances, so some distances must be equal, and the pair distribution245

function does not uniquely identify a set of 2d points.246

However, in the case of geography, due to the regularities and scaling law of the pair dis-247

tribution, one can adopt a coarse-grained view of the problem. Instead of considering each248

point individually, we can first examine the pair distribution function between urban centers249

or other areas and iteratively reconstruct the geography (set of 2d points) in iterative. First,250

each urban center position should be a unique configuration, then independently on the lo-251

cal geography around each city. This should lead to a unique configuration (up to isometries252

that are of the second order for the pair distribution function). The coarse-grained construc-253

tion would be similar to the quad-tree partitioning or the HDSCAN clustering (see section 4).254
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Figure 4: Map of 34,041,910 individual addresses in France (a), and zoom on the Paris area (b).
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Figure 5: pair distribution of buildings and addresses in France. Neighborhood-scale with a linear onset and
an oscillating modulation for the immediate neighborhood, then city-scale showing a power-law growth with
exponent α = 0.67, and finally country-scale with a slower growth and eventual fast decay.

1.4 Pair distribution function for France255

The pair distribution function between residential buildings in France shows similar pat-256

terns as the one of Denmark, as shown in Fig.5. On the micro-scale (i.e. within distances257

of r ≲ 25 m, the “neighborhood”). We observe a linear onset of neighborhood density, os-258

cillatory modulated. For larger distances (mesoscale), this growth assumes a scaling of ap-259

proximately p(r) ∝ r0.67 between 25 m and 200 m, which is even more pronounced in the260

distribution of address distances (up to 10000 m). The mesoscale has a larger amplitude261

for France than for Denmark (10 km vs 4 km)due to larger urban areas (Paris 2853 km2 vs262

526 km2 for Copenhagen). After that, at the macro scale, this growth slows down, decays263

rapidly, and finally approaches zero as we reach the limit of the finite system.264
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2 Models for pair distribution function265

2.1 Pair distribution functions266

2.1.1 Generalized pair distribution function267

In the main text, we defined the generalized pair distribution function model as

pm(r, R) = C
r

R2 exp
(
−
( r

R

)m)
. (11)

It has a linear onset and a tail that falls as a stretched exponential and is a special case of the
generalized Gamma distribution. We find C as follows. Begin with the Gamma function

Γ(z) =
∞∫

0

tz−1 exp (−t)dt (12)

and substitute t = (r/R)m such that dt = (m/R)(r/R)m−1dr and

Γ(z) =
m
R

∞∫
0

(r/R)mz−m+m−1 exp [−(r/R)m]dr. (13)

Now we demand mz− 1 = 1, i.e. z = 2/m, to find

Γ(2/m) = mC−1
∞∫

0

C
r

R2 exp [−(r/R)m]dr. (14)

Due to the normalization condition, we have

C =
m

Γ(2/m)
. (15)

To obtain the first moment, we demand mz− 1 = 2 such that z = 3/m so we find

Γ(3/m) =
mC−1

R

∞∫
0

C
r2

R2 exp [−(r/R)m]dr (16)

=
Γ(2/m)

mR
⟨r⟩ (17)

⟨r⟩ = mRΓ(3/m)

Γ(2/m)
. (18)

We can fit this distribution to data by using the per-sample log-likelihood

L =
1
n

ln L = ln m− ln Γ(2/m) + 2 ln w + ⟨ln r⟩ − wm ⟨rm⟩ . (19)
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where w = 1/R and we have an observational set {ri} of empirical pairwise distances with
sample size n. From ∂L/∂w = 0 we find that the inverse city scale that maximizes the
likelihood is given by

ŵ(m) =

(
2

m ⟨rm⟩

)1/m

. (20)

With ŵ(m), we can find the zero of

∂L
∂m

=
1
m

+
2

m2 ψ(2/m)−
〈
[ŵ(m)r]m ln[ŵ(m)r]

〉
(21)

numerically, which gives m̂. Here, ψ(z) = Γ′(z)/Γ(z) is the digamma function.268

2.1.2 Circle269

The pair distribution of a uniform distribution of random points within a disk of radius R is
given by

p(r, R) =

 4r
πR2 arccos

( r
2R

)
− 2r2

πR3

√
1− r2

4R2 , r ≤ 2R,

0 otherwise,
(22)

see [7].270

2.1.3 Parabola271

Looking at Eq. (22), we see that this distribution looks somewhat close to a parabola with
zeros at r = 0 and r = 2R. A parabolic pair distribution with such properties is given as

p(r, R) =

− 3
4R

( r
R

)2
+ 3r

2R2 r ≤ 2R,

0 otherwise.
(23)

Note that this is the Beta distribution with α = 2 and β = 2 for random variable x = r/R.272

2.1.4 Building locations by external and interaction potentials273

Consider the location of a city as the literal center of interest, for example, the “central busi-274

ness district”. Since it might be attractive for individuals to reach this center as quickly as275

possible (because amenities will be close to the center), we assume that there is an increased276

cost of living at a distance |x| from the center. For example, consider having to commute277

to a job within the central business district, which has a cost that increases with |x|. At the278

same time, two simple mechanisms will prevent buildings from accumulating in the exact279
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center of the city. First, buildings have a certain average radius z, so they cannot be too close280

together (at a distance < 2z). There is an advantage to buildings not being too far apart, as281

they can share local amenities. Instead of modeling this explicitly, we simply assume that282

there is an inherent temperature T in the system, according to which house locations are283

distributed following an interaction and an external potential.284

From a statistical physics point of view, we describe the system with the simplest external
potential, which increases linearly with distance

Vext(x) = γ|x| (24)

where we assume that the origin of the coordinate system is in the center of the city. To
model repulsion and attraction between houses, we also assume a Lennard-Jones interaction
potential

Vint(xi, xj) = ε

[(
2z

|xj − xi|

)12

− 2
(

2z
|xj − xi|

)6
]

, (25)

which is commonly used to model simultaneous attraction and repulsion between molecules285

in chemical solutions [8, 9].286

In total, a system with these properties evolves according to the Hamiltonian

H({x, p}) = 1
2

N

∑
i=1

p2
i + γ

N

∑
i=0
|xi|+

1
2

N

∑
i=1

N

∑
j ̸=i

Vint(xi, xj) (26)

with two-dimensional momenta pi and locations xi. In a canonical-ensemble formulation of
the system, i.e. at constant inverse temperature β, the probability of finding a configuration
{x, p} in volume-element d2xd2 p, is given by

ϱ[{x, p}]d2xd2 p = exp[−βH({x, p})]d2xd2 p. (27)

For now, we restrict ourselves to an ideal gas with Vint = 0, which will allow us to say
something about the density of particles around the center of the city, i.e., we want to find
the probability of a particle being present p(r)dr. Without loss of generality, we set N = 1,
because due to ergodicity the trajectory of a particle will eventually follow the density of the
whole distribution (think of it as taking the Nth root of the N particle density). Integrating
over the momenta yields

ϱ[x]d2x = exp (−βγ|x|) d2x (28)

Changing the variables to polar coordinates, where r is the distance of the particle from the
center, we find

ϱ[r, ϕ]rdrdϕ = r exp [−βγr] drdϕ, (29)
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i.e.

p(r)dr = r exp [−βγr] dr. (30)

This means that if there are no interactions, the distribution of houses around the city center287

should follow an Erlang distribution with scale parameter λ = βγ = 1/R0, where R0 is half288

the city radius. Note that we have postulated that all particles have the same mass m = 1, so289

γr has the dimension of energy. The definition of the inverse temperature β = 1/T implies290

that the temperature also has an energy dimension.291

Relying on the arguments of the kinetic theory of gases, we can relate the temperature to the
momenta of a particle with the identity

K = N f N
T
2

(31)

where K = (1/2)∑i p2
i is the kinetic energy and N f is the degree of freedom of each particle,

i.e. for single-atom particles in two dimensions, N f = 2 (two translational degrees of free-
dom, no rotations, no oscillations). Note that this relates to the root-mean-square velocity of
a single particle as

v0 ≡
√
⟨v2⟩ =

√
T/2. (32)

In this sense, the instantaneous temperature plays the role of a particle’s ability to overcome292

the potential energy. If Vext(r) = γr represents a cost of being at distance r from the center,293

the temperature gives a measure of how well particles in the system can overcome that cost.294

If the temperature is low, particles cannot overcome this cost and the density in the city295

center will be high. If the temperature is high, particles can overcome the cost easily because296

of the larger amount of kinetic energy available in the system.297

Increasing complexity by going back to the Lennard-Jones perspective, we want to obtain298

an intuition about how the radial particle density changes when they strongly repel each299

other. In the limit of ε/T ≫ 1, particles will have a strong tendency to be found in their300

respective potential minimum, i.e. at distance 2z from each other. Effectively, we can think301

of them as hard disks of radius z with a tendency to form clusters. If the temperature is low,302

the effective radius of the city will be small (remember that the Erlang shape parameter is303

λ = γ/T = 1/R0). In this case, it may happen that the number of particles that we would304

expect to lie within radius r from the center (according to the ideal gas) will be greater than305

the number of hard disks that can fit within a circle of radius r. When this happens, we306

expect a crystal to form at the center.307

The maximum number of disks that can fit within a circle of size r can be approximated by

Ndisks(r) = θAcircle(r)/Adisk. (33)

17



Here, Acircle(r) is the area of a circle of radius r, Adisk is the area of a circle of radius z, and
θ is an optimal packing fraction, where we can approximately assume θ ≈ 0.9 for optimal
hexagonal packing. Then,

Ndisks(r) = θr2/z2. (34)

From the ideal gas distribution, we expect to find

Nid(r) = NP(r) (35)

= N
(

1− e−γr/T
(

1 +
γr
T

))
(36)

within radius r (where P(r) is the Erlang cumulative density function).308

Following the aforementioned argumentation, we expect a nucleation effect when Nid(r) >
Ndisks(r) for gr/T ≪ 1. Linearizing the exponential factor, that happens when

Nid(r) > Ndisks (37)

N
(

1−
(

1− γr
T

) (
1 +

γr
T

))
> θ

r2

z2 (38)

N
(

1−
(

1− (γr)2

T2 )

))
> θ

r2

z2 (39)

N(γr)2

T2 > θ
r2

z2 (40)

Nγ2z2

θT2 > 1, (41)

or in terms of the reference velocity v0 and the Lennard-Jones distance d,

Nγ2d2

8θv2
0

> 1. (42)

The radius of this cluster will approximately be given by the solution to the equation Nid(r) =309

Ndisks(r), which can be obtained numerically.310

2.1.5 Molecular Dynamics simulation311

We are interested in finding configurations C that accurately represent the canonical ensem-
ble with number of particles N, constant but irrelevant volume 1, and average-constant tem-
perature T with total potential energy of

V =
N

∑
i=1

[
Vext(xi) +

1
2 ∑

j ̸=i
Vint(xi, xj)

]
. (43)

1because we force the particles to be confined within a radially symmetric external potential, the total volume
containing the particles does not matter.
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Figure 6: Energy evolution of a single MD simulation of a canonical ensemble of LJ particles in a linear external
potential, thermalized by a stochastic Berendsen thermostat. Energies are displayed per particle in units of the
LJ potential depth ε. Time is units of the stochastic Berendsen relaxation time τ.

To this end, we integrate the equations determined by the system’s Hamiltonian numerically312

using the velocity-Verlet algorithm [10]. We also rescale the particle velocities according to313

the stochastic Berendsen thermostat [11] with relaxation time τ. To initiate the system in314

a state of sufficiently low potential energy, we assign initial particle positions according to315

the corresponding ideal gas ensemble. Then we run the collision algorithm described in316

Sec. with collision strength u = 1. Moreover, we set the temperature by defining the root-317

mean-square initial velocity v0 per particle and assigning a random velocity vector drawn318

from a two-dimensional Gaussian distribution with standard deviation v0.319

As parameters, we choose v0 = 6, γ = 0.08, N = 104, ∆t = 0.01, ε = 20, z = 3, τ = 100∆t.320

To speed up the numerical integration, we only consider pairs of particles that lie within321

distance r ≤ 6z, found by constructing and querying a k-d-tree for each time step. When322

calculating the interaction energies, we therefore shift the potential VLJ so that VLJ(r = 6z) =323

0. We integrate the equations of motion until t = 104τ. The energy time series for a single324

run can be seen in Fig. 6. The final configuration of this run is shown in Fig. 7.325
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Figure 7: Three models for positioning buildings within an external potential of shape V(x) = γ|x|. (Left) An
ideal gas, forming with radial density p(|x|) = (|x|/R2

0) exp(−|x|/R0). (Middle) A configuration of Lennard-
Jones disks. (Right) A configuration of heterogeneously sized hard disks with abstract attractive force.

2.1.6 Emulating attractive hard disks326

We generate a configuration of hard disks with an unspecified attractive force (i.e. we do
not explicitly integrate the equations of motion for a hard-sphere interaction potential with
an additional attractive force). To do this, we first generate N = 104 random positions
according to a radial Erlang distribution with scale parameter R = 675 (i.e. an ideal gas).
Then, we draw a random radius for each position from a heterogeneous distribution with
power-law tail. We first draw values ẑi

p(ẑ) =
a2 − 1

2a
×

ẑa, ẑ ≤ 1

1̂/za, ẑ > 1
(44)

and then assign disk radius zi = 3ẑi/ ⟨ẑ⟩. We choose a = 4 to obtain a heterogeneous327

distribution with non-finite variance in disk area. Afterward, we run the collision algorithm328

outlined in Sec.2.2 with collision strength u = 1. This leads the initially overlapping disks329

to take positions where their boundaries touch, i.e. an unlikely configuration to be found330

in the absence of an attractive force that would cause the disks to lie right at each other’s331

boundaries.332

An example configuration of this method is displayed in Fig. 7.333

2.2 Collision-resolving algorithm334

We have N disks with initial positions xi, radii Ri, and diameters Di = 2Ri, respectively.
With the distance vector rij = xi − xj and distance rij = |rij|, let

E =
{
(i, j) : (i < j) ∧ (rij < max(Di, Dj)) ∧ (rij < Ri + Rj)

}
(45)
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Figure 8: Three models for city positioning within Denmark. (Left) An ideal gas, i.e. positions chosen uniform
at random within the administrative boundaries. (Middle) Hard disks are placed in a non-overlapping, random
manner (see Sec. 2.3). Radiuses are equal to the inferred R values from the pair distribution MLE of Eq. 11 to
Denmark’s towns with more than 30 buildings. (Right) Cities placed at the centroid of their respective adminis-
trative boundaries with radius equal to R inferred from the respective city’s empirical pair distribution .

be the set of pairs of disks that overlap. This set can be found by iterating over all disks i,
finding all neighbors within distance Di, for instance using a k-d-tree. With this definition,
let

Ji = {j : (i, j) ∈ E ∨ (j, i) ∈ E} (46)

be the set of disks that overlap with disk i. Then,

∆̃i = u ∑
j∈Ji

rij

rij

(
Ri + Rj − rij

) mj

mi + mj
. (47)

is the demanded initial displacement, with the displacement rate 0 < u ≤ 1 (imagine two
overlapping disks—with u = 1, the collision would be resolved after one update). The
masses mj control the strength of the displacement. Suppose that disk i has s small mass
and a colliding disk j has a great mass. The colliding disk j should move less. Hence,
the influence on disk i from disk j should be proportional to mj. Assuming homogeneous
density of all disks, we can set

mi = R2
i . (48)

We also want to avoid that disks move too far per one single update to avoid large jumps.
Therefore, we move each disk by the final displacement vector

∆i = ∆̃i ×min(1, Ri/|∆̃i|). (49)

i.e. the disk shouldn’t move more than its radius per update.335

We update the whole ensemble of disks step by step until either

|E | = 0 (50)
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or

max
i
|∆i| < ϵ. (51)

With a default value of ϵ = 10−10 m.336

If all disks are of equal radius R, we instead choose the second stop condition as

min
(i,j)∈E

rij > (1− ϵ)2R (52)

and ϵ = 10−3.337

2.3 Random non-overlap positioning algorithm of disks338

We want to randomly distribute N hard disks of radii Ri in shape Ω. We start with the largest339

disk of radius Rmax and iterate over all disks in decreasing order of size. For each disk j, we340

generate a random position x ∈ Ω until the condition |x− xi| > Rj + Ri ∀j < i is satisfied,341

i.e. drawing new random positions until there are no overlaps with other, already placed342

disks. Then, assign xj ← x and continue with the next disk.343

2.4 Influence of building location definition on pair distribution344

In the dataset, the location of a building is defined as the location of the building’s entrance345

door. We want to check how the Lennard-Jones ensemble’s pair distribution and the pair-346

correlation function g(r) change when the location of a building is not associated with its347

center. To this end, we take the configuration of Lennard-Jones disks as shown in Fig. 2d348

in the main text and redefine a disk’s location to be (i) randomly within the disk and (ii)349

randomly on the rim of the disk. The resulting pair distribution and g(r) are shown in Fig. 9.350

We see that the sharp peak almost disappears for both. At the same time, the onset of g(r)351

becomes less abrupt, approaching a shape similar to that observed in the data.352

2.5 Measuring the pair distribution function for large dataset353

Calculating the pair distribution function for large datasets requires a substantial amount354

of memory. The number of different pairs among N points is N(N − 1)/2. Consequently,355

for the dataset of 34 million address coordinates within France (Fig.4), we need to store356

1015 distance values in memory, which is equivalent to 4,000 terabytes of data using 32-357

bit floats. Such a large amount of data storage is practically unfeasible. To overcome this358

computational hurdle, we proceed in two steps using a k-d-tree.359
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Figure 9: How the LJ pair distribution and pair-correlation function changes when building location is redefined
to (i) randomly within the disk of radius z and (ii) randomly on the rim of disk of radius z.

2.5.1 Small distances360

LetD be the two-dimensional, non-contiguous shape containing every building (or address,361

respectively) in Denmark and δ the set of buildings (addresses) i with locations xi ∈ D. For362

each predefined subset of this form Ω ⊆ D (for example, the official boundaries of a city),363

we iterate over all building (address) positions ω = {i ∈ D : xi ∈ Ω} located within Ω and364

compute the distances to all buildings (addresses) j ∈ δ ∧ j ̸= i with 0 < |xi − xj| < rmax =365

200 m. That is, for each predefined subset of D (e.g. city), we find all distances of every one366

of its buildings with respect to all buildings (addresses) that lie within radius rmax, not just367

to those that also lie within its boundaries. We compute this histogram with a resolution368

(i.e. bin width) of 1 m. For this task, we use a k-d-tree on all locations of δ.369

For each city i in Denmark, let Ωi be the shape that is defined by its administrative bound-
aries. Note that none of the Ωi overlap. We define as

Ω = D
∖(⋃

i

Ωi

)
(53)

the shape that includes land that is not associated with a city. Thus, iteration over all Ωi and370

Ω allows us to analyze the small-scale structure of every city, every building (address) that371

is not located in a city, and - by combining all these histograms - of every building (address)372

in Denmark.373

We inferred the mesoscale scaling parameter α by fitting p(r) = Crα against the respective374

empirical pair distribution with 1m resolution in the range r ∈ (25 m, 200 m), using least375
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Figure 10: Inferred values of the sub-linear scaling exponent α in p(r) ∝ rα for r ∈ (25 m, 200 m) for the 30 largest
Danish cities. (Left) buildings. (Right) addresses.

squares. We find ⟨α⟩ = 0.69 and Std[α] = 0.04 for the building pair distribution s of the376

30 largest cities as well as ⟨α⟩ = 0.67, and Std[α] = 0.05 for addresses, cf. Fig. 10. Here,377

“largest” refers to the number of registered residential buildings with locations within the378

administrative boundaries of the city. For all buildings in Denmark, we find α = 0.67 and for379

all addresses, we have α = 0.69. Example analyses can be seen in Fig. 11 for buildings and in380

Fig. 12 for addresses. Note that the local environment around buildings and addresses that381

are not within a city/town boundary grows much slower with α = 0.30 for both.382

2.5.2 Larger distances383

To compute the pair distribution for larger distances, we proceed as follows. For each shape384

Ωi (and D, respectively), we find the set of its building (address) locations ωi (and δ, respec-385

tively). From this set we sample n = min(|ωi|, 3× 104) unique locations (without replace-386

ment). Then, we find the pairwise distances of all pairs of these sampled locations and bin387

them to find histograms.388

Note that to obtain the country-wide pair distribution displayed in Fig. 2a in the main text,389

we combine the respective pair distributions from the small-distance and large-distance390

analyses by requiring that they take the same value at r = 184.5 m.391

We show the pair distributions for buildings and addresses for the 100 largest Danish cities392

in Fig. 13 and 14. In Fig. 15 we show the empirical and fit pair distributions of all Danish393

cities with more than 30 buildings as well as the distributions of the inferred values of R394

and m, respectively. The tail of the radius distribution R scales as p(R) ∝ 1/R3.29, with395

xmin = 824 m, inferred by the MLE technique in refs. [12, 13]. The tail decay (r/R)m has396

values of m with ⟨m⟩ = 1.61 and Std[m] = 0.44.397
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Figure 11: Building pair distribution functions and pair-correlation functions g(r) with r < 200 m for (top)
every building of Denmark, (second from top) Hovedstadens (capital region), (second from bottom) Aarhus,
and (bottom) every building not located with the administrative boundaries of any city/town.
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Figure 12: Address pair distribution functions and pair-correlation functions g(r) with r < 200 m for (top)
every building of Denmark, (second from top) Hovedstadens (capital region), (second from bottom) Aarhus,
and (bottom) every address not located with the administrative boundaries of any city/town.
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Figure 13: Empirical building pair distribution functions for the largest 100 cities in Denmark and fits of
p(r, R, m) = (r/R2) exp(−(r/R)m)/Γ(2/m). We mark the inferred radius R.
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Figure 14: Empirical address pair distribution functions for the largest 100 cities in Denmark and fits of
p(r, R, m) = (r/R2) exp(−(r/R)m)/Γ(2/m). We mark the inferred radius R.
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Figure 15: (Upper left) empirical pair distributions for all Danish towns with more than 30 buildings, rescaled
by R and m obtained from (upper right) MLE fits of p(r, R, m) = (r/R2) exp(−(r/R)m)/Γ(2/m) to the empirical
data. (Lower left) Distribution of inferred R values and power-law fit to its tail, giving p(R) ∝ R−α with α = 3.29
and xmin = 824 m. (Lower right) Distribution of inferred m values with ⟨m⟩ = 1.61 and Std[m] = 0.44.
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Figure 16: building-pair-weighted pair distribution function of cities, both for real city positions as well as a
hard disk model without attractive force. Overlaid are the building pair distribution and the ideal gas pair
distribution.

2.5.3 Between cities398

To compute the pair distribution and g(r) between cities, we define the ‘city center‘ as the399

centroid of a city’s (multi-) polygon, i.e. its geometric center: the center of mass of its shape.400

Weighting each inter-city distance rij by the number of pairs of buildings mimj it contains,401

we find a pair distribution that approximates the empirical building pair distribution (see402

Fig. 16). This pair distribution has a clear peak in g(r), suggesting an abstract attractive force403

between cities of a certain size. However, the onset of g(r) is consistent with the weighted404

pair distribution of the hard-disk model configuration.405

2.6 Pair distribution from independent patches of heterogeneous size406

We consider a multiverse consisting of an infinite amount of universes indexed by i, each407

of which is inhabited by a patch of size Ri with Ni buildings inside, contributing to the408

multiverse with a pair distribution number density of n(r, Ri) ≈ N2
i p(r, Ri, m) (each universe409

contributes a number of building pairs amounting to N2
i ). Furthermore, we assume that410

there is a constant population density, which is proportional to the number of individuals411

per unit area, and that this density is inversely proportional to the square of the radius,412

ρ0 ∝ N/R2. This implies that the number of individuals in a given area is proportional to413
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the area itself, N ∝ R2.414

For each of these universes (or rather, each of these patches), we calculate the number of
building pairs at distance r and assume that the patch sizes R are distributed according to
some distribution f (R), which is currently unspecified. The joint distribution of house pairs
at distance r is then given by

n(r) ∝
∞∫

0

dR n(r, R) f (R) (54)

∝
∞∫

0

dR f (R)R4 r
R2 exp

(
−
( r

R

)m)
. (55)

To simplify the integral, we change variables to β = 1/R, such that dR = −β2dβ and

n(r) ∝
∞∫

0

dβ f (β−1)
r

β4 exp (−(βr)m) . (56)

The integral in question has a solution in the case where f = β4−α with α < 1. We assume
that this is the case, the integral now becomes,

n(r) = C
∫ ∞

0
β−αr exp (−(rβ)m) dβ (57)

where C is a normalization constant.415

We begin with the Gamma function

Γ(z) =
∫ ∞

0
tz−1 exp(−t)dt. (58)

This integral converges for z > 0 if z ∈ R. Substituting t = (rβ)m yields dt = mrmβm−1dβ

and therefore

Γ(z) =
∫ ∞

0
(rβ)mz−m exp (−(rβ)m)m(rβ)mβ−1dβ (59)

= mrmz−1
∫ ∞

0
βmz−1r exp (−(rβ)m) dβ (60)

= mr−αC−1C
∫ ∞

0
β−αr exp (−(rβ)m) dβ. (61)

Here, we introduce z = (1− α)/m, which, due to the lower bound of z > 0, leads to an
upper bound of α < 1. We recognize the integral n(r) on the right and therefore find

n(r) ∝ rαC Γ
(

1− α

m

)
. (62)

If the radius of patches in the multiverse were distributed according to the function f (R) ∝416

R−(4−α), the initial growth of the joint pairwise distribution would follow a sublinear power417

law. Notably, the scaling exponent would not depend on the tail parameter m.418
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Figure 17: Integrating over the multiverse of patches of size R, summing up the contributions to the pairwise-
distance distribution of all patches, for three assumptions of (i) generalized pair distribution, (ii) pair distribution
of a uniform, circular patch of buildings, and (iii) a parabola pair distribution, with varying α. Here, we used
a minimum patch size of R = 10m, which fixes a scale and leads to linear growth of the pairwise-distance
distribution for small distances.

Let us consider the implications of this for the area of the patches. The area would scale as
A ∝ R2 (or R ∝

√
A), indicating that the distribution of the area would follow

f̃ (A) =
dR
dA

f (R =
√

A) (63)

∝
1

A(5−α)/2
. (64)

In the data, we observe α = 0.67. That means that the area of the patches would have to
be distributed according to a power law with exponent µ = −(5− α)/2 ≈ −2.17, which
is well within what has been found empirically for cities [14]. Furthermore, our city radius
inference analysis (cf. Fig. 15) indicates that f (R) ∝ 1/R3.29, which leads to µ = −2.15. This
demonstrates that the results of these two separate analyses are consistent. As previously
demonstrated, the sublinear scaling exponent α is independent of the tail parameter m. We
extend our analysis by using the parabola pair distribution model Eq. 23. We have

n(r) ∝
∞∫

0

dR n(r, R) f (R) (65)

=

∞∫
r/2

dR f (R)R4
(
− 3

4R

( r
R

)2
+

3r
2R2

)
. (66)

Here, the lower bound in the integral comes from the condition that r ≤ 2R. Now, as above,
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we demand f (R) ∝ 1/R4−α to find

n(r) ∝
∞∫

r/2

dR Rα

(
− 3

4R

( r
R

)2
+

3r
2R2

)
(67)

=

∞∫
r/2

dR
(
− 3r2

4R3−α
+

3r
2R2−α

)
(68)

∝ rα. (69)

We solve the respective integrals n(r) for the circle, generalized pair distribution, and parabola419

pair distribution models numerically and find that the above derivation holds for all three420

(see Fig. 17).421

2.7 Pair distribution of a self-similar modular hierarchical model of building422

locations423

One limitation of the multiverse approach is that it is only applicable if the patches are truly424

independent or sufficiently separated so that the scale of the pair distribution number den-425

sity n(r) does not affect the outcome. However, it is plausible that patches may be in close426

proximity to each other. This is supported by findings in [14]. Additionally, they discovered427

that a collection of these patches forms a fractal, or self-similar structure. While it is possible428

to demonstrate that a fractal dimension of building location does not necessarily result in429

sub-linear growth of the pair distribution function, it is certainly possible to investigate the430

consequences of such self-similar patch location on it.431

We assume a self-similar modular hierarchical structure comprising patches of buildings.432

We start with a single unit of b buildings, each of which has a radius z1. These are located433

within a patch of size R1. Our objective is to regulate the building density in such a way that434

the number of buildings in a patch is given by b = θ(R2
1/z2

1). Here, θ represents the packing435

fraction. This implies that the patch radius is computed as follows: R1 = z1
√

b/θ.436

Now, consider that there are b of these patches of radius R1, located in a larger patch of437

higher order, which is (self-)similar to the basic patch. We posit that each of the lower-order438

patches has a radius of z2 = R1, while the higher-order patch has a radius of R2 = z2
√

b/θ.439

Subsequently, we add b− 1 similarly constructed patches to form an even larger patch. This
entails constructing a self-similar structure of patches where the size of each patch of hierar-
chical order k is given by

Rk = z
(

b
θ

)k/2

(70)
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Figure 18: Upper two panels: Theoretical pairwise-distance distributions of the hierarchical building placement
model with N = 4 and θ = 0.8, in color the single contributions Eq. (73) of scale k, in black the total joint
distribution function over all scales Eq. (74), including a power-law fit showing the resulting scaling exponent
α ≈ 2/3. Lower two panels: A sample from the hierachical placement model with L = 8 hierarchy layers and
the corresponding resulting pairwise-distance distribution of the whole structure, showing the desired scaling
behavior on the mesoscale.
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and the size of each sub-patch of a patch is given by

zk = z1

(
b
θ

)(k−1)/2

. (71)

Given a maximum number of L orders (layers), the total number of houses is eventually bL.440

In each layer k, there are bL−k patches of order k.441

Now assume that for each patch i of order k and location si,k, we distribute the location442

of its b sub-patches randomly within this patch such that the pair distribution function of443

sub-patches leads to a pair distribution p(r, Rk of scale Rk. To prevent the patches from444

overlapping excessively, a collision algorithm is employed for the b sub-patches (preventing445

collisions between disks with radius zk). We repeat this process recursively for each patch446

until the depth of the N-ary hierarchy tree reaches L. The leaves of the tree represent build-447

ings. As these buildings will overlap, another collision algorithm is run until they no longer448

overlap.449

We now estimate the joint pairwise-distance distribution of the entire structure. Consider450

a container patch that contains b sub-patches. If we assume that the total the B buildings451

within a sub-patch of scale k− 1 are sufficiently concentrated within its center, the contribu-452

tion of this patch of radius Rk will be proportional to the pair distribution p(r, Rk), weighted453

with the total number of pairs of buildings within this container-patch, except the pairs of454

buildings within the same sub-patch. Consequently, the number of pairs therefore scales as455

∝ B2b(b − 1), or, neglecting the linear contribution, as ∝ (bB)2. For each patch in layer k,456

there are going to be B = bk−1 buildings in a sub-patch. Therefore, the number of pairs of457

buildings in a patch of scale k grows as ∝ b2k.458

Each of these patches contributes to approximately b2k pairs to the joint pairwise-distance
distribution. There are bL−k patches of order k with radius Rk. Therefore, the total contribu-
tion to the joint pairwise-distance distribution of this scale is

nk(r, Rk) ∝ bk p(r, Rk) (72)

= bk p(r, z(b/θ)k/2) (73)

where p(r, R) depends on how sub-patches are distributed within patches.459

The total pair distribution number density is given by

n(r) =
L

∑
k=1

bk p(r, z(N/θ)k/2). (74)

35



An explicit form using the generalized pair distribution function model is

n(r) ∝
L

∑
k=1

bk r
R2

k
exp

(
−
(

r
Rk

)m)
. (75)

=
r
z2

L

∑
k=1

θk exp

(
−
( r

z

)m
(

θ

b

)km/2
)

. (76)

We compute this equation numerically for varying θ, b, and different models for p(r, R). Fig-460

ure 18,illustrates examples for b = 4 and θ = 0.8, which leads to a scaling of approximately461

∝ r0.67.462

To derive the dependence of the exponent of the observed scaling law on the parameters, we
use the saddle-point approximation. First, we approximate the sum over hierarchy layers
with an integral over a constant hierarchy layer density

n(r) ∝ r
∞∫

1

dk exp

k ln θ −
( r

z

)m
exp

(
mk
2

ln
θ

b

)
︸ ︷︷ ︸

=−w(k)

 . (77)

Relying on the saddle-point method, we can approximate the integral to find

n(r) ∝ r
exp

[
− w(k0)

]√
w′′(k0)

(78)

where k0 is the minimum of w(k). We compute the derivatives

w′(k) = − ln θ +
( r

z

)m m
2

ln
θ

b
exp

(
mk
2

ln
θ

b

)
(79)

w′′(k) =
( r

z

)m
(

m
2

ln
θ

N

)2

exp
(

mk
2

ln
θ

b

)
(80)

and with w′(k0) = 0 find the following equations for the minimum

exp
(

mk0

2
ln

θ

b

)
=

ln θ

ln(θ/b)

( z
r

)m 2
m

(81)

k0 =
2
m

1
ln θ/b

[
ln
(

ln θ

ln(θ/b)

)
+ m

(
ln z− ln r

)
+ ln

(
2
m

)]
. (82)

Using the first of the two equations we note that for w(k0), the dependence on r cancels out
in the second term and so

−w(k0(r)) = k0(r) ln θ −W (83)

where W is an irrelevant constant. Second, we use the same equation to see that w′′(k0) does
not depend on r and therefore does not concern us any further either. As a step in between,
this means that

n(r) ∝ r exp
[
k0(r) ln θ

]
. (84)
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Looking at Eq. (82), we see that the only r-dependent term gives the minimum a structure of

k0 = K− 2
ln(θ/b)

ln r, (85)

and therefore we find

n(r) ∝ r exp
[
− 2 ln θ

ln(θ/b)
ln r
]

(86)

= r1− 2 ln θ
ln(θ/b) , (87)

i.e. the exponent of the sub-linear growth in the pair distribution function is given as

α = 1− 2 ln θ

ln(θ/b)
. (88)

We can compare this estimation with numerical results. Above we used N = 4 and θ = 0.8463

to find α ≈ 0.67. Eq. (88) yields α = 0.72, an acceptable approximation. Notably, this result464

is also independent of the parameter m, which represents the explicit form of the pairwise465

distance distribution per patch. This explains why similar results are obtained despite the466

use of different geometries.467

We can perform the same analysis for the parabola pair distribution model Eq. (23). We have

n(r) ∝
L

∑
k=1

bk

R2
k

(
−3

4
r2

Rk
+

3r
2

)
(89)

=
r
z2

L

∑
k=1

θk
(
−3

4
r

Rk
+

3
2

)
. (90)

Again, we use the saddle point method to approximate

n(r) ∝ r
exp [−w(k0)]√

w′′(k0)
, (91)

with k0 being the minimum of the function

w(k) = −k ln θ − ln
(
−3

4
r
z

θk/2

bk/2 +
3
2

)
. (92)

We arrive at

n(r) ∝ r
θ

2 ln

 4z ln (θ)

r(2 ln (θ)+ln( θ
b ))


ln( θ

b ) 3
√

π ln
(

θ
b

)
z2
√(

2 ln (θ) + ln
(

θ
b

))
ln (θ)

(
2 ln (θ) + ln

(
θ
b

)) . (93)

Leaving aside the irrelevant prefactors, we have

ln n(r) ∝ ln r + ln θ

(
K− 2 ln r

ln(θ/b)

)
(94)

∝ ln r
(

1− 2 ln θ

ln(θ/b)

)
, (95)

i.e. the same result as with the generalized pair distribution.468
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Figure 19: Gravity model as in [1] for migration between (left) municipalities in Denmark, (right) parishes in
Denmark. The normalized flow represented on the y-axis is the number of moves from i to j divided by the
product of population between i and j, Ti,j/(Ni Nj).

3 Studying mobility with the pair distance function469

3.1 Comparison with other Mobility models470

3.1.1 Gravity471

The gravity model as originally introduced in [1], states that the number of moves T from
area i to j is proportional to,

Ti→j ∝
NiNj

di,j
(96)

with Ni the population at location i and di,j the distance between locations i and j.472

3.1.2 Radiation473

In this section, we derive a continuous radiation model and demonstrate how it differs from474

our continuous gravity model. The radiation model of human mobility is usually repre-475

sented by the following equation [15],476

Pij ∝
mimj

(mi + sij)(mi + mj + sij)
(97)

with Pij the predicted number of people traveling from location i to location j, mk the popu-477

lation at the origin location k, sij represents the total population in a circle centered at i with478

radius equal to the distance between i and j, excluding the populations of i and j.479
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Following [15], the probability of having a single particle emitted from location i to location480

j is,481

P(1|mi, mj, si,j) =
∫ ∞

0
dzPmi(z)Psi(< z)Pmj)(>z) (98)

with,482

Pmi(z) =
dPmi(< z)

dz
= mi p(z)mi−1 dp(< z)

dz
(99)

if mi = 1, then it simplifies to P1(z) = dP(< z)/dz. Equation 98 simplifies to,483

P(1|1, 1, si,j) =
∫ ∞

0
(1− P(< z))P(< z)si,j dP(< z) (100)

=
1

(1 + si,j)(2 + si,j)
(101)

In the general case when si,j ≫ 1, that is, when the number of houses in the circle of center i484

and radius the distance i and j is greater than one, which is often the case when the distance485

is sufficiently large (see Fig. ??),486

Pij =
1

(1 + sij)(1 + 1 + sij)
∼ s−2

ij . (102)

However, the number of addresses in the circle si,j of center i and radius R(i, j) is closely
related to the primitive of the pair distribution function,

sx,y =
∫

Ω
dzpd(z)δ{R(x, z) < R(x, y)}, (103)

s(r) =
∫

x
dx
∫

y
dy sx,y pd(x)pd(y)δ(r− R(x, y)), (104)

s(r) =
∫

x
dx
∫

y
dy sx,y pd(x)pd(y)δ{r > R(x, y)} (105)

In the meantime, the cumulative distribution of pair distribution is (with p the pair distribu-487

tion function),488

Φ(r) =
∫ r

0
p(s)ds, (106)

Φ(r) =
∫ r

0
ds
∫

Ω
dx

∫
Ω

dy d(x)pd(y)δ(s− R(x, y)), (107)

Φ(r) =
∫

Ω
dx

∫
Ω

dy pd(x)pd(y)δ{r > R(x, y)}, (108)

Φ(r) = s(r). (109)
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If we come back to the derivation of the pair distribution,489

f (x, y)d2xd2y = π(x, y)ϱd(x)ϱd(y)d2xd2y. (110)

In our continuous gravity law model, we assume that π(x, y) = π(R(x, y)) = π(r). On the490

other hand, the radiation model assumes that,491

π(x, y) = s(x, y)−2 = Φ(x, y)−2 (111)

If we assume that on average, s(x, y) ≃
∫ |x−y|

0 drp(r) = Φ(r). Then the two models will492

agree on average if,493

Φ(r)2 = r (112)

The pair distribution function would be p(r) = ±r−0.5. While the empirical pair distribution494

(Fig.2a) exhibits more complex patterns than this, and the two models appear to be irrecon-495

cilable.496

3.2 The intrinsic distance cost as the inverse of distance497

Consider an individual situated at location i. The utility associated with moving to location498

j can be expressed as follows,499

U(i, j) = V(j)− C(r(i, j))

where V(j) represents the inherent values of location j and C(r(i, j)) is a function of the500

distance r(i, j)) between i and j.501

The probability of selecting location j can be calculated using the multinomial logit model,502

as outlined in [16],503

f (i, j) =
eU(i,j)

∑k eU(i,k)

The probability to move of a distance r is the sum over all locations k for which r(i, k) = r.504

This probability becomes independent of i. Thus, the probability of moving of a distance505

r aggregates over all locations i as f (r) = ∑i f (i, r) f (i). For simplification, let us that f (i)506

is constant, implying that the probability of movement from any given location is equal.507

Furthermore, let us assume that for all i, j ∈ Ω, f (i, r) = f (j, r). In this case f (r) ∝ N f (i, r).508

Moreover, the number of locations k satisfying r(i, k) = r corresponds to the pair distribution509

function, p(r), up to a constant, with this constant being the total number of locations.510
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f (r) =
∑i∈Ω ∑k|r(i,k)=r eU(i,k)

∑k eU(i,k)

Assuming a uniform value V(k) across all locations, we derive:511

f (r) =
∑i∈Ω ∑k|r(i,k)=r eV−C(r(i,k))

∑k eU(i,k)
∼ p(r)eV−C(r)

with p(r) the pair distribution function evaluated at r.512

Given the human tendency to perceive distances logarithmically, especially for larger mag-513

nitudes, we posit that the cost function C(r) ∝ log(r). This hypothesis is supported by the514

observation that humans might perceive numerical differences in a logarithmic fashion, such515

as perceiving the difference between 1 and 2 similarly to the difference between 10 and 20516

or even 100 and 200, as demonstrated in [17]. Consequently, upon normalization by the pair517

distribution function, we derive the equation518

f (i, r)
p(i, r)

∼ eV−log(r) = elog(V2)−log(r) =
V2

r

where V = log(V2). This leads to519

f (i, r)
p(i, r)

∼ 1
r

which is equivalent to equation (??) of the intrinsic distance cost, given π(r) = 1
r .520

3.3 Reconciling Opportunity and Distance-Based Mobility Paradigms521

As highlighted in [18, 19, 20], in classical mobility studies, two divergent theories explain522

the movement of individuals. The first, inspired by Newton’s law of gravity, suggests that523

mobility decreases as the physical distance between locations increases, often modeled as524

a power law of distance [1]. The second theory argues that mobility is not directly related525

to distance but to intervening opportunities. It suggests that individuals prioritize locations526

based on the availability of closer opportunities rather than distance itself, leading to move-527

ments driven more by the opportunity distribution than by travel constraints [21, 15].528

The gravitational model describes how the flow of individuals between two locations de-529

creases as the distance between them increases, analogous to the decrease in gravitational530

pull with distance in Newton’s theory. This decline in mobility is modeled using functions531

such as exponential or power laws [22, 23, 24]. In this framework, the population sizes of532

the start and end locations act like masses, attracting travel in direct proportion to their size533

and inversely to the square of the distance between them. Known for its simplicity and534

ease of computation, the gravity model is widely used in various fields such as migration,535
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intercity communication, and traffic flow analysis. It can also be extended by integrating536

socio-economic characteristics of locations to improve its accuracy and applicability [25].537

Conversely, the intervening opportunity model emphasizes that mobility is mainly driven538

by the availability of intervening opportunities rather than distance [26]. It suggests that539

individuals are influenced more by the availability of nearby opportunities than by the dis-540

tance to distant opportunities, with the spatial distribution of these opportunities dictating541

destination choices, making distance a less critical factor. The radiation model [15], an ex-542

tension of this theory, streamlines the analysis by assuming that the chosen opportunity is543

the optimal one. This model correlates opportunity density with population density and544

provides a mathematical formula for predicting trip endpoints. The model has also been545

extended to a continuous spatial framework, providing a nuanced understanding of how546

social factors influence movement patterns [27]. ??547

Our framework provides a unifying approach to the intervening opportunity model and
distance-based model In the equation ??,

f (r) ∝ π(r)p(r). (113)

The pair distribution function p(r) captures the available opportunities to move, when we548

divide the moving distance distribution by the pair distribution, we normalize the empirical549

mobility traces by their intervening opportunities. Consequently, the remaining quantity is550

found to be dependent on the distance, with the result that pi(r) = f (r)/p(r) ≃ 1. This551

can be interpreted as a distance term analogous to the gravity model. Furthermore, our552

framework explain why intra-city movements are better fitted by a gravity model with an553

exponential decay, which is similar to the exponential decay of population density [28].554

3.4 Local piece-wise power law555

In this section, we investigate whether the continuous gravity model still holds at the scale of556

cities. The observed moving distribution f (r) can be decomposed into the observed moving557

distribution of each city ci in the set C of cities in Denmark,558

f (r) = ∑
ci∈C

fci(r), (114)

where fci(r) only counts moves originating from city ci, i.e. fc(r) =
∫

x∈c dx
∫ ∞

0 dy f (x, y). For559

each city’s observed moving distance the appropriate normalization is not the country-wide560

pair distribution but the relative pair distribution function, which counts pairs with at least561

one location in the city of interest. We define,562

pc(r) =
∫

x∈c
dx
∫

y∈Ω
ϱd(x)ϱd(y)dxdy. (115)
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Figure 20: Piecewise intrinsic distance for the city of Rønne and Nexø both situated on an island.

We can now compute the relative intrinsic distance cost, πc(r) = fc(r)/pc(r). In the main
manuscript Figures.3f-g show that the relative intrinsic distance cost does not follow the
continuous gravity law and leads to a piece-wise intrinsic distance cost, Figures 22-26 show
the same process for many more cities. The piece-wise intrinsic distance cost is a piece-wise
power law distribution of the form:

πc(r) =

C1(Rc/r)β, 0 ≤ r ≤ Rc

C2(Rc/r)α, r > Rc

(116)

where Rc is the mobility inferred city radius, α > 1, β ∈ R, and x ∈ R+. The three param-563

eters α, β, rc are estimated by maximum-likelihood and compared to a log-normal, Pareto,564

and exponential Pareto distribution [?]. The likelihood ratios and p-values for all cities are565

reported in figures 27-29. We obtain that on average, β = 0.60± 0.20, α = 2± 0.21, Rc follow566

a heavy-tailed distribution between a power law and a log-normal distribution.567

3.4.1 The remarkable case of islands568

In the section, we highlight the remarkable point that the piece-wise two-step intrinsic dis-569

tance cost for cities still holds remarkably well for islands (Fig.20). In the case of islands, the570

inter-city part of the piece-wise process (when the exponent is on average 2), it mostly across571

the sea, and therefore the relative pair distance distribution is null. However, if the distance572

is large enough to reach the nearest landmass, the pair distance distribution is positive again573

and the 2 exponent can be interpolated between the island and the nearest landmass (see574

Fig.20).575
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3.5 Simulation of piece-wise intrinsic distance cost576

In this section, we try to recover the intrinsic distance cost, π(r) = 1/r from the aggregation577

of the piece-wise process of equation 116. We can decompose the intrinsic distance cost as578

follows,579

π(r) =
f (r)
p(r)

= ∑
c∈C

fc

p(r)
= ∑

c∈C
πc(r)

pc(r)
p(r)

(117)

The only term that is unknown in this equation is pc(r) the relative pair distance distribution580

function for each city. However, we have already shown that the pair distribution of cities581

follows a generalized gamma distribution within the city boundary. Beyond the city bound-582

ary, we have shown that the positions of cities follow an ideal gas (i.e. random position but583

no overlap), which implies that we can model the relative pair distribution function with a584

linear growth beyond the city radius. The relative pair distribution function of a city, c, is585

thus,586

p̂c(r) =

C1(r/R2
c) exp(−(r/Rc)m), 0 ≤ r ≤ Rc

C2r, r > Rc

(118)

where C1 and C2 are two constants such that p̂c is continuous. To obtain the global pair587

distribution we need to weight each relative pair distribution by its contribution, which is588

equal to the number of addresses. We assume that the number of addresses is proportional589

to the square of the radius and pc = R2
c p̂c. For simplicity, we also assume that the general590

pair distribution function p follows,591

p(r) =

C3r2/3, 0 ≤ r ≤ Rmax

C4, r > Rmax

(119)

where Rmax = max{Rc , c ∈ C} the largest city radius. The form of the pair distribution592

function closely follows the empirical one of Figure 2a. Therefore, we obtain the intrinsic593

distance cost when aggregating over the city scale,594

πc(r)
pc(r)
p(r)

=


C5(r−1/6/R2

c) exp(−(r/Rc)m), 0 ≤ r ≤ Rc

C6r−5/3, Rc < r ≤ Rmax

C7r−1, r > Rmax

(120)
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Remarkably, the inverse of distance scaling of the intrinsic distance cost for r ≥ Rmaxemerges595

as a sole consequence of the random distribution of city locations. The scaling r ≤ Rmax596

results from the aggregation over the scale of cities, akin to our patch model SI. 2.6 or [29].597

We obtain that for r ≤ Rmax,598

π(r) =
∫ r

0
C5(r−1/6/R2

c) exp(−(r/Rc)
m)g(R)dR +

∫ ∞

r
C6r−5/3g(R)dR (121)

where g is the distribution of the city radius. From the main text Fig.3, g can be modeled599

as a log-normal or a power-Pareto distribution. We solve the equation 121 numerically600

by simulating over the city intrinsic distance cost over an artificial geography of Denmark601

(eq.118,119). We recover the intrinsic distance cost π(r) = 1/r (Fig.21).602
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Figure 21: For each city in Denmark, the distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
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Figure 22: For each city in Denmark, the distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
second plot shows the intrinsic distance cost (black), as the ratio between the observed moving distance and
the relative pair distribution function. The pink dashed line is the inferred mobility city radius, the light teal
corresponds to intra-city moves, and the dark teal to inter-city moves.
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Figure 23: For each city in Denmark, the distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
second plot shows the intrinsic distance cost (black), as the ratio between the observed moving distance and
the relative pair distribution function. The pink dashed line is the inferred mobility city radius, the light teal
corresponds to intra-city moves, and the dark teal to inter-city moves.
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Figure 24: For each city in Denmark, the distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
second plot shows the intrinsic distance cost (black), as the ratio between the observed moving distance and
the relative pair distribution function. The pink dashed line is the inferred mobility city radius, the light teal
corresponds to intra-city moves, and the dark teal to inter-city moves.

49



15
11

02
23Smøru. Balle

15
51

02
77Søvang

15
51

02
78Dragør

16
91

02
01Hedehusene

16
91

02
02Reerslev

16
91

02
03Taastrup

16
91

83
94Sengeløse

16
91

83
95Vrids

18
31

58
89Torslunde

18
31

83
90Ishøj. Lands

18
71

83
91Valle. Lands

19
01

02
21Kirke. Værlø

19
01

02
23Smøru. Fures

19
01

02
37Farum

19
01

10
48Værløse

19
01

88
39Laanshøj

20
11

02
41Birke. Aller

20
11

03
00Blovstrød

20
11

06
93Lynge

20
11

08
29Lillerød

20
11

28
71Nymølle

21
01

00
06Humlebæk

21
01

00
08Nivå

21
01

01
72Helsi. Frede

21
01

03
03Hørsh. Frede

21
01

07
03Sørup

21
01

64
69Karlebo

21
01

84
10Fredensborg

21
71

00
07Kvistgård

21
71

01
35Hornb. Helsi

21
71

01
36Hellebæk

21
71

01
70Tikøb

21
71

01
71Gurre

21
71

01
72Helsingør

21
71

29
74Langesø

21
71

52
44Saunte

21
91

00
76Skævinge

21
91

02
32Store Lyngby

21
91

02
33Meløse

21
91

02
91Gørløse

21
91

02
92Nørre Herlev

21
91

02
99Uvelse

21
91

06
50Alsønderup

21
91

06
51Gadevang

21
91

06
52Hillerød

21
91

07
00Nødebo

21
91

08
08Ny. Hamme

21
91

33
87Ny Harløse

21
91

84
09Tulstrup

22
31

03
03Hørsholm

23
01

02
20Høsterkøb

23
01

02
41Birke. Ruder

23
01

02
87Skods. Ruder

23
01

03
01Ravnsnæs

23
01

03
03Hørsh. Ruder

24
01

00
30Tangbjerg

24
01

02
08Ganløse

24
01

02
23Smøru. Egeda

24
01

02
25Søsum

24
01

02
73Ledøje

Figure 25: For each city in Denmark, the distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
second plot shows the intrinsic distance cost (black), as the ratio between the observed moving distance and
the relative pair distribution function. The pink dashed line is the inferred mobility city radius, the light teal
corresponds to intra-city moves, and the dark teal to inter-city moves.
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Figure 26: For each city in Denmark, distribution of observed moving distance (orange) and the relative pair
distribution function. Pairs are restricted to those containing at least one address from the city of interest. The
second plot shows the intrinsic distance cost (black), as the ratio between the observed moving distance and
the relative pair distribution function. The pink dashed line is the inferred mobility city radius, the light teal
corresponds to intra-city moves, the dark teal to inter-city moves.
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Figure 27: For each city of the piecewise fit, Figure.22-26, we compare the log-likelihood ratio between the
piecewise power law distribution of equation 116 and a Pareto distribution. The left plot shows the distribution
of p values with a pink line at p = 0.05. The right plot shows the distribution of the log-likelihood ratio, with
a pink line at the decision boundary R = 0. A positive log-likelihood ratio indicates that the piecewise models
describe the data better, the p-value give the significance of the result.
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Figure 28: For each city of the piecewise fit, Figure.22-26, we compare the log-likelihood ratio between the piece-
wise power law distribution of equation 116 and a lognormal distribution. The left plot shows the distribution
of p values with a pink line at p = 0.05. The right plot shows the distribution of the log-likelihood ratio, with
a pink line at the decision boundary R = 0. A positive log-likelihood ratio indicates that the piecewise models
describe the data better, the p-value give the significance of the result.
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Figure 29: For each city of the piecewise fit, Figure.22-26, we compare the log-likelihood ratio between the
piecewise power law distribution of equation 116 and a piecewise exponential-Pareto distribution. The left plot
shows the distribution of p values with a pink line at p = 0.05. The right plot shows the distribution of the
log-likelihood ratio, with a pink line at the decision boundary R = 0. A positive log-likelihood ratio indicates
that the piecewise models describe the data better, the p-value give the significance of the result.

4 The definition of city603

The precise demarcation of a city — where a city ends and its boundaries — is a pressing604

issue in academic literature [30]. Depending on the definition adopted, different results605

can be obtained [31]. To ensure that our results are not just a byproduct of our chosen city606

definition and that they could potentially be applied to other definitions, we evaluated the607

robustness of the city boundaries.608

First, we adopted the city definition provided by Danmarks Statistik [32]. According to this609

definition, Denmark consists of 1,473 cities.610

To ensure more robust results, we compare the city definition to cities defined by density-611

based clustering techniques. These methods distinguish densely clustered data points that612

represent urban or urbanized areas from sparse or noisy regions that typically correspond613

to rural or sparsely populated areas. DBSCAN is particularly well-suited for this task be-614

cause of its innate ability to delineate clusters of different geometries, which is critical for615

accommodating the non-uniform shapes of urban regions. This algorithm sorts data points616

into core points, boundary points, and noise based on surrounding data density. However,617

one of the main challenges is to determine the optimal values for ϵ (neighborhood search618

radius) and minimum data points, as these parameters can determine the level of detail of619

the identified urban zones. [33] .620

For data covering cities with different population densities, HDBSCAN stands out. Building621
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Figure 30: Comparison between the Danmarks Statistik definition of cities (on the left) and the cluster obtained
from HDBSCAN (on the right). The colors are ordered according to the size of the cluster/city.

on the foundation laid by DBSCAN, HDBSCAN employs a hierarchical tactic that makes622

the fixed ϵ value redundant. By examining the density hierarchy, HDBSCAN can differen-623

tiate between densely populated cities and smaller towns within the same data collection.624

This granularity, coupled with the flexible clustering results, provides a detailed view of the625

boundaries of cities [34].626

Copenhagen, however, presents a unique scenario. Its urban influence extends well beyond627

its administrative boundaries, as evidenced by phenomena such as commuting patterns. As628

a result, neighboring cities have been merged with Copenhagen to form the Copenhagen629

metropolitan area, or Hovedstadsområdet, as defined by DST. Notably, the clustering re-630

sults from HDBSCAN reflected this merging, indicating the combined urban sprawl of the631

Copenhagen region.632

Normalized Mutual Information (NMI) and Adjusted Mutual Information (AMI) quantify633

the similarity between two clusterings. Both metrics measure the information shared be-634

tween the true labels and the labels assigned by a clustering algorithm. Therefore, we can635

use them to evaluate the performance of clustering algorithms in the absence of ground truth636

labels. The NMI is defined as the mutual information between two clusterings divided by637

the geometric mean of their entropies [35]. However, a limitation of the NMI is that it ignores638

the random grouping of clusters, i.e. random cluster assignments can produce a non-zero639

NMI value. The AMI, on the other hand, corrects for this limitation by adjusting the score to640

account for chance, ensuring that random cluster assignments result in an AMI score close641

to zero [36]. Therefore, the AMI provides a more accurate representation of the similarity642

between two clusterings in our case where the number of clusters is not fixed.643

The table 2 shows the value of the indices for the two algorithms. An NMI/AMI score of644
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0.9 indicates that the two clusterings share a significant amount of information. Such a high645

score typically indicates that the two clusterings are almost identical, with only a few data646

points potentially clustered differently. Therefore, the city definition from Danmarks Statis-647

tics is substantially similar to the one we obtain using density-based clustering techniques.648

Furthermore, table 1 shows that merging Copenhagen into the Hovedstadsområdet is a bet-649

ter definition of a city according to the density-based clustering techniques.650

Algorithm NMI AMI

DBSCAN 0.88 0.87
HDBSCAN 0.91 0.89

Table 1: NMI and AMI values between empirical city clustering (Copenhagen merged) and algorithmic cluster-
ing (DBSCAN and HDBSCAN).

Algorithm NMI AMI

DBSCAN 0.71 0.67
HDBSCAN 0.67 0.65

Table 2: NMI and AMI values between the empirical cities (Copenhagen not merged) clustering and the algo-
rithmic clustering (DBSCAN and HDBSCAN)

The parameters for HDSCAN were chosen to optimize the NMI between the clustering and651

the real city labels. Figure 31 shows the values for different values of minimum samples and652

minimum cluster size, the rest of the parameters follow the default values of this implementa-653

tion [34].654

Figure ?? shows all addresses colored by the cluster they belong to. The background color is655

the official city border.656

5 Maximum likelihood estimation of power laws657

Fitting the statistical power-law model, to examine the distance distribution of human move-658

ment, we fit a truncated power law with the form,659

p(x) ∝ x−alphae−λx. (122)

where α is a constant parameter of the distribution (known as the scaling parameter or expo-660

nent), x is the travel distance (x > xmin > 0), and λ is the parameter of the exponential distri-661

bution. xmin represents the shortest distance above which the power law scaling relationship662
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Figure 31: Heatmap of the NMI between the clustering of addresses locations and their official city and the
values for different combinations of HDSCAN parameters.

begins. The scaling parameter α must be estimated before finding the optimal values of xmin.663

The methods of [37] find xmin by generating a power-law fit starting from each unique value664

in the data set, then selecting the one that gives the minimum Kolmogorov-Smirnov distance665

between the data and the fit. For any given value of xmin, we estimated the scaling parame-666

ter using maximum likelihood estimation. The goodness of fit for the truncated power law667

distribution was considered in comparison to the fit of other distributions (e.g., power law,668

exponential, and lognormal).669

Although some of the power laws present a more complicated picture, we then used the670

methods developed in this [?], which carefully extend [37] procedures for a wider class of671

distributions.672
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Figure 32: Kolmogorov-Smirnov (KS) test for Houston data, the blue dots represent the distribution of the test
statistics over the sampled data. The mean is represented by a dashed black line. The 5th and 95th percentiles
are represented by dashed green lines, indicating the range within which 90% of the observed values fall.

Figure 33: Kolmogorov-Smirnov test for Singapore data, the blue dots represent the distribution of the test
statistics over the sampled data. The mean is represented by a dashed black line. The 5th and 95th percentiles
are represented by dashed green lines, indicating the range within which 90% of the observed values fall.
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Figure 34: Kolmogorov-Smirnov test for San Francisco data, the blue dots represent the distribution of the test
statistics over the sampled data. The mean is represented by a dashed black line. The 5th and 95th percentiles
are represented by dashed green lines, indicating the range within which 90% of the observed values fall.

Figure 35: Kolmogorov-Smirnov test for France data, the blue dots represent the distribution of the test statistics
over the sampled data. The mean is represented by a dashed black line. The 5th and 95th percentiles are
represented by dashed green lines, indicating the range within which 90% of the observed values fall.
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