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S-1 Supplementary Methods
S-1.1 Model Formulation
The Lagrangian Stochastic (LS) model is an application of Brownian motion to turbulent diffusion, in which the trajectories of
many particles through the air are modeled as random walks. Each step of a particle’s path is influenced by both random and
deterministic motions, guided by the statistics of the local wind field. By releasing thousands of particles and computing an
ensemble average of their trajectories, we can determine the relative concentration at any point in the domain and the mean
shape of the plume.

In this study, we implement two LS model formulations for the Eulerian velocity pdf: a convective boundary layer
(CBL) model for unstable conditions (L < 0)1, 2 and a surface layer (SL) model for stable conditions3 (L > 0), where L is the
Monin-Obukhov length.

The position increments for particles in the x (downwind) and z (vertical) directions are as follows3,

dx = (u′+U)dt, (1)
dz = (w′− vs)dt, (2)

where u′ and w′ represent the fluctuating horizontal and vertical velocities, U is the mean horizontal wind velocity described
further in Section S-1.2.1, and vs is a constant settling velocity for hemp computed using Stoke’s law to be 0.027 m/s based on
a typical hemp pollen diameter of 30 µm4, 5. As hemp pollen is nearly spherical5, Stoke’s law provides a good approximation
of settling velocity6, 7.

Particle velocity increments3 in the x and z directions are computed using the Langevin equation,

du′ = audt +buN (0,dt), (3)
dw′ = awdt +bwN (0,dt), (4)

which describes the incremental changes in u′ and w′ fluctuating particle velocities. The Langevin coefficients, au,aw and
bu,bw, account for the deterministic and stochastic components of particle acceleration, respectively. The stochastic timestep is
drawn from a normal distribution with a mean of 0 and variance dt.

The timestep, dt is computed as a fraction1, 3 of the lagrangian timescale τ:

dt = 0.02τ, (5)

τ = 2
σ2

w

C0ε
, (6)

where we chose the constant C0 = 38, 9, σ2
w is the vertical velocity variance and ε is the turbulent dissipation rate.

The two model formulations employed differ in their computation of the Langevin coefficients au and aw, and particularly
in how they solve for the Eulerian fluid velocity pdf PE(u′i,z) in the equations10 below.

ai =
φi

PE
+

1
2C0ε

∂PE
∂ui

PE
, (7)

bi =
√

C0ε. (8)

For both formulations, bu and bw remain the same as above.
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S-1.1.1 The Convective Boundary Layer (CBL) model for unstable conditions (L < 0)
The CBL model was introduced by Luhar et al. (1989)11, and computes PE(u′i,z) as the sum of two Gaussian pdfs to represent
convective updrafts and downdrafts in the boundary layer, shown in (9),

PE = APA +BPB,

PA =
1√

2πσA
exp

(
−(w′−wA)

2

2σ2
A

)
,

PB =
1√

2πσB
exp

(
−(w′+wB)

2

2σ2
B

)
.

(9)

It is extended to 2 dimensions based on Luhar (2002)8, 9, which takes the horizontal and vertical velocity fluctuations to be
independent. The Langevin coefficients then become,

aw =
φ

PE
−

1
2C0εQ

PE
, (10)

au =
−u′C0ε

2σ2
u

. (11)

The φ term has been adapted to heavy particles in Boehm et al. (2005)2. The full closure method to find A, B, wA, wB,
σA, σB is shown in Luhar et al. (1996)1. These are functions of the wind velocity profiles, which vary with height and are
described in Section S-1.2. Although the original CBL LS model1, 11 was a one-dimensional model intended for the well-mixed
boundary-layer, Boehm et al. (2008)8 incorporated wind statistics into this model which transition smoothly from the surface
layer to the convective boundary layer above.

S-1.1.2 Surface Layer LS Model for Stable Conditions (L > 0)
For stable conditions, the SL model incorporates a Gaussian pdf (eq. (12)) with jointly Gaussian velocity components (u, v, and
w), as described in3, 10, 12, giving a PE ,

PE =
1

(2π)3/2 detτ
1/2
i j

exp
(
− 1

2
(ui −Ui)τ

−1
i j (u j −U j)

)
. (12)

where τi j is the mean Reynold’s stress tensor, and contains terms for the variances and covariances of the wind velocity.
This yields the Langevin coefficients used in Aylor & Flesch (2001)3.

au =
1
A

b2
u(u′w′w′−σ

2
wu′)+

1
2

∂u′w′

∂ z
+

1
A
(σ2

w
∂σ2

u

∂ z
u′w′−u′w′ ∂σ2

u

∂ z
w′2 −u′w′ ∂u′w′

∂ z
u′w′+σu

∂u′w′

∂ z
w′2), (13)

aw =
1
A

b2
w(u′w′u′−σ

2
u w′)+

1
2

∂σ2
w

∂ z
+

1
A
(σ2

w
∂u′w′

∂ z
u′w′−u′w′ ∂u′w′

∂ z
w′2 −u′w′ ∂σ2

w

∂ z
u′w′+σ

2
u

∂σ2
w

∂ z
w′2), (14)

A = 2(σ2
u σ

2
w −u′w′2). (15)

S-1.2 Wind statistics
To compute the Eulerian velocity pdf PE(u′i,z), we need to specify the wind statistics at every point in the domain, i.e., the
mean, variances, covariances, and skewness. Assuming stationarity and horizontal homogeneity, the wind field statistics
remain constant over time and vary only with height. Under this assumption, boundary layer scaling techniques such as
Monin-Obukhov similarity theory, mixed layer, and surface layer scaling can be employed to generate vertical profiles of wind
statistics. As a result, only 5 meteorological parameters are required to drive the LS simulation: the friction velocity u∗, the
Monin-Obukhov length L, the convective velocity scale w∗, the surface roughness length z0, and boundary layer height zi.

S-1.2.1 Horizontal wind velocity profile
To model the mean horizontal wind-velocity profile, U , we use the logarithmic wind velocity profile from Monin-Obukhov
similarity theory13 with the stability correction function, ψM .

U =
u∗

0.4

[
ln
(

z
z0

)
+ψM

]
. (16)
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For stable conditions, we use the stability function as reported in Beljaars & Holtslag (1991)14, where a = 1, b = 2/3,
c = 5, and d = 0.35. In this paper, they compare the resulting velocity profiles with field measurements and find that this
parameterization performs well throughout the boundary layer despite the fact that surface-layer scaling is used. Optis et al.
(2016)15 also compared various stable wind profiles, including the one presented below, and show that it performs well up to
200 meters above the surface.

ψM = a
z
L
+b

(
z
L
− c

d

)
exp

(
−d

z
L

)
+

bc
d
. (17)

For unstable conditions, we use the stability function given by Paulson (1970)16. This has previously been used for other
unstable LS simulations3, 8, and is considered to approximate measurements well14.

ψM =−2ln
(

1+α

2

)
− ln

(
1+α2

2

)
+2tan−1(α)− π

2
, (18)

where,

α = (1−15
z−d

L
)1/4. (19)

S-1.2.2 Horizontal wind velocity variance
In stable conditions, we use the following relationship from Kantha and Clayson for the horizontal velocity variance (2000)17,

σ
2
u = 4u∗2

(
1− z

zi

)3/2

. (20)

In unstable conditions, we use the following parameterization from Luhar et al. (2002)9 for the horizontal wind velocity
variance.

σ
2
u = (0.6w∗)2. (21)

S-1.2.3 Vertical wind velocity variance
In stable conditions, for the vertical wind velocity variance, we use a relationship from Kantha and Clayson17,

σ
2
w = 3u∗2

(
1− z

zi

)3/2

. (22)

In the HYSPLIT model, this parameterization is provided as one option for simulating velocity variances in stable conditions.
Oneto et al. (2020) compared dispersal results using the Kantha and Clayson (2000) scheme with other parameterizations
offered by HYSPLIT, and found that there was little sensitivity.

In unstable conditions, we apply the merged parameterization from Boehm et al. (2005)8. This combines surface-layer
scaling with that of the convective boundary layer, so that the conditions ranging from very unstable to neutral can be accurately
modeled.

σ
2
w,CBL = 1.7w∗2(z/zi)

2/3(1−0.9z/zi)
4/3, (23a)

σ
2
w,neutral = u∗2(1.7− z/zi), (23b)

σ
2
w,merged =

(1− exp(z/L))w∗3
σ2

w,CBL +5exp(z/L)u∗3
σ2

w,neutral

(1− exp(z/L))w∗3 +5exp(z/L)u∗3 . (23c)

(23d)

S-1.2.4 Turbulence kinetic energy dissipation rate
In stable conditions, we use the profile suggested by Rodean (1996)10 for the entire stable boundary layer,

ε =
u∗3

0.4∗ z

(
1+3.5

z
L

)(
1−0.85∗ z

zi

)3/2

. (24)

3/9



Rodean (1996) discusses that this profile was formed by fitting to a second-order turbulence model18, and has generally agreed
with measurements and other simulations.

In unstable conditions, we apply the merged surface layer/convective boundary layer profile described by Boehm et al.
(2008)8 to LS modeling, and found previously using Large Eddy Simulations19,

ε = 0.4
w∗3

zi
+

u∗3(1− z/zi)

0.4z(1−15∗ z/L)1/4 . (25)

S-1.2.5 Lagrangian Timescale
In all stabilities, we compute the lagrangian time scale using1, 3,

τ =
2σ2

w

C0ε
. (26)
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Figure S1
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Figure S-1. Scatterplots of five meteorological parameters for all day simulations vs. the percentage of particles
deposited at distances downwind of the source. The Spearman correlation coefficients relating depositions at each downwind
distance with the respective meteorological parameter are denoted for each plot. Decreasing deposition is most correlated with
decreased boundary layer height zi and w∗ beyond 1 km from the source.
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Figure S2
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Figure S-2. Scatter plots of meteorological input parameters vs. depositions for night cases. Scatterplots of five
meteorological parameters for all night simulations vs. the percentage of particles deposited at distances downwind of the
source. The Spearman correlation coefficients relating depositions at each downwind distance with the respective
meteorological parameter are denoted for each plot. At night, greater boundary layer height zi, friction velocity u∗, and
obukhov length |L| correlate with pollen travelling further - less deposition close to the source and increased deposition at all
downwind distances beyond 1 km. The convective velocity scale, w∗ is zero or a very small negative number for all night-time
conditions, which make up the vast majority of nighttime case, and is not incorporated in the stable LS model.
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Figure S3
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Figure S-3. Distances at which dispersal kernels first fall below a threshold for each month: (a) 1%, (b) 0.1%, and (c)
0.01%. Red represents day simulations, while blue represents night. Seasonal variation is most pronounced for the 0.01%
threshold distances, where the frequency of daytime distances beyond 30 km progressively increases from July to November.

Figure S4
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Figure S-4. Median cumulative depositions for each month during (a) day and (b) night, separated by US climate region:
Northeast (NE), Upper Midwest (UM), Ohio Valley (OV), Southeast (SE), Northern Rockies & Plains (NRP), South (S),
Southwest (SW), Northwest (NW), and West (W). Shading represents data between the 10th and 90th percentiles. Note that the
vertical axis is a log scale. There is a pronounced increase in total depositions in nighttime cases - most curves reach 100%
within the domain. During the day, the kernels level out below 90%, although there is an increase in depositions from July to
November.
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Figure S5
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Figure S-5. Heat maps of five meteorological parameters for all (a) daytime and (b) nighttime simulations over five
months from July to November. The spatial and seasonal patterns visualized here mirror the deposition patterns shown in the
main paper. During the day, the Southwest region maintains the highest convective velocity scale, w∗ and boundary layer
height, zi throughout the season, and therefore the lowest daytime depositions overall. At night, the Southeast and Southwest
regions have high friction velocity, u∗, high boundary layer height, zi, lower roughness length, z0, and high Monin-Obukhov
length |L|, which results in less deposition in our simulations.

Figure S6
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Figure S-6. Components of the vulnerability metric. (a) The acreage of hemp, Ahemp, planted in each county as of 202320,
where darker colors indicate greater planted hemp acreage. (b) The dispersal area Adisp, or area within a circle of radius equal
to the average 0.01%-threshold distance, where darker colors indicate a greater dispersal area. (c) The ratio of Adisp to the land
area of each county Aland , where red colors indicate regions where more Adisp > Aland .
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