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Notation: For two positive sequences a,, and b,, a, < b, means a, < Cb, for all n,
an 2 b, if b, < a, and a, < b, if a, < b, and a, = b,. C is used to denote generic
positive constants that may vary from place to place. What’s more, we denote a,, <p b,
to represent a, < b, in probability.

Proof of Theorem 1: Denote P as the distribution of O = (X', Y*, Z*,T,,T,)". For

better illustration, we can rewrite I as
I =9(P) = Ep{[Ep(Y|X) — Ep(Y)|[Ep(Z|X) — Ep(2)]}-

Note that the indicator variables T}, and T, are independent of (X,Y, 7). Thus we have
Ep(Y|X) = Ep(Y*|X,T, = 1) and Ep(Y) = Ep(Y*|T,, = 1). The case for Z is similar.
Thus, it follows that

I =V(P)=Ep{[Ep(Y*|X,T,=1) — Ep(Y*|T, = 1)|[Ep(Z*|X, T, =1) — Ep(Z*|T, = 1)]}.
Consider the following parametric submodel indexed by ¢, i.e.

P =tP+(1—1t)P,



where ¢ € [0,1], and P is a point mass at a single observation 6 = (Z,§*, 2*,,,%.)T. As
mentioned in Hines et al. (2022), the efficient influence function (EIF) for I at observation

o directly as

t=0

where W(P,) = Ep{[Ep,(Y*|X, T, = 1)~ Ep, (V*|T, = 1)][Ep, (Z*|X, T, = 1)~ Ep,(2*|T. =

DI}

Denote mf (X) = Ep,{[Ep,(Y*|X, T, = 1)—Ep,(Y*[T, = D] and h(X) = [Ep,(Z°|X, T, =
1) — Ep,(Z*|T. = 1)]. Further, the operator, d;, applied to an arbitrary function g(t), is
defined as

dig(t) = 7‘1;:0'
Simple calculation entails that
O (Pr) = Ep{0:[my (X)hi (X)]} + mg(2)hg(Z) — W(P).

By the facts that
Lzi) (X, T, =1)

Obp, (Y'|X. T, =1) = FXT, = 1) " — E(Y"X, T, =1)],
nd
) L0=1) .
O Ep (YT, =1) = m[y - E(Y|T, = 1)],
we have
* xt ) X T 1) ~ % * *
Br{Omi OGN = [ S D~ B(IX,T, = D00 (X)X
]Ify<Ty = 1)

= oo, — 1) Y T EOTIE T = DIRG(@),

where the first equation holds because E[h{(X)] = 0. Note that T, L X, we have Pr(7}, =
1|X) = Pr(T,, = 1), which implies that

I, (T, = 1)

Ep{0im; (X)]ho(X)} = m@* — BE(Y*|2, T, = 1)]he(2).

Hence, by the chain rule and the quotient rule for derivatives, we obtain

Er{aim: (X)R(X)]} = %w BT, DB(Z T — 1) — BT — 1)
HtZ(Tz = 1) % i~ B . B
m[ — BE(Z*|z,T. = 1)|[E(Y*|z,T, = 1) — E(Y*|T, = 1)].



Note that m}(2)h5(3) = [E(Y*|2,T, = 1)~ E(Y*|T, = 1)|[E(Z*|2, T, = 1)~ E(Z*|T. = 1)].

It implies that

_ L, (T, =1) } .
66:P) = prp )l ~ BO18, T, = DIB(Z'[5 T = 1) = B(Z'[T. = 1)
I;, (T = 1) (o o e
= e — B T = B a1, = 1) — BT, = 1)
+[EY 2, T,=1) - EY"T,=1)|[EZ|2,T,=1) — E(Z*|T, = 1)] — ¥(P).

Since ¢(O, P) has finite variance, we conclude that the EIF for [ is

HTZ(l) * * — * _ * _
=)~ EZIX T = DIECIXT, = 1) - BQ7T, = 1)

+[EY*X,T,=1)—-EY"|T,=1)][EZX,T,=1) - E(Z*"|T, = 1)] — ¥(P).

Proof of Theorem 2: Let e =Y —m(X) and n = Z — h(X). Note that

Gy = 5 Y1 — (X)) - 2]
- i[@ +m(X) = i(X) + () — (X)) [(Xi) — W(X) + X)) — BZ + EZ — Zy]
- Niy e +m(X;) — m(X3)][W(X5) — EZ] + iy ZWX’) — m(X)][R(X;) — EZ]
4 Niy S alh(X:) — (X)) + Niy S lm(:) = (XX - X)
- Niy > _li(Xs) = m(Xo)][h(X) = h(X))] + [BZ - ZN]—y > e+ m(X;) — (X))
+ B2 = Z) 3 (X0 (X)) = Y G
For the term G5, by Cauchy-Schwartz inequality, we have
3 (%) — (X)) - £2]
;_ N, 1/2 . N, 1/2
< (Fy Z[m(xi) — m(Xi)]2> (E Z[E(XZ-) - EZ]2> = 0,(1),
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where the last equation holds under the conditions E[h(X;) — EZ]* < oo and E[h(X;) —
h(X;)]? = o(1). Similarly, due to the consistencies of (X;), h(X;) to m(X;), h(X;), respec-

tively, we conclude that

The last equation follows from the fact that E{e[h(X;)— EZ]} = 0. Similarly for the second
term of Iy, we have Gy = E{[m(X) — EY][h(X) — h(X)]} + 0,(1).
For the third term of Iy, note that

[ (X;) — Yal[h(X:) — Zy]

§
I
2|

1

-
I

[ (X;) — m(X;) + m(X;) — EY + EY — Yy|[W(X;) — h(X,) + W(X;) — EZ + EZ — Zy]

I
==

1

o
I

[m(X;) — EY|[MX;) — EZ] 4 0,(1)

I
=

1

)

(X) — EY|[M(X) — EZ] + 0,(1).

&

S

[

The third equation holds due to the consistencies of the estimators.

In sum, we have
Then the Theorem follows.

Proof of Theorem 3: Note that the proof of this theorem is a special case of that of
Theorem 6 with g1(z) = go(z) = x. Hence we omit the detail.

Proof of Theorem 4: If (6% — 0%)/0* = 0,(1) holds, note that

-1
n iN<0,1),

o

which implies

-1
n iN(o,1).

o

Hence we can finish the proof.



In the following, we aim to show that (62 — 02)/0? = 0,(1). Denote

1 1 1
§i—n ' =—¢€1(i € Dy,) + —niI(i € Dy) + —£F,
Ty N, n

and K; = > iep, (0i = n')?, where € =
[m(X;) — EY][h(X;) — EZ] — I. Similarly, we can definite K,. Denote

&lh(X;) — EZ], nf = n;jm(X;) — EY], and

& =
L, K+ K,
0= ——=.
4
We have
A9 2 ~9 2 a2 =9
0% —0 0% —0 0° —0
= — + o (S.2)
o o o

We first consider the first term. Note that F(6% — ¢?) = 0, and

Var(6% — ) < Var(K,) + Var(Ky).

We have

. - 1, 1. 1.,
Var(Kr) S BIY (6 — 07 DY S — B(e) + - B(t) + (),

1€Do Y Z

- 1 1 1 e
and Var(K,) S EE(E?‘*) + EE(nj‘l) + EE(&M)’ which implies that

y z
1 1
2 gt 0,(Ly e )
P\
Since
1 1 1 N, 1 1
2:—E *2 —E *2 —F *2 OE**:O L L
g 2ny (61 ) + 2”2 (nl ) _'_ 2n (é-l ) + NyNZ [6 77 ] p ny + n, )
It follows that
5.2 _ 0.2
0_2 = OP(1>

Next, we turn to consider the bound for (6% — %)/0?. Note that

52 — 52 _KI—KIJFKQ—KQ
o2 402 402




We can rewrite K| — K as

Ky =Ky =) (6 —n'L,)* = > (6 —n 1)

1€Do 1€D3

=Y (0 —nTL—Gi+nT P 42Y (Gi—n' )Y (0 —n ', — 6+ 0 )
1€Do 1€Do 1€Do

S Z(& — n_lln — 61 + n_1])2 + 2\/ Kl Z(SZ — n‘lln — 5@ + n_1[)2
1€Do 1€Do

=: K1 + 2Ks.

For the term Ki;, we have
3 -1 —17\2 -1 2 < 2
> (i—n'L =640 I <27 (I, — 1) 42 (6 — 6:)%.
1€Do 1€Do
By the asymptotic normality of I,,, we have (I, — I)*> = O,(20?), which implies that
n~ (I, — I)?/40? = 0,(1).
Hence, it is left to show that » 7, (8; — 0;)% /40 = 0,(1). Note that

D 66 S % {1Ys = 1, (Xo)][ho, (X5) = Zu] = [Ys = m(X)][A(X,) — EZ]}?

b 3 (e, (X0) = il s — o, (X0)] = m(X0) — BY][Z — (X))
+ % Z{[le(XZ) —Y,] [hD1<Xi) — Z,) — Im(X;) — EY][h(X;) — EZ]}?

=: Ky + Ko + K.

We first consider the bound of the term K;;;. Note that

n,?/ 1€Day
1 - -
SP ﬁ € [hDI (XZ) - h(XZ)]2 + [EZ - Zn]Q_Q Z €
) 1€Day Y 1€Day
1 . 1 . 2
+ > o, (Xi) = m(X)P[A(X:) — EZ) + = > i (X5) = m(X)*[hp, (Xi) = h(X,)]
Y ieDQy Y ieDQy
_ 1 .
+[EZ =2 — > linp, (Xi) = m(X,))?
Y ’iEDQy

Based on the fact that [EZ — Z,]* = O,(n;') and under Conditions 2.1-2.4, it is easily
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to show that

which follows that K11 = 0, (n, ™).

Similarly, we can obtain that

1 1
K112 = 0p <7’L_) s and K113 = 0p <ﬁ) .

ZieDz (51 - 52‘)2

402

It follows that

which implies that K;;/40% = 0,(1).
Similarly as the discussion of 2, we can show that

K,

402

= 0,(1).

Hence, for the term K75, we have

Ky _ | K [Eu _ o
402 402\ 402 P

Based on the above results, it follows that

(Kl - kl)/40'2 == 0p(1).
Similarly, we can show that

(K2 — KQ)/4O-2 = Op(1>.
So that we finish the proof.

Proof of Proposition 3.1: Similarly, we can rewrite p as

b= Uy (P) Cov[m(X), h(X)]

~ Varm(X)Varlh(X)]
Consider the same parametric submodel,

P, =tP+(1—1)P,



where t € [0, 1]. Hence, the efficient influence function(EIF) for p at observation o directly

as

(o, p) = Py S0P WPy gy

dt /BYB; 2B{B;

where ¢(0,P) is the EIF for I, Bf = Ep {[Ep,(Y*|X,T, = 1) — Ep,(Y*|T, = 1)]*}, and

B =Var(E[Y*|X,T, = 1]), and the definition of By is similar. Similarly, as the arguments

in Theorem 2, we can show that 0,8} equals to

I; (T, = 1)
P(T, = 1)

+ [E<U*|j7Tu = 1) - E(U*|Tu = 1)]2 - Bg

$u(6,P) = 2 @ — BE(U*|7,T, = V][E(U*|,T, = 1) — E(U*|T, = 1)]

By the chain rule and the quotient rule for derivatives, we obtain

¢(0,P) _ ¥(P)

~ o . - 2 y -
(bl(Oa P) - \/% 2Bng [Qby(Oa P)BO + BO¢Z(O7P)]
Syz Syy S

- /BYB: _'028(’3‘ _p2B§'
Note that the variance of ¢;(O,P) is finite, which implies that the EIF for p is ¢1(O, P).

Proof of Theorem 5: Before giving the proof, a necessary lemma is presented.

Lemma 1.1 Suppose Conditions 2.1-2.2 are satisfied. The asymptotically linear represen-

tation for B’g and BOZ respectively are

. 1 1
b= X st (G0 )
1€Do \/ﬁ ny
1 1
NLD

N2 z __ 2
B — B; _Z%SZM-Jrop( + \/n_) .
Here
5hys = mem(X) = BYIT,, = 1)+ {{m(X) — EYF - B,
and
§2.0= Znfh(X) ~ BZIT., = 1)+ {[h(X,) - EZP ~ B}

z

Proof of Lemma 1.1: The proof of this lemma is similar to that of Theorem 3 and

thus omitted here.



Note that

(= J7)
Pn— P =
\/Bgég VBiBj
I, -1 1 1 1 1
_(y>[<AA_ — )+ (I 1) (—— - =)
By Bj \/B{B; V By B§ \/3ng \/BOBO

According to the proof of Theorem 3, we have

1 1 )
yzz
+ ;
‘-t
where

Syzi = ie,-[h(Xi) - EZI(T,; =1)+ im[m(Xi) —EY|I(D,;=1)+ l[m(X,)

Ny n, n
Through the Taylor series expansion, we have

1 1 1 o e
- = 5(3330) 3/230(33 - Bj) -

BB VBB

1

+ 0,(|BY — BY|* + | B — Bi[).

From Lemma 1.1, it follows that

1 1 1
JBuB: VBB 2
__(ByBy)

1
0 z
{B;Syy.i+ B§S..i} +o < )
2 1622):2 vY, p /— o

Thus,

p 1
Co = =P S {BiSys+ BUSoni} +0 ( )
2 QBE)’BO Z; vy, D m. e

Also note that I,,—I = o, (1). Hence it can be easily obtained that Cs = o, (—

Combining the above results, we then conclude that

—p= Z yzz Syy,'i pSzz,i +o ( 1 + 1 )
Pt /Bsz QBg 2B P\vn. iy

S (BYB:) /2 Bl (B; -

2\— 2( D 1 2\— Rz z
(BLER) SB35 ~ 1) 5 (BB BY(B; ~ B5) + o,

— EY][h(X;) -

B;)

1
VAL

+\/1”_)

EZ).




Similarly for p/,, we have

p_z yzz Syy7i_p5zz7i+0 ( 1 + 1 )
= /Bsz ZBg 28§ P AL \/n_y '

Clearly, p, and p{, are asymptotically independent. Then we conclude that

yzz S;yz S:zz 1 1
R I ey LRk
pred Bsz ZB 2B§ N, N,
Here

. 1 1

Y

+ %{[m(Xi) — EY][hM(X;) — EZ] — 1},

and S, . and S¥, . are similarly defined.

YY,i 22,8

Proof of Proposition 4.1: We first rewrite [ as

I =9(P) = Ep{g;(X)g5(X)},

where g7(X) = gi[Ep(Y*|X, T, = D]=Ep{g:[Ep(Y"|X, T, = 1)]} and g5(X) = go[Ep(27|X, T. =
1)]— Ep{g2|Ep(Z*|X, T, = 1)]}. Consider the same parametric submodel indexed by t, i.e.

P =tP+(1-1t)P,

where ¢ € [0,1], and Pis a point mass at a single observation 0. So that the efficient
influence function (EIF) for I at observation 6 directly as

dU(P,)

0(6.P) = —

=0 = Ep{0:[91,(X)95:(X)]} + 01 Ep, {91 (X)g5(X)}.

where g,(X) = q[Ep(Y'[X,T, = 1)] = Ep{q:[Ep,(Y*|X, T, = D]} and g3,(X) =
92| Ep, (27| X, T2 = 1)] = Ep{gal Ep, (27| X, T = 1)]}.
Firstly, we focus on the term 0;¢g7,. Note that
0153 0X) = 0 [o1 B (V1. T, = ] = 01 [ onlEp, (7.7, = D]A(OX)
= qi[Ep(Y'IX, Ty = D)0, Ep, (Y| X, T, = 1)] — a[ Ep(Y"|2, T, = 1)]

+ Enl[Bn(Y'1X.T, = 1)) ~ Bp ([0 [Br(v*[X.T, = 1] ) = 0a(6.P).

10



Similarly, we can get

0u55,(X) = 0 [galEr (21X, 7. = V)] = 01( [ sl En (21X, T2 = 1) (X)0X)

— GIER(Z°|X, T, = 1))0Bp (2'|X, T, = 1)] - @l Ep(2"|, T, = 1)]

+ Bp(galBp(2' X, T. = 1)]) = Ep (0|01 [Bp (2°|X, T = 1)]| ) = ¢2(6,P).
By the chain rule and the quotient rule for derivatives, it follows that

Ep{0:[91:(X) g5, (X)]} = Ep{11(6,P)g5(X)} + Ep{gi(X)12(6,P)}

= Ep{q\[Erp(Y"|X, T, = V)]0 Ep,(Y"|X, T, = 1)]g5(X)}

+ Ep{g1(X)gs[Ep(Z7|X, T, = 1)]0:Ep,(Z7| X, D.)]}.
The last equality holds because Ep[gf(X)] =0, i = 1,2. According to Theorem 1, we have
8,Ep, (Y*|X,T, = 1) = Yoy (X Ty = 1) 7 — E(Y*|X,T, = 1)]

tLPy y Ly f(X;Ty:U Yy Ly )

which implies that

Ep{g}[En,(Y*|X.T, = 1]0,E,(Y*|X.T, = 1)]g3(X)}
L,(T,=1) , o s i
= pr BRI T, = I~ BT = Dl (9),

where the last equation holds because T, L X.

Similarly, we have

Ep{g4{Ep, (2| X, T = 1)0,En,(Z°|X. T, = 1]gi (X))
:%QQ[EP(Z*WJL = 1D)][z* - E(Z*|2,T, = 1)]g}(%).

Further, we have

0 Ep {91 (X)g5(X)} = 91()g5 (%) — ¥(P).

Based on the above results, we obtain
. dv (P
5(6.P) = ;%m
L,(T,=1) ,
P(T,
I;

B (Y IE T, = D~ BT, = Dl ()
(Tz ) * *| = _ %/~
(Tz ) [EP(Z |z, T, = 1)][z* — E(Z"|z,T. = 1)]¢i ()

+97(2)g5(7) — ¥(P).
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Note that the variance of ¢(O,P) is finite, which implies that the EIF for I is ¢(O, P).
Given the EIF of I, we can get the results of p by using the similar arguments of the
proof of Theorem 3.1 and thus omitted here.

Proof of Theorem 6: Let

1 S _ 1 . 1ra _
I, = - Z GulYs — mil[gei — 32) + n_ Z 95:1Zi — hi][g1i — gu] + " Z (92 — G2][915 — 1]

Y iEDQy 1€Ds, 1€Do

= Inl + InQ + ]n3-

For the term I,;, we have

1
Inl = 7’L_ Z glz[Y ml][Q?z 92]

Y iEDQy

= — Z guilei +mi — mil[G2i — goi + g2 — Eg2 + Ega — go]

ZEDQy
=— Z 1€i(Goi — g2i) +- Z gri€i(goi — Ega) +- Z gu€i(Egs — go)
Z€D2y Z€D2y lGDQy
1 4
+— §r(m; — 113) (G — §2) = »_ Di.
Y ieDy, i=1

In the following part, we will show that both D; and D3 are negligible, while both Dy and
D, contain the leading terms.
For the term Dy, it can be rewritten as
1
Dy=— % (G~ gh)eiGu — g2i) + — LS gleildn — ga1) = Diy + Do,
ny ’iGDQy ZG'Dgy
For the first term, we have E(Dll) =0, and
E(D}L|Dy) = 2 Z )G — 910)° (921 — 92i)2|D1} :
’LEDQy
Under the conditions |g;(m;) — ¢4 (m;)| < Lim; —m;| and ¢5(-) < C' < oo, we have
1 ~ 1
B(DY) S B[00~ mo s = 0 =0 ()
Ny Ty
where the last equation holds under the condition F [0‘2(X ) (s — my)?(h; — hi)2] = o(1).
Further, we can similarly show that F(D;,) = 0, and

BDL) S B[00 - <o)

Y

12



when the conditions E[(h; —h;)*] = o(n, ") and gj(-) < C' < oo are satisfied. It follows that

1
D, = D11+D12—0p< )
V1

For the term D2, it can be rewritten as

- Z glz glz € 921 Eg? + —_ Z glzez g2; — Eg2)

ZEDzy lGDQy
Under the conditions |g](m;) — ¢} ()| < Lim; — ;| and E[o?(X)(r; —m;)? (g2 — Eg2)?] =

o(1), it can similarly obtained that

1 , 1
Di= = 3 dheilon — Ba) + o m—> - (53

Y iEDgy

Now we turn to consider Egs — go. Under conditions that gj(-) < C' < oo and E[(h; —

hi)Y] = 0,(nz1), we have

_ 1 1 .
Egr = g2 = Ega — — > ga(ha) + - > ga(hi) = ga(hs)
# 1€D2, z 1€D2,
1 1 5 ) )
=Eg—— > ga(hi) + — > gh(hi)(hi — hi) = 0,(n; /"),
z i€Ds, z 1€D2,

where h; is between h; and h;. Similarly, we can get Eg; — g1 = o,(ny 1 4)_

For the term Ds, it can be rewritten as

Dy = (Egs — Z Juici-

ZG'DQy

Given Dy, it can be easily to show that

LEaea()

Also based on the fact Egs — go = op(n;1/4), we easily get that D3 = o,(ny

So far, we have

1 1
Iy = — gizfi(g% — Ego) + Dy + Op ( ) .
My z‘ezD;y Ak

Next, we consider the bound for D,. Note that

1 . CNga
Dy=— > Gra(ms — 1) (92 — 9)
Y ieD2y
1 . C\/a _
=— D> (Ghi = g1)(mi — i) (92 — Go) + — LS gha(m— i) (3 — 32)
Y ’iGDQy l€D2y
=: Dy1 + Da2

13



For the term Dy, we have

1 . R 1 . .
Dy = — D (G = g5 (mi = 170) (Goi — g22) + - > (G — gh) (mi = 110:) (92 — Ego)

Y icDy, Y €Dy,

1 . .
+(Eg2 = g2)— > (@t — gh) (ma — ).

Y iEDQy

For the first term,

- Z (91 = g14) (M — 103)(G2s — g2i)

’LE'Dgy
1/2 1/2
. 1 .
< | = Z — g1)*(ms — 1) y Z (921 — 921)?
i Y ieDy, 1€Day
1/2 1/2
1 A 1
s [L S o] [T bonr| -a(k).
|V ieDy, Ty i€Day My

where the last equation holds when E[(1; — m;)*] = o(n,') and El(h; — h)Y = (nJh).

z

Similarly, we can apply the same arguments to the other two terms. Thus, it follows that

Di = o, (%) .

Next, we turn to the term D,. Note that

1
Dyy = . gri(mi — 1) (Gi — Z 9ri(mi — 1) (G2i — goi)
Y 1€D2y zEDzy
3
1 .
+ . Z G1i(mi — ;) (g2 — Ega) + (Egs — Z g1 (mi — 1) =: Z Da;.
Y 1€Day ’LEDQU =1
For the first term Dys1,
[Diz| < — Z |94 (M — 103) (G20 — G24)]
’LEDQy
- 1/2 1/2
1 . 1 .
= (91:)*(my — 1;)? — > (G2 — 921)°
| Y ieDQy 4 iEDQy
- 1/2 1/2
1 1 -
< | 2 TR L 72
S |5 2 (ma = i) o Z (hi — hy)
i ZGDQy ZEDQy

14



Note that under condition 4.3, we have E[(ri; — m;)?| = o(ny'?) and E[(h; — h)?] =
o(n. Y ?). Tt follows that

D 1 ( 1 n 1 >
421 = O — | = o .
8 ml/4ni/ ! g VALV VALZ

Similarly, based on Egy — go = op(nz_l/4) and E[(mh; —m;)?*] = o(ngl/z), it can be easily

obtained that

D 1 . 1
=0 .
423 D \/n_y \/n—z

It follows that

1 1
= m;i)(g2i — Eg2) + 0 ( + ) .

Thus, we can conclude that

1 1
L3 dlon— Ban) + 3l =) g~ B+ 0p (——+ ).
Y ieDy, Y ieDyy, VAL TR VA LS

Similarly, we can get

11
Ip=— Z gun(on — Egr) + — LS s — o) g — Bg) + o, (—_ + f) :
lGDQZ ’LGDQZ ny Mtz

For the term I,3, we have

1 . _\/a _
Lz = o Z(gm — g2i + 92i — Ega + Ega — 32)(91: — g1i + 91 — Eg1 + Egir — 1)
i€Doy

1 1 A 1 R
= > (92 — Eg2)(91i — Eqn) + - D (92 — 920)(1: — Egr) + - > (G1i — 911) (92 — Egn)

1€Do i€Do i€Do

1 . ) 1 . 1
+- > (G2i — 920) (915 — 911) + (Egy — ) > (G2 — g21) + (Eqn — 9 > (92 — Ega)

1€D2 1€D2 1€D2
_ _ 1 . 1
+(Bg1 = 91)(Egz = 32) + (Bg2 = 92) > (G — 9u) + (Bga — g2) > (91— Eqy)
1€D2 1€D2

For the term 1,34,

1/2 1/2
1 1 .
|[n34| < - Z | 922 921 911 911)| > [ Z(gm 92i)2] [ﬁ Z(gli - gu)2]

ZGDQ 1€Do i€Do

1 1/2 1 1/2 . . .
S (i = he)? =Y (hi—m)?| =op| 7 n | =0 ( + > .
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Similarly, it can be easy to show that

1 . _ 1 . _
n Z(gli —gu) = Op(ny 1/4)> and n Z(gm — G2i) = 0p(n; 1/4)-

1€Do 1€Do

Also, based on the facts that Fg; — g1 = op(n;1/4) and Fgy — go = op(n;1/4), it can be
easily to show that

1 . _ _
Liss + Insr + Inss = (Egr — §1)E Z(Q% — g2i) + (Eg1 — 91)(Eg2 — g2)

i€Do

1 1 1
+ (Egs — 2)— (Gri — g1i) = 0p ( + > :
S

Further, note that

1 - 1 )
n Z(g% — Egs) = Oy(n”"/?), and n Z(gli — Egi) = Oy(n~'"?),

1€Do 1€Do

which implies that

1 1 1 1
L + Inso = (Egi — g1)— (920 — Eg2) + (Eg2 — G2)— (91i — Eg1) = 0y ( + ) .
n iez’% n iez,; Vg /T

Note that by the Taylor series expansion

1 .
T30 = E Z(in - 92i)(91z‘ - Egl)

i€Do
1 ~
~n Z hi)(g1i — Eg1) + Oy (g Z(hz — hi)*(gri — Egl))
1€D2 1€Dg
= - Z 927, glz Egl) + Op (%) .
zE'DQ z

The last equation holds when E[(h; — h;)*] = o(n;') and condition 4.2 are satisfied. Simi-

larly, we can get

1 .
I35 = ﬁ Z(gli - gli)(gzi - Egz)

i€Do
1 .
=— Z 91 Ng2i — Eg2) + Oy (E > (s —ma)*(gai — Egz))
ZEDQ 1€Do
~n Z 91 )(g2i — Eg2) + 0y (%) -
IGDQ Yy



Based on the above results, we can conclude that

1
L= — Z Gri€i(g2i — Ega) + — Z 92i11(91 — Egr) + — = (92 — Ego)(91i — Egn)
ZGDzy Z i€Ds, i€Do
1 “
+— Y ghi(hi — hi) (g1 — Eqn) + Z i (h )(g1i — Eg1)
? i€Da. ZEDQ
F S om0~ Bgo) -3 Bg+ oy (= + )
— g1;\My — My )(g2; — 92 911 922 g2 Op | ——
" ieD,, "D, AL VALE

Denote

Z Gai(h )(g1i — Egr) + Zgzz )91 — Egr).

Z i€Ds, IEDQ

Further let [; = gél(fzZ — hi)(g1: — Eg1). Note that

D S D I B W

ZEDQ ? i€Do, z 1€D2 /D2, ? i€Da,

Similarly as the discussion in the proof of Theorem 3, it can be obtained that E(R;) = 0,

and

Var(Ry) < 20— n.)” ( L i) E@®).

n? n—mn, n,
Note that Fl? = o(1), we then derive that

1
Z 921 (g1 — Egu) + Z 921 i — Egr) = Op (\/n_) .

1€D2o, Z€D2

Z

Similarly, we can show that

1
— Z gri(m; — 1) (g2 — Ega) + Z gu(m )(92i — Ega) = 0, < > :

ZEDQU ZEDQ

Thus, we have

I,=— Z drici(gei — Bga) + — Z 9in(g1i — Egr)

zeDzy M 1€D2,

1 1
+—= > (920 — Eg2)(g1i — Eg1) + o (— + ) :
n Z% P\, V.

Similarly for I}, we have:

L= — Z dhici(g2i — Bga) + — Z G — Egr)

z€’D1y s 1€D1,

1 1
+ = (920 — Eg2)(91s — Eg1) + o ( + ) .
n z; g V ny V n,
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Based on the above results, we can conclude that

1 , 1 , 1
Iy =~ D Ghiciloz — Bgo) + <= > gwan(9ui — Egr) + 5 D (92 — Eg2) (91 — En)

Y iep, % ieD, i€D
- L,
ol —+——1.
"\VN, VN,
Given the asymptotic results of I, we can get the results of p; by using similar argu-

ments of the proof of Theorem 5 and thus omitted here.
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