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Abstract

We investigate the global existence of mild solutions for Cauchy problem to
a class of non-autonomous stochastic evolution equations with additive noise,
where the operators in linear part depend on time ¢ and generate compact
evolution family. Finally, we provide an illustrative example of practical sig-
nificance to show the practical usefulness of the theoretical results that are
obtained in this paper. The results obtained in this paper are supplement
to the existing literature and essentially extend some existing results in this

area.
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1 Introduction

The aim of this paper is to investigate the global existence of mild solutions for
Cauchy problem to the following non-autonomous stochastic evolution equations
with additive noise

du(t) — A(t)u(t)dt = f(t,u(t))dt + F(t,u(t))dW(t), t >0,

(1.1)
u(0) = g
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in the real separable Hilbert space H, where A(t) is a family of linear operators
depending on time and having the domains D(A(t)) for every ¢ € [0,+00), and
{A(t) : t > 0} generates a compact evolution family {U(¢,s) : t > s > 0}, the state
u(-) takes values in the real separable Hilbert space H with inner product (-,-) and
norm || - ||. Let K be another separable Hilbert space with inner product (-,)x and
norm || - [|[x. Assume that {W(¢) : ¢ > 0} is a cylindrical K-valued Wiener process
with a finite trace nuclear covariance operator () > 0 defined on a filtered complete
probability space (€2, F,{F:}i>0,P). We are also employing the same notation || - ||
for the norm of £(K,H), which denotes the space of all bounded linear operators
from K into H. We denote by L(H) = L(H,H). f : [0,400) x H — H and
F :[0,4+00) x H — L(K,H) are continuous nonlinear functions, ug € L*($2, H).
The theory of stochastic differential and integro-differential equations have at-
tracted great interest in recent years because of their practical applications in many
areas such as physics, chemistry, economics, social sciences, finance and other areas
of science and engineering. For more details about stochastic differential equations
we refer to the books by Da Prato and Zabczyk [6], Grecksch and Tudor [7], Liu [9],
Mao [10] and Sobczyk [14]. One of the branches of stochastic differential equations
is the theory of stochastic evolution equations. Since semilinear stochastic evolution
equations are abstract formulations for many problems arising in the domain of engi-
neering technology, biology and economic system etc., stochastic evolution equations
have attracted increasing attention in recent years and the existence, uniqueness and
asymptotic bahavior of mild solutions to stochastic evolution equations have been
considered by many authors. In 2002, Taniguchi, Liu and Truman [15] discussed the
existence, uniqueness, p-th moment and almost sure Lyapunov exponents of mild
solutions to a class of autonomous stochastic partial functional differential equations
with finite delays by using semigroup methods. By introducing a suitable metric
between the transition probability functions of mild solutions, Bao, Hou and Yuan
[2] obtained the exponential stability of mild solutions to a class of autonomous
stochastic partial differential equations in 2010. In 2011, Ren, Zhou and Chen [12]
established the existence, uniqueness and stability of mild solutions for a class of
time-dependent autonomous stochastic evolution equations with poisson jumps and
infinite delay under non-Lipschitz condition. In 2016, Sakthivel, Ren, Debbouche
and Mahmudov [13] investigated the approximate controllability of fractional au-
tonomous stochastic differential inclusions with nonlocal conditions with the help of
the fixed point theorem for multi-valued operators and fractional calculus. Later, by
establishing a suffcient condition for judging the relative compactness of a class of
abstract continuous family of functions on infinite intervals, Chen, Abdelmonem and



Li [3] obtained the global existence, uniqueness and asymptotic stability of mild so-
lutions for a class of nonlinear autonomous evolution equations with nonlocal initial
conditions on infinite interval by using stochastic analysis theory, analytic semigroup
theory, relevant fixed point theory and the well known Gronwall-Bellman type in-
equality. Recently, Zhang et al. [4] and [16] considered the exitence of mild solutions
for Cauchy problem to stochastic non-autonomous evolution equations governed by
noncompact evolution family by using fixed point theory.

However, we observed that most of the existing articles are only devoted to in-
vestigating the well-posedness for autonomous stochastic evolution equations, up
until now the existence of saturated mild solutions and global mild solutions for
non-autonomous stochastic evolution equations in Hilbert spaces have not been
considered in the literature. In addition, it is very significant and interesting to
investigate non-autonomous stochastic evolution equations, i.e., the differential op-
erators in the linear parts of the considered problems are dependent about time
variable t. Therefore, we will close this gap and continue to investigate the exis-
tence of saturated mild solutions and global mild solutions for Cauchy problem (1.1)
to non-autonomous stochastic evolution equations with additive noise and compact
evolution family.

2 Preliminaries

Throughout the paper, we assume that {A(¢) : ¢ > 0} is a family of closed and
densely defined operator on Hilbert space H, which satisfies the following well-known
” Acquistapace-Terreni” conditions, which can be find in Acquistapace and Terreni

1].

(I) There exist constants Ao > 0, a € (3, 7) and M; > 0 such that X, U {0} C
p(A(t) — Ao) and for all A € ¥, U {0} and t > 0,

My
1+ A

IR, A(t) — o)l camy <

(IT) There exist constants My > 0 and 0y, 05 € (0, 1] with 6; + 65 > 1 such that for
all A eX,andt > s >0,

M2|t — S|91

(AG) = X0 RO () = )[R, A1) = RO, Al < =157



where

Sa = {AeC\ {0} : |\ < a).

Conditions (I) and (II), which are initiated by Acquistapace and Terreni [1] for
Ao = 0, are well understood and widely used in the literature. Under the above
conditions (I) and (II), the family {A(¢) : ¢ > 0} generates a unique linear evolution
system, or called linear evolution family, {U(¢,s) : t > s > 0}.

Lemma 2.1.(/1]) The family of the linear operator {U(t,s) : t > s > 0} satisfies
the following properties:

(1) U(t,rU(r,s) =U(t,s), U(t,t) =1 fort >r >s>0;

(2) The map (t,s) — U(t, s)x is continuous for all v € H and t > s > 0;

(3) U(-,s) € C((s,00), B(H)), b = At)u(t,s) for t > s, and || AU

)
t,s)| <M(Et—s) " for0<t—s<1andk=0,1;

(4) 2Lt — _1(t,5)A(s)a fort > s and x € D(A(s)) with A(s)z € D(A(s)).

From the property (3) we know that
Ut s)|lpa < M for t>s>0, M > 0is a constant. (2.1)

Let H and K be two real separable Hilbert spaces, we denote by (-,-) and (-, -)x
their inner products, and by || - || and [ - [k their vector norms, respectively. We
use 6 to present the zero element in H. We denote by B(H) the Banach space of all
linear and bounded operators on H endowed with the topology defined by operator
norm. In this paper, we assume that (2, F, {F;}i>0,P) is a complete filtered proba-
bility space satisfying the usual condition, which means that the filtration is a right
continuous increasing family and Fy contains all P-null sets of F. Let {ex, k € N}
be a complete orthonormal basis of K. Suppose that {W(¢) : ¢ > 0} is a cylindrical
K-valued Wiener process defined on the probability space (2, F,{F:}i>0, P) with a

finite trace nuclear covariance operator Q > 0, denote Tr(Q)= > A\ = A < o0,
k=1

which satisfies that Qe, = Arer, k € N. Let {W(¢),k € N} be a gequence of one-
dimensional standard Wiener processes mutually independent on (§2, F, {F; }+>0, P)
such that

W(t) = VAWi(t)es.
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We further assume that F; = 0{W(s), 0 < s <t} is the o-algebra generated by W
and F, = F. For ¢, ¥ € B(K,H), we define (¢,?) =Tr(eQv*) , where 1* is the
adjoint of the operator 1. Clearly, for any bounded operator ¢ € B(K, H),

1013 = Tr(wQu™) =Y IV Mex]|.
k=1

If ||]|3 < oo, then ¢ is called a Q-Hilbert-Schmidt operator. The collection
of all strongly-measurable, square-integrable H-valued random variables, denoted
L?(2, H), which is a Banach space equipped with the norm

lu()llzz = (Ellu(-, W)[*)z,

where the expectation E is defined by

Eu = / u(W)dP.
0
An important subspace of L?(Q, H) is given by
L3(Q,H) = {u € L*(Q, H) : u is Fy-measurable}.

In what follows, we denote by I the closed and bounded subinterval of [0, +00) and

by C(I, L*(2,H)) the space of all continuous Fi-adapted measurable processes from

I to L*(Q, H) satisfying sup E|lu(t)||* < oo. Then it is easy to see that C'(I, L*($2, H))
tel

is a Banach space endowed with the supnorm

lulle = (supEflu(t)|?)*
tel

Lemma 2.2.(/5]) If F : I x H — B(K,H) is continuous and v € C'(I, L*(2,H)),

then
2

|

/memﬂww

1

gfmm[mwwmew

Definition 2.1. An F;-adapted stochastic process u : [0, +00) — H is called a mild
solution of Cauchy problem (1.1) if u(t) € H has cddldg paths ont € [0, +00) almost
surely and for each t € [0,400), u(t) P-almost surely satisfies the integral equation

u(t) = U(t, 0)ug —|—/0 U(t,s)f(s,u(s))ds +/0 U(t, s)F(s,u(s))dW(s).



3 Main results

Theorem 3.1. Assume that the evolution family {U(t,s) :t > s > 0} generated by
{A(t) : t > 0} is compact and the following assumption

(H1) The function f : [0,+00) x H — H and F : [0,+00) x H — B(K,H) are
continuous and the sets {E|| f(t,u(t))||* : t € I} and {E||F(t,u(t))|?:t € I}
are bounded for any bounded {E|[u(t)]|*},

is satisfied. Then Cauchy problem (1.1) has at least one saturated mild solution u

on a mazimal interval of existence [0,T,,). If T,, < o0, then lim E|u(t)|* = +oo.
t—T,

Proof. We firstly prove the local existence of mild solutions for the Cauchy prob-
lem to the following non-autonomous stochastic evolution equations of parabolic
type with arbitrary initial time ¢y € [0, 00) and arbitrary initial value zo € L?*(£2,H)

du(t) — A(tyu(t)dt = F(t,u(t))dt + F(t, u(t))dW(t), t> to,
(3.1)
U(to) = 29

on interval [to,to + h], where h = h(to,E||zo*) > 0 is a constant will be specified
later. For t € [tg,to + h], consider the operator Q : C([to,to + h], L*(Q, H)) —
C([to, to + h], L*(Q, H)) defined by

t

t
(Qu)(t) =U(t, to)xo +/ U(t,s)f(s,u(s))ds +/ U(t,s)F(s,u(s))dW(s). (3.2)
to to

From Definition 2.1, it is easy to see that the mild solution of Cauchy problem
(3.1) on [to,to + h] is equivalent to the fixed point of the operator F defined by
(3.2). Furthermore, from the continuity of nonlinear functions f and F one can
easily see that the operator Q : C([to, to + h], L*(Q, H)) — C([to, to + h], L*(2,H))
is continuous. In what follows, we will prove that the operator Q has at least one
fixed point by applying Schauder’s fixed point theorem. Denote

R(ty) = 3M?(2E||xo|> + 1),

Mylt) = s {EIfEu®)? : Elu)| < R(t)
Mr(to) = sup {E|F(tu®)? : Bl < Rt}

to<t<to+1



We firstly prove that the operator Q defined by (3.2) maps the bounded closed
convex set

Br(t,) = {u € C([to, to + h], L*(Q, H)) : Ellu(t)||* < R(to), t € [to, to + 1]}

into itself. Let

B[ + 1 }
" My(to) + Tr(Q)Mp(to) )

For any u € Bpy,) and t € [to, 1o + h], by (2.1), (3.2), the assumption (H1), Lemma
2.1 and Lemma 2.2, we have

h = h (to, E||zo[*) := min {1

2

BIQuOIF < 3B t)aol? + 38| [ Ult,)7(s.ul)ds

x| [ ate s, uonancs|

IA

t
3MPE] || + 3M° / E||f (s, u(s)) |%ds

to

L3TY(Q)M? / E|F (s, u(s))|?ds

to

IA

BMPE| x| + 3M?*[M(to) + Tr(Q)Mp(to)]h
< R(to).

Therefore, Qu € Bp,). Hence, we proved that Q : Bpr,) — Br,) is a continuous
operator.

In what follows, we demonstrate that the operator Q : Bg,) — Bp,) is com-
pact. To prove this, we first show that {(Qu)(t) : u € Bpg,)} is relatively compact in
H for every t € [to, to+h]. It is easy to see that the set {(Qu)(to) : v € Bruy)} = {%o}
is relatively compact in H. Let 5 <t < {y + h be given, 0 < e <t and u € Bpgy),
we define the operator Q€ by

(Qu)(t) = u<t,t0)xo+u@,t—§>U(t—§,t—e) /tOEU(t—E,s)f(s,u(s))ds

Ut - SU(E— 51— o) / U= e 5) P (s u(s)dAW(s).  (3.3)

to
Since U(t,t — 5) € B(H) and U(t — §,t — €) is compact in H, the set {(Qgu)(t) : u €
Brt)} is relatively compact in H for every € € (0,¢) and ty < t <ty + h. Moreover,
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for every u € Bry,) and to <t <ty + h, by (2.1), (3.2), (3.3) the assumption (H1),
Lemma 2.1 and Lemma 2.2, we get that

E[[(Q“u)(t) — (Qu)(®)|I*

IN

ZEHL{(t,t - g)Z/l(t - g,t —€) /t:_EU(t —€,5)f(s,u(s))ds

_/tl/{(t,s)f(s,u(s))dsHQ

to

b (- St e)/_EZ/{(t — e, 8)F(s, uls))dW(s)

/Z/{ts s, u(s ))dW(s) 0

< 2MP[Mg(to) + Tr(Q)Mg(to)]e

— 0 as e€—0.

Hence, we have proved that there are relatively compact set {(Q“u)(t) : v € Br,)}
arbitrarily close to the set {(Qu)(t) : v € Bry,} for tg <t < to + h, this means
that the set {(Qu)(t) : u € Bpg,)} is relatively compact in H for ty < t < to + h.
Therefore, {(Qu)(t) : u € Bp,)} is relatively compact in H for to <t <ty + h.

At least, we show that {Qu : u € Bp,)} is a family of equicontinuous functions
in C([to, to + h], L*(2, H)). For any u € By and to < ' < t” < to+ h, by (2.1),
(3.2), the assumption (H1), Lemma 2.1 and Lemma 2.2, we have

E[(Qu)(t") — (Qu)(t)|I* < SE[[U(t", to) — U(t', to)]zo”

+5E / U, s) — U, )] (s, u(s))ds|| U, s) f(s,u(s))ds|

to

2

+5E / U, s) — U, $)]F(s, u(s))dW(s)

to

2

+5E /t/ U(L", s)F(s,u(s))dW(s)

BE[[[U(t",t0) — U(¥ ,t0)]zo]”

IN

15 / U 5) — UGt $)|PEIf (s uls)) [2ds + 50 / E|| (s, u(s)|*ds



+5Tr(Q) / A", ) = U, ) IPE] F (s, u(s))[*ds

to

t//

F5TR(Q)M? / E|[F (s, u(s))|2ds

v
= S+ L+ I+ i+ Js

In order to prove that E[[(Qu)(t") — (Qu)(')||* — 0 as t” — ¢ — 0, we only need to

check J; — 0 independently of u € Bg(,) when t" —¢' — 0 fori =1,2,---,5.

For Ji, by the compactness of the evolution family U(t, s) one can easily get that

J—0ast’' —t' = 0.

For ¢! =0, 0 < t”" <ty+ h, it is easy to see that J, = J, = 0. For 0 <t <ty+h

and arbitrary 0 < 0 < t/, by (2.1), the compactness of the evolution family U(t, s),

the assumption (H1) and the arbitrariness of §, we get that

t'—6
5 < 5/ WU ) — U, )M (t)ds
0

t/
+5/ U@’ s) — U, s)||2Mf(t0)ds
7

< sup |U(t",s) = U, 8) ) - 5M(to) (1" — 0) + 10M? My(to)s
s€[0,t"—4]

— 0 as " —t =0 and §— 0,

and

Jy

IN

5Tr(Q) / U 5) — U )] Mr(to)ds

t/

+51(Q) |

t—

U, s) — U, s)||*Mp(ty)ds
5

IN

sup [[U(t",s) = U, 5) |l - 5T(Q) M (to) (¢ — 0)

s€[0,t’ 4]
+10Tr(Q)M?>Mp(to)6

— 0 as t"—t =0 and §— 0.
For J; and Js, by the assumption (H1), we get that
Js = SM*M;(to)t" —t)—=0 as t'—t =0
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and
Js = STr(Q)M*Mp(te)t" —t) =0 as ' —t —0.

As a result, we have proved that E||(Qu)(t”) — (Qu)(¥')||*> — 0 independently of
u € Bpgy) as t" —t" — 0, which means that the operator Q : Bgruy) — Bry)
is equicontinuous. Hence, combined with the Arzela-Ascoli theorem one gets that
Q : Briy) — Bry) is a compact operator. Therefore, by Schauder’s fixed point
theorem we know that Q has at least one fixed point u € Bg(,), which is in turn a
mild solution of Cauchy problem (3.1) on [tg, o + h].

Therefore, by the local existence of mild solutions we have just proved, we know
that there exists a constant 0 < hg < 1 such that Cauchy problem (1.1) exists a mild
solution u € C([0, hol, L*(Q, H)) on interval [0, hg]. Moreover, u can be extended to
a large interval [0, hg + hi] with 0 < hy < 1 by defining u(t) = v(t) on [ho, ho + h1],
where v(t) is the mild solution of the following Cauchy problem to non-autonomous
stochastic evolution equations of parabolic type

dv(t) — A(o(t)dt = f(t,0(t))dt + F(t,v(t))dW(t), ho <t < ho+ hy,

U(ho) = U(h0)7

where hy depends only on E|[u(hg)||?, M;(ho), Mr(ho) and R(hg). Hence, repeating
the above procedure and using the methods of steps, we can prove that u can be
extended to a maximal existence interval [0, T,,), namely u € C([0,T,,), L*(2, H))
is a saturated mild solution of Cauchy problem (1.1).

At last, using a completely similar method with which used in the proof of [16,
Theorem 4.1], one can prove that the saturated mild solution u of Cauchy problem
(1.1) blows up in finite time, i.e., if T}, < +oo, then lim E|u(t)||* = +o0o. This

Pt

—Tm

completes the proof of Theorem 3.1. a
Next, we investigate the global existence of mild solutions to Cauchy problem

(1.1).

Theorem 3.2. Assume that the evolution family {U(t,s) :t > s > 0} generated by

{A(t) : t > 0} is compact and the following assumption

(H2) The function f : [0,+00) x H — H and F : [0,+00) x H — B(K,H) are
continuous and there exist functions oy, Bf, ar, fr € C([0,+00),[0,400))
such that

El|f(t, u(t)|* < ayOElu®)|* + B¢(t) for t>0andu € H,
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E||F(t,u®)|? < ar®)E|u®)|? + Br(t) for t>0anduc H,

is satisfied. Then Cauchy problem (1.1) has at least one global mild solution u €
C([0, +00), L(9, H)).

Proof. From the continuity of the functions ay, 8¢, ar and B one can easily
see that the assumption (H2) implies (H1). Therefore, by Theorem 3.1 we know
that Cauchy problem (1.1) has at least one saturated mild solution « on a maximal
interval of existence [0,7,,). If T,, = +oo, then the result has been proved. If
T, < 400, by the proof process of Theorem 3.1 we know that Cauchy problem (1.1)
has a global mild solution if E||u(t)||* < 400 for every ¢ in the interval of existence
of mild solution u. Hence, in order to prove Theorem 3.2 we only need to prove
Ellu(t)]|* < 400 for every t € [0,T,,) with T, < 400. Denote

a = max_oy(t), = max [f(t),

te[0,Tm] te[0,Tm]
a= max arp(t), 5 tg(l)j};]ﬁp( )

By (2.1), Lemma 2.1, Lemma 2.2, Definition 2.1 and the assumption (H2) one gets
that that for any ¢ € [0,T,,),

Elu@)|? < 3E||L{(t,0)u0||2+3]EH/Otu(t,S)f(S,U(S))dSW

2

+38] /0 UL $)F (s, u(s))dW(s)

VAN

t
SMCE|uol + 307 | B (s, uls)|fds
0

+3TH(Q) M /0 E||F (s, u(s))|%ds

IA

BMP[Euol” + (8 + Tr(Q)B)T;n]

+3M2(a + TH(Q)@) /0 E[u(s) |2ds.

Therefore, the above inequality combined with the well-known Gronwall-Bellman
type inequality we know that

El|u(?)|? < [3M2[E||uo||2 (8 +TH(Q)B) Tm]]egMz(a+Tr(Q>a)Tm e

for t € [0,T,,). This completes the proof of Theorem 3.2. O
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4 An example

In this section, we provide a concrete example to illustrate the practical useful-
ness of our theoretical results established in the preceding sections.

Example 4.1. Consider the following one dimensional non-autonomous stochastic
partial differential equation of parabolic type

%u(z, t) — %u(m,t) —Tsint - u(x,t) = f(x, t,u(z,t))

FF (6 u(z, ) T8 e (0, 1),

(4.1)
u(0,t) = u(1,t) =0, te][0,+00),

u(z,0) = up(z), z€(0,1),

where W(t) denotes a one-dimensional standard cylindrical Wiener process defined
on a stochastic space (0, F,{Fi} >0, P), uo € L*(2, L*(0,1;R)),

f(z,t,u(z,t)) = cos(mt)u(z,t), F(z,t,u(z,t)) =

Let H = L*(0,1;R) be a real Hilbert space with the L?>-norm || - ||» defined by

1 1
fule= ([ luw)Pde)’, Vue 20.1:%)

and inner product (-,-) defined by
1
(u,v) = / u(x)v(x)de, Y u,v € L*(0,1;R).
0

Consider the operator B on H defined by

32

Bu:aQ—xu

(4.2)
with domain
D(B) = {u € L*(0,1;R), v” € L*(0,1;R) and u(0) = u(1) = 0}.

It is well known from Pazy [11] that B generates a compact and analytic Cp-
semigroup in L?(0,1;R), B has a discrete spectrum, and its eigenvalues are —n?m?,

n € N* with the corresponding normalized eigenvectors v, (x) = v/2sin(nmz).
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Define the operator A(t) on H by
A(t)u = Bu+ Tsint - u (4.3)

with domain

D(A(t)) = D(B), te |0, +00).

It follows from [11, Lemma 6.1 in Chapter 7] that there are constants o € (3, 7)
and M; > 0 such that A(t) satisfy the Acquistapace and Terreni condition (I).
Furthermore, by again [11, Lemma 6.1 in Chapter 7] together with continuously
differentiable of coefficient 7 sin ¢ one know that there exist constants M, > 0 and 64,
05 € (0, 1] with 6; + 05 > 1 such that for all A € ¥, and ¢ > s > 0, the Acquistapace
and Terreni condition (II) is satisfied. Therefore, the family {A(¢) : ¢ > 0} generates
an strongly continuous evolution family {U(t,s) : ¢t > s > 0} defined by

U, s)u = Ze‘"QWZ(t_S)Jrf;m“TdT(u, Up)Up, t>52>0, ueH,

n=1

A direct calculation gives

which means that
M = sup ||U(t,s)||pm) = 1. (4.4)

t>5>0

Note also from [8] that, for each ¢, s € [0,+00) with ¢ > s, the evolution family
U(t, s) is a nuclear operator, which implies the compactness of U(t, s) for t > s.

Let u(t) = u(-, 1), f(t,u(t)) = cos(xthu(-,1), F(t,u(t)) = 7552, uo = uo(-).
Then the one dimensional non-autonomous stochastic partial differential equation
of parabolic type (4.1) can be rewritten into the abstract form of Cauchy problem
(1.1) in L*(0, 1;R).

Theorem 4.1. The one dimensional non-autonomous stochastic partial differential
equation of parabolic type (4.1) has at least one global mild solution u € C([0,1] x
[0, +00)).

Proof. By the definition of nonlinear functions f and F', we can easily to verify
that the assumption (H2) hold with

a(t) = cos?(mt), ap(t) = — Bs(t) = Br(t) = 0.



Therefore, all the assumptions of Theorem 3.2 are satisfied. Hence, the one di-
mensional non-autonomous stochastic partial differential equation of parabolic type
(4.1) has at least one global mild solution u € C([0,1] x [0,+00)) due to Theorem
3.2. This completes the proof of Theorem 4.1. O
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