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In the supplementary notes, we detail the proposed SDEvelo method and provide additional

insights into its implementation, including initialization, parameter optimization, and hyper-

parameter settings for the numerical experiments. Furthermore, we elaborate on the simulation

setting details for the SDE-based model and deep dimension reduction (DDR) techniques [1]

for downstream tasks, including pseudo-code of the algorithm, network architectures, SGD

optimizers [2, 3], and hyper-parameter configurations used. In general, we offered an exhaustive

description of the methodologies and computational strategies deployed in SDEvelo, ensuring

clarity and reproducibility.

1 Details for SDEvelo

In this section, we detail the generation of SDE trajectories using the SDEvelo method,

emphasizing the Euler-Maruyama method [4, 5] for simulations. We revisit the SDEvelo model’s

fundamentals, including the training parameters and their biological implications, empirical

objective functions, optimization algorithms like SGD and Adam [6] and the algorithm for

parameter iterations. We further demonstrated parameter initialization, detailed optimization

strategies, and the setting of hyper-parameters in our experiments.

1.1 SDE trajectories from SDEvelo generated by Euler-Maruyama

method

First we revisit our SDEvelo model which characterized the stochastic dynamic kinetics for

multiple genes:
dU(t) = (α(t)− β ⊙U(t))dt+ σ1dB(t),

dS(t) = (β ⊙U (t)− γ ⊙ S(t))dt+ σ2dB(t),
(1)

where, U (t) represents the normalized vector of unspliced mRNA counts, while S(t) denotes the

normalized vector of spliced mRNA counts, both measured across p genes over a shared latent

time t. The dynamic of these vectors is governed by the transcription, splicing, and degradation

rates, denoted by α(t), β, and γ, respectively. Additionally, the model incorporates stochastic

elements through a Wiener process, B(t), to account for intrinsic and extrinsic biological

variability. The parameters σ1 and σ2 quantify the noise levels associated with unspliced and

spliced dynamics, respectively.
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To parameterize the multivariate SDE model and sample the generated trajectories from

the SDE model in the current step l, we utilized several parameters and hyper-parameters to

characterize the dynamic kinetics:

• Function with parameters α(t): The transcription rate function, directly linked to the

transcription dynamics of mRNA reads.

α(t)i =
ci

1 + exp{b(t− a)}
, i = 1, . . . , p. (2)

– Parameter c = (c1, . . . , cp): Represents the transcription rate intensity.

– Parameter a = (a1, . . . , ap): is a vector of the switch time points.

– Hyper-parameter b: A scaling value to control the shape of the Sigmoid function.

• Parameters β and γ: Splicing and degradation rate vectors, crucial for modeling the

transition from spliced to unspliced mRNA and degradation of mRNA.

• Parameter σ1 and σ2: Noise level vectors for unspliced and spliced mRNA reads, capturing

the model’s stochastic nature.

• Parameter u0 and s0: Initial conditions for the unspliced and spliced mRNA dynamics.

• Parameter ushift and sshift: Adjustment parameters for initial conditions u0 and s0,

ensuring stability of SDEvelo model.

• Hyper-parameter h: Step size for numerical Euler-Maruyama method, default set is 0.01

for the discretization of the model.

In practice, we can formulate the iteration for step l with the given parameters, which can

be mathematically expressed as follows:

U (l)(t+ h) = U (l)(t) +

(
c(l)

1 + exp(b · (t− a(l)))
− β(l) ⊙U (l)(t)

)
· h+ σ

(l)
1 ·
√
h ·Z1,

S(l)(t+ h) = S(l)(t) + (β(l) ⊙U (l)(t)− γ(l) ⊙ S(l)(t)) · h+ σ
(l)
2 ·
√
h ·Z2,

where h denotes the Euler-Maruyama discretization step size, and Z1,Z2 ∼ N (0, Ip) are p-

dimensional vectors of independent standard normal random variables representing the intrinsic

and extrinsic stochastic fluctuations in unspliced and spliced mRNA abundance, respectively.

The whole trajectories for unspliced and spliced data in step l were generated from t = 0 to t = 1

with the step size h. Given the initial conditions U (l)(0) = u0 + u
(l)
shift and S(l)(0) = s0 + s

(l)
shift.

We defined the generated whole trajectories as U (l) and S(l) on the step l and used the generated

data to calculate the objective function.

Therefore, the complete set of parameters for step l was defined as:

Θ(l) =
{
c(l),a(l),β(l),γ(l),σ

(l)
1 ,σ

(l)
2 ,u

(l)
shift, s

(l)
shift,u0, s0

}
. (3)

These parameters were critical to update generated trajectories that described the dynamics

of unspliced (U (l)) and spliced (S(l)) mRNA abundance over time, from t = 0 to t = 1, with a

Euler-Maruyama discretization step size h.
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1.2 Objective function and parameters updates

We aim to estimate Θ(l) by minimizing the empirical MMD objective, which is a measure of

the distributional discrepancy between the generated trajectories and the real data samples. In

step l, the MMD loss with incorporating a kernel trick was formulated as:

LMMD2(Θ(l)) =
1

Ng
2

Ng∑
i=1

Ng∑
i′=1

k
(
gi(Θ

(l)), gi′(Θ
(l))

)
− 2

NgNr

Ng∑
i=1

Nr∑
j=1

k
(
gi(Θ

(l)), rj
)

+
1

Nr
2

Nr∑
j=1

Nr∑
j′=1

k (rj, rj′) .

(4)

where:

• G(Θ(l)) = {gi(Θ(l))}Ngi=1 = {[U
(l)
i· ,S

(l)
i· ]}

Ng
i=1 is defined as the collection of sample vectors

obtained from the trajectories of SDE at the lth iteration; similarly, R = {rj}Nrj=1 =

{[UR
j·,S

R
j·]}Nrj=1 represents the set of real data samples.

• Each gi ∈ R2p is a vector which concatenates generated unspliced and spliced data for p

genes in the ith cell. Likewise, each rj in R2p is a vector representing the real data for

the corresponding genes.

• For the kernel function k, we employed as k (x, x′) =
∑K

q=1 exp
(
− 1

2wq
|x− x′|2

)
, which

integrated different bandwidth parameters wq to capture the diverse scales of the data

distribution effectively.

The goal function for SDEvelo is defined as LMMD

(
Θ(l)

)
=

√
LMMD2 (Θ(l)), which aims to

optimize the SDE trajectories.

Given the differentiable nature of the MMD loss function (4), we employ SGD to efficiently

estimate the parameters Θ(l). The update form at lth-iteration for each parameter θ ∈ Θ(l) can

be mathematically expressed as follows:

θ(l+1) = θ(l) − η · ∇θLMMD(Θ
(l)), (5)

where:

• θ(l+1) and θ(l) are the values of the parameter θ after and before the update, respectively.

• η represents a positive scalar learning rate, indicating the step size in the direction of the

negative gradient.

• ∇θLMMD(Θ
(l)) denotes the gradient of the MMD loss function with respect to the

parameter θ at iteration l, implemented by the backpropagation algorithm using the

PyTorch platform.
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To improve parameter optimization for the complex transcription dynamics, we employed

the Adam optimization algorithm. Adam has ability to enhance parameter-specific learning

rates through estimating gradient moments, accelerating convergence and further mitigate

the need for a constant learning rate. The update for Θ(l) with Adam at iteration l can be

expressed as:

ι
(l+1)
θ = τ1 · ι(l)θ + (1− τ1) · ∇θLMMD(Θ

(l)), (6)

ϑ
(l+1)
θ = τ2 · ϑ(l)

θ + (1− τ2) ·
(
∇θLMMD(Θ

(l))
)2

, (7)

ι̂θ =
ι
(l+1)
θ

1− τ l+1
1

, (8)

ϑ̂θ =
ϑ
(l+1)
θ

1− τ l+1
2

, (9)

θ(l+1) = θ(l) − η√
ϑ̂θ + ϵ

· ι̂θ, (10)

where:

• ι
(l)
θ and ϑ

(l)
θ are estimates of the first moment (the mean) and the second moment (the

uncentered variance) of the gradients, respectively.

• τ1 and τ2 are exponential decay rates for these moment estimates, typically close to 1.

• ι̂θ and ϑ̂θ are bias-corrected versions of ι
(l+1)
θ and ϑ

(l+1)
θ , respectively.

• η is the positive learning rate, and ϵ is a small scalar to improve numerical stability.

In practice, we employed values as τ1 = 0.9, τ2 = 0.999, and ϵ = 10−8 in all numerical

experiments, providing a trade-off between momentum and adaptability.

1.3 Algorithm for SDEvelo

This subsection introduces the SDEvelo algorithm with the pseudo-code. It includes initializa-

tion, SDE trajectory simulation with the Euler-Maruyama method, parameter optimization

through MMD loss minimization, and Adam optimizer updates, iterating to update parameters.

The pseudo-code for the SDEvelo algorithm is given below:

Pseudo-code for the SDEvelo algorithm

• Input real samples of unspliced and spliced mRNA abundance for n cells and p genes:

{UR,SR}. Tuning hyper-parameters: learning rate η, weight decay rates τ1, τ2, scaling

vector b, Euler-Maruyama discretization step size h.

• Initialization:

– Initialize parameters Θ(0) = {c(0),a(0),β(0),γ(0),σ
(0)
1 ,σ

(0)
2 ,u

(0)
shift, s

(0)
shift,u0, s0}.

– Set initial conditions U (0)(0) = u0 + u
(0)
shift and S(0)(0) = s0 + s

(0)
shift.

• For each iteration l until convergence:
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– Simulate {U (l)(t),S(l)(t)} using Euler-Maruyama method based on current Θ(l).

– Calculate MMD loss LMMD(Θ
(l)) using Equation (4).

– Parameter update using SGD or Adam:

∗ Calculate gradients ∇θLMMD(Θ
(l)) for each θ ∈ Θ(l).

∗ Update Θ(l+1) using Adam optimizers with gradients, learning rate η, and weight

decay rates τ1, τ2.

– Update parameters in Θ(l+1) by clipping the values.

• End of iteration

• Output optimized parameters Θ(L) = {c(L),a(L),β(L),γ(L),σ
(L)
1 ,σ

(L)
2 ,u

(L)
shift, s

(L)
shift,u0, s0}

and fitted mRNA dynamics {U (L)(t),S(L)(t)}.

1.4 Implementation details for SDEvelo

In this subsection, we presented the implementation details of SDEvelo, including parameter

initialization, optimization strategies, and dataset details. It includes parameter summaries,

initialization strategies, and optimization approaches, focusing on computational efficiency

and model accuracy. We also elaborated the techniques involved during the training process,

including subsampling, mini-batch techniques, and the optimizer scheduler for computational

efficiency. We further summarized the dataset details for clarity, covering species platform, and

running time costs.

Subsampling and mini batch. In the pipeline of SDEvelo, we randomly subsampled

5, 000 cells as input of the parameter updating process to enhance the computational stability

and efficiency. During the training process, we used the mini batch with default size 200 to

ensure computational efficiency and alleviate the requirement for the memory usage.

Initialization. We initialized transcription-splicing-degradation rate as c(0) = β(0) = γ(0) =

maxrow
(
UR

)
, and noise levels for unspliced and spliced stochastic process as σ1 = σ2 = 0.011p.

For the switch time point, we initialized

a(0) =

∑n
i=1 1

(
Ui > Siβ

⊤
robust

)
ncell

,

where βrobust represents the slope of robust quantile regression fitting the 5th and 95th

percentiles.

For each gene j, we calculated the Euclidean distance dij of each cell i ’s spliced and

unspliced counts from the origin:

dij =
√

s2ij + u2
ij, ∀i ∈ {1, 2, . . . , n} , j ∈ {1, 2, . . . , p} .

For each gene j, find the cell i∗j that corresponds to the minimum Euclidean distance:

i∗j = arg
i
mindij, ∀j ∈ {1, 2, . . . , p} .

For each gene j, we initialized s0j and u0j as:

s0j = si∗j j and u0j = ui∗j j, ∀j ∈ {1, 2, . . . , p} .
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Thus, the corresponding initialization s0 = [s01, s02, . . . , s0p]
T and u0 = [u01,u02, . . . ,u0p]

T

were obtained. In summary, the details of initialization for other parameters and default values

of hyper parameters can be found in Table S1 and Table S2, respectively.

Table S1: Summary of SDEvelo parameters and their initialization and optimization

Parameter Description Initialization Optimization Clipping

a Switch time point
∑ncell
i=1 1(Ui>Siβ⊤

robust)
ncell

Adam (0.1) [0.1, 1]

c Transcription rate maxrow
(
UR

)
Adam (0.5) [0.01, 1000]

β Splicing rate maxrow
(
UR

)
Adam (0.5) [0.01, 1000]

γ Degradation rate maxrow
(
UR

)
Adam (0.5) [0.01, 100]

σ1, σ2 Noise levels 0.011p Adam (0.1) [0.01, 10]

ushift, sshift Adjustments for initial conditions Zeros Adam (0.1) [−10, 10]

Table S2: Summary of SDEvelo’s hyper parameters

Parameter Description Default value

b Scaling hyper parameter to control the Sigmoid shape 100

h Step size of the Euler-Maruyama discretization 0.01

Optimization. In our model, we utilized the Adam optimizer with an initial learning rates

listed in Table S1. To refine the optimization, we applied a torch.optim.lr scheduler.MultiStepLR

function scheduler with a milestone at the 200-th epoch, where the learning rate will be reduced

to 10% of the current rate when updating
{
c(l),β(l),γ(l)

}
.

Velocity calculation. The observed unspliced and spliced mRNA data are directly utilized,

and noise is introduced to reflect the stochastic nature of biological systems, the RNA velocity

at iteration L is calculated by:

RNA Velocity =
(
URβ(L)⊤ − SRγ(L)⊤

)
· h+ σ2

(L)
√
h ·Z,

where h denotes the Euler-Maruyama discretization step size, and Z ∼ N (0, In×p).

Datasets. Table S3 outlines the characteristics of the datasets used in this study, including

data species, sequencing platforms, dataset dimensions as input of SDEvelo, applied dimension

reduction (DR) techniques, and processing times with the proposed SDEvelo pipeline.

2 Simulated gene dynamics using an SDE-Based model

In this section, we introduce SDe-based model to simulate dynamics, including formulation for

unspliced and spliced mRNA and settings of parameter distributions in the simulation setting.

2.1 Model formulation

First, we revisit our simulated SDE model. For each gene i within a single cell trajectory k,

the temporal dynamics are characterized by the levels of unspliced mRNA, Ui,k(t), and spliced
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Table S3: Summary of datasets and their characteristics

Dataset Species Platform Dimension DR Time

PBMC Human 10x Genomics 65, 877× 601 t-SNE 780 seconds

HCC1 Human Visium 2, 982× 1, 985 PCA 606 seconds

HCC2 Human Visium 1, 334× 1, 985 PCA 309 seconds

HCC3 Human Visium 2, 732× 1, 985 PCA 574 seconds

HCC4 Human Visium 2, 764× 1, 985 PCA 405 seconds

Reprogramming Mouse 10x Genomics 85, 010× 2, 000 PCA 798 seconds

Erythroid Mouse 10x Genomics 9, 815× 2, 000 UMAP 1, 156 seconds

mRNA, Si,k(t), governed by the following SDEs:

dUi,k(t) =

(
ci

1 + exp(−b · (t− ai))
− βiUi,k(t)

)
dt+ σ1,i

√
dt · ξ1,i,k(t),

dSi,k(t) = (βiUi,k(t)− γiSi,k(t)) dt+ σ2,i

√
dt · ξ2,i,k(t),

where

• ai represents the gene-specific activation time,

• ci denotes the transcription rate,

• βi and γi are the rates of mRNA splicing and degradation, respectively,

• σ1,i and σ2,i are the noise intensities associated with unspliced and spliced mRNA

production,

• ξ1,i,k(t) and ξ2,i,k(t) are independent standard Wiener processes.

2.2 Parameter distributions

In our simulated experiments, we utilized SDE-based models with predefined parameters,

ensuring the capture of biological variability and stochasticity. Parameters were sampled from

uniform distributions as detailed below:

• Switch time point ai ∼ U(0.2, 0.8),

• Transcription rates ci ∼ U(2, 12),

• Splicing rates βi ∼ U(2, 12),

• Degradation rates γi ∼ U(2, 12),

• Noise intensities for unspliced and spliced mRNA, σ1,i and σ2,i, were sampled from

U(0, 2).
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3 Incorporate the latent time estimated by SDEvelo

using deep dimension reduction

This section delves into integrating deep dimension reduction (DDR) with latent time estimations

from SDEvelo for gene expression data analysis. We outline DDR’s formulation, emphasizing

its capacity to retain, disentangle, and sufficiently encode gene expression information. The

DDR process, described via pseudo-code, employs optimization to align representations with

a Gaussian distribution. Implementation details, including network architectures and hyper-

parameter settings, are provided to facilitate the application of DDR in extracting insights

from complex biological data.

3.1 Formulation for deep dimension reduction

We used the deep dimension reduction algorithm to extract the latent time T ∈ Rn×1 relevant

information from gene expression data X ∈ Rn×p, in the meanwhile we guarantee the sufficiency,

promote disentanglement, and maintain the information from gene expression to learn the

representation.

For the sufficiency [7–11], we utilized the conditional independence [1, 12–14] to characterize

X T|R(X), which indicates that R(X) capture all relevant information from gene expression

about the latent time estimated from SDEvelo. To maintain the original information of gene

expression, we managed to maximize the distance correlation between the gene expression X

and the learned representation R(X).

To enhance the robustness and promote the rotation invariance, we constrain the learned

representation R(X) to obey the standard Gaussian distribution, that is R(X) ∼ N (0, Id).

To achieve this, we utilized a divergence measure D, which can quantify the distributional

difference between µR(X) and the standard normal distribution γd. The condition required

is that for every measurable function R, the divergence D
(
µR(X)|γd

)
should be greater than

or equal to zero, with equality holding true solely when R is a member of the setM = {R :

Rp → Rd|R(X) ∼ N (0, Id)}. Such a constraint is fulfilled by f -divergences, inclusive of the

KL-divergence.

Therefore, the optimal function R∗ falls withinM precisely when it achieves the minimum

of D
(
µR(X)|γd

)
. In practice, we use variational gradient flow framework [15, 16] to establish

a process to push the distribution of the learned representation forward a standard normal

distribution.

Consider V to represent the degree of nonlinear correlation between two random variables

X and Y , characterized under three main aspects: (i) V [X, Y ] is always non-negative, achieving

a value of zero solely when X and Y are independent; (ii) For every measurable function

R, V [X, Y ] is always greater than or equal to V [R(X), Y ]; (iii) The condition V [X, Y ] =

V [R(X), Y ] is met if and only if R is a member of the set F = {R : Rp → Rd|Y X}.
Therefore, to obtain a sufficient, encoding and disentangle map R∗, we formulated a

constrained minimization problem:

argminR−V [R(X),T]− V [R(X),X] subject to D
(
µR(X)∥γd

)
= 0.
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The Lagrangian form of this minimization problem with neural networks pasteurization is

L(ζ) = −V [Rζ(X),T]− λgeneV [Rζ(X),X] + λregD
(
µRζ(X)∥γd

)
,

where λgene ≥ 0 and λreg ≥ 0 are tuning hyper parameters. Those parameters can provide a

balance among the sufficiency property, encoding original information and the disentanglement

constraint. A small λgene or λreg leads to a representation with more information about the

latent time estimated from SDEvelo.

3.2 Algorithm for deep dimension reduction

Thus, we can derive the pseudo-code for the DDR algorithm to obtain the sufficient, encoding

and disentangle representation from the gene expression profiles, as shown in below:

Pseudo-code for the DDR algorithm designed for SDEvelo

• Input {Xi,Ti}ni=1. Tuning hyper parameters: s, η, λgene, λreg, d. Sample {Wi}ni=1 ∼ γd.

• Outer loop for ζ

– Inner loop (particle method)
∗ Let Zi = Rζ(Xi), i = 1, . . . , n.
∗ Solve

D̂ψ ∈ argmin
Dψ

1

n

n∑
i=1

{log[1 + exp(Dψ(Zi))] + log[1 + exp(−Dψ(Wi))]} .

∗ Define the residual map

T(z) = z− s∇f ′(r̂(z))

with r̂(z) = exp(−D̂ψ(z)).
∗ Update the particles Zi = T(Zi), i = 1, 2, ..., n.

– End inner loop

– The gradient of the loss function L with respect to ζ is given by:

∇ζL =−∇ζV̂n [Rζ(X),T]− λgene∇ζV̂n [Rζ(X),X]

+ λreg∇ζ

n∑
∥Rζ (Xi)− Zi∥2 /n. (11)

– Update ζ by moving it in the opposite direction of the gradient, scaled by a learning

rate η:

ζ ← ζ − η∇ζL.

• End outer loop

3.3 Implementation details

This subsection details the implementation of our model using multilayer perceptrons (MLPs)

for specific functions and outlines the optimization strategy with the Adam optimizer. It

includes architecture specifics, learning rates, and hyper-parameter settings essential for our

experiments on HCC data. In detial, MLPs were employed to parameterize Dψ and Rζ , as

shown in Table S4.
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Table S4: MLPs architectures for Dψ and Rζ in regression

Dψ Rζ

Layers Details Output size Details Output size

Layer 1 Linear, LeakyReLU 8 Linear, LeakyReLU d

Layer 2 Linear, LeakyReLU 8

Layer 3 Linear, LeakyReLU 1

For the optimization of Rζ , we utilized the Adam optimizer with an initial learning rate of

0.001 and weight decay of 0. For network Dψ, the Adam optimizer with an initial learning rate

of 10−5 and weight decay of 0 was adopted. We summarized the values of hyper-parameters in

Table S5.

Table S5: Hyper-parameters for DDR experiments on HCC data

Description HCC1 HCC2 HCC3 HCC4

λreg Weight for regularization term 1.0 1.0 1.0 1.0

λgene Weight for encoding original information 0.4 0.6 0.1 0.9

d The reduced dimension 3 3 3 3

nmini Mini-batch size 64 64 64 64

T1 The epoch of inner loop 1 1 1 1

T2 The epoch of outer loop 50 50 50 50

s The step size for the gradient flow update 0.1 0.1 0.1 0.1

lrζ The learning rate of Rζ 10−3 10−3 10−3 10−3

lrψ The learning rate of Dψ 10−5 10−5 10−5 10−5
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