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1. Inversion formula
When assuming the adsorption of oxygen on the compost ignorable, the temporal change of gas concentration in the air-mobile and air-immobile regions can be simply described by Equation S1, S2 (Toride et al., 1995): 

      (S1)

   (S2)
[bookmark: _Hlk89694348][bookmark: _Hlk91403863][bookmark: _Hlk119849526]where θ is the porosity of the piles (dimensionless), θm and θim are air-mobile regions and free air-immobile regions, respectively, c is residual concentrations of the gas (mL/mL), cm and cim are residual concentrations of the gas in the air-mobile regions and the air-immobile regions, respectively, Dm is dispersion coefficient of gas in the pile with pores (cm2/min), Jw = vθ = vmθm is the volumetric water flux density (L/T), γ is the zero-order production term (mL/(mL·min)), and γ1 and γ2 are zero-order production terms of gases in the air-mobile regions and the air-immobile regions, respectively, which is assumed to be 0 for the gas tracer and oxygen, but not 0 for gases produced during composting, such as methane (CH4) and nitrous oxide (N2O), ρb is the bulking weight of the matrix (g/mL), α is first-order mass transfer coefficient between air-mobile and air-immobile regions (1/min), s is concentration of the adsorbed phase (g/g), f is the fraction of adsorption sites the equilibrates with the air-mobile region (%), μl,m is the first-order decay coefficients (1/min), which μl,m and μl,m are first-order decay coefficients of gas in the air-mobile regions and air-immobile regions, respectively, which is assumed to be 0 for the tracer gas and oxygen. In this equation, μl,m is assumed to be equal of μl,im owing to good homogeneity of compost adjacent to air-mobile and air-immobile regions at the location in the matrix when frequently turning piles in this study.
After dimensionless treatment, the above model was simplified to form the following Equation S3, S4 (Toride et al., 1995): 

      (S3)

                  (S4)
[bookmark: _Hlk120131624]where the calculation equation for each dimensionless parameter was shown in Table S1. In this table, it is necessary to set the values of following parameters: T, Z, P, R, β, ω, C1, C2, μ1, μ2. Among them, the value of D can be calculated with the following procedures. 
D is dispersion coefficient of gas in the pile with pores calculated by Equations S5, S6 (Martalò et al., 2020):

                           (S5)

                         (S6)
where τ is tortuosity, DAB is the binary diffusion coefficient of gases in the air (cm2/min), P is particle-specific coefficient. Since P = 0.41 for spheroids and mixed spheres while P = 3.2 for wood chips and sheets, P = (0.41+3.2)/2 = 1.805 in this study considering the shape of the compost materials is a compromise between the spheroid and sheet. D0 of the tracer gas and O2 in N2 at a certain temperature and pressure was calculated by Equation S7 (Li et al., 2003):

              (S7)
where MAB is average relative molecular mass, which MAB = 2/(1/MA+1/MB), P is intensity of pressure (kPa), T is absolute temperature (K), 298.15 K, σAB is molecular collision radius σAB = 1/(σA+σB), ΩD is diffusion collision integral, ΩD = a/(T*)b + c/exp(dT*) + e/exp(fT*) + g/exp(hT*), in which a = 1.66036, b = 0.15610, c = 0.19300, d = 0.47635, e = 1.03587, f = 1.52996, g = 1.76474, h = 3.89411. T* is reduced temperature defined as Equation S8; εAB/k is defined as Equation S9; εA, εB are the characteristic energy of carrier gas and other gases, respectively (Table S2).
    	(S8)
	            	(S9)
The apparent flow velocity of the carrier gas v0 (cm/min) was calculated by Equation S8: 

                              (S10)
where Q is the flow rate of the carrier gas (mL/min), A is the cross-sectional area of the reactor (cm2).
2. The calculation of first order reaction constant of oxygen consumption
Specific method for detecting the O2 consumption of the piles: the outlet of the tracer column was connected to the drying bottle containing 2/3 anhydrous CaCl2, which followed by the glass rotatable flowmeter with a measuring range of 30‒300 mL/min. The flowmeter was connected to the air pump with the oxygen detector from the outlet of the flow meter. The air pump specification was Q = 0‒2 L/min, which played a role of continuously pumping the air in the reaction system to circulate. At this time, the oxygen consumption rate measurement system was basically set up. The flow meter was adjusted to 300 mL/min. Pipeline was connected back to the bottom inlet of the tracer column when the oxygen detector reading stabilized to the indoor O2 concentration. The O2 concentration in the tracer column was the 0 minute at this time, when the experiment began to record the data every minute, which whole progress was 60 minutes. That was the time of compost material time-O2 concentration curve. The ul,m of oxygen in the compost can be obtained with the Equation S11 against the measured oxygen consumption curve, which referred to the amount of O2 consumed per unit time of compost materials under the action of microorganisms.


                          （S11）
Where CO2,t and CO2,0 are O2 concentration at t time and at the initial moment, respectively. 
Temperature correction on the l,m obtained by Equation S12: 

                              （S12）
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[bookmark: OLE_LINK14]Figure S1. Volume-time curves of He simulated values and measured values at different phases of sludge composting before and after turning: A1‒A4 and B1‒B4 refer to the before and after turning piles in the initial-material phase; C1‒C4 and D1‒D4 refer to the before and after turning piles in the temperature-increasing phase; E1‒E4 and F1‒F4 refer to the before and after turning piles in the thermophilic phase; G1‒G4 and H1‒H4 refer to the before and after turning piles in the curing phase, respectively.
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Figure S2. O2 consumption curve sewage-sludge composts during composting: (A) initial-material, (B) temperature-increasing phase, (C) thermophilic phase, (D) curing phase.
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Figure S3. Prediction of temporal variation curves of O2 in the exhaust for before and turning piles at different phases: A‒D are the initial -material, temperature-increasing, thermophilic, and curing before turning, respectively; E‒H are the initial material, temperature-increasing, thermophilic, and curing of the turning piles, respectively.



Table S1. Physicochemical properties of initial materials for sewage-sludge composting
	Material
	MC /%
	VS/%b
	pH
	C/% b
	N/% b

	Sludge
	84.38 ± 0.11 a
	45.35 ± 1.25 a
	6.37 ± 0.25 a
	30.68 ± 0.09 a
	5.94 ± 0.01 a

	Rice bran
	10.54 ± 0.91 a
	55.23 ± 0.44 a
	5.91 ± 0.11 a
	39.25 ± 0.10 a
	1.98 ± 0.01 a


a Mean value ± standard deviation, n = 3.
b Based on wet weight.


[bookmark: _Hlk120044998]Table S2. Main dimensionless parameter and their formulas for the CDE in the two-region model. 
	Parameter
	Equation
	Parameter
	Equation

	T
	

	ω
	


	Z
	

	C1
	


	P
	

	C2
	


	R
	

	μ1
	


	β
	

	μ2
	


* c0 and L represent a characteristic concentration and length, respectively. The default parameter sets of c0 are the initial concentration of the injected tracer gas (He) and the input gas (O2) for inverse calculation and the prediction simulation, respectively, while the corresponded L are the height of the tracer column and the simulated compost pile. 
* D = θmDm/θm

Table S3. Molecular weight (M), characteristic length (σ) and the radio of the characteristic energy to Boltzmann’s constant (ε/k) for various gases.
	Gases
	M (g/mol)
	Σ (Å)
	ε/k

	N2
	28
	3.62
	100.07

	He
	4
	1.07
	5071.35

	O2
	32
	3.33
	133.14




Table S4. Porosity, FAS, bulk density, and time to reach the peak of He gas in different phases of composting and turning.
	Compost phase
	Compost
	Porosity (%)
	FAS (%)
	Bulk density /(g/mL)
	[bookmark: _Hlk130587017]Peak-arrival time of He gas (min)

	Initial material
	Original 
	71.08± 0.09 a
	32.14± 0.02 a
	55.17 ± 0.02 a
	14-20

	
	Turning
	71.64 ± 0.06 a
	33.44 ± 0.01 a
	54.11 ± 0.01 a
	14-20

	Temperature-increasing
	Original 
	70.77 ± 0.05 a
	34.00 ± 0.02 a
	54.64 ± 0.01 a
	16-20

	
	Turning
	73.04 ± 0.06 a
	39.13 ± 0.01 a
	50.40 ± 0.01 a
	16-22

	Thermophilic
	Original 
	69.59 ± 0.26 a
	29.49 ± 0.06 a
	57.03 ± 0.05 a
	14-18

	
	Turning
	72.12 ± 0.11 a
	35.37 ± 0.02 a
	52.52 ± 0.02 a
	14-20

	Curing
	Original 
	67.10 ± 0.14 a
	17.47 ± 0.03 a
	64.19 ± 0.03 a
	12-16

	
	Turning
	70.64 ± 0.23 a
	26.34 ± 0.06 a
	57.30 ± 0.04 a
	14-16


a Mean value ± standard deviation, n = 3.


Table S5. Estimated values of proportional coefficient of air-mobile regions (β), dimensionless mass exchange coefficient (ω), proportional coefficient of air-immobile regions (φ), first-order mass transfer coefficient (α), and relative root-mean-square error (RRMSE) between the simulated and measured breakthrough curves of He gas different phases of composting and turning. 
	Compost phase
	Compost
	β
	ω
	φ
	α (min-1)
	RRMSE (%)

	Initial material
	Original 
	0.62 ± 0.031 a
	0.26 ± 0.358 a
	0.38 ± 0.031 a
	0.0013 ± 0.0019 a
	0.24 ± 0.12 a

	
	Turning
	0.60 ± 0.002 a
	0.22 ± 0.179 a
	0.40 ± 0.002 a
	0.0008 ± 0.0009 a
	0.16 ± 0.07 a

	Temperature-increasing
	Original 
	0.58 ± 0.061 a
	0.18 ± 0.217 a
	0.42 ± 0.061 a
	0.00090 ± 0.0011 a
	0.18 ± 0.13 a

	
	Turning
	0.60 ± 0.071 a
	0.01 ± 0.008 a
	0.40 ± 0.071 a
	0.0000 ± 0.0000 a
	0.13 ± 0.12 a

	Thermophilic
	Original 
	0.54 ± 0.104 a
	0.66 ± 1.020 a
	0.46 ± 0.104 a
	0.0036 ± 0.0059 a
	0.23 ± 0.15 a

	
	Turning
	0.54 ± 0.065a
	0.08 ± 0.113a
	0.46 ± 0.065a
	0.0004 ± 0.0005a
	0.14 ± 0.08 a

	Curing
	Original 
	0.59 ± 0.130 a
	0.94 ± 1.114 a
	0.41 ± 0.130 a
	0.0039 ± 0.0064 a
	0.12 ± 0.08 a

	
	Turning
	0.52 ± 0.120 a
	0.17 ± 0.265 a
	0.48 ± 0.120 a
	0.0008 ± 0.0013 a
	0.16 ± 0.12 a


a Mean value ± standard deviation, n = 3.


Table S6. First-order decay coefficients ( l,m, l,im ) and dimensionless first order reaction constants ( μ1, μ2 ) of O2 in air-mobile and air-immobile regions of compost. 
	Composting phase
	Compost
	l,m, l,im b (min-1)
	μ1, μ2 c 

	Initial-material
	Original
	0.00299 ± 0.00171 a
	0.157 ± 0.084 a

	
	Turned
	0.00299 ± 0.00171 a
	0.136 ± 0.182 a

	Temperature-increasing
	Original
	0.03410 ± 0.00237 a
	4.413 ± 1.966 a

	
	Turned
	0.03410 ± 0.00171 a
	1.375 ± 0.201 a

	Thermophilic
	Original
	0.00534 ± 0.00068 a
	1.780 ± 0.448 a

	
	Turned
	0.00534 ± 0.00171 a
	0.162 ± 0.211 a

	Curing
	Original
	0.00310 ± 0.00136 a
	0.193 ± 0.050 a

	
	Turned
	0.00310 ± 0.00171 a
	0.087 ± 0.026 a


a Mean value ± standard deviation, n = 3.
b l,m = l,im, 1/min. In this equation, μl,m is equal to μl,im owing to the matrix is assumed to be uniform in a small volume.
c 1 = 2, dimensionless. When l,m = l,im, 1 = 2. 
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