Supplementary Information
Appendix
The Expected Value of the Nearest Neighbor Angular Distance for a Random Distribution of Points on a Sphere
Consider a random distribution of  points on the unit sphere. Let  be a spherical cap centered on one of the  points. The area of a spherical cap is , where  is the angle between the center of the cap and the edge of the cap. For each of the other  points, the probability of being in  is the fraction of the sphere intersected by the spherical cap . The probability of a point being somewhere outside of  is then , and the probability of all  points being somewhere outside of  is 
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Let  be the angular distance from the point at the center of the cap to its nearest neighbor. When all  points are found outside of ,  must be between  and , and so equation (13) is the probability that  is between  and , written . The cumulative distribution function of  is , and its derivative is the probability density function of .
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The expected value of  is then the integral of  weighted by .
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Using integration by parts, the integral can be simplified to the following.
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The integrand can be simplified into a sum of simpler terms using the binomial theorem.
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For odd values of , the integral evaluates to 0 because the positive area in the integrand (between  to ) cancels out with the negative area (between  to ). For even values of , the integral is equal to53
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Finally, by substituting the integral, the expected value of  can be written as follows.
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The summation is over even values of , up to the largest even number less than or equal to .  corresponds to  in the definition of NMNA in equation (10).


Supplementary Figures
Figure S1: Movies showing the point positions throughout each of the four optimization strategies. (A) Non-multi-stage, all sphere sizes. (B) Non-multi-stage, Narayana's cows sphere sizes. (C) Multi-stage, all sphere sizes. (D) Multi-stage, Narayana's cows sphere sizes. All optimizations were performed for 30,000 iterations. The movies are played at increasing speeds (inset values) because point motion generally slows throughout the optimization. The movies for the non-multi-stage optimizations (A) and (B) are played with one set of speeds, while the movies for the multi-stage optimizations (C) and (D) are played with another set of speeds.


2

