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1. EXPERIMENTAL DETAILS
1.1 SCHEME FOR THE DISPLACEMENT MEASUREMENT

By utilizing a Laser Doppler Velocimetry (LDV), we can acquire precise membrane
displacement signals. Limited by the bandwidth and resolution of the LDV, we
propose a novel approach to measure the amplitude of the membrane, as illustrated in
Fig. S1.1. The laser reflected from the membrane is directed onto the D-shaped mirror
through the beam splitter mirror. The beam is then split into two parts for differential
detection using a balanced photodetector with a broader bandwidth. The vibration of
the membrane causes a geometrical deflection of the beam, as described in the Section
2.1. According to the simulation results, membrane deformation is linearly coupled
with beam deflection. Therefore, it can be assumed that the membrane displacement is

linear with the change in optical power under very small displacements.
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Figure S1.1. Scheme for the displacement measurement. CW, clockwise; LDV, Laser Doppler
Velocimeter; BPD, balanced photodetector.

In the experiment, we apply both LDV and differential detection for displacement
measurement. The accurate data from the LDV is used to calibrate the optical power
signal obtained from the differential detection, which in turn provides the
displacement signal of the membrane. Afterwards, the displacement signals are fed

into the spectrum analyser.

1.2 FREQUENCY SPECTRUM OF THE COHERENT AFC

By adjusting the pumping power and the deflection angle of the mirror M, it is
possible to regulate the number of comb teeth and the teeth spacing of the phonon
laser frequency comb. In our system, the phonon lasers inherently have multiple
harmonics, which are caused by optomechanical coupling nonlinearity. By gradually
increasing the pumping power and adjusting the mirror angle to prevent mechanical
wave mixing, an increase in the number of harmonics can be observed. We have
realised nonlinear phonon lasers with up to 200 harmonics, as illustrated in Fig. S1.2,
which has never been reported in our prior research or in other phonon laser systems.
The teeth spacing remains at 125 kHz, which corresponds to the fundamental mode
frequency of the membrane vibration. Multi-frequency phonon lasers reach a
bandwidth of approximately 28 MHz. Due to the strong pumping power, which can

increase the intensity of the phonon laser, the generation of mechanical wave mixing
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is inevitable, especially noticeable in the low-frequency region.

-20 T

-40

-60

-80

-100

Frequency spectrum (dBm)

-120 '
0 5000 10000 15000 20000 25000 30000

Frequency Q/2r (kHz)

Figure S1.2. Frequency spectrum of multi-frequency phonon lasers. The teeth spacing is about
125kHz, the fundamental mode frequency of the membrane. The number of nonlinear harmonics
is more than 200.

Based on the phonon laser, we first introduce the mechanical wave mixing
mechanism and realise the phonon laser frequency combs with up to 10* comb teeth,
as shown in Fig. S1.3. This peak has never been reached by other acoustic frequency
combs (AFC). The spacing of this frequency comb is about 1 kHz, as can be seen in
the insets. In this case, the phonon laser frequency combs are weakened and drowned
out by noise when the bandwidth exceeds 12 MHz. The bandwidth of the phonon
laser comb with mechanical wave mixing is smaller than that of the multi-frequency
phonon lasers, because some of the energy is utilized in the mechanical wave mixing
process, leading to a more pronounced attenuation in the high-frequency range. At the
same time, the large number of comb teeth leads to an inevitable weakening in some

of the sidebands generated by multiple mechanical wave mixings.
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Figure S1.3. Frequency spectrum of the coherent acoustic frequency comb. The teeth spacing
is about 1kHz and the bandwidth is about 12Mhz. Thus, the teeth number is up to 10*.



1.3 TIME DOMAIN OF THE COHERENT AFC

In the experiment, we utilized the LDV to record the growth of the phonon laser
frequency comb, as shown in Fig. S1.4. It can be seen that the membrane experiences
growth of about 1 second after turning on the pumping laser. Moreover, the membrane
amplitude decreases slightly after reaching the maximum and enters a steady
phonon-lasing regime. Compared with the other AFC in the optomechanical system

[S1], our growth period (1 s) is shorter than that of overtone frequency combs (24 s).

a ; ; ; S b
401 " 307 7

Start pumping

N
o

i Zoomin O

Displacement (nm)
o

N
o

a0t 30| u UU U U

0 0.5 1 1.5 . 2 25 1.8 1.8002
Time (s) Time (s)

Figure S1.4. Time-domain frequency combs. a. Measured displacement of the membrane,
showing clear growth before reaching a plateau around 1 s. b. Zoom-in of time-domain signal in a.

1.4 ACOUSTIC FREQUENCY COMBS IN VARIOUS SYSTEMS

Table 1 displays the acoustic frequency combs in various systems. AFCs have been
implemented in electromechanical systems [S2-S6], opto-electromechanical systems
[S7, S8], and optomechanical systems [S1] in recent years. Although acoustic
frequency combs have been realised in various systems, phonon lasing has never been
reported or demonstrated. These incoherent acoustic frequency combs are difficult to
apply in practice.

In contrast, our system generates acoustic frequency combs based on the
multi-frequency phonon lasers, which are inherently coherent. Moreover, in
comparison to the electro-mechanical and opto-electro-mechanical systems, our
frequency comb is driven by the intracavity optical field without the need for a
driving signal with a similar frequency to the oscillator. In addition, we can enhance
the number of comb teeth by up to two orders of magnitude. New comb teeth
generated from cascaded four-wave mixing are steered for each phonon lasing mode,
leading to a significant increase in the number of comb teeth. Acoustic frequency
combs with numerous comb teeth are highly advantageous in practical applications,

such as precision measurements.



Furthermore, the frequency range of this work is from 13 Hz to 28 MHz, extending

the acoustic frequency combs from ultrasound to audible sound and even infrasound

for the first time. Thus, our coherent AFC have broader application scenarios.

Table S1 | Comparison of acoustic frequency combs

Mechanism of

Phonon Teeth

Number of Magnitude of the

Type LSBT combs lasing spacing comb teeth  frequency range
Micro-cantilever  \, ve mixing x 0010 00 280 kHz
Nano-strings(>*! Wave mixing x 1 ~10kHz ~10 6.6 MHz

SEETTE Free-beam!4 Wave mixing x 2 ~ 10 kHz ~20 3.8 MHz
chanics
Coupled Bifurcation x  05~5Hz ~25 155 kHz
cantilevers>”
Bulk acoustic!S¢! Bifurcation x 0.7~2Hz ~30 5.5 MHz
MoS; e N 200 ~ 700
Opto-elect.r el Bifurcation KLz 100 10 MHz
o-mechani 110 ~ 440
cs GraphenelS®] Bifurcation x kﬁz ~ 10 22 ~ 44 MHz
Trampoline Overtone-nonlin - 120 ~ 360
Opto-mech membranelS!] earity kHz = 100 ktiz ~ 4 MHz
anics . Optomechanical 10Hz ~ 4
This work R 100kHz 10 13 Hz ~ 28 MHz

Notation: v for Yes; % for No.

2. THEORY

2.1 DISSIPATIVE COUPLING BETWEEN MEMBRANE AND LASER

Figure S2.1 illustrates the dissipative coupling between membrane deformation and

intracavity laser in the active cavity optomechanical system. The membrane deforms

under the optical force, causing the reflected light to be deflected. Thus, the bending

SiN membrane in the ring cavity results in the geometrically deflecting loss. The

optical forces exerted on the surface of the membrane are consequently weakened,

causing the membrane's deformation to decrease conversely.
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Figure S2.1. Schematic of the dissipative coupling. The membrane deforms, in the presence of
optical forces, however, causing an increase in geometrically deflecting loss. In turn, the
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intracavity power is reduced and the membrane's deformation decreases

We have specifically investigated the relationship between the membrane
deformation and the geometric deflection of the beam to study the dissipative
coupling between the membrane and the intracavity laser in depth. For simplicity, we
only consider the vibration in the fundamental mode of the membrane and regard the
membrane as an arc with the radius of curvature R.

The angle between the incident light and the initial membrane plane is set to be ¢,
the beam diameter is D, the membrane length is L, the displacement of the membrane
is x, a, B, y represent the angles of the incident rays, 6 is the divergence angle of the
reflected beam, A6 is the deflection angle of the reflected beam. The detailed

geometrical relationship is shown in Fig. S2.1, where the relationship between the

radius of curvature R and the displacement x satisfies R’ =(L/ 2)2 +(R—X)2 . Fig.

S2.2a shows a schematic diagram of a light beam with a diameter D incident on the
membrane, emphasizing the convergence of the reflected beam. Fig. S2.2b is a
schematic diagram of a ray incident on the centre of the membrane, primarily
investigating the transverse deflection of the reflected ray and the change in the

reflecting angle.

a

Figure S2.2. Geometric deflection caused by the bending membrane. a. The schematic of a
beam with a diameter D incident on the membrane. b. The schematic of a ray incident on the
centre of the membrane.

Assuming that the optical axis is incident on the centre of mass of the original
membrane, the sines of the three incident angles a, S, y can be obtained according to

the sine theorem.
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sina = cosp+D/2R

: R—

sin 8 = Rxcosgo—D/2R 1)
siny =———cos ¢

Based on the geometric relationship, the divergence angle of the reflected beam 6 is

0=2a—-2p
. R—x
=2sin [ cosq0+D/2R] (2)
—2sin_‘[R_xcosgo—D/2R]

Setting the range of membrane deformation as 0-10 nm, the angle between the
incident light and the membrane as ¢ = 45°, the simulation results illustrating the
relationship between the divergence angle 6 and the membrane displacement x are

presented in Fig. S2.3a.
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Figure S2.3. Simulation results of the geometric deflection caused by the bending membrane.
a. Angle of divergence 6, b. Beam diameter change AD, ¢. Beam offset /4, d. Deflection angle A6,
versus the membrane’s displacement.



Further, the change in beam diameter when the beam propagates a distance of Lo is

AD =2L, tang . Assuming the propagation distance Lo = 1 m, the simulation results

are shown in Fig. S2.3b.
The deformation of the membrane can lead to a transverse deflection / of the beam,
which is calculated as:
sin(2y +¢) sin|(90+¢@—7)/2]

3)

The simulation results are shown in Fig. S2.3c.

In addition, the membrane’s deformation causes the reflection angle to deflect with
an angle of A@=90—-2y , compared to the original reflected beam (see Fig. S2.3d).

The membrane’s displacement will result in a geometrical deflection of the
reflected light, leading to a decrease in the coupling efficiency of the spatial light at
the collimator and, consequently, causing cavity loss. By employing the model that
connects membrane displacement and the geometrical deflection of the reflected light,
we can establish the relationship between the membrane displacement x and the
geometrically deflecting loss d,, which in turn allows us to derive the expression for

the intracavity power P [S9].

P(x)=1%{—5ﬁ§g‘“z; ) —1} @
where Py is the proportion coefficient, u is the gain factor, Ppump 1s the pumping power,
and J; is the loss of the cavity itself.

The dissipative coupling strength can be calculated by experimentally measuring
the change in intracavity laser power P with respect to the displacement x.
ok _ ¢ 9 _ c  Hhwh oP
ox 2zl o 2zl (P+B) O

)

In the experiment, we adjusted the ring cavity to minimize intracavity loss and
maximize output power. When the mirror M is rotated under these conditions, it
deflects the light, resulting in geometric deflection loss. The intracavity laser power is
recorded as shown in Fig. S2.4a. The corresponding dissipative coupling strength is

calculated in Fig. S2.4b using Eq. (5).
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Figure S2.4. Intracavity laser power and dissipative coupling strength. a. The intracavity
power Peayity Versus the mirror angle A6. b. The dissipative coupling strength Ox/Ox as a function of
the mirror angle A6.

We note that this dissipative coupling mechanism will introduce significant optical
loss, making it challenging to implement in previous optomechanical systems. A
Yb**-doped gain fibre is applied to form an active cavity in our experimental system.
The additional optical gain can effectively compensate for the geometrically
deflecting loss, overcoming the contradiction in a dissipative system between strong
dissipative coupling and strong laser output.

The dissipative coupling strength is an order of magnitude higher than that in our
previous work, which accounts for the generation of high-quality multi-frequency

phonon lasers with more harmonics.

2.2 RADIATION PRESSURE AND PHOTOTHERMAL PRESSURE
The temporal evolution of the SiN membrane can be described by Duffing
equation[S10]

mi +myx+mQex+mpPx’ = F, (x)+F,, (x)+F, (6)
where m represents the effective mass of the membrane, x is the membrane’s
displacement, y is the gas damping, Qo is the natural frequency, f is the cubic
nonlinearity coefficient from the membrane’s mechanical nonlinearity, and Fpm 1s the
thermal motion force. The optical force exerted on the membrane mainly consists of
radiation pressure F, and photothermal pressure Fpn.

To determine the dominant force between radiation pressure and photothermal
force, we analyse the direction of the frequency shift [S11] when increasing the
pumping power, thereby strengthening both optical forces. It can be seen from Fig.

S2.5 that there is a tendency for the resonant frequency to decrease with the gradual

9



increase of the pumping power, indicating a more significant effect of the

photothermal force.
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Figure S2.5. Intracavity laser power and dissipative coupling strength. a. Evolution of the
power spectrum along with increased pumping power from 190 to 240 mW. b. Zoom-in of the
power spectrum, indicating the frequency shifts of the fundamental mode €y and its harmonics
28, 30 with the increasing power.

2.3 MECHANICAL WAVE MIXING
The membrane is capable of producing four-wave mixing due to its inherent
mechanical nonlinearity. Let us consider the membrane with cubic nonlinearity. Since

both position x and resonance frequency Qo depend on temperature 7, we have

i+y (- AT)+Q) (14 BT)(x - AT)+ B(x- AT)' = F,, (x.) (7)

opt
where 4 and B are coefficients with units of 1/°C. Foy is the amplitude of the force
exerted by the laser on the membrane. As derived in Methods, we have
T+CT =k, +k2(x—x0)2+k3(x—x0)4 (8)
Now, to obtain the threshold laser power required to generate wave-mixing
mediated frequency combs, we neglect the nonlinear term Fopr which is associated
with the nonlinear harmonics of the phonon lasers. Henceforth, we can write the
solution of Eq. (7) as

x=acosC)t+bsinQt )
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By substituting Eq. (9) in Eq. (8), we get
T=1,+ Z p, cosnt+ an sinnCdt (10)

n>0 n>0
We substitute Eq. (9) and Eq. (10) into Eq. (7) and simplify all trigonometric terms in

Q,t . By setting the coefficients of cosQ and sinQ¢ to zero, we can thus solve

for coefficients @ and b. Now, we write a and b in terms of the amplitude R and
equidistant frequency spacing w, of frequency combs as a = R cos w,# and b = R sin
w,t. Henceforth, we derive an expression for the amplitude of frequency combs R as
¢R +c,R*+¢,=0 (11)
where the coefficients c; are
¢, = C’Bk, + Bk,
¢, =6C°Bk,x; +6Bk,x; +6C* Ak,x, +24 Ak,x, + C* Bk, + Bk,
¢, =8C Ak,x, +324k,x, +4C* Ak,x, +16 Ak,x, —2yC* —10yC* -8y
An expression can also be obtained for the equidistant frequency spacing of the
frequency comb @, By phenomenology, we know that «, o k,,k,,k; oc g oc AO
and also R is independent of A@. This is true if the damping coefficient ¥ =0 .
Equation (11) can be solved for P:
3y (C*+1)(C*+4)

P ek (12)

where
K=AR"+ AR’ + A,
A =—41’B(C” +1)
A, ==247"B(C* +1)x; — 24" A(C* +4)x,+3B(C +1)
Ay =—44(C* +4)x,(87°x; -3)
Equation (12) thus provides an expression for the laser power P that is required to

generate frequency combs with an amplitude of R.
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