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Supplementary Methods
Early integration
Early integration takes the form of a multi-omics single model, with the objective of concatenating preprocessed multi-omics data and applying a conventional clustering method to the merged dataset.
[bookmark: _Hlk154231422]Low-rank approximation based multi-omics data clustering (LRAcluster)[1] extracts the low-rank parameter  from high-dimensional multi-omics data to concatenation, and optimizes as the objective function. The likelihood function is defined as:

Where  represents the value of feature  for sample  in omics data ,  denotes the probability distribution of each omics data , which may follow a Gaussian, binomial, or Poisson distribution. The overall likelihood function is obtained by summing the likelihood functions from each omics data: . The LRAcluster algorithm assumes that  exhibits a low-rank structure for the subsequent optimizations: . Where  is a tuning parameter and  denotes the nuclear norm of the matrix that can achieve low-rank approximation. Subsequently, singular value decomposition (SVD) is applied to , and either k-means clustering or hierarchical clustering is employed to identify subtypes within the low-dimensional space calculated through SVD.
Intermediate integration
Intermediate integration aims to retain the data structure while concatenating multi-omics data for clustering during the analysis stage. It comprises a series of methods for integrating multi-omics data using a joint model, which can be categorized into similarity-based, dimension-reduction, and statistical modeling methods.
Similarity-based methods
Similarity-based methods involve integrating the sample similarity calculated from each single-omics data. The differences between these methods primarily in the definition of similarity and the pattern of fusion.
[bookmark: _Hlk148454008][bookmark: _Hlk154231447]Similarity network fusion (SNF)[2] constructs sample similarity networks for individual omics data and subsequently integrates these multi-omics networks through an iterative process grounded in message-passing theory. The similarity between sample  and sample  is propagated at each node and its  nearest neighbors, the initial similarity matrix is defined as:

Here,  represents the distance matrix of omics data ,   denotes the Euclidean distance between samples  and ,  is a hyperparameter that can be set empirically, and  is used to eliminate scaling issues.
The affinity matrix between nearest neighbors is defined as:

 represents the  nearest neighbors of sample  in the input  matrix and the matrix  is updated by passing messages between nearest neighbors through the equation: . Here,  represents the similarity matrix of omics data  after  times iterations, and the average similarity matrix of omics data  is computed for subtype identification using spectral clustering.
[bookmark: _Hlk139892193][bookmark: _Hlk154231464]Cancer integration via multikernel learning (CIMLR)[3] extends the original method SIMLR[4] to multi-omics applications, constructing Gaussian kernels for each omics dataset by optimizing multiple hyperparameters. The Gaussian kernel is defined as:

Where  and  represent the  and  samples, and  denotes the covariance. Subsequently, the Gaussian kernel of each omics dataset is integrated to construct a sample similarity matrix. The optimization function is defined as:

The optimization function aims to solve the similarity matrix . Where  is the sample size,  is the number of clusters,  signifies different Gaussian kernels,  denotes the weight of each Gaussian kernel,  and  stand for  and  identity matrix,  and  are non-negative tuning parameters,  is the Frobenius norm of , and  is a low-dimensional matrix that strengthens the low-rank constraint of the similarity matrix .
[bookmark: _Hlk139896409][bookmark: _Hlk139895766]Dimension-reduction methods
Dimension-reduction methods presume that omics data contains an underlying low-dimensional structure that linked to the number of subgroups. Various omics data categories can be viewed as projections from the low-dimensional structure to the high-dimensional space, with variations in the transformational parameters among different methods.
[bookmark: _Hlk154231482]Identifying joint patterns across multiple omics data (MoCluster)[5] introduces sparsity by adjusting the soft threshold of non-zero coefficients in the feature vector . Initially, the algorithm estimates the latent variable  for each omics dataset  through consensus principal component analysis, and subsequently calculates the joint latent variable . To establish the joint variable space, the algorithm maximizes the correlation between  and . Ultimately, subtype identification is carried out based on , employing traditional clustering algorithms such as k-means clustering or consensus clustering.
[bookmark: _Hlk154231489]Integrative non-negative matrix factorization (intNMF)[6] is an extension of non-negative matrix factorization (NMF)[7] applied to multi-omics data. NMF aims to provide a non-negative matrix that approximates . Then, the objective function  is minimized by alternately iterating the basis matrix  and the coefficient matrix or weight matrix . Ultimately, dimensionality reduction of the original matrix is achieved by substituting it with the coefficient matrix . IntNMF introduces the parameter  based on NMF to regulate the weight of individual omics data for multi-omics integration analysis. The objective function for intNMF is as follows:

[bookmark: _Hlk154231496][bookmark: OLE_LINK6]Multiple co-inertia analysis (MCIA)[8] is an extension of co-inertia analysis (CoIA) adapted for multi-omics data. CoIA is a multivariate statistical and ranking method that calculates the covariance matrix of the intersection between two datasets, identifies synergy structures, and projects the variables from both datasets onto a common space (Co-inertia plane)[9]. MCIA comprises two steps. Initially, dimension-reduction method such as principal component analysis is applied to each omics dataset to transform the data into comparable low-dimensional matrices. Subsequently, multiple CoIA is utilized to maximize the sum of squares of covariance in co-inertia  and dimension-reduced multi-omics data . The co-inertia  and auxiliary co-inertia  are calculated as follows:

Where  is the diagonal matrix of row weight values for ,  is the weight of each omics dataset.
[bookmark: _Hlk148448464]Statistical modeling methods
Statistical modeling methods assume that each omics dataset comprises distributions associated with potential subgroup and model the statistical distribution of omics data as a probability distribution.
[bookmark: _Hlk154231507][bookmark: OLE_LINK25]Similar to intNMF, Integrative clusterings in cancer genomic data (iClusterPlus)[10] seeks to discover  and , it is a typical method suitable for a range of data types, including continuous, count, and categorical data. For continuous data, the model is expressed as: ,. In the case of binary data, it is defined as: . Where  is the intercept, and  determines the weight of each omics feature . The sparse model based on  is obtained using the least absolute shrinkage and selection operator (LASSO) as shown in the under formula. Lastly, k-means clustering is applied on the  following the LASSO penalty to obtain clustering results.

Late integration
Late integration, in contrast to early integration, is a multi-omics approach that integrates the clustering results derived from independent analyses of each omics dataset[11]. 
[bookmark: _Hlk154231521][bookmark: OLE_LINK57]Perturbation clustering for data integration and subtyping (PINSPlus)[11] is a representative method in late integration that integrates clustering results using the connectivity matrix of individual omics datasets. Initially, PINSPlus conducts k-means clustering on  types of omics data, denoted as , and calculates the original connectivity matrix  as follows: 

Subsequently, the average original connectivity matrix  is calculated by averaging  as . PINSPlus introduces perturbations to the dataset by adding Gaussian noise to the original data. For the perturbed dataset, both the perturbation connectivity matrix  and the average perturbation connectivity matrix  are computed using the same approach as for the original connectivity matrix. When , it indicates that the perturbation has no impact on the clustering results. The optimal number of clusters is determined by minimizing the difference between  and  or by analyzing the area under the empirical cumulative distribution curve. In the final step, hierarchical clustering is applied on  to derive multi-omics integrative clustering results based on optimal number of clusters.
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