1. Materials and Methods
	The STM measurements were performed using an ultra-high vacuum (1.5 x 10-10 Torr) Createc microscope with an etched tungsten (W) tip operating at T = 5.3K.  The tip was prepared by repeatedly crashing and pulsing into the Cu (111) surface and its quality verified by the Cu (111) surface state.  The clean Cu (111) surface was prepared by repeated cycles of argon ion sputtering and annealing.  The sample was placed on the scanner and allowed to cool to base temperature before dosing with 7.0 x 10-8 Torr of carbon monoxide (CO) molecules for 10 seconds.  Spectroscopy of the symmetry protected topological (SPT) states were measured using a standard lock-in technique with a modulation voltage of 20mV and a modulation frequency of 1.125kHz. 

2. Muffin Tin Calculations
The arrangement of CO molecules results in a change in potential landscape of the free electron like surface states of Cu. We follow the approach of Kempkes et. al. [20] to numerically solve the two-dimensional (2D) Schrödinger equation for the	 potential landscape derived from the arrangement of CO molecules. Specifically, the effect of the CO molecules is modeled as a cylindrical potential barrier with height, VCO=0.9 eV and radius R=0.3 nm [20]. The 2D periodic unit cell of our artificial graphene lattice and the corresponding potential landscape are shown in Supplementary Figure 1. The surface electrons are modeled as independent particles with an effective mass , where  is the mass of the electron[25].  

We first obtain the band structure (Supplementary Figure 2) corresponding to the unit cell of 2D periodic artificial graphene by solving the Schrödinger equation 
	
	
	



where  is the 2D periodic potential landscape corresponding to the unit cell of our artificial lattice. We choose the energy of the Cu surface state to be We use the Octopus package [26] to solve the above equation under periodic boundary conditions and obtain the dispersion. 
The parameters for the tight binding model are then obtained by fitting (discussed below) the band dispersion with that computed from Muffin Tin calculations

3. Tight Binding Calculations
The lattice formed by electronic states confined by CO molecules is modeled under tight binding (TB) approximation. The artificial atoms or the electronic confinement (anti-lattice of the CO arrangement) is considered as a single electron orbital in TB with their corresponding positions. We include the interaction of the sites with the nearest ( and next nearest () neighbor. All the sites are approximated to have the same onsite energy  Following Ref. [20], we also include an orbital overlap matrix  with nearest neighbor overlap s in order to capture the overlap present in the experiments. The numerical values of the parameters , ,  and s are determined by fitting the band dispersion to the muffin tin band structure (Supplementary Figure 2). The wavefunctions and the energies of the states can be obtained by solving the generalized eigenvalue problem posed as 
	
	
	


All the TB systems and Hamiltonians were constructed using Kwant package [27]. We use the Linear Algebra module within scipy package[28] to solve the generalized eigenvalue problem.
The LDOS from TB is calculated by applying a Lorentzian function (equation (3)) with a broadening of b = 30 meV to account for the scattering. Our value of the parameter b is obtained empirically and based on the width of the experimentally measured spectra.   
	
	
	



4. Parameterization of tight binding parameters 
The tight binding band dispersion obtained from the Hamiltonian of the 2D periodic unit cell shown in Supplementary Figure 1 is fitted to the muffin tin dispersion (Supplementary Figure 2). The fitting parameters are , ,  and s. The values obtained using a non-linear least squares fit through Levenberg-Marquardt algorithm as implemented in the curve_fit() function of scipy package [28] is shown in Supplementary Table 1. These parameters will be used for the rest of the discussion.

5. Topological classification
The different artificial GNR geometries studied in experiments are classified as topologically non-trivial or topologically trivial based on the Z2 invariant [17] defined as 
	
	
	


As noted by Lin et. al [17], the above definition of the Z2 invariant is independent of the real space origin but still depends on the unit cell definition. The definition of the unit cell is uniquely determined by the termination of the finite nanoribbon [11,12,16,17]. Since the GNRs are 1D periodic, the above integral can be numerically computed as the sum of Wannier Charge Centers (WCCs) computed from . We make use of the software package Z2pack [29] for the numerically calculation of Z2 invariant. We note that the default functions in Z2pack is designed to compute the total Zak phase (see equation (5) below) using the periodic part of the wavefunctions (’s) and the position of the orbitals, x. However, as discussed below, the Z2 invariant depends only on the intercell Zak phase (see equation 6 below) and is independent of the real space origin. In order to compute the correct Z2 invariant, we pass the ’s to Z2pack instead of the periodic part of the wavefunction (’s) and set the position of the orbitals (x) to zero making . As an illustrative example, we have attached a Jupyter notebook with all the scripts and demonstrating the usage of Kwant and Z2pack for the calculation of Z2 invariant.  Supplementary Table 2 shows the different unit cell geometry considered in this work and their respective Z2 invariant. 

6. Manipulating topology by changing the unit cell.
As shown in Supplementary Table 2, moving three atoms in the unit cell (effectively changing the termination of the semi-infinite nanoribbon), changes the topological class. Following the conventions used in Ref. [17], the total Zak phase for any 1D periodic structure can be written as 
	
	
	



where  is the periodic part of the Block wavefunction  with band index n and momentum k. By definition, the value of the Zak phase depends on the choice of real space origin [16,17, 24,30,31]. This can be seen clearly by substituting  into the above equation 
	
	
	


While  depends on the expectation value of ,  is independent of the real space origin.  can be interpreted as the intercell Zak phase which depends on the choice of the unit cell but independent of the choice of the real space origin [16,24]. Additionally, we note that the Z2 invariant is related to  as . In general, when M new (or old) lattice sites are added (or removed) to the unit cell definition of the nanoribbon, the total intercell Zak phase of the modified unit cell ( is related to the original unit cell as =  [17]. Hence, when M is odd, we have a change in the topological class and when M is even the topological class is preserved (see Supplementary Table 2). 

7. Effective Hamiltonian of topological states.
The 9GNR/7GNR/9GNR heterostructure discussed in the main text results in 4 spatially protected topological states ( at the four interfaces between: (i) vacuum (Z2=0) and 9GNR (Z2=1), (ii) 9GNR (Z2=1) and 7GNR (Z2=0), (iii) 7GNR (Z2=0) and 9GNR (Z2=1) and (iv) 9GNR (Z2=1) and vacuum (Z2=0). The interaction between the 4 states can be modeled as a tight binding Hamiltonian as illustrated in Supplementary Figure 3. 

The Hamiltonian of such a 4-state model can be written as 
	
	
	


where  are the on-site energies and the coupling parameters  depends on the distance of separation between the states . However, to construct such a model we first need to extract the topological states , the coupling parameters   and the onsite energies  from the full tight binding Hamiltonian of the nanoribbon as explained below. 
The first step is to obtain the individual topological states  when they are isolated, or, when the distance of separation between them is large (). We achieve this by solving for the eigenstates of tight binding Hamiltonian of the nanoribbon geometries shown in Supplementary Figures 4 and 5.   (or ) is the topological state at the end of the finite 9GNR geometry while  (or ) is the interface state on 9GNR/7GNR heterostructure. The topological states in these geometries are well separated and can be considered as isolated from each other. 

Let the position of the states, , be defined by the position of their respective interface. We can then determine the localized states  by extracting the weights of the wavefunction on the basis sites within their respective masks (Supplementary Figures 4 and 5) positioned at . For example, to obtain , we pass the wavevector through mask A as shown in Supplementary Figure 4 and extracting the amplitude on all the sites with position  lying within the mask. Similarly, we can extract the other states by passing the wavevector through their respective masks.  and  are obtained for a 9GNR geometry of length 25-unit cells while  and  are obtained from a 9GNR/7GNR/9GNR of length 20/20/20-unit cells respectively for each segment. The length of the mask for A, B, C and D are 6-, 10-, 10- and 6-unit cells from the interface respectively.
Next, we extract the coupling parameters  as a function of the distance of separation  by modeling the nanoribbon geometries shown in Supplementary Figures 6 and 7. The geometries shown in Supplementary Figure 6 are 9GNR/7GNR interface where  is varied while keeping the length of 7GNR fixed to 25 unit cells. These geometries are used to extract . Similarly, in Supplementary Figure 7 we model 9GNR/7GNR/9GNR heterostructure where  is varied while keeping the length of the 9GNR segments on both sides fixed to 20-unit cells. These geometries are used extract . The coupling parameters can be determined by 
	
	
	

	
	
	



where  is the tight binding Hamiltonian, hosting the states  and  separated by , and S the overlap matrix. The vector | for the different geometries are constructed from the isolated   by assigning the amplitude on the equivalent basis sites within mask and setting the rest of the elements to zero. 


Supplementary Table 3 lists the values of  computed using the procedure described above. We note that  decays exponentially with length and can be approximated as an exponential fit   as shown in Supplementary Figure 8. 

While  is found to be finite at and decays exponentially, we find that  and  are decoupled (=0) for all the lengths (see Supplementary Table 4). This phenomenon can be explained by at the parity of the wavefunctions.  The real part of the wavefunctions  and  are mapped on the geometry with in Supplementary Figure 9. 

Calling  the plane indicated by the dashed line in Supplementary Figure 9 dividing the ribbon in two equal components, we note that , while  and . Hence, we have 
	
	
	


Additionally, by symmetry, we have .
Next, we calculate the onsite energies using equation (11) and the corresponding values are listed in Supplementary Table 4. 
	
	
	



Using the above computed parameters  and , we solve the 4-state model for the geometries experimentally studied in Fig. 4 of the main text. The LDOS computed on site C and site B are shown in Supplementary Figure 10. The qualitative trend of the LDOS on B and C with change in distance between the states are captured in our 4-state model. Additionally, we note that the peaks on site C for “3-5-1” and “3-4-2” configuration have undergone a red shift with respect to the other peaks on site B and C. This can be explained by the shift at lower energy of the valence band maximum /highest occupied molecular orbital (HOMO) of a finite-length 9GNR at short lengths (Supplementary Figure 11). Specifically, excluding topologically protected states decoupled by parity, the energy of the HOMO of a 9GNR decreases by ~15 meV and ~ 51 meV at lengths L=2 unit cells and L=1 unit cell respectively. 
This explains the energy shift observed in the TB modeling for the “3-5-1” and “3-4-2” configuration, as the 9GNR segment that state B is always in contact with has a length 3-unit cells, while state C is in contact with a relatively short 9GNR segment. We conjecture that the reduced interaction between the 9GNR HOMO and the SPT state due to the larger energy difference between these states in the short segment (state C) leads to further stabilization of the SPT in state C that can be understood in second-order perturbation theory on the energy. This conclusion is also in agreement with the experimental observation of a more localized wavefunction on state C for the 3-5-1 configuration (Fig. 4 in the main text).
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Supplementary Figure 1 | a, Unit cell with 1 CO molecule. b, Corresponding Muffin Tin potential landscape corresponding to the unit cell
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Supplementary Figure 2 | Band dispersion of the unit cell from Muffin Tin calculation and the tight binding fit. The tight binding parameters after the fit are reported in Supplementary Table 1.  
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Supplementary Figure 3 | a, Schematic of the9GNR/7GNR/9GNR heterostructure and wavefunctions of 4 SPT states. The distances between the states are represented as LAB, LBC and LCD, respectively. b, Schematic of the 4-state model. The coupling parameter  depends on the distance of separation 



[image: ]
Supplementary Figure 4 | Long 9GNR geometry used to extract  and  visualized on the structure. The amplitude of the wavefunction corresponding to the basis site within their masks are extracted.  
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Supplementary Figure 5 | 9GNR/7GNR heterostructure geometries used to extract  and , visualized on the structure. The amplitude of the wavefunction corresponding to the basis site within their masks are extracted.
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Supplementary Figure 6 | 9GNR/7GNR interfaces to extract .  is varied while keeping the length of 7GNR fixed to 25-unit cells.
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Supplementary Figure 7 | 9GNR/7GNR/9GNR heterostructures to extract .   is varied while keeping the length of the 9GNR segments on both sides fixed to 20-unit cells.
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Supplementary Figure 8 | Exponential fit . The values of the fitting parameters are and /unitcell. 
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Supplementary Figure 9 | Real part of the wavefunctions  and . The mirror symmetric plane along the y-direction is indicated by the dashed line dividing the ribbon in two equal parts.
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Supplementary Figure 10 | LDOS on site B and site C computed from tight binding (left) and 4 state model (right). The qualitative trend of the LDOS with change in distance between the states are captured in our 4-state model.  
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Supplementary Figure 11 | Energy levels for the valence band and occupied topological band along with their respective wavefunctions as a function of length.




Supplementary Table 1 | Numerical values of the TB fitting parameters
	
	0.107 eV

	
	-0.121 eV

	
	-0.028 eV

	s
	0.293



[bookmark: _Hlk68944301]Supplementary Table 2 | Z2 invariant of the unit cells considered in this work
	Unit Cell
	Z2 invariant
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Supplementary Table 3 | Coupling parameter  
	
	

	1
	15.575

	2
	9.258

	3
	5.492

	4
	3.248

	5
	1.910

	6
	1.108

	7
	0.627

	8
	0.371

	9
	0.220




Supplementary Table 4 | Coupling parameter 
	
	

	1
	1.355  10-14

	2
	1.062  10-14

	3
	1.366  10-14

	4
	1.225  10-14

	5
	1.008  10-14

	6
	6.776  10-15

	7
	5.095  10-15

	8
	4.025  10-15

	9
	2.297  10-15



Supplementary Table 5 | Onsite energies
	
	-46.609 meV

	
	-36.814 meV

	
	-36.814 meV

	
	-46.609 meV
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