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Abstract

Principal Component Analysis (PCA) aims to reduce the dimensions of datasets
by transforming them into uncorrelated Principal Components (PCs), retaining
most of the data’s variation with fewer components. However, standard PCA
struggles in high-dimensional settings where there are more variables than obser-
vations due to limitations in covariance estimation. PCA relies on covariance
matrices to measure variable relationships, using eigenvectors to determine data
distribution directions and assessing eigenvalues’ significance. This article exam-
ines the pros and cons of estimating high-dimensional covariance matrices and
emphasizes the importance of well-conditioned covariance estimation for accu-
rate finite sample PCA. Various methods are available for estimating population
covariance, among which Ledoit-Wolf estimation is deemed optimal in scenarios
where the number of observations is smaller than the number of variables. How-
ever, it tends to excessively shrink the sample covariates matrix, resulting in an
underestimation of the true eigen spectrum and a dearth of sparsity. Therefore,
there’s a need for sparse and well-conditioned covariance matrix estimation to
enhance PC estimation accuracy.

Keywords: Dimensionality Reduction, Principal Component Analysis (PCA),
High-Dimensional Covariance Estimation, Ledoit-Wolf Estimation
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1 Introduction

In various domains such as genomics, biometrics, medicine, e-commerce, network
security, computer vision, ecology, and industry, the indexing of high-dimensional
data has become increasingly vital in recent years. Within this context, we frequently
encounter scenarios where decisions or outcomes hinge upon a multitude of factors,
thereby complicating the decision-making process. This phenomenon is commonly
referred to as the “curse of dimensionality.” Addressing this challenge necessitates
the application of either regularization or dimensionality reduction techniques.

Dimensionality reduction encompasses methods aimed at transforming the high-
dimensional space of original data into a lower-dimensional space to derive a set
of principal variables. Essentially, dimensionality reduction serves as a technique
to eliminate less important information from a dataset. Moreover, dimensionality
reduction can be subdivided into two main categories: feature selection and feature
extraction. The primary distinction between feature selection and feature extraction
lies in their respective approaches—while feature selection involves the process of
selecting a subset from the original dataset, feature extraction entails generating a
new set of features from the existing dataset.

Principal Component Analysis (PCA) emerges as a preferred statistical technique
for reducing dimensionality and eliminating redundancy, particularly when all fea-
tures are deemed equally relevant for the study. The fundamental principle of PCA
revolves around the reduction of dataset dimensionality containing numerous inter-
related variables while preserving a significant portion of its total variance. This is
accomplished by transforming the original features into a new set of features known
as principal components (PCs), which are uncorrelated. The initial PCs effectively
capture most of the variation inherent in all original variables, thereby allowing the
overall dataset variation to be succinctly described by only a few PCs.

Alternatively, PCA can be understood as a linear projection that minimizes the
average cost of projection, represented by the mean squared distance between the
data points and their respective projections. In this context, matrix decomposition
plays a pivotal role in the PCA methodology. Matrix decomposition entails the
transformation of a matrix into a product of matrices, facilitating the breakdown of
the matrix into its constituent parts to enable specific operations. Specifically, within
the realm of matrix decomposition methods, PCA relies on eigendecomposition—a
technique that evaluates the relationship between variables using covariance matrices,
determines the direction of data distribution through eigenvectors, and assesses the
relative importance of these directions using eigenvalues.

Consequently, variance-covariance estimation serves as the cornerstone of PCA,
forming the foundation upon which the technique operates. Through the assessment
of the relationship between variables using covariance matrices, PCA enables the
identification of the principal components that encapsulate the most significant
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sources of variation within the dataset. PCA reduces the dimensionality of the orig-
inal data set by maximizing the retained variance and minimizes the least square
reconstruction error (see Fig. 1).

Fig. 1: The Principal Idea of PCA (taken from [1])

In other words, by leveraging eigendecomposition, PCA effectively transforms the
original high-dimensional dataset into a lower-dimensional representation character-
ized by a reduced set of principal components that capture the essential features of
the data. This attempt to reduce dimensionality can be described as “parsimonious
summarization” of the data [2].

1.1 Notations

In this paper, we employ a set of notations and symbols to facilitate clarity and
consistency in our presentation. These notations are introduced below for reference
and ease of understanding.

• XXX is a n × p random data matrix with mean 000 and variance ΣΣΣ

• ΣΣΣ is the true/population covariance matrix

• SSS is the sample covariance matrix or the maximum likelihood sample covariance
matrix and Σ̂̂Σ̂Σ is the estimator of population covariance matrix

• SSSii is the variance of i th variable

• SSSij is the covariance of i th and j th variables, i ̸= j and SSSij = SSSji
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• p is the number of variables/dimensions

• n is the number of observations/ sample size

• λi is the i th eigenvalue of the sample covariance matrix

• ei is the i th eigenvector of the sample covariance matrix

• UUU is an n × n orthogonal matrix containing the right singular vectors

• VVV is a p × p orthogonal matrix containing the left singular vectors

• MMM is an n × p diagonal matrix containing the singular values

• 000 is a p × 1 zero vector

• 111 is a p × p unit matrix

• III is a p × p identity matrix

• r is the number of principal components

• µ̂ is the sample mean vector

• ΘΘΘ is the precision matrix (ΘΘΘ = ΣΣΣ-1)

• PPP is a matrix of eigenvectors of the sample covariance matrix

• |ΣΣΣ| is the determinant of covariance matrix

• tr(ΣΣΣ) is the sum of elements on the main diagonal of ΣΣΣ (trace of ΣΣΣ)

• ||ΣΣΣ||1 is the maximum absolute column sum of ΣΣΣ

• ||XXX||2 is the l2 norm of N -dimensional vector XXX and it measures the shortest
distance from the origin. It is defined as the root of the sum of the squares of
the components of the vector

• ||XXX||F is the frobenius norm of n × p matrix XXX and it measures the the square
root of the sum of the squares of all the matrix entries
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1.2 Sample Principal Components

Let the random matrix XT = [X1, X2, ..., Xp] have the covariance matrix ΣΣΣ with
eigenvalues λ1 ≥ λ2 ≥ ... ≥ λp ≥ 0. Consider data on p variables for n observations.
The first sample PC is then the linear combinations of the variables X1, X2, ..., Xp,

PC1 = Z1 = eee1
TXXX = e11X1 + e12X2 + ...+ e1pXp (1)

and it’s variance is maximum for the individuals subject to eee1
Teee1 = 1.

e11
2 + e12

2 + ...+ e1p
2 = 1 (2)

Thus the Var(Z1) is as large as possible satisfying the above constraint. The con-
straints introduced here is to prevent increasing Var(Z1) simply by increasing one of
the coefficients. The second PC,

PC2 = Z2 = eee2
TXXX = e21X1 + e22X2 + ...+ e2pXp (3)

is such that Var(Z2) is as large as possible subject to the constraint, eee2
Teee2 = 1.

e21
2 + e22

2 + ...+ e2p
2 = 1 (4)

with additional condition that Z2 is uncorrelated with Z1. Similarly the third PC,

PC3 = Z3 = eee3
TXXX = e31X1 + e32X2 + ...+ e3pXp (5)

is such that Var(Z3) is as large as possible subject to the constraint, eee3
Teee3 = 1.

e31
2 + e32

2 + ...+ e3p
2 = 1 (6)

and also that Z3 is uncorrelated with both Z1 and Z2. Other PCs can be defined
in the similar way and this can be continued until p PCs are defined.

Maximizing a function subject to constraints is usually achieved by using a math-
ematical method called the Lagrange Multiplier. Under the optimum condition, the
variances of the PCs are the eigenvalues of the sample variance-covariance matrix [3],
SSS, of the p original variables and SSS, which is of the form,

SSS =




S11
2 S12

2 ... S1p
2

S21
2 S22

2 ... S2p
2

. . ... .

. . ... .

. . ... .
Sp1

2 Sp2
2 ... Spp

2



.

Since SSS is of size p × p, there are p eigenvalue-eigenvector pairs (λ̂1,ê̂êe1), (λ̂2,ê̂êe2),

..., (λ̂p ,ê̂êep) correspond to p PCs. If the eigenvalues are ordered as,

λ1 ≥ λ2 ≥ ... ≥ λp ≥ 0. (7)
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Then λ1 correspond to the first PC (Var(Z1) = λ1), and λ2 correspond to the sec-
ond PC (Var(Z2) = λ2) and so on. Since the Var(Z1) is the largest followed by Var(Z2)
and so on. The e11, e12, ..., e1p are the elements of the corresponding eigenvector of
λ1 and thus the first PC is determined. Similarly other PCs can also be determined.

As a result of the relationship between eigenvalues and variance of principal
components, the total sample variance can be represented by

Total Sample V ariance =

p∑

i=1

SSSi
2 =

p∑

i=1

λi = λ̂1 + λ̂2 + ...+ λ̂p. (8)

This shows that the principal components capture all of the variability in the
original dataset. When data is collected under a large number of variables, it is often
the case that different variables are measured in different units. Because of the unit
of the measurement, sometimes the variance becomes large. In order to avoid certain
variables having an undue influences on the PCs, often standardized variables are used
for the analysis. When standardized variables are used,

Total Sample V ariance =

p∑

i=1

SSSi
2 = p (9)

and thus proportion of variability explained by the i th PC becomes λi/p. Also note
that when variables are standardized, the covariance matrix becomes the correlation
matrix.

There are various statistical tests to determine the optimum number of PCs [4]
namely Kaiser-Guttman Criterion [5] and [6], Cattell’s Scree Test [7] and Percent of
Cumulative Variance.

1. According to the scree test, the components to the left of the “elbow” point of
the graph should be retained as optimal number of PCs. (see Fig. 2)

Fig. 2: Scree plot method
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2. The Kayser-Guttman number of components to retain (nK-G) is computed by
nK-G = Count (λi > 1), where, λi is the i th eigenvector.

3. Percent of cumulative variance method retain the number of components, that
explain 70% or 80% (note: it’s a thumb rule) of the total variance.

However, most of them commonly used non-statistical strategies to determine the
optimum number of PCs [8].

1.3 Computations of PCA

The PCs are calculated by two main approaches: Using Singular Value Decomposition
(SVD) or solving the covariance matrix.

1. SVD Method
Let’s denote the sample covariance matrix as SSS, which is typically computed

from a dataset XXX of size n × p, where n is the number of samples and p is
the number of features.The Singular Value Decomposition (SVD) of SSS can be
expressed as:

SSSp×p = UUUn×nMMMn×pVVV
T
p×p




s11 s12 ... s1p
s21 s22 ... s2p
. . ... .
. . ... .
. . ... .

sp1 sp2 ... spp



=




u11 u21 ... un1
u12 u22 ... un2
. . ... .
. . ... .
. . ... .

u1n u2n ... unn







m1 0 ... 0
0 m2 ... 0
. . ... .
. . ... .
. . ... .
0 0 ... 0







v11 v12 ... v1p
v21 v22 ... v2p
. . ... .
. . ... .
. . ... .

vp1 vp2 ... vpp




The singular values in MMM are typically arranged in descending order along the
diagonal. The singular vectors in UUU and VVV are orthonormal, meaning that UUUTUUU
= III and VVVTVVV = III where III is the identity matrix.

2. Covariance Matrix Method
Perhaps the oldest and most widely used covariance estimation approach is

Maximum Likelihood Estimation (MLE) of covariance. In 1922 R. A. Fisher
introduced the method of maximum likelihood. Let x1, x2, x3,..., xn be a set
of observations of random variables X1, X2, X3,..., Xn with joint probability
density function fx(x1, x2, x3,..., xn, θ), when considered as a function of θ, is
called the likelihood function of θ for the set of observations x1, x2, x3,..., xn. It
is denoted by L(θ; x1,x2,x3,...,xn). If θ̂ is the value of θ which maximizes L(θ;
x1, x2, x3,..., xn), then it is the MLE of the sample. The steps of the maximum
likelihood method may be outlined as follows.
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For an example, assume that the variable X ∼ N(µ,σx
2).

Step I: Form the likelihood function.

L = f (X1,X2,X3,...,Xn; µ,σx
2)

L =

n∏

i=1

1√
2πσx

2
.exp− 1

2 (
Xi−µ

σx
)2

L = 1√
2πσx2

n
.exp− 1

2

n∑

i=1

(
X i − µ

σx
)2

To simplify the partial differentiation we express the likelihood function in the
logarithms of the variables.

loge L =−nlogeσx − nloge
√
2π − 1

2σx
-2Σ(X i − µ)2

Step II: Take the partial derivatives of the likelihood function with respect
to the parameters which we want to estimate and equate to zero.

∂logL
∂µ = − 1

2σx
-2Σ2(X i − µ) = 0

∂logL
∂σx

= −n 1
σx

+ σx
-3Σ(X i − µ)2 = 0

Step III: Solve the equations of the partial derivatives for the unknown
parameters, to obtain their maximum likelihood estimates.

a). ML estimator of population mean:

ΣX i − nµ = 0

µ̂ =
ΣXi
n = sample arithmetic mean

b). ML estimator of population covariance:

− n
σ̂x

+
Σ(Xi−µ)2

ˆσx3
= 0

1
σ̂x

[−n+
Σ(Xi−µ)2

ˆσx2
] = 0

Σ(Xi−µ)2

ˆσx2
= n

Σ̂ML = ˆσx
2 =

Σ(Xi−µ)2

n = sample variance

In this method, PCs are given by the eigenvectors of the covariance matrix of
the data matrix X. (see Fig. 3)

In summary, PCA reduces dimensionality in high-dimensional datasets by
transforming features into uncorrelated principal components, preserving essen-
tial variation and providing insights into data structure.
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Fig. 3: Geometric interpretation of diagonalizing the covariance matrix in 2D

2 Principal Component Analysis when n < p

The Maximum Likelihood Estimation (MLE) method, as introduced by Anderson in
1970, stands out as a widely utilized and prominent technique for covariance esti-
mation in practical applications. While the usual maximum likelihood estimator of
covariance SSS is asymptotically unbiased, it tends to provide inadequate estimates of
PCs and poorly conditioned estimates of the covariance matrix ΣΣΣ in high-dimensional
settings, particularly when n (the number of observations) is less than p (the number
of variables).

When PCA is applied to high-dimensional data, several challenging issues arise,
with three major concerns standing out prominently.
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1. Consistency of MSE (SSS) breaks down as p/n → ∞

The depicted Fig.4 demonstrates that as the ratio of variables to observa-
tions increases, the Mean Squared Error (MSE) of SSS also experiences exponential
growth. This observation indicates that as the number of variables in the dataset
surpasses the number of observations, the MSE of SSS exhibits exponential escala-
tion. Consequently, it becomes evident that the sample covariance matrix is not
a reliable estimator of the population covariance matrix in high-dimensional set-
tings characterized by “large p small n” scenarios, particularly when utilized as
a dimensionality reduction technique.

Fig. 4: GEffect of p/n with respect to MSE of SSS

Let X ∈ R
n×p represent n observations with p features where we primarily

focus on the situation such that p/n > ϵ for some ϵ > 0 (or sufficiently large).
Moreover, Stuart Gemen [9] showed that, if X ∼ N(0, σ2) and p/n → θ as n
→ ∞ for some 0 < θ < ∞, then the maximum sample eigenvalue λ1 satisfies
(1+θ1/2)2σ2. That means if X ∼ N(0, I), then the largest eigenvalue of the sam-
ple tends to (1+θ1/2)2. This tells us, if p/n, does not converge to zero, that the
first sample eigenvalue is not a consistent estimator of the maximum eigenvalue
σ11

2 of ΣΣΣ. Moreover, if n=2p, n=p, n=0.75p,n=0.5p and n=0.25p, then the
largest sample eigenvalue λ1 tends to 2.91, 4, 4.64, 9 or 25 respectively whereas
σ11

2 is 1. This implies, when n < p, the problem of consistency of covariance
estimation is worse.
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2. Eigenvalues of SSS are over-dispersed because (p-n+1) eigenvalues are
exactly equal to zero.

Numerous empirical studies, including those [10], [11], [12], [13], [14], [15],
and [16], have highlighted the inadequacy of the sample covariance matrix SSS as
an estimator of the true population covariance when the dataset’s dimensions
exceed the sample’s observations. Furthermore, these studies emphasized that
the eigenvalues of the sample covariance matrix SSS exhibit over-dispersion, partic-
ularly due to (p-n+1) eigenvalues being exactly equal to zero, as depicted in Fig.
5. Thus, it is crucial to consider alternative methods for covariance estimation in
high-dimensional datasets where the number of dimensions surpasses the number
of observations to ensure accurate and reliable results in statistical analyses.

Fig. 5: Over-dispersion of sample eigenvalues SSS

In Fig.5, it is evident that when n ≤ p, the eigenvalues are often significantly
misestimated. Specifically, the largest eigenvalue tends to be excessively large
or over-dispersed, while the smallest eigenvalue is typically too small or under-
dispersed. Consequently, if the covariance matrix of XXX possesses a rank (r) less
than p, then the total variation of XXX can be entirely explained by the first r
principal components. This stems from the fact that if the covariance matrix has
a rank r, then the last (p-r) eigenvalues are uniformly zero, underscoring the
importance of understanding the relationship between eigenvalues and rank in
accurately characterizing the variation within the dataset.
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3. SSS is very noisy/ non-sparse matrix (matrix with mostly non-zero values) and
therefore biased for true/population covariance matrix ΣΣΣ.

A covariance matrix is deemed sparse when the majority of its entries are
zero, serving as a means to mitigate the curse of dimensionality. However, as
depicted in Fig. 6, the maximum likelihood estimation of the covariance matrix
often yields a noisy and biased approximation of the true population covariance.
Moreover, the eigenvectors of SSS, a crucial output of PCA, can significantly devi-
ate from those of ΣΣΣ, as identified by Johnstone and Lu [17] and Ledoit and Pèchè
[18]. Consequently, the limitations of the sample covariance matrix SSS underscore
the necessity for a well-conditioned estimator of the covariance matrix. Such an
estimator can ease estimation errors (projection cost) by enhancing the accuracy
of eigenvalue estimation, while also confirming the positive definiteness and
invertibility of the covariance matrix.

((a)) ΣΣΣ (True Covariance) ((b)) S (where; p = 50 and n = 250)

((c)) S (where; p = 50 and n = 25) ((d)) S (where; p = 50 and n = 5)

Fig. 6: Graph of True & Sample Covariance Matrices
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3 High Dimensional Covariance Estimation

Due to the limitations of maximum likelihood (empirical) sample covariance estimation
when n < p, researchers have been motivated to explore various regularized covariance
estimators in diverse contexts. Here, we provide a selective review of high-dimensional
covariance and precision matrix estimations, focusing on their effectiveness in address-
ing the challenges associated with sample covariance in high-dimensional datasets.
For that purpose, we illustrate the sample data, where Xi ∼ N 10 (0, I); where i =
1,2,3,...,500 with average over 500 replicates for sample size n = 3. (For instance, let X
denote a multivariate normal distribution with p variables (p = 10), where the mean
vector is zero and the variance-covariance matrix is the identity matrix.)

3.1 Stein’s Estimation - 1975

Since 1950s, Charles Stein observed that the the eigenvalues of the sample variance-
covariance matrix SSS are much more spread out than the eigenvalues of the population
covariance matrix ΣΣΣ [19]. In 1975, Charles Stein proposed a new covariance estimation
method called “Stein Estimator” [20] under Stein’s loss function. Let S = RLRT be
the eigen-decomposition of the maximum likelihood covariance estimator SSS, where L is
diagonal matrix of eigenvalues, and R is matrix of eigen vectors. The Stein’s covariance
matrix estimator is,

Σ̂ΣΣST = Rφ(L)RT

where
L = diag(l1,l2,...,lp), l1 ≥ l2 ≥ ... ≥ lp are the eigenvalues of SSS
R is an orthogonal matrix such that S = RLRT,
and φ(L) = diag(φ1(L), φ2(L), ..., φp(L)) with non-negative elements.

The eigenvalues are shrinking towards a central value, while the eigenvectors are
kept as they are in this approach. This estimator is known as a rotation equivariant
covariance estimator because the eigenvectors are not changed or regularized. For
the purpose of selecting the value of φ, we can use the entropy loss function or the
Frobeneous loss function shown below.

Entropy loss function:

tr(Σ̂̂Σ̂ΣΣΣΣ−1)− log(Σ̂̂Σ̂ΣΣΣΣ−1)− p

Frobeneous loss function:
tr(Σ̂̂Σ̂ΣΣΣΣ−1 − III)2

Stein’s Covariance Estimation method helps estimate covariance matrices, offering
advantages like risk reduction and minimax properties (the minimax property refers
to the method’s ability to minimize the maximum possible risk or error across all
possible covariance matrices). However, it has drawbacks worth noting:
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1. It only sometimes ensures positive definiteness, which is crucial for meaningful
interpretation. Positive definiteness breaks down in Charles Stein’s covariance
estimation when the sample size is small relative to the number of variables, when
the data exhibit high variability or outliers, or when there are deviations from
the normality assumption in the underlying data distribution.

2. It relies on the assumption of normality in the data distribution, which may not
hold in real-world datasets, potentially leading to biased estimates.

3. Its performance is limited by sample size conditions, being most effective when
the sample size is greater than or equal to the number of variables.

((a)) Eigenvalue Analysis ((b)) Sample Covariance

Fig. 7: Eigenvalue distribution and Noise of Σ̂Stein (whereXi ∼ N 10 (0, I) with average
over 500 replicates for sample size n = 3.)

According to Figure 7, the primary limitations of Stein’s estimator include its
lack of sparsity, requirement for positive definiteness, and unsuitability for high-
dimensional data (typically effective when n ≥ p and p is not excessively large).
While Stein’s estimator addresses over-dispersion in eigenvalues, it does not yield a
sparse covariance matrix, making it unsuitable for high-dimensional settings.

Additionally, it may need to handle extreme differences in population eigenval-
ues better, leading to biased estimates. Furthermore, it lacks robustness to outliers or
extreme values in the data, which can distort covariance estimates, limiting its applica-
bility in datasets with high variability or outliers. In conclusion, while Stein’s method
offers benefits, its limitations include a lack of positive definiteness, reliance on nor-
mality, sample size constraints, bias with extreme eigenvalues, and reduced robustness
to outliers, necessitating careful evaluation for suitability in analysis.
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3.2 Ledoit-Wolf Estimation - 2004

Sample covariance matrix (SSS) eigenvalues can also be truncated using the empirical
Bayesian estimator, which is the linear combination of the estimator SSS and the esti-
mator III. This is an appropriate approach as the estimator SSS is unbiased but is highly
unstable in high dimensional data, while the estimator αIII has very low variability
with potentially high bias.

Σ̂̂Σ̂Σ =
np− 2n− 2

n2p
αIII +

n

n+ 1
SSS

In 2004, Ledoit and Wolf proposed a more general form of estimator would
be a well-known stenian-type shrinkage (minimizing a Mean Squared Error (MSE)

criterion) estimator for the Σ̂̂Σ̂Σ [21]. That linear shrinkage estimator as given by,

Σ̂̂Σ̂ΣLW = ρ̂[
1

n

n∑

i=1

(X i − X̄)(X i − X̄)’] + (1− ρ̂)((tr(SSS)/p)× III)

where;

ρ̂ =
(1− 2

p
)tr(SSS2) + tr(SSS)2

(n+ 1− 2
p
)tr(SSS2) + (1− n

p
)tr(SSS)2

; ρ̂ ∈ [0, 1)

SSS =
1

n - 1

n∑

i=1

(xi − x̄)(xi − x̄)T

According to the results of this Ledoit-Wolf estimator, the modified eigenvalues λ̂i

is denoted as,

λ̂i = (1− ρ)li + ρc

with c = tr(SSS) / p and l i i
th eigenvalue of SSS.

The ledoit-Wolf covariance estimation method presents several drawbacks:

1. Lack of Sparsity: The method produces dense covariance matrices even in sce-
narios where sparsity is expected, increasing computational complexity and
potentially obscuring relationships between variables.

2. Uncertainty in Shrinkage Intensity Parameter: Ledoit-Wolf relies on an estimator
for the shrinkage intensity parameter, which introduces uncertainty and can result
in suboptimal performance due to inaccuracies in its estimation.

3. Lack of Adaptability to Data Structure Changes: Ledoit-Wolf preserves eigenvec-
tors of the sample covariance matrix even when they do not accurately represent
the data structure. This leads to inconsistent estimates, especially when the
underlying covariance structure undergoes significant changes.
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4. Biased Linear Shrinkage: The method applies linear shrinkage to eigenvalues,
which may lead to bias, particularly for eigenvalues far from the center, resulting
in inaccuracies in high-dimensional settings.

5. Suboptimal Performance in High-Dimensional Settings: Ledoit-Wolf may yield
biased or unstable estimates in scenarios where the number of variables is
comparable to or greater than the number of observations.

6. Inadequate Handling of Outliers: The method may need to handle outliers or
anomalies in the data robustly, leading to biased or unreliable results, particularly
in datasets with extreme observations.

7. Computational Inefficiency: Ledoit-Wolf estimation can be computationally
demanding, limiting its scalability in practical applications with large-scale
datasets or constrained computational resources.

8. Sensitivity to Model Assumptions: The method’s performance may vary depend-
ing on the underlying distribution of the data and the validity of assumptions
regarding the covariance structure, potentially leading to biased or unreliable
covariance estimates.

((a)) Eigenvalue Analysis ((b)) Sample Covariance

Fig. 8: Eigenvalue distribution and Noise of Σ̂LW (where Xi ∼ N 10 (0, I) with average
over 500 replicates for sample size n = 3.)

However, Figure 8 shows that when n < p, reduces the over-dispersion in eigen-
values with non-zero values (but λ3, ..., λ10 give the same eigenvalue). In other words,
the Ledoit-Wolf Estimator is not sparse, ρ̂ depends on the unknown S, and uniform
shrinkage. ([22] and [23])

3.3 Graphical Lasso (GLasso) Estimation - 2008

The GLasso estimator is a sparse penalized maximum likelihood estimation for a
precision matrix (the inverse of the covariance matrix), of any given member of a family
of generalised multivariate normal distributions. In the case of small-samples, sparse
inverse covariances are generally more effective than shrunk covariances. Therefore, In
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2008, Friedman [24] proposed a covariance estimation method to other estimator and
distribution types as an extension for the Dempster covariance selection problem for a
multivariate Gaussian distribution when observations are constrained. That covariance
estimator as given by,

θ̂̂θ̂θ = argminθθθ≥0[tr(SθSθSθ)− log det(θθθ) + λΣj ̸=k | θθθjk |]

Where θθθ = ΣΣΣ-1 and θ̂̂θ̂θ is the precision matrix to be estimated, SSS is the sample
covariance matrix, and λ is the penalizing parameter.

GLasso estimation, leveraging an l1 penalty for promoting sparsity in the precision
matrix, confronts significant challenges in high-dimensional covariance estimation.
Despite its benefits, including ease of interpretation and sparsity emphasis, GLasso
faces computational inefficiencies in datasets with many variables relative to the sam-
ple size. The optimization problem becomes computationally demanding, consuming
substantial resources and time to converge to a solution, limiting its scalability and
practicality for real-time or large-scale datasets where computational efficiency is
paramount. Furthermore, GLasso’s sensitivity to the choice of regularization param-
eter complicates its application, as selecting an appropriate parameter to control
sparsity becomes non-trivial. Suboptimal choices may yield biased or unreliable
estimates, particularly in datasets with complex covariance structures where GLasso
struggles to accurately model the relationships between variables.

GLasso’s shortcomings extend to handling outliers and adherence to model assump-
tions and data distributional properties. Outliers can unduly influence the estimated
covariance matrix, leading to biased or unreliable results and constraining GLasso’s
applicability in datasets prone to data quality issues or extreme observations. The
method’s performance also hinges on strict adherence to underlying data distribu-
tional properties and model assumptions, which may only sometimes hold in practice.
Deviations from these assumptions can further compromise the robustness and gen-
eralizability of GLasso estimation, necessitating careful evaluation of its suitability
for high-dimensional or complex data settings. In summary, while GLasso estimation
offers certain advantages, its drawbacks underscore the importance of thoughtful con-
sideration and evaluation regarding its applicability to specific datasets and analytical
objectives in high-dimensional covariance estimation tasks.

3.4 Covariance Estimation via Hard Thresholding - 2008

In 2008, Bickel and Levina developed a method of sparse estimation for the appli-
cation of thresholding to off-diagonal components of a sample covariance matrix of
p variables estimated from n observations [25]. They demonstrate the robustness of
the thresholded estimate in the operator norm, provided that the actual covariance
matrix is sufficiently sparse, the parameters are Gaussian (or sub-Gaussian), and log
p/n is set to zero, and explicit rates are obtained.
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The entry of sample covariance matrix SSSi,j = 0 if | SSSi,j | ≤ τ where τ is a thresh-
olding value. This is an user-defined threshold value. If it is a vector of regularization
values, it automatically selects one that minimizes cross validation risk. Thresholding
factor is given by τ =

√
log( p

n
), where X is the n× p data matrix.

Bickel and Levina’s Covariance Estimation via the Hard Thresholding method
presents several drawbacks in high-dimensional covariance estimation. One signif-
icant limitation lies in its sensitivity to the selection of the threshold parameter.
The method’s performance heavily relies on this parameter, making it challenging to
determine an appropriate value, especially in scenarios with high-dimensional data
exhibiting sparsity or noise. As the dimensionality of the data increases, accurately
determining the threshold becomes more complex, potentially leading to suboptimal
covariance estimates.

Moreover, the method may need help to handle datasets with complex covariance
structures effectively. When variables display intricate correlations or dependencies
beyond the simplistic thresholding approach, Bickel and Levina’s method may fail to
estimate the underlying covariance matrix accurately. Additionally, the method lacks
robustness in the presence of outliers or extreme values within the data, as it does not
incorporate robustness measures into the estimation process. This susceptibility to out-
liers can skew the estimated covariance matrix, compromising the reliability of results,
particularly in datasets where outliers are prevalent or influential. Furthermore, the
computational complexity associated with determining an optimal threshold parame-
ter challenges the method’s scalability, particularly in large-scale or high-dimensional
datasets with limited computational resources. These drawbacks emphasize the impor-
tance of cautious evaluation and consideration of alternative methods for practical
applications in high-dimensional covariance estimation.

3.5 Oracle Approximating Shrinkage (OAS) Estimation - 2010

In 2010 Chen [22] developed a formula that, assuming the data were Gaussian-
distributed, could be used to select a decrease in the shrinkage coefficient, resulting
in a MSE lower than the one reported in the 2014 Ledoit-Wolf formula. They devel-
oped an improved version of the Ledoit-Wolf method by conditioning it with the
Rao-Blackwell Ledoit-Wolf (RBLW) Covariance Estimation.

Let X be independent p-dimensional Gaussian vectors with covariance ΣΣΣ, and let
SSS be the sample covariance of X. The conditioned expectation of the LW covariance
estimator is

Σ̂̂Σ̂ΣRBLW = (1− ρ̂RBLW)SSS + ρ̂RBLWF̂̂F̂F

Where

ρ̂RBLW =
(n− 2)/n.tr(SSS2) + (tr(SSS))2

(n+ 2)[tr(SSS2)− (tr(SSS))2/p]
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The drawbacks of RBLW Covariance Estimation primarily revolve around its
computational complexity and potential instability in high-dimensional settings.
While RBLW aims to improve upon the Ledoit-Wolf estimator by leveraging Rao-
Blackwellization to reduce bias, this approach may introduce additional computational
overhead, particularly for large datasets with high dimensionality. Furthermore,
RBLW may need to adequately address the challenges associated with sparsity and
non-sparse covariance structures, potentially leading to suboptimal covariance esti-
mates in datasets characterized by complex covariance patterns. Additionally, the
performance of RBLW may be sensitive to the choice of tuning parameters, requiring
careful calibration to achieve optimal results.

Additionally, it proposes an iterative approach that is comparable to the predictive
shrinkage estimator in order to further minimize the estimation error. The resultant
estimator, referred to as the Oracle Approximating Shrinkage [22], is an iterative
approach to the OAS of a covariance matrix.

Σ̂̂Σ̂Σ = ρF̂ + (1− ρ)SSS

Where ρ ∈ (0,1) is a control parameter/weight, SSS is an empirical covariance
matrix, and F̂ is a target matrix. It is proposed to use a structured estimate
F̂ = tr(SSS/p) · Ip×p where Ip×p is an identity matrix of dimension p.

Numerical simulations demonstrate that the OAS approach can perform even
better than RBLW, especially when n is much less than p [22].

OAS Estimation faces limitations beyond its struggles with low sphericity condi-
tions, as its reliance on such assumptions restricts its utility to datasets with spherical
covariance structures, potentially yielding inaccurate estimates. Additionally, OAS
may falter when confronted with complex covariance patterns or high-dimensional
datasets, lacking robustness against outliers that can skew results. These drawbacks
underscore the necessity of carefully evaluating alternative covariance estimation
methods for practical applications, especially in scenarios where precise covariance
estimation is crucial for downstream analyses or model fitting. Considering OAS’s
limitations, exploring alternative approaches offering improved robustness, scalability,
and accuracy in covariance estimation becomes essential, particularly in datasets with
complex structures or high dimensionality, ensuring more reliable and valid statistical
analyses and model predictions.

3.6 The Adaptive Thresholding Estimation - 2011

Cai and Liu introduced an adaptive variant of hard thresholding covariance estima-
tion [26] in 2011, which was originally suggested by Bickel and Levina in 2008. The
application of the thresholding technique to a correlation matrix is what adaptive
thresholding is all about. Relationship, in which it adapts to each variable. That
covariance estimator as given by,
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Σ̂̂Σ̂Σ(δ) = (σ̂∗
ij)p∗p

Where

σ̂∗
ij = Sλij

(σ̂ij) and λij = λij(δ) = δ

√
θ̂ij logp

n

θ̂ij =
1
n

∑n

k=1[(Xki − X̄i)(Xkj − X̄j)− σ̂ij ]
2

X̄i = 1
n

∑n

k=1 Xki and X̄j = 1
n

∑n

k=1 Xkj

δ > 0 is a regularization parameter

The demonstrated estimators adaptively converge over numerous sparse correlated
matrices under standard deviation variations.

Adaptive Thresholding Estimation faces limitations beyond its narrow scope, pri-
marily tailored for sparse normal mean vectors in specific contexts such as wavelet
function estimation. This targeted approach restricts its effectiveness across various
statistical scenarios, potentially hindering its utility in diverse applications. Further-
more, Adaptive Thresholding Estimation may need help to adequately capture the
intricate covariance structure in datasets characterized by complex or highly variable
relationships between variables. Its design, focusing on sparse mean vectors, may lead
to suboptimal performance in scenarios diverging from its intended scope. These con-
straints underscore the need for alternative methods that offer greater versatility and
robustness across a broader spectrum of datasets and statistical applications.

3.7 Positive Definite Sparse Covariance Estimation (PDSCE) -
2012

Using Convex optimization, Rothman proposed a covariance estimator called Positive
Definite Sparse Covariance Estimator (PDSCE) in 2012 [27] to generate a sparse
estimate of a covariance matrix, which is positive definite, and is suitable for high-
dimensional environments.

To promote sparsity, a penalty of the lasso type is applied, and the logarithm
barrier function is employed to enforce positive definiteness. It’s denoted as,

Σ̂̂Σ̂Σ = argmin
Σ=ΣT

[∥ ΣΣΣ−SSS ∥2F +λ ∥ ΣΣΣ-1 ∥ 1 − γlog(|ΣΣΣ|)], λ, γ > 0

PDSCE has some limitations, especially when dealing with small sample sizes
compared to the number of variables. It might not work well in datasets with few
observations compared to the data’s complexity. Additionally, PDSCE may need help
accurately representing the relationships between variables in datasets with complex
structures. This is because it is designed for sparse covariance matrices and might
work less effectively with different covariance structures. These limitations show that
we need other methods for estimating covariance that can adapt better to different
statistical situations and be more reliable overall.
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3.8 Non-Linear Shrinkage Estimation of Large Dimensional
Covariance Estimation - 2015

In 2015, Ledoit and Wolf proposed a nonlinear shrinkage eigenvalue estimator for
population covariance matrices that satisfies a mean-squared criterion for large-scale
asymptotic functions [12].

That covariance estimator as given by,

Σ̂̂Σ̂Σ = Pdiag(PTΣΣΣP )PT

Where;
P = (p1, p2, ..., pp) is a matrix of eigenvectors for sample covariance matrix SSS.

The eigenfunction is a numerical inverse of a multivariate nonrandom function,
which they refer to as a Quantized Eigenvalues Sampling Transform (QuEST) func-
tion. Non-Linear Shrinkage Estimation of Large Dimensional Covariance Estimation
is asymptotically optimal under the framework p

n → k > 0 with respect to the class
of rotation-equivariant estimators.

The limitations of Non-Linear Shrinkage Estimation extend beyond its applicabil-
ity to non-sparse population parameters. This method may need help in datasets where
the underlying covariance matrix lacks sparsity or contains many non-zero elements,
potentially compromising its performance. Moreover, Non-Linear Shrinkage Estima-
tion may need help to accurately characterize the covariance structure in datasets
exhibiting intricate or highly variable relationships among variables. Its primary design
for scenarios with sparse covariance matrices may hinder its ability to generalize effec-
tively to other covariance structures prevalent in diverse datasets. These drawbacks
emphasize the importance of considering alternative covariance estimation approaches
that offer greater adaptability and robustness across various statistical contexts.

3.9 Joint PENalty Estimation of Covariance (JPEN) - 2016

In 2016, Maurya proposed a method for the estimation of well-defined and sparse
covariance and inverse covariance from a high-dimensional sample of vectors derived
from a sub-Gaussian distribution. The estimators proposed are derived from the
minimization of the quadratic loss function, the joint penalty of the l1 norm, and the
variance of the eigenvalues of that norm.

The corresponding JPEN covariance matrix estimator [16] is;

Σ̂̂Σ̂ΣR = DΓ̂DT

Where;
Γ̂ = argmin

Γ=ΓT |(λ,γ)ϵŜR
1
,tr(Γ)=tr(R)

[∥ Γ−R ∥2F +λ ∥ Γ− ∥ 1 + γ
∑p

i=1 σi(Γ)− σ̄(Γ)
2
]

ŜR
1 = (λ, γ) : λ, γ > 0, λ ≍ γ ≍

√
log(p)

n : λ < σmin(R+γI)
Cσmax

(sign(R))
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C ≥ 0.5, and sign(R) is matrix of signs of elements of R and D is diagonal matrix
of sample standard deviations.

In addition, the JPEN estimator reconstructs the sparsity pattern for the real
covariance matrix and offers an approximate representation of the fundamental eigen-
range.

Beyond its dependence on sparsely distributed covariance matrices, JPEN Estima-
tion encounters limitations that affect its performance in scenarios where sparsity is
absent in the covariance matrix of datasets. This means JPEN might not give accurate
estimations when sparsity is missing, limiting its usefulness. Additionally, JPEN might
struggle to understand the underlying covariance structure in datasets with complex
or highly variable relationships between variables, since it’s mainly designed for sparse
covariance matrices. This limitation affects its performance in scenarios with different
covariance structures. These drawbacks highlight the importance of exploring alter-
native covariance estimation methods that are more versatile and adaptable across
various statistical situations.

3.10 Other Contributions

In 2011, Bien and Tibshirani suggested a Penalized Maximum Likelihood (PML)
covariance estimation with a weighted lasso type penalty method on the basis of a
sample of vectors drawn from a multivariate gaussian distribution [28].

Σ̂̂Σ̂Σ = argmin
Σ≻0

[log(det(ΣΣΣ)) + tr(SSSΣΣΣ-1) + λ ∥ ΣΣΣ ∥ 1], λ > 0

The prime objective of this process is to approximately reduce the size (over
Sigma) of the following optimization problem that is not conformal.

minimize; log det(ΣΣΣ) + tr(SSS ΣΣΣ-1) + ∥ λ ∗ΣΣΣ ∥1 subject to ΣΣΣ positive definite.

The empirical covariance matrix of the optimization problem must be positive
definite in order for the problem to have a bounded objective. If this is not the case, a
small constant must be added to the diagonal of the diagonal of SSS. As the problem is
non-convex, the matrix returned is not necessarily a global minimum for the problem.

Several popular covariance estimation methods, including PML covariance esti-
mation and Augmented Sparse Principal Component Analysis (ASPCA), exhibit
noteworthy drawbacks in specific contexts. PML covariance estimation is sensitive
to the choice of penalty parameter, a critical factor influencing its performance,
particularly in high-dimensional settings where data sparsity or noise is prevalent.
Additionally, introducing a penalty term can lead to biased covariance estimates, and
inaccuracies may arise when the penalty function needs to appropriately reflect the
true sparsity or structure of the covariance matrix. Moreover, PML may need more
robustness in the presence of outliers or extreme values due to the absence of robust-
ness measures in its estimation process. On the other hand, while ASPCA addresses
the challenge of estimating eigenvectors by decomposing the covariance matrix into
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low-rank and sparse components, it encounters limitations in terms of computational
complexity, especially for large datasets. Furthermore, ASPCA’s performance relies
heavily on selecting regularization and tuning parameters, posing challenges in sce-
narios with limited prior knowledge about the data structure. Additionally, ASPCA
may not perform optimally in datasets with complex or highly variable relationships
between variables, as it is primarily designed for scenarios with sparse and low-rank
covariance matrices. These drawbacks underscore the importance of carefully con-
sidering the limitations and suitability of covariance estimation methods in various
statistical contexts.

Xue [29] proposed a Positive Definite l1 Penalized Estimation of Large Covariance
Matrices. Positive Definite l1 Penalized Estimation of Large Covariance (PDGLasso)
is a method aimed at estimating high-dimensional covariance matrices that are
both positive definite and sparse, which is particularly relevant when the number
of variables (p) exceeds the number of observations (n). By applying an l1 penalty
to the off-diagonal elements of the covariance matrix, PDGLasso encourages many
of these elements to be precisely zero, resulting in a sparse covariance matrix. This
approach ensures that the estimated covariance matrix maintains positive definite-
ness, a crucial requirement for various statistical analyses. However, PDGLasso has
limitations, including its computational complexity, especially for large datasets with
numerous variables, requiring substantial computational resources. Additionally, the
performance of PDGLasso can be sensitive to the choice of penalty parameter and
tuning parameters, posing challenges in scenarios with limited prior knowledge about
the data structure. Furthermore, PDGLasso may not perform optimally in datasets
with intricate or highly variable relationships between variables, as it is primarily
tailored for scenarios where the covariance matrix displays sparsity. Despite these
drawbacks, PDGLasso offers advantages in estimating sparse and positive definite
covariance matrices in high-dimensional settings, highlighting the importance of
carefully considering its computational demands and parameter choices in practical
applications of covariance estimation.

Bickel, P.J. proposed a hierarchical selection of variables in high-dimensional
regression with a sparse representation of the regression function [30]. While effective
for regression tasks, this approach’s drawback as a covariance estimation method
lies in its limited applicability to covariance matrices, particularly in scenarios where
sparse representation may not accurately capture complex relationships between
variables or adequately address computational challenges in covariance estimation for
large datasets.

Friedman [24] introduced a simple and fast algorithm for estimation of a sparse
inverse covariance matrix using an l1 penalty. While efficient, its drawback in high-
dimensional covariance estimation lies in its potential sensitivity to the choice of
penalty parameter and the limited scope of the l1 penalty in capturing complex
covariance structures. Additionally, its performance may be compromised in datasets
with intricate relationships between variables or when dealing with computational
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constraints in large datasets.

In another interesting Levina’s paper [31] proposed a sparse estimation of large
covariance matrices via a nested lasso penalty. This approach aims to promote spar-
sity in the covariance matrix, facilitating easier interpretation and computational
efficiency. However, its drawbacks include sensitivity to the choice of penalty param-
eters and potential challenges in accurately capturing complex covariance structures,
particularly in high-dimensional settings with limited sample sizes.

Vu and Lei [32] analyzed the problem of estimating the subspace spanned by
the principal eigenvectors of the population covariance matrix and they introduced
two complementary notions of lq subspace sparsity: row sparsity and column spar-
sity. This approach aims to capture the underlying structure of high-dimensional
data more effectively. However, drawbacks may include computational complexity in
implementing these concepts and challenges in generalizing to datasets with diverse
covariance structures or limited sample sizes.

In 2013, Won [33] was proposed that the estimator should be maximized in
relation to the normality of the data, but the condition number constraint should
be applied to the estimator. This would result in the eigenvalues of the estimator
being winsorized, while preserving the sample Eigenvectors of ΣΣΣ. Furthermore, it is
demonstrated that the estimator has a lower entropy loss in comparison to SSS, but it
is not demonstrated that optimal nonlinearly shrinkability can be achieved with such
a loss. The sample eigenvalue of the middle part of the sample remains unchanged,
however, the higher eigenvalues are winsorized at specific constants.

It’s denoted as,
Σ̂̂Σ̂Σ = argmax

Σ
L(SSS,ΣΣΣ)

subject to σmax(ΣΣΣ)
σmax(ΣΣΣ) ≤ Kmax. Σ̂̂Σ̂Σ invertible if Kmax finite and well-conditioned if

Kmax is moderate.

One disadvantage of Condition-Number-Regularized Covidance estimation is that
it relies on the condition number regularization method. This method may sometimes
only be appropriate for datasets with complicated or highly heterogeneous covariance
structures. Additionally, this method may not accurately capture the underlying
covariance relationships in datasets where the condition number regularization does
not adequately address the covariance matrix’s properties. Moreover, Won et al.’s
approach may be sensitive to parameter tuning and could require careful calibration
to achieve optimal performance, potentially limiting its applicability in practice.
Overall, while this method may offer advantages in certain scenarios, its drawbacks
emphasize the importance of considering alternative covariance estimation approaches
that address a broader range of data characteristics and modeling requirements.
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The sparsity assumption directly based on ΣΣΣ is not suitable in many cases due
to the presence of homogeneous factors. Instead, in 2013, Fan et al. proposed a non-
parametric estimator for ΣΣΣ is based on principal component analysis called Principal
Orthogonal ComplEment Thresholding (POET) Estimation [34]. Suppose the eigen-

values of Σ̂ΣΣ and ξ̂i
p

i=1, i.e. λ̂1 ≥ λ̂2 ≥ ... ≥ λ̂p, are the ordered eigenvectors of Σ̂ΣΣ. The
resulting sample covariance has the spectral decomposition as follows.

Σ̂̂Σ̂Σ =

k∑

i=1

λ̂iξ̂iξ̂i
’ + R̂τ

k

Where;

R̂τ
k = (r̂τij)p∗p, r̂

τ
ij =

{
r̂ii, i = j

SSSij(r̂ij)III(| r̂ij |≥ τij) i ̸= j

τij = τ(r̂iir̂jj)
1/2, for a given τ > 0 where r̂ii is the ith diagonal of R̂K . This

corresponds to applying the thresholding with parameter τ to the correlation matrix
of R̂K . This estimator is equivalent to the thresholding estimator (with proper chioce
of τ) of Bickel and Levina (2008), Rothman (2009) and Cai and Liu (2011) (with a
more generalized thresholding function) when K = 0.

The drawbacks of POET Estimation include its limited suitability for scenarios
where the underlying covariance matrix deviates significantly from a diagonal struc-
ture. This means that POET Estimation may not perform optimally in datasets
with complex or highly variable covariance structures, as it is designed primarily for
scenarios where the covariance matrix is approximately diagonal or nearly sparse.
Additionally, POET Estimation may not accurately capture the covariance relation-
ships in datasets with strong off-diagonal dependencies or non-diagonal covariance
patterns, potentially leading to suboptimal estimation performance. Overall, while
POET Estimation may offer advantages in certain contexts, its drawbacks highlight
the importance of considering alternative covariance estimation methods that can
better accommodate diverse data structures and relationships.

In 2014, Abadir et al. proposed to split the data into two parts, XXX = (XXX1,XXX2)
where XXX1 has size p ∗n1 and XXX2 is p ∗n2 with n = n1 +n2 and provided a theoretical-
supported data partitioning scheme for asymmetric efficiency. This method of
covariance estimation called Grand Average Covariance Estimation [35].

That covariance estimator as given by,

Σ̂̂Σ̂Σ = P (M−1
M∑

j=1

diag(PT
1jΣ̃

(j)
2 P1j))P

T
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Where;

Σ̃(j) = n−1
i X

(j)
i X

(j)T
i = PijDijP

T
ij , i = 1, 2.

Pi is the matrix of eigenvectors for Σ̃i

Σ̃i = n−1
i XiX

T
i , i = 1, 2.

The eigenvectors are estimated from a limited subset of the data, which are then
transformed into roughly orthogonal series, resulting in a well-conditioned estimation
despite the fact that the data contains fewer observations than dimensions. Further-
more, the estimator is designed without any assumptions regarding the distribution of
the random sample or any parametric structure associated with the variance matrix.

The drawbacks of Grand Average Covariance Estimation include its limited suit-
ability for datasets with high variability or non-stationarity in covariance structures.
This method relies on averaging individual covariance estimates across multiple
datasets, assuming a consistent covariance structure across all datasets. However,
in scenarios where the covariance structure varies significantly between datasets or
changes over time, the grand average may not accurately represent the true under-
lying covariance. Additionally, this method may be sensitive to outliers or extreme
values in individual datasets, leading to biases in the estimated grand average covari-
ance. Overall, while Grand Average Covariance Estimation may offer simplicity
and computational efficiency, its reliance on the assumption of consistent covariance
structure across datasets limits its applicability in diverse data settings.

The Nonparametric Eigenvalue Regularized Covariance Matrix Estimation (NER-
COME) was proposed by Lam in 2016 using the same data partitioning concept in the
Non-Linear Shrinkage Estimation of Large Dimensional Covariance Estimation [36].

That covariance estimator as given by,

Σ̂̂Σ̂Σ = P1diag(P1T1 Σ̃2P1)P1T1

Importance about Nonparametric Eigenvalue Regularized Covariance Matrix
Estimation is that the convergence to Nonlinear shrinkage eigenvalue estimator Σ̂̂Σ̂Σ, 1
means that NERCOME estimator is also a nonlinear shrinkage estimator like Σ̂̂Σ̂Σ, with
only P replaced by P1.

The drawbacks of NERCOME include its sensitivity to the choice of regulariza-
tion parameters and kernel functions. NERCOME relies on nonparametric methods
to estimate the covariance matrix, which involves selecting appropriate smoothing
parameters and kernel functions. However, the performance of NERCOME can be
heavily influenced by these choices, and selecting optimal parameters can be chal-
lenging, especially in high-dimensional datasets or when the underlying covariance
structure is complex. Additionally, NERCOME may not perform well when the
dataset contains outliers or non-Gaussian data, as it assumes a certain smoothness in
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the covariance structure that may not hold in such scenarios. Overall, while NER-
COME offers flexibility in estimating covariance matrices without strict parametric
assumptions, its performance is sensitive to the selection of regularization parameters
and kernel functions.

In 2018, NOVEL Integration of the Sample and Thresholded (NOVELIST) covari-
ance estimators was introduced by Huang and Fryzlwicz [37], which is a combination
of linear shrinkage with sparse estimators, as follows.

Σ̂̂Σ̂ΣN = (1− δ)SSS + δTλ(SSS)

Tλ(SSS) is a thresholded estimator of SSS with parameter λ (Tλ(SSS) = (sij111(| sij |≥ λ)))

The sample variance is reduced by the NOVELIST estimator to a variant that is
thresholded. High dimensionality can lead to a low-rank component for the sample
variance component, which is not sparse. The addition of this component ensures
the stability of NOVELIST’s invertibility because the thresholded sample variance
component is sparse. The NOVELIST estimator is advantageous due to its simplicity,
straightforward implementation, high computational efficiency, and the absence of
eigenanalysis in its application.

The drawbacks of NOVELIST covariance estimation include its sensitivity to the
choice of threshold parameter and the potential for bias in estimating the covariance
matrix. NOVELIST combines information from the sample covariance matrix with
thresholding techniques to improve estimation accuracy. However, the performance
of NOVELIST heavily depends on selecting an appropriate threshold value, which
can be challenging, especially in datasets with complex covariance structures or high
levels of noise. Additionally, the thresholding process may introduce bias into the
estimation, particularly if the chosen threshold is not optimal for the dataset. Overall,
while NOVELIST offers a novel approach to covariance estimation, its performance
is contingent on the selection of threshold parameters and may be susceptible to bias.

In addition to frequentist statistics, Bayesian perspectives [38], [24], [39], [40], [41],

[42]) proposed to regularize Σ̂̂Σ̂Σ by shrinking sample eigenvalues.

4 Discussion and Future Work

Estimating covariance matrices in high dimensions poses a significant challenge due
to the poor performance of the sample covariance matrix. As such, explicit regular-
ization techniques are necessary to improve its accuracy. This paper explores various
approaches to covariance regularization, including imposing specific structures dur-
ing estimation and shrinking extreme eigenvalues of the sample covariance matrix.
The choice of method depends on the application context and the availability of
prior knowledge about the population covariance matrix’s structures, with shrinkage
emerging as a viable option in the absence of such knowledge.

27



In 1976, British statistician George Box famously remarked, “All statistical
models and tools are wrong, but some are useful.” This sentiment rings true in the
realm of high-dimensional covariance estimations, where numerous challenges persist
despite the availability of various methods.

Among the options considered for high-dimensional matrix covariance estimation,
Ledoit-Wolf Estimation emerges as particularly suitable for datasets with n < p
settings. However, it is not without limitations. One drawback is its lack of sparsity,
which can impact its performance in scenarios where the covariance matrix is sparse.
Additionally, the dependency of the estimated shrinkage intensity ρ̂ on the unknown
true covariance matrix ΣΣΣ poses a challenge, as it requires accurate estimation of ΣΣΣ
for effective shrinkage. Furthermore, Ledoit-Wolf Estimation tends to overestimate
non-zero elements in the covariance matrix, and its inconsistency due to the preser-
vation of eigenvectors may limit its applicability in certain scenarios. Despite these
drawbacks, Ledoit-Wolf Estimation remains valuable for its effectiveness in specific
contexts, especially when dealing with high-dimensional datasets where traditional
methods may fall short.

Looking ahead to future research in principal component analysis (PCA) and
covariance matrix estimation, there is an opportunity to address the limitations of
existing techniques, particularly in scenarios where the sample size is smaller than
the dimensionality of the data n < p. This could involve the development of novel
approaches that improve estimation accuracy, enhance robustness to outliers, and
adapt to varying data structures. Exploring the impact of non-normal distributions
and complex covariance structures on covariance estimation could also provide valu-
able insights for developing more robust and versatile techniques. By addressing these
challenges, future research endeavors aim to enhance the applicability and effectiveness
of covariance estimation methods in high-dimensional settings.
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