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I. THEORETICAL MODEL

The main text introduces a comprehensive model that captures a dipolar chain embedded in a cavity. This model
elucidates the intriguing phenomenon of polariton formation, as represented by Eq. (2) in the main text. Here, we
provide a detailed account of the model, which characterizes a general configuration of dipoles. In this setup, each
oscillating dp is defined by three fundamental parameters: the effective mass M, the effective charge ¢ of the dipole
moment, and the resonance frequency wg. We consider these dps as a dimerized chain that is embedded within a
cavity waveguide, as illustrated in Fig. S1. The Coulomb interactions among these dipoles give rise to the emergence
of collective dipolar excitations, and these excitations, in turn, engage in interactions with the photonic modes in the
cavity and lead to the formation of polaritons. We formulate the model of polaritons as the Hamiltonian

Hpol = Hdp + th + Hdp—ph7 (Sl)

where Hyg, is the dipolar Hamiltonian (Sec. IA), Hpy is the photonic Hamiltonian (Sec. IB), and Hgp_pn is the
light-matter coupling Hamiltonian (Sec. IC).

FIG. S1. Sketch of the system. The chain consists of N dimers of dipoles, where the unit cell has two dipoles labeled A and
B associated with the resonance frequency wo and the length scale a. The dimerized chain exhibits a period d, defined as the
sum of d; and da.

A. The dipolar Hamiltonian

The dipolar Hamiltonian in Eq. (S1) is given by
Hap = HY, + HIY, (S2)

where the noninteracting part ( & = 1 throughout the paper) reads as

N
ng = Zwo (aLan + b;rlbn) , (S3)
n=1

corresponding to the Hamiltonian for uncoupled harmonic excitations with resonance frequency wg. The index n €
[1, N] denotes the number of dimers in the chain. In Eq. (S3), the bosonic operators a, (a};) and b, (b};) annihilate
(create) an excitation with transverse polarization (oscillating in the z direction) in n-th dimer, where the dipole
belongs to the A and B sublattices, respectively. This scheme is depicted in Fig. S1. The long-range dipolar interaction
between the excitations is governed by the term H gg, which can be split into the intrasublattice Hamiltonian denotes
the coupling between the same sublattices (A, A and B, B) and the intresublattice Hamiltonian denotes the coupling

between the two inequivalent sublattices (A, B and B, A):
The intrasublattice Hamiltonian reads as

N N
HANRE 3 3 ﬁ [(a} + an) (a}, + am) + (], + ba) (b1, + bpn)] (S5)

n=1m=n+1



and the intresublattice Hamiltonian reads as

N N N
Q Q
HA,B&BA,A: T+ n bt +b,) + b + b, f + am
S |2 G e O ) D g ) o)

(S6)

Here we introduce the coupling constant ) = % < wo with the lattice constant d = dy 4+ do, and where d; and
ds are the two central sites separations, as shown in Fig. S1. ‘

Employing the Fourier transforms a,, = \/% >k, € day and b, = \/% >k, €"Fedby. with the wavevector k, =

27p/Nd and the integer p € [-N/2,+N/2] (N should be even), the Eq. (S2) becomes

Q
Hap = Z{ (wo + Qf,) (alwakz + blbk) + 5k (alwaikw +a_gar, +0f 0", + b—kmbkm)
s (S7)

+ 9 geoaf, (e +00,,) gt (B, + 0o ) ar] },

with
2. cos(nk,d) > einkad e—i(n+1)k.d
; n3 nz;; (n+di/d)?®  (n+dy/d)®

The Hamiltonian (S7) concludes the dipolar excitations in a dimerized chain with long-range interactions. In the
nearest-neighbor coupling approximation, the intrasublattice Hamiltonian (S5) is completely neglected, while the
intersublattice Hamiltonian (S6) is restricted to m = n and m = n + 1, respectively. Therefore, one can get

1 e—ikzd
fe, =0 and g, = + . S9
' @/’ (da/d) )
B. The photonic Hamiltonian
In Eq. (S1), the photonic Hamiltonian reads as
Hon = D w5 cla Cara: (510)
q Aq

where cq (c; Aq) annihilates (creates) a photon with wavevector q and two possible transverse polarizations labeled

as Aq = {1q,2q}. The photonic mode frequency is wgh = c|q|, where ¢ is the speed of light in vacuum and the
associated vector potential

27 c? .
A=Y — (fqﬁxq(r)cqy)‘q n fq)‘q(r)c;AJ , (S11)
Ch)\q a

where fq x,(r) are the mode functions of the photonic cavity [1]. In a cuboid cavity of dimensions L, x L, x L., see
Fig. S1, the photon wavevector in spherical coordinates read as

Gz quy blIl 0q cos Pq
a=|qa | =| T, =q | sinfqsingq |, (S12)
q e cos fq

z

where the component ¢, is continuous since we take the length L, of the cavity to be tending towards infinity, n,
and n, are non-negative integers, arising from hard-wall boundary conditions of the cavity. The spatial profiles of the
mode functions then read as [2, 3]

sin (qyy) sin (¢.2) (Aq - X)

2 y a .

faxg(r) =1/ o | cos(ayy)sin(gzz) (Aq-y) | e®7, (S13)
SEN sin (,9) cos (4-2) (rq-2)



By substituting the momenta (S20) and the vector potential (522), the paramagnetic Hamiltonian (S18) at the
positions (S21) reads as

with the cavity volume V = L, L, L,. The two-photon polarizations Aq = {14, 24} are given by

cos O cos ¢q

—sin ¢g
1= | cosfqsingq and 2= | cosgq
—sin g 0
The photonic mode frequency in Eq. (S10) reads as

L.
In our model, we have L, > L, > L,, and the mode function f4_(r) in Eq. (S13) can be simplified as

5 0
fqz_’ny (r) = 4 / V . 0 eisz.

2 2
=t e (22) (22,
x s bz Ly

C. The light-matter interaction Hamiltonian

Hpz, such that [4]

(S14)

(S15)

(S16)

The light-matter interaction Hamiltonian in Eq. (S1) involves a paramagnetic term Hy.a and a diamagnetic term

Hdp—ph = Hp.A + Haz.
In the long-wavelength approximation |g|a < 1, we have explicitly

(S17)
Hr[ A= Z Z M (rn,s) (818)
n=1s=A,B
2¢
Hp> = Z > 2Mc A%(r,.). (S19)
n=1s=A,B
The dipole momenta on the A and B sublattices in the dimer n are
M M
M, =i 2“’0 (al —an)z and TI,p=i 2“0 (bl — by) 2, (S20)
and the positions of the dips are denoted as
nd % nd + %
L L
rpA= v and r,p= v , S21
2 2
In the single photonic band regime, the vector potential of Eq. (S11) becomes

Z 47ch

IQIJJ AP
Vo ph +cl e ) 2.
Wy,

Hipa =i, [(af e et/ 0] /) (o, ey ) = (e, + oo, ) (an 072 4 by e theins2)]
ke

(S23)

(S22)



and the diamagnetic Hamiltonian (S19) reads as

262
HA2 = Z w’:f |:CLL <Ck;m + Cikl) + (CLL + C_kz) Ck,:|

ke

with the light-matter coupling constant

) 1/2
¢ 2ma®  wy
ke =wWo | 755 o5 )
Lydewgr

Q?
ng

where a = (

D. The polaritonic Hamiltonian

With total photonic operators being considered, the polaritonic Hamiltonian can be written as

_ pol,f4 pol , pol
Hpol—z¢km Hy., i,

in the basis wgzl = (akm,bkm,c,(f?, c,(gt), c,(f:l), . ) and the polaritonic Bloch Hamiltonian reads as

(@ 1)
wo Qgr,  i0e N igVem N gl e
0) i1
0. N
0) 1
2gpol _ 5(0) ixi) 15(0) —ix () wgi(O) 0 0
ka 15(1) IX;C 15(1) —IX 0 wg}:(l) 0
—15 le 15 1) —1Xk b 0 0 wzh( 1)
with the general photon dispersion
o e (k= 2 (Y 0,41, +2
=c - — — m = e
k x d Ly ) ) ) ) )
the light-matter coupling constant
) 1/2
(m) _ 2’/TCL‘3 wWo
ke — %O L,Lyd w}zh(m) )
and X,
m) _ 1 (hed
Fa g\ 2 '
The quantities in the winding vector read
(M)2 too —2ix(™ ¢(m)?
1 e &
j = wo+ Z pol ph(m)’ hi karj = Gk + ﬁ Z pol ph(m)
m=—oco Wk, j = Yk, m=—oco Wk, j = Wk,

with the polariton eigenfrequencies w};:’} It

(S24)

(S25)

1/3 2
) is the reparameterized length scale and wgh =)k, + (LL) is the cavity photon frequency.
z y

(S26)

(S27)

(S28)

(S29)

(S30)

(S31)



II. PHASE TRANSITIONS

In this section, we analyze the phase transition of the models in the rotating-wave approximation (RWA). The RWA
is appropriate when the frequencies of all modes are close to resonance.

A. SU(3) polaritonic model

After disregarding the counter-rotating terms which correspond to the approximation for ) < wyg, the polaritonic
Hamiltonian denotes as

H}E{(\)ZIVA — Z [wo (GZ,,% + bzm ka) +Q (gkzazmbkz + gzzbzmakz) + w,i’fcimckz
ks (S32)
T (e e e e B (T e e I

and can be alternatively written as

HII):{()VIVA _ szzl,Tszl,RWszzl (833)
ke

in the basis ngj‘ = (ak,, b, ,ck,) with the polaritonic Bloch Hamiltonian

wo Qgr, ik, e ke
HPOLEWA Qgj.. wo &g, eXre | (S34)
T v .
i€y, eXrs —ig e X PP
T

equation (S34) corresponds to Eq. (2) in the main text (which is Hpe1 as dropping the k, subscripts for simplicity)
and forms the SU(3)[43, 44] group. The polaritonic Zak phase gives

Zak /d ol ol
o =i [ an (o 0w 0. (535)

—n/d

with the polariton band index j = {1,2,3}.

B. SU(2) polaritonic model

In Sec. ITA, we have shown how the polaritonic Bloch Hamiltonian (S34) can be written as a 3 x 3 matrix in the
SU(3) group. By eliminating the photonic degree of freedom, we rewrite the Hamiltonian (S34) as an effective 2 x 2
matrix Hamiltonian in the SU(2) group:

.0 .
4POLRWA ( wo,j | hkz_,y ) = wo;jZo + 0wy, j, (S36)

and where the renormalized on-diagonal frequency wp ; and off-diagonal quantity Ay, ; are defined via

2 —2i 2
fkm e~ <Xk fkm

pol _  ph’ hkwvj:gkm+ 0O pol _  ph
Yhyj T Yk “kai T Yks

wo,j; = wo + (837)

with the three polaritonic eigenfrequencies w};’:lj [by taking the dominant m = 0 in Eq. (S30)]. Now we have an
effective winding vector wy, ;, with the components

. : . hi, j
Wi, jo = Q|hi, jlcosor, j, Wk, jy = —Q |k, j|singy, j, e¥red = VLTJ| (S38)
]
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III. EDGE STATES

Figure S2(a) shows the simulated [white (cyan) dots represent the bulk (edge) states] and measured (color maps)
polaritonic eigenfrequencies as a function of L,. The topological edge states in the bandgap are localized at the right
end of the MRHs chain, as shown in Fig. S2(b).
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FIG. S2. Tunable topological phases of polaritons by changing the cavity waveguide width L,. (a) Measured (color map) and
simulated (white dots) eigenfrequency diagram of a 1D finite dimerized chain of 30 MHRs embedded in a cavity waveguide as a
function of L,. The simulated topological edge states are represented by cyan dots. (b) Simulated electric field distributions of
the topological edge states at 0.77 GHz with L, = 1.7d (green ellipse), 2.1d (red ellipse), and 2.8d (brown ellipse), respectively.
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