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Abstract

Background: The effect of shoulder pathologies on glenoid bone mineral density
(BMD) remains unclear and can be critical in surgical treatments. It is thus useful
to predict this effect and understand how it is influenced by sex, age, and body
mass index (BMI), in various glenoid locations.

Methods: To address this question, we developed a causal model and used
do-calculus to identify the minimal adjustment set of covariate variables and
developed a varying-intercept varying-slope Bayesian model. We considered
two common shoulder pathologies, primary osteoarthritis (OA) and cuff tear
arthropathy (CTA), and compared them with normal shoulders (CTRL). Glenoid
BMD was automatically measured on computed tomography scans of 93 OA, 53
CTA, and 133 CTRL subjects.

Results: OA and CTA subjects had higher BMD than CTRL in subchondral
trabecular bone. This difference was affected by sex, increased with age, and was



stable with BMI. BMD was higher in OA than CTA, especially on the posterior
side.

Conclusion: This causal model estimates the causal effect of pathology BMD,
which could be useful for surgery planning, outcome prediction, and understand-
ing of the associated pathophysiology.

Keywords: shoulder pathology, glenoid bone mineral density, causal inference,
Bayesian statistics

1 Supplementary materials

1.1 Model validation with synthetic data

To ensure that the proposed model could recover the real parameter values based on
the causal structure, we tested the model with synthetic data before feeding it the
real data. We fixed the average, age, and BMI (¢, 8, and ) effects on glenoid BMD
and we generated data stochastically as follows (For simplicity we did not consider
the kernel effect here).

BMD; ~ Normal(u;,o) (1)
pi = ougi) gli) + Buii, gt (age: — A8E) + Mo, 910 (BMI; — BMI) + ¢ (2)

Where € is the noise term, considered to be Normal(0, 1). For a better match of the
data generation process with the real data, we considered a similar number of subjects
for each group as in the real dataset of the study. The code for this validation is also
available in the repository (gitLab). With this process, we also assessed the necessary
number of subjects for a reliable estimate of the parameters. We found out that 300
(synthetic) subjects would produce reliable estimates of the parameters (Fig A2, A3,
A4). This number of synthetic subjects justified the number of real subjects used in
this study. With 300 (synthetic) subjects, the difference of the estimates compared to
the real effect was 0 [-0.08, 0.05] with the unit of [z-score of ST BMD] for average
effect (a), 0 [-0.01 0.01] [z-score of ST BMD / One unit change of age] for age effect
(8), and -0.01 [-0.02, 0.00] [z-score of ST BMD / One unit change of BMI] for BMI
effect (). We point out that this synthetic data simulation, indeed could not capture
everything that may happen in the real dataset, nonetheless, it helped in providing
insight into the number of data necessary for the study to have reliable estimates. This
analysis was also sensitive to the noise term e. We believe that a Normal(0, 1) noise
added to the generated BMD can be a reliable method for evaluating the performance
of the model. Increasing/decreasing the noise level obviously decreases/increases the
estimate’s reliability.

1.2 Likelihood evaluation

For the outcome distribution, we argue that a normal distribution was a suitable
choice. We showed this point by plotting the pareto-smoothed importance sampling
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cross-validation (PSIS) [1] and widely applicable information criteria (WAIC) [2] of
the model (Fig. A5). For the normal-based model’s out-of-sample predictions, there
were no points with higher PSIS Pareto k than 0.7 which could make the importance
weight unreliable and WAIC penalty high [1].

1.3 Prior predictive simulation

Predictive prior simulation is assessing what we might see from our set of priors, before
introducing real data to the model [3]. This technique could be useful in designing
priors to minimize unrealistic predictions. In Stan, we could use the same model def-
inition and just disable the likelihood part of the model. We used this technique to
design the priors of the model and evaluated the predicted BMD differences (Fig. A6,
A7, A8, A9). The tuned set of the priors resulted in a mainly higher ST BMD for OA
than CTRL subjects, with a higher density between 100 to 300 HU (Fig. A6, A8), and
a mainly CTA-CTRL difference in the range of -100 to 200 HU (Fig. A7, A9). More-
over, the ST BMD changes with age and BMI also seemed reasonable. There were a
few extreme and unrealistic slopes, which was indeed expected as samples could be
drawn from tails of the parameters distribution leading to strange predictions.

1.4 More simulations from posterior distribution

Here we provided more simulations with the Bayesian model. We kept age constant
at 50, 60, 70, 80, and 90 years old, and at each age, we simulated OA-CTRL and
CTA-CTRL ST BMD differences for female and male, at BMI of 17, 25, and 33 (Fig.
A13).

1.5 CT Kernel

We assessed the kernel effect on calculated ST BMD differences for OA-CTRL female
(Fig. A14). As before we kept all of the variables constant and only changed the kernel.
Differences were negligible and the highest difference happened in anterior-superior
octant (24.8 [13.1 36.8] HU at 65 years).

1.6 Post stratification

Post-stratification is a statistical technique used to adjust estimates from a sample to
better reflect the known distribution of a population. It involves dividing the popula-
tion into strata (subgroups) based on certain characteristics (e.g., age, sex, or disease
status) and reweighting the sample estimates to match the population proportions
in each stratum. Mathematically, the post-stratified estimate Yps for a population
parameter Y can be expressed as:

H
N Ny, ~
Yps = 7Yha

h=1
where H is the number of strata, IV}, is the population size of stratum h, N is the
total population size, and Y}, is the sample estimate for stratum A [4]. This approach



reduces bias and improves precision by ensuring that the sample reflects the population
structure, particularly when certain subgroups are underrepresented in the sample. In
our study, post-stratification could be applied to adjust predictions of glenoid BMD
across different shoulder conditions (e.g., OA, CTA) and demographic groups, ensuring
that our results generalize to the target population. However, a key challenge is that
the true population distribution of these shoulder pathologies is not precisely known,
which limits our ability to definitively apply post-stratification. Despite this limita-
tion, exploring the potential impact of post-stratification under a range of plausible
population proportions provides valuable insights into the sensitivity of our estimates.
To explore the impact of post-stratification on our estimates, we applied this tech-
nique under several plausible population distributions. Specifically, we tested three
scenarios with varying proportions of OA, CTA, and CTRL groups, stratified by sex.
In the first scenario, we assumed a population dominated by control groups, with 40%
female CTRL and 40% male CTRL, while OA and CTA groups were relatively rare
(10% female OA, 5% male OA, 2.5% female CTA, and 2.5% male CTA). In the second
scenario, we balanced the proportions, with 35% female CTRL and 35% male CTRL,
10% female OA and 10% male OA, and 5% female CTA and 5% male CTA. In the
third scenario, we assumed a higher prevalence of CTA, with 25% female CTRL and
25% male CTRL, 12.5% female OA and 12.5% male OA, and 10% female CTA and
10% male CTA. These scenarios allowed us to assess the sensitivity of our estimates to
different assumptions about the population distribution of shoulder pathologies and
demographic characteristics. We evaluated the effect of post-stratification on the BMD
difference between OA and CTRL while varying age and keeping BMI constant in each
of the octants. The differences between the three scenarios were relatively small (Fig.
A15). However, the difference between post-stratification and no post-stratification
was more pronounced, particularly for males above 70 years of age. This suggests
that while the specific population proportions assumed in the post-stratification sce-
narios had a limited impact on the results, the application of post-stratification itself
substantially influenced the estimates, especially in older male subgroups.

1.7 DAG sensitivity analysis

To assess the potential impact of unmeasured confounders on our estimates, we con-
ducted a sensitivity analysis focusing on a hypothetical confounder that acts as a
common cause of both shoulder pathology (e.g., OA, CTA) and glenoid BMD. In that
case we have to adjust for this confounder in our statistical model as

BMD; ~ Normal(;, o) (3)
pi = i gfi) + B, gl (age: — age) + i, gra (BM I; — BMI) + nU (4)

Here, n represents the effect of the unmeasured confounder U on BMD.

We explored a range of plausible values for 7, representing different assumptions
about the confounder’s influence on BMD. By systematically varying 7, we assessed
how our estimates of the relationship between shoulder pathology and BMD would
be affected. This approach allowed us to quantify the robustness of our findings to



unmeasured confounding and to identify conditions under which our conclusions might
be significantly impacted.

For instance, when 7 is assumed to have values of 0.1, 0.2, and 0.6, the simulated
difference in BMD corresponding to a —1 z-score versus a +1 z-score of U could change
by up to an average of 100 HU. These results highlight the potential magnitude of
bias introduced by unmeasured confounders (A16).

1.8 HMC Convergence

The trace of the HMC sampling illustrated a robust sampling procedure for all model
parameters (Fig A1l). The sampling has been performed for 4 chains and 2000 iterations
per chain. The initial 50% of the iterations were considered for warm-up and the
last 50% for sampling. The trace exhibited characteristics indicative of a sound HMC
sampling process: stationary, where the chains remained within the high-probability
region of the posterior distribution; mixing, where the chains effectively explored the
distribution; and convergence, where multiple chains converged to the same high-
probability region.



1.9 Figures
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Fig. A1l: Trace of the sampling procedures of the four chains for some of the subsets
of (a) a, (b) S, (c) v, (d) ¢ parameters. The x-axis corresponded to iterations of the
chains, and the y-axis to the magnitude of the parameters represented as the titles of
the graphs.
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Fig. A2: Real and estimated values of the average effect of location and group (o4
in Eq. 4) based on 1000, 500, 300, 100, and 20 synthetic subjects, for each octant,
from superior-anterior (a) to superior-posterior (h) of the ST VOL
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Fig. A3: Real and estimated values of the age effect of location and group (8,4 in
Eq. 4) based on 1000, 500, 300, 100, and 20 synthetic subjects, for each octant, from
superior-anterior (a) to superior-posterior (h) of the ST VOI.
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Fig. A4: Real and estimated values of the BMI effect of location and group (7,4 in
Eq. 4) based on 1000, 500, 300, 100, and 20 synthetic subjects, for each octant, from
superior-anterior (a) to superior-posterior (h) of the ST VOI.
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Fig. A15: Difference of BMD in ST between OA and CTRL vs age, while keeping BMI
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Fig. A16: Difference in BMD in ST between OA and CTRL versus age, with BMI fixed
at 25kg/m?, for females (a) and males (b) across the 8 locations. The colored surface
represents the estimated values without the presence of an unobserved confounder (U).
The six colored solid lines (median) and dashed lines (89% compatibility intervals)
represent the estimated values under the assumption that the unobserved confounder
U exists. The six colors correspond to three values for the strength of the effect of U
(by) on glenoid BMD and two levels of U (-1 and +1 z-scores).
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1.10 Tables

Sex Location 50years 60 years T0years 80years 90years

Female  Superior-Anterior 1594[117,204] 1676[1399,1947)  1749(1541,197.2)  182.7[1507,2149]  190.4[141.1,240]
AnteriorSuperior  2013(1509,2575)  2073(1738,2423]  2126[186,2379]  175[1799,2548)  2224[1628, 2199
Anterior-Inferior 2128[1642,2658]  2252[1947,2588)  D7A[151,2612)  493[215,2858]  261.7[207.6,3175]
InferiorAnterior ~ 2743(2254,35.1]  69[2572,3177)  2992[2789,3006]  3116[2799,348]  3B39[272,3719]
Inferior-Posterior 256[2136,2998]  2729(2462,3002)  2903[270,3126]  3084[2768,340.2]  326.1[2766,3762]
Posterior-nferior ~ 2987(2434,3532]  316(2837,3%02] 3339113383 BITBI67,393]  3692[313,429)
Posterior-Superior 29462397, 3467]  3115(2764,333]  38[3036,3526]  MAPITT BT 3618[3M4,4213]
Superior-Posterior ~ 2149(1614,2597]  2319[2004,2608)  250[227.3,271) 8357382 2854[2354,3029)

Male  Superior-Anterior 8614393 956131357 1559[1195,1908]  211.9[1585,2666 26751902, 3497]
Anterior-Superior g6[1.1,131.1] I5A[8141672  1843[1425,231]  2431(182,3026) 30321233921
Anterior-nferior 264[47,924 114[66.2,1578) 202.7[160, 245) 2919[2292,3543)  3798[290.1,4758]
Inferior-Anterior 869(98,1549) 1828(137,226]  I9[4143178)  36T(3181,4393)  4731[3658,5704]
Inferior-Posterior 121.71636,1758] 207[171,244.1] 1936[2605,3288)  3804[329,4336]  467.1[39056,546.3]
Posterior-nferior ~ 1597(869,2295]  26[1996,2936]  34S[QAT3TN  413A[58Y,4865]  510.7[4187,605.5]
Posterior-Superior ~ 1776[1055,2476)  2513[2057,2993]  3272[2847,3723]  403.2(3375,4618] 4791383.1,576]
Superior-Posterior ~ 1336[64,1949]  1868[141.7,2285]  U11[2027,2814) 29562401, 3%63]  3499[2676,4396]
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Sex Location S0years B0years T0years 80years 90years

Female  Superior-Anterior 648[49,1194) M03[03,1433]  1563[1316,1797]  2031[1643, 2437 2496[1867,3202]
Anterior-Superior -28[747,565] 82[53,843] 1001[721259]  1527[1085,1%6.3]  2053[135.1,2787)
Anterior-nferior $17[1369,-126] 14[533,216] 448[20,676] 101.4[65.6,139.8) 1591002, 2243]
Inferior-Anterior $54[1339,428) 397[703,-142) 57142245 514[216,82] 97.3(489,147)
Inferior-Posterior 098[1655,-636) 987925305 TA[30,154) 44995,808] 9740,1541]
Posterior-nferior T34[1525,57) 123[584,269) 89214741 M04[67.1,1552]  171.7[985,2488]
Posterior-Superior 573[:309,1308] 1079(579,1525]  1604[1316,187.7]  2129[1669,2598]  265.5[186.9,3482)
Superior-Posterior ~ 1355(58,1975]  1748[1298,2122]  144[1896,2387  2556[2136,2973]  2958(2267,3686]

Male  Superior-Anterior 7114898 81[49.,1095) 1187[902,1439] 156[116,193.5] 193.9[1354, 249.)
Anterior-Superior 406[894,26] 86[-242,376] 57.7(281,86.] 1078[641,1522]  157.7[938,2239]
Anterior-nferior 081245396 5453236 31363,571] 879[50,1266] 1439885, 207)
Inferior-Anterior 1041458, 785)  568[-787,352) 271223189 52.1{205,849] 106.3[604,155.4]
Inferior-Posterior 27411664926 -689[935,-43)] 96[318,159] 51152,878] 1107[57.6,1639)
Posterior-nferior B46[1363,39] -248[596,67] 349(54,638) 948(504,139.) 155(902,2215]
Posterior-Superior 19.7[:393,746] 69.2(286,1048] 1195(838,1495]  1683(1183,2173]  218.2(1463 291.7)
Superior-Posterior 1043532, 1548] 1335(935,166] 16241250190 1904[1422,2314]  2186[153,2783]
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Sex Location 17kg/m2 L kgm2 kg2 kg2

Female  SuperiorAnterior  1691[133,2002)  1705[1467,1%42  171.7[149.1,143]  1733[1449,201.2)
Anterior-Superior 19981578, 2389]  2063[1758,2356]  2128[185,2407)  219.1[1847,2554]
Anterior-nferior 214[1713,2529) 248[19%3,253) Bo8[2118,26)  472[2158,2826]
Inferior-Anterior WOS(433153]  B3[623,3138)  2962[2731,302  3038[2741,3%58]
Inferior-Posterior 283[2533,3138)  2821[2595,3069]  281.8[2597,3043]  2809[2934,3083]
Posterior-nferior ~ 3346[2983,3753]  3288[3014,3%8.1]  322.9[2975,3488)  317.1[2832,39]
Posterior-Superior ~~ 327.1(288.7,3696]  3228[2932,3517]  317.8[2902,3431]  3125[277.7, 3447
Superior-Posterior ~ 251.7(2166,2879]  25.2[2183,2702)  2382([2136,2621) 23151989, 2627]

Male  Superior-Anterior 19[685,1677]  185[9241624 17791861595 1275[%09,1615]
Anterior-Superior ~ 1708[132,2159] 1609120, 200] 1514[1126,188]  141.2(100.1,1807]
Anterior-nferior 168301216,2157)  1625[1200,2038]  1564[11541%5)  149.7[1069,189.2)
Inferior-Anterior BOA[9,2809]  BAS[1957,2722)  20[1917,2664)  245[1848 2635
Inferior-Posterior BIGR155,2099)  2512[218,2849]  2507(2186,2829) 24982163, 2832)
Posterior-nferior ~ 2074[2503,346]  2932[2508,3351]  284[478,3302  2847[2421,38]
Posterior-Superior ~~ 2976[251.1,3459]  2928[2509,3364]  288[2483,3309]  2835[2412,3288]
Superior-Posterior  2231[1795,2613]  2173[1789,2565) 21181743, 2491 2065[166.6, 45]
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Sex Location 17kg/m2 Lkgm2 kg2 R kgm2

Female  SuperiorAnterior  1308[889,1659  132[1005,1597]  1338[1049,1609]  1347[1003,1724]
Anterior-Superior  784[361,1187)  756[428,105.5] 729[403,101.1) 70.1{295,1069)
Anterior-nferior 193[232,546) 1781143444 16[-143,423] 134[21.1,485)
Inferior-Anterior 47459, 135] 1591406, 58] 112[404,28) -188[464,69)
Inferior-Posterior 344[4669,39] 35[599,48] 305583, 88] 383211
PosteriorInferior 111416,488) 148[-202,456) 073,507 B3[155719)
Posterior-Superior ~ 1304[759,1733] 1328[938,166.1]  1355[1002, 169.6] 137.2[94.2,188]
Superior-Posterior  1904[136.1,2305]  1926[157.1,2238]  1956[1646,2262  1974[159, 246]

Male  SuperiorAnterior  1098[705,189] 104373, 1336] 99(687,1219] 913469,122.9]
Anterior-Superior 5750165, 1123] 81122,763] 566125534 136246
Anterior-nferior 198[-178,646) 98172394 11(263 238) A11[495,21.2)
Inferior-Anterior -199[49,125] BYM6632  R3[K02-415  319[437,-119)
Inferior-Posterior 364[4685,402) 38.1[-609,-123] 3991604, -166] 417[4699,-119)
Posterior-ferior 154[-262,629] 94[-22.2,415] 25213311 411483,343)
Posterior-Superior ~ 106.2(56.4, 161.5] 99[604,135.7] 91.1[546,1232] 834[319,1254]
Superior-Posterior  1658[119.1,2213]  1555[116.7,189.1]  1433([1048,171.1)  131.4[19.,168.]
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Sex Location 50years 60years Toyears 80years 0years

Female ~ Superior-Anterir  2682[419,253]  6[267,2653]  234[2037,2427)  W09[1743,2273) 17841415, 2144]
AnteriorSuperior  2935[2629,3246] 26420241, 2875]  D44[207,2584]  2046[171,2365] 17451285, 2186]
Anterior-nferior 3072(2814,3345)  2A3[255,243)  M413[2132609]  2082[1807,2342)  1749[137,2105)
Inferior-Anterior ~~ 2795(256.4,3027)  2476(2308,2642)  2156[1985,2323]  1835[1588, 2075  1514[117.2,1847)
Iferior-Posterior 288(261,315.) 153[2328 5] NT401972,231) 18151541, 2094] 146[107.9,184]
Posterior-nferior ~ 3469(3197,3753]  3128[2028,3328]  7B5[157.7,284] 44154 M8 2096[1693,249]
Posterior-Superior  3534[3225,3829]  3252(3032347.1]  972[2757,319]  2688([2393,299.2]  241.1[2002,2819]
Superior-Posterior  3209(2976,349]  3017[2841,320)  2824[2647,3002  2631(2385,2879]  2436[2087,2779)

Male  SuperiorAnterior  3383[31543607  299A4[847,3136]  199[423277]  205[1918,248]  180.8[1396,2215]
AnteriorSuperior  3758[347.2,4045)  379B0I3 59  IWISTIAN] B03[1958,2656  1821[1306, 2331
Anteriovnferior ~ 3731[3499,3972 31693318 H03[(uL7BT]  3B[1738,2333)  1468[1031,1895]
InferiovAnterior ~ 336.1(3162,3%.3]  2829(202,2957)  294[1134 2449 17561495, 2015]  1223(839,1598)
Iferior-Posterior 347131753652 2829[2676,297.7)  2235[05.1,2421]  1646[1341,1947] 105[608, 149.2)
Posterior-nferior ~ 414[3884,4393]  344[381,370]  2945[2756,3132  2344[2036,2654]  174[1295,2198]
PosteriorSuperior  436.7[4105,464]  3876[37024044]  3374[3173,3577]  2869[2546,320.1]  236.9[1905,2853]
SuperiorPosterior  3915[30,4133] 15381375 BLABIGTY 31202738388 21[2304311]
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Sex Location S0years B0years T0years 80years years

female  SuperiorAnterior  428[3879,4699)  4135(3892,4377 387474113 3B6[616,405  3692[3295 4055
Anterior-Superior ~ 4948[4504,5468]  ATI[M4435005]  A468[4316,4611) 4222396, 4453]  39B3[35134387
Anterior-nferior SN05475,5699)  4997[4727,591]  4786[4636,4953)  4576[4323,4828)  4369[3%0.8,4796]
Inferior-Anterior SS39[507.9,6024)  S345[(507.1,5637)  S146[5007,5304]  4%B5[470,502  476[4307,5199]
Inferior-Posterior 54.7[5067,584)  5257[5044,5489  508[496.6,520.1] 490[469.8,510] 472.71436.2, 5075
Posterior-nferior ~ 6457(5948,697.2]  629[5999,659.1)  6125(5974,687)  S98[5705,6228]  578H[5339,627.3)
Posterior-Superior 647[596, 696.6] 6304[606.1,665.7]  6254[608,6413]  6143[5867,640.7]  6033[595.6, 6498]
Superior-Posterior  S35.6(4838,5794]  S3A[S034,5604]  S3I[158,547.1]  S313[507,5565)  5293(4886,576.2]

Male  SuperiorAnterior 382432874311 398836164335  4I5T[33 4464  434PRG AT MBT[304 5098]
Anterior-Superior  4417(3842,4%95]  4522[M125,4%3]  4632[499,4%59)  4TIUB2518  4AI[,593]
Anterior-nferior 3985(333,4589)  4307[3849,4724] 46374324997 AO53[4441,547)  5266[456.5,6044]
Inferior-Anterior ~ 4237[350.1,486.3]  4657[4207,5066]  S095(4738,5428]  SS29[5038,6048]  595.8[5239,678.1)
Inferior-Posterior 4632(4119,5106)  4898[456.1,5232)  SITT[4894,5455]  S446[5069,5848]  5T2[517.7,6319]
Posterior-nferior ~ 5728(5072,6374]  6005[5553,6449)  629(590.2,6676]  6569[606.6,709]  6847[6137,7594)
Posterior-Superior ~ 6143[548,6786]  6389[5945,685.9]  664[627.1,705.] 690 (640, 744.9] T148[644.1,7924]
Superior-Posterior  S247(4612,5622]  S4B1[S056,589.1]  ST2S[S374,6096]  S9A[SS14 64711 6213[568,6945]
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Sex Location 50years 60years Toyears 80years 0years

female ~ Superior-Anterir  333[2683,3834]  3%64[318,3%58]  380[3604,3%4] 37376435 4267 [3794,4852)
AnteriorSuperior  2922[253,3413]  3136[233 3418]  BATBULR0A]  3564[328,3812  3775[3098 4366]
Anteriovnferior  2403[174.1,2876]  2634[2231,29]  2868[2665,301]  095[28443378)  3327(2883 3857
Inferior-Anterior 1945[1489,2309  2082(180.1,297] 2222064323  BAB[A57,2553]  2485[2148 2857
Iferior-Posterior ITI7010,2195)  1941[1638,2183]  2106[1946,2229]  226,6[205,2488] 242412039, 289)
Posterior-nferior ~ 274[1986,337.1]  01[5733373]  26[3046,3459  339IB29 389 305331,4453)
Posterior-Superior 41013252, 4781)  4339[3853 4734]  457.7(4337,4795]  4819[44435206]  505.7[4402,576.3]
Superior-Posterior  456.5(3846,5158]  4763[4345125]  A9T[4758,5163)  SI79MABS 5509 5381 (4825, 602]

Male  SuperiorAnterior  331[3398,4278]  3302(3483 4088  3MABLIBE  IMMIBSLMLT  3T62[331,4117]
AnterorSuperior ~ 3357[292.0,3727]  336.1[3059,3638]  3M2[3141,3%85]  33B[1163663  337(3033,307]
Anterior-nferior WIS B4 916[2646,3197 912021163134 WI3R61310T]  291.2[2546,386)
InferiovAnterior 2571943, 2541]  258(206,2411]  262[213,2436)  27.A[2107,2491]  2275[2032,2589)
Iferior-Posterior 2133[1808, 24560  2M37[1922,2312]  239(1985233)  2145[1947,287)  215.1(1867,250.1]
Posterior-nferior ~ 3293(2806,3783]  329.1[2048,3628]  3295[3033, 3541 3942973617 3296[2831,370.1]
PosteriorSuperior ~ 4563[399.2,5089]  456.7[4155,4919]  4569[4245,4833]  456A[4172,4912]  456.8[401,5084]
SuperiorPosterior 4954466, 5467]  048[45535286]  A9AT[4593,5184)  AS2[4529,5224]  491[4367,5318]

43



References

[1] Vehtari, A., Gelman, A., Gabry, J.: Practical bayesian model evaluation using
leave-one-out cross-validation and waic. Statistics and computing 27, 1413-1432
(2017)

[2] Watanabe, S., Opper, M.: Asymptotic equivalence of bayes cross validation and
widely applicable information criterion in singular learning theory. Journal of
machine learning research 11(12) (2010)

[3] Gabry, J., Simpson, D., Vehtari, A., Betancourt, M., Gelman, A.: Visualization in
bayesian workflow. Journal of the Royal Statistical Society Series A: Statistics in
Society 182(2), 389-402 (2019)

[4] Kennedy, L., Gelman, A.: Know your population and know your model: Using

model-based regression and poststratification to generalize findings beyond the
observed sample. Psychological methods 26(5), 547 (2021)

44



	Supplementary materials
	Model validation with synthetic data
	Likelihood evaluation
	Prior predictive simulation
	More simulations from posterior distribution
	CT Kernel
	Post stratification
	DAG sensitivity analysis
	HMC Convergence
	Figures
	Tables


