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I. DETAILS OF ELECTRONIC STRUCTURE
CALCULATIONS AND ENERGY MAPPING

Preparation of crystal structure.- The crystal structure
of bluebellite CuglO5(OH),,Cl has been determined from
mineral samples [1] and from synthetic polycrystals [2].
In the latter case, hydrogen positions were not deter-
mined. As the magnetic measurements were performed
for synthetic bluebellite, it is necessary to prepare the
crystal structure for electronic structure calculations and
energy mapping by adding and optimizing hydrogen po-
sitions. Furthermore, Cl, O2 and H2 all have coordinates
(0,0,2), restricting their position by symmetry to an axis,
and H2 needs to be placed between Cl and 02, in accor-
dance with the Mills et al. structure [1]. At a distance
doi—o2 = 2.205 A, there is insufficient space for an O2-
H2 bond and a Cl-H hydrogen bond. Therefore, Cl and
02 positions need to be optimized as well. For consis-
tency, we optimize all O positions as well. The resulting
structure is given in Table S2.

DFT energy mapping.- We determine the Heisenberg
Hamiltonian parameters of bluebellite by DFT energy
mapping. For this purpose, we create a v/2 x v/2 x 1 su-
percell of the structure given in Table S2 with 12 symme-
try inequivalent Cu?*t sites. This provides 948 distinct
energies of spin configurations and allows us to resolve
the first 20 nearest neighbor exchange paths which we
name Ji to Jog. We calculate 40 of these energies for five
different values of the onsite interaction strength U; this
provides us the five sets of exchange interactions given in
Table S1 with statistical errors given in brackets. Slight
extrapolation leads to the line in bold face that matches
the experimental value of the Curie-Weiss temperature
which we calculate according to

1
Ocw = —§S(S—|—l)((<]1 +Jo+ I3+ Iy + J5 + Jg + Jr

+ Js+ Jg + Jig + Ji1 + Jizs + Jis + Jia

+ Jis + Jig + Jir + Jis + Jig + JQ()))
(S1)

The couplings J; to Js are the nearest neighbor cou-
plings making up the maple leaf lattice; they are by far
the largest couplings in the model, and they are the main
focus of our analysis. Couplings Jg to Jig (for an illustra-
tion see Fig. 1b of the main text) as well as Jy5, J1g and
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Figure S1. Energy mapping calculation for the effective spin-
1 kagome lattice Hamiltonian. (a) Exchange interactions for
five different values of on-site interaction U at fixed Hund’s
rule coupling strength Ju. (b) Exchange paths of the effective
S = 1 lattice of bluebellite. Balls represent the Cu dimers of
bluebellite with the strongest ferromagnetic coupling. Jeg and
Jig correspond to small and large triangles in the breathing
kagome network. Couplings marked ” 1” indicate interlayer
couplings.

Jig to Jog are interlayer couplings. They are at most 10%



Table S1. Exchange interactions of bluebellite obtained by DFT energy mapping as described in the main text. The line in
bold face corresponds to the set of couplings that match the experimental Curie-Weiss temperature [2].

UeV J1 (K) J2 (K) J3(K) J4 (K) J5 (K) Jﬁ (K) J7 (K) Jg(K) JQ(K) JlO (K)
3.9 |-120.8(1.3)[88.6(1.2)[-93.7(1.0)|147.6(1.3)| 61.3(7) |15.4(1.4)|-1.6(7)[14.7(1.9)[-0.4(1.3)| -12.3(6)
4 -120.1(1.3) | 84.0(1.2) | -92.1(1.0) | 145.9(1.3) | 60.2(7) | 15.0(1.4) | -1.5(7) | 14.4(1.9) | -0.1(1.3) | -12.1(6)
5 -112.0(9) | 41.2(8) | -76.2(7) | 127.5(9) | 49.9(5) | 11.6(9) |-0.4(5) | 10.7(1.2) | 1.8(8) | -10.2(4)
6 -103.6(6) | 11.2(5) | -63.9(5) | 111.3(6) | 42.0(3) | 8.9(7) | 0.2(3) | 8.0(8) 2.6(6) | -8.6(3)
7 -95.2(4) | -10.0(4) | -54.0(4) | 97.1(4) | 35.9(2) | 6.9(5) | 06(2) | 6.0(6) 2.8(4) | -7.3(2)
8 -87.1(3) | -24.9(3) | -46.1(3) | 845(3) | 31.0(2) | 53(4) |0.7(2) | 45(5) 2.73) | -6.1(2)
dcu—cu (A) 2.992 3.000 3.165 3.287 3.453 4.567 4.673 4.674 4.700 4.968
UeV Ji1 (K) Ji2 (K) Jis (K) J14 (K) J1s (K) Jie (K) Ji7 (K) Jis (K) Jig (K) J20 Ocw (K)
3.9 -3.8(7) 6.4(1.1) | -0.6(1.2) | 3.0(2.0) |-1.4(1.3)| -5.4(7) |-5.1(6)| 14.6(6) | 6.9(1.9) [12.6(1.1)| -34.7
4 -3.8(7) 6.3(1.1) | -0.7(1.2) 3.0(2.0) |-1.3(1.3) | -5.3(7) |-5.0(6) | 14.4(6) | 6.8(1.9) | 12.4(1.1) | -33.2
5 -3.5(5) 4.9(7) -1.1(8) 3.0(1.3) -0.7(9) -4.1(4) |-3.8(4) | 12.5(4) 5.4(1.2) 10.4(7) -19.3
6 -3.0(3) 3.8(5) -1.1(6) 2.8(9) -0.3(6) -3.2(3) |-2.9(3) | 10.7(3) 4.3(8) 8.8(5) -9.2
7 -2.4(2) 3.0(4) -1.0(4) 2.5(6) -0.1(4) -2.5(2) |-2.1(2) 9.2(2) 3.4(6) 7.4(4) -1.8
8 -1.9(2) 2.4(3) -0.8(3) 2.2(5) 0.0(3) -1.9(2) |-1.6(2) 7.8(2) 2.8(5) 6.2(3) 3.5
dcu—cu (A) 5.161 5.434 5.444 5.480 5.691 5.707 5.715 5.725 5.877 5.902
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Figure S2. (a) The spin-spin correlation (S; - S,.) obtained from DMRG on a 108 site maple-leaf cluster. S, is our reference
spin which is marked in black. For the top panel we set r = 63 and for the bottom panel r = 62. The radius of the disks
indicates the strength of the correlation and the color red (blue) indicates positive (negative) correlation. In both cases we see
that in the bulk the spin-spin correlation decays very quickly, signalling a spin disordered ground state. (b) The CmagT? vs. T
calculated via DMRG on a 48 site cluster. The calculations are done with 24 sweeps with a maximum bond dimension of 1024.
Apart from the ground state, we also calculate 480 exited states to calculate the finite temperature properties. The dashed line
is guide for the eye. One can see an anomalous behavior occurring at ~ 0.04J = 10 K which is also seen in the experiments.

In

of the dominant coupling J4. The couplings Ji; to Jig
and Jy7 are second neighbor couplings in the maple leaf
lattice. They are at most 4% of the dominant coupling
Jy.

Effective model.- As explained in the main text, the
large ferromagnetic J; bonds of bluebellite lead to an

effective spin-1 breathing kagome lattice behavior.
order to determine the exchange interactions of this ef-
fective model, we performed energy mapping in a 3x1x1
supercell with 18 Cu sites where we constrained moments
adjacent to the J; bond to be parallel. In this way,
we determine the effective exchange interaction for the



Table S2. Crystal structure of bluebellite CuglO3(OH);Cl
with DFT optimized Cl, O and H positions. The lattice pa-
rameters of space group R3 (No. 146) were kept fixed at
experimental values a = 8.3056 A and ¢ = 13.2194 A [2].

atom X y z
Cul 0.4578 0.3867 0.2901
Cu2 0.0261 0.2404 0.2747
| 0.0000 0.0000 0.6050
Ol | —0.244716 | —0.154414 | —0.120656
02 0.000000 0.000000 0.249551
03 0.190821 0.445737 0.171976
04 | —0.444508 | —0.062377 0.031739
05 0.412671 0.135042 0.022041
Cl 0.000000 0.000000 0.049719
H1 | —0.260301 | —0.167341 | —0.197392
H2 0.000000 0.000000 0.172600
H3 | —0.114255 | —0.306030 | —0.254043
H4 | —0.454172 | —0.185148 0.109447

spin-1 breathing kagome lattice. As shown in Fig. SI,
we perform the energy mapping for five different U val-
ues. We use the same U value that is relevant for the
original maple leaf lattice (see main text, Fig. 1) to de-
termine the effective Hamiltonian parameters. The re-
sult is Jog = 49(2) K, Jig = 18(2)K, Ji g = —23) K,
Jirg = 12)K, Joer = —3(2)K, J} 5 = 1(2)K. Due
to the error bars, not so much information about the
subleading couplings can be obtained. It is clear that
the effective kagome lattice has only very small interlayer
couplings Ji% 4. The inplane second neighbor couplings

i,e
on average appear to be slightly ferromagnetic.

II. DMRG METHODS AND RESULTS

The ground state energy of the bluebellite Hamil-
tonian, introduced in the main text, is calculated via
DMRG using the ITENSOR [3] package. For the calcula-
tions, we use three different sized spin tubes with N = 2,
3, and 4 unit cells along the circumference of the tube.
Along the length of the tube we always take 2N unit cells.
Thus we do our calculations on L = 2N? = 48,108, 192
site clusters. For L = 48 and 108, we perform 30 sweeps
with a maximum bond dimension 2048. For L = 192
the number of sweeps was reduced to 24. The ground
state energy obtained via these calculations is shown in
the main text. We perform a linear fitting of the energies
to obtain a finite size scaling. The spin-spin correlations
from two central sites are shown in Fig. S2 (b). A fast
decay of the long range spin-spin correlations is apparent
there.

Next, to access the thermodynamic properties of the
system, we calculate the magnetic specific heat by using
the fundamental relation,

1
ag X T

Crn (H)?, (52)

[(H2)0 -

where, T is the temperature of the system and (Q) is the

thermal average of an observable Q7 ie.

>, exp(—BE;)(71Q15)
>ojexp(=BE;)

(@en =

where (3 is the inverse temperature. This relation is easily
derivable by taking the second derivative of the partition
function

Z(8) = Y_exp(~BEy),

where the j sums runs over all the eigenenergies of the
system. For practical calculations, we have to restrict
ourselves to a finite number of lowest lying states |j) and
their energies £; known from DMRG. The corresponding
expectation values (j|H|j) and (j|H?|j) are E; and Ejz,
respectively. For this part of the calculation we choose
the 48 site cluster. We perform 24 sweeps with a max-
imum bond dimension of 512 and calculate the energies
(E;) of 481 lowest lying states. We estimate that for a
L site cluster there will be L/2 strong singlets forming
on the Jy bonds. Each such singlet would have 3 ex-
cited triplet states. Therefore, we need more than 3L/2
excited states to capture the finite temperature physics
which will be missed by the bond-operator calculations.
Thus it is an extremely costly calculation and also prone
to numerical errors, and thus we only perform it on a
small cluster to get an idea of the thermodynamic prop-
erties of the system which we show in Fig. S2 (¢). We
see an anomalous behavior occurring at ~ 10 K which
becomes exceedingly pronounced with increasing num-
ber of excited states considered. We believe this comes
from the thermal activation of the excited states that live
above the triplets. This might also have a connection to
the anomalous behavior seen in the experiments at 17 K.

III. DETAILS OF BOND-OPERATOR
MEAN-FIELD THEORY

Based on our findings from the DMRG calculations of
the Hamiltonian for bluebellite, we now develop an effec-
tive low-energy bosonic theory for various reasons. First
we want to obtain an better understanding of the system
at the thermodynamic limit. Secondly, such an approx-
imate theory allows us to calculate static and dynamic
spin structure factor of the system very easily. Addi-
tionally, we can gain some insight of the thermodynamic
properties of the system as well.

Upon carefully observing the NN spin-spin correlations
obtained from DMRG (See Fig. 1 of main text), we pro-
pose that a minimal low-energy physics of the system
can be well described by assuming that the ground state
of the system is a dimerized singlet with strong singlet
weights on the Jy bonds. To understand the effective
low-energy physics of the system, we start with a J, — J3
hexagon as our unit cell, and only consider the three



Jo bonds as our elementary block, < >, described by the
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Hamiltonian

Hpq = Fo > (§2b_1-§2b) (S3)

o b=1,2,3

:J2(§1'§2+§3'§4+§5'§6>, (84)

where b = 1,2,3 is the bond index (see Fig.S3). The
ground state of this Hamiltonian is a product state of
singlets forming on the 1-2, 3-4, and 5-6 spin pairs, which
allows us to use the bond-operator formalism [4] to rep-
resent the spin operators as

1 N N
Sgp1 = 3 (5517753T + §Zt§‘) (S5a)

1 - .
S5 = 3 (§bt§‘T + §;§t§‘) . (S5b)
In writing the above representation, one makes use of
the basis of the singlet, |sp), and three triplets, |tbﬂ70>7
defined on the bond b. On a Fock space with vaccum,
|@)p, the singlet and the triplet operators are defined as

|sb) = 512)s (S6a)

it = 51 [2), (S6b)

with 8, and f{)” being bosonic operators. A boson number
constraint

sat+ > it =1 (S7)
m=-—1,0,1

must also be satisfied on every bond. In terms of the
singlet and he triplet operators defined above H ; ¢ reads

Figure S3. The singlet product state used in our bond-
operator mean-field calculation. The singlets are forming on
the J2 bonds. We use the dashed green hexagon as our unit
cell, which contains three symmetry related dimers. The in-
dexing of the bonds and the sites in the unit cell are also
marked.

as,
1 a
HDp = —*JQZSbSb—f— iJZZ Z tht? (SS)
oo b b a=z,y,z
where
=T
=~ (&' - 83) (S9a)
yt — v (1 gt
M= (&1 +i) (S9b)
it =it (S9c)

Next, we rewrite our full Hamiltonian and recast it in
terms of the “coordinate” operator

A 1 /. N
a ot @
Q — (T £ ) S10
b \@ ( i ( )
and its conjugate momentum operator
- AN N
Pr=— (t?“* - tf‘) . S11
b \/§ A ( )

Thus, the final form of the full Hamiltonian, H, on Ny
unit-cells reads as,

M Har = eoNae + 3 5 57 [APETBE + Qphvpag]
k «

(S12)
Here, eg = —3.J55% + %JQ + 3)52 — %)\, with s being
the mean singlet amplitude on all the J; bonds. A is the
Lagrange multiplier used to satisfy the boson number
constraint in (S7) on average.

Pt = [P Pl Pyl (s13)
W= o o asl (s14)
and
Az n5
Vi = |m2 A n2 (S15)
N3t Maz A
with
G . "
Mz =[5+ (Js = J)e2 4 L] (S16a)
§2 —ik-a —ik-(a;—a
3= o [*J3+(J5—J1)e 14 Jee 1 z)}
(S16b)
<=2
N31 = % [—Js + (J5 — J1)elk'(a1*a2) + J4e”k'az}

(S16c)



= V7/2(& + V3)) and a; =
V7#).  Moreover, Pka s and QO’T’& are the Fourier
components of Pb ()s and Qb (r)’s, respectively,

e PRlo= /YN e and QR =
/YN S e Q5 (r).

Hyvr now is a problem of three coupled differential
equations, which one diagonalizes to obtain

1
are = cooe + 3 50 Y ki (1t + 3)
m k @
(S17)
where 7y, are renormalized triplon operators, and

1
W = \/ A ()\ - 23251317,1)
with
/ 1 / 2
e =2 Pk os | = cos™! 30 fif—ﬂm
’ 3 3 2pk Pk 3

(the lattice vectors ag

(S18)

(S19)

and
pe = — (Imal® + sl + [ns1]?) (S20)
q = 2Re (m127123731) - (S21)

The ground state of the system is given by the vaccum
of the quasi-particles, vy ,,, 1.e., the ground state energy
per site of the system is given by,

1 [0}
GRS

The unknown mean-field parameters, A\ and 3> are de-
termined by minimizing ey, which leads to the following
self-consistent equations

1 A
2N 22D

(S22)
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To access finite temperature properties from the bond-
operator mean-field theory we employ the methodology
used by Normand et. al. [5]. First of all, a full thermal
occupation function of hard—core bosons is impossible to
obtain because of the exclusion constraint of (S7). It
can, however, be approximated via a statistical reweight-
ing of the free-boson numbers [6], i.e. suppressing the
magnon density of states for all magnon sectors — the
more magnons in a sector, the stronger the suppression.
This leads to the effective single-dimer free energy

1
f=—5mn (S24)

1+ zm,a(ﬁ)]

where

Zm,al

B)= 5 3 exp (~Bu)
uc k

is the partition function of the triplet t&,. The effective
statistics obtained from such a statistical ansatz are given
by,

exp (—ﬁwﬁ"m)
1+ Zmo/ Zm,a(B)’

(Wi > B) = (525)

where $ is the inverse temperature [7]. The magnetic spe-
cific heat, hereafter, is easily derived by taking a second
derivative of the free-energy with respect to temperature.
The magnetic specific heat thus obtained reads as,

2

Bwﬁ‘ym exp (—ﬁwﬁ‘ym)

Cmag(ﬁ) = Z

m,k,«

The results obtained from the finite temperature calcu-
lations are depicted in Fig. 3 of the main text.

IV. LUTTINGER-TISZA ANALYSIS OF THE
BLUEBELLITE

The full model Hamiltonian of bluebellite is not
amenable to a solution in the classical, i.e. S — oo

L+ ﬁ Zm,k,a exp <_6w10<l,m)

(S26)
1 + ﬁ Zm,k,oz exp <_Bwﬁ,m>

(

limit, where spin operators are replaced by vector spins.
Therefore, we resort to the Luttinger-Tisza approxima-
tion [8, 9], where the normalization of the spins is en-
forced only on average, allowing for analytical solution of
the model. The corresponding band-structure in Fig. S4
shows a flat lowest band with a band-with of 4% of J, and
an almost degenerate area around the I' point, featuring
soft minima along the I'-M direction. While in the clas-
sical limit, even in the Luttinger-Tisza approximation,
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Figure S4. Luttinger-Tisza band-structure of the full bluebel-
lite model Hamiltonian. The lowest band has a width of of
4% of J with soft minima along the I'-M direction within an
almost flat area around the origin in reciprocal space.

this energy landscape implies an ordered ground state,
quantum fluctuations can access these low-lying states
by allowing for variations in the spin expectation values.
Therefore, the flatness of the lowest Luttinger-Tisza band
indicates the probability for the quantum model to avoid
long-range order, as we find for bluebellite.
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