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Abstract

Supplementary Materials for ‘Score Test for Marks in Hawkes Processes’. A score statistic for detecting
the impact of marks in a linear Hawkes self-exciting point process is proposed, with its asymptotic
properties, finite sample performance, and power properties using simulation and application to real
data presented. A major advantage of the proposed inference procedure is that the Hawkes process can
be fit under the null hypothesis that marks do not impact the intensity process. Therefore, for a given
record of a point process, the intensity process is estimated once only and then assessed against any
number of potential marks without refining the joint likelihood each time. Marks can be multivariate
and serially dependent. The score function for any given set of marks is easily constructed as the
covariance of functions of future intensities fits the unmarked process with functions of the marks
under assessment. The asymptotic distribution of the score statistic is a chi-square distribution, with
degrees of freedom equal to the number of parameters required to specify the boost function. Model-
based or non-parametric estimation of required features of the marks marginal moments and serial
dependence can be used. The use of sample moments of the marks in the test statistic construction
does not impact size and power properties.
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A Score and Information
Matrix Derivation Details

Recall ν = (θ, φ, ψ) ∈ Θ × Φ × Ψ be the collec-
tion of all parameters for the marked process with
intensity function

λg(t; θ, φ, ψ) = η + ϑ

∫
[0,t)×X

w(t− s;α)

g(x;φ, ψ)Ng(ds× dx), (1)

where w : R+ → R+ is a non-negative decay
function. We denote the true value of the param-
eters by (θ∗, φ∗, ψ∗). When the null hypothesis
holds, the true parameter vector is denoted ν∗ =
(θ∗, φ∗, 0).

The log-likelihood is given by

lg(ν) =

∫
[0,T ]×X

lnλg(t; ν)Ng(dt× dx)− Λg(T ; ν)

+

∫
[0,T ]×X

ln ft(x;φ)Ng(dt× dx), (2)

where Λg(T, ν) =
∫ T

0
λg(t; ν)dt is the compensator

at T .

The derivatives of the log-likelihood (2) with
respect to ν are

∂ν lg(ν) =

∫
[0,T ]×X

1

λg(t; ν)
∂νλg(t; ν)Ng(dt× dx)

− ∂νΛ(T ; ν) +
1

f(x;φ)
∂νf(x;φ), (3)

where f(x;φ) is the joint density of x1, . . . ,xn
conditional on the event times. Consider the com-
ponents of these partial derivatives. First, with
respect to θ = (η, ϑ, α), since ∂θf(x;φ) = 0 and
∂ψf(x;φ) = 0, the last term in (3) does not
contribute to ∂θlg(θ) or ∂ψlg(θ). Now

∂φλg(t; ν)|ν∗ =ϑ∗
∫

[0,t)×X
w(t− s;α∗)

−h(x;φ∗, 0)

Eφ∗ [h(X;φ∗, 0)]2

∂φEφ∗ [h(X;φ, ψ)]|ν∗Ng(ds× dx) = 0,

since at ν∗, ψ = 0, h(x;φ∗, 0) = 1,
Eφ∗([h(X; , φ∗, 0)] = 1 and Condition 1(iv)
assumes that ∂φEφ[h(X;φ, ψ)]|ν∗ = 0 in , hence
∂φΛg(T ; ν)|ψ=0 = 0 and consequently

∂φlg(ν
∗) = ∂φ ln f(x;φ∗).

Now

∂ψlg(ν
∗) =

∫
[0,T ]

λ(t; θ∗)−1∂ψλg(t; ν
∗)Ñ(dt),

where Ñ(dt) = N(dt)− λ(t; θ∗)dt and

∂ψλg(t; ν)|ν∗ = ϑ∗
∫

[0,t)×X
w(t− s;α∗)∂ψg(x;φ∗)

Ng(ds× dx)

= ϑ∗
∫

[0,t)×X
w(t− s;α∗)G(x;φ∗)

Ng(ds× dx). (4)

Hence, conditioning on the marks in an iterated
expectation, we have

Eφ∗ [∂ψlg(ν
∗)∂φlg(ν

∗)T]

= Eν∗ [Eν∗ [∂ψlg(ν
∗)|X]∂φlg(ν

∗)T] = 0
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since Eν∗ [∂ψlg(ν
∗)|X] = 0. We can also arrive at

this result by showing that the off diagonal block
of the second derivative of the likelihood with
respect to φ and ψ satisfies Eν∗ [∂2

φψlg(ν)|ν∗ ] = 0,
which again uses Condition 1(iv).

Also, it is straightforward to show that
∂θlg(ν)|ν∗ does not depend on the marks,
so Eν∗ [∂θlg(ν

∗)∂ψlg(ν
∗)T] = 0, similarly. Fur-

thermore, ∂φlg(ν
∗) = ∂φ ln f(x;φ∗) results in

Eν∗ [∂θlg(ν
∗)∂φlg(ν

∗)T] = 0.
We have shown that the information matrix is

block diagonal with blocks corresponding to the
partition of ν into θ, φ, and ψ.

The second derivative matrix of the log-
likelihood with respect to ψ is

∂2
ψψlg(ν) =

∫
[0,T ]×X

∂ψ(λg(t; θ)
−1∂ψλg(t; ν))

Ng(ds× dx)−
∫

[0,T ]

∂2
ψψλg(t; ν)dt

=

∫
[0,T ]×X

∂ψ(λg(t; θ)
−1∂ψλg(t; ν))

(Ng(ds× dx)− λg(t; ν∗)dt)

−
∫

[0,T ]

λg(t; ν)−1∂2
ψψλg(t; ν){λg(t; ν)

− λg(t; ν∗)}dt

−
∫

[0,T ]

λg(t; ν)−2∂ψλg(t; ν)⊗2λg(t; ν
∗)dt,

(5)

where

∂2
ψψλg(t; ν) = ϑ

∫
[0,t)×X

w(t− s;α)∂2
ψψ

g(x;φ, ψ)Ng(ds× dx). (6)

Let ν = (θ, φ, 0) (that is at any values of θ and φ
when ψ = 0) then (5) and (6) evaluate at ν, as

∂2
ψψlg(ν) =

∫
[0,T ]

{λ(t; θ)−1∂2
ψψλg(t; ν)

− λ(t; θ)−2∂ψλg(t; ν)⊗2}Ñ(ds)

−
∫

[0,T ]

λ(t; θ)−1∂2
ψψλg(t; ν){λ(t; θ)

− λ(t; θ∗)}dt

−
∫

[0,T ]

λ(t; θ)−2∂ψλg(t; ν)⊗2λ(t; θ∗)dt,

(7)

and

∂2
ψψλg(t; ν) = ϑ

∫
[0,t)×X

w(t− s;α)∂2
ψψg(x;φ, ψ)

Ng(ds× dx), (8)

respectively.
Under the null hypothesis, the score with

respect to ψ is

∂ψlg(ν) = ϑ

∫
[0,T ]×X

AT (t; θ)G(x;φ)Ng(dt× dx),

(9)
where

AT (t; θ) =

∫
(t,T ]

λ(s; θ)−1w(s−t;α)N(ds)−W (T−t;α),

where W (s;α) =
∫ s

0
w(u;α)du is the cumulative

decay function.
To derive the information matrix at ν∗ (the

true parameter under H0) using (9) we obtain

Iψ(ν∗) = Eν∗ [∂ψlg(ν
∗)∂ν lg(ν

∗)T]

= E[(

∫
[0,T ]

λ(t; θ∗)−1∂ψλg(t; ν
∗)Ñ(dt))⊗2]

= E[

∫
[0,T ]

λ(t; θ∗)−1∂ψλg(t; ν
∗)⊗2dt].

(10)

Alternatively, using (7) we obtain

Iψ(ν∗) = −Eν∗ [∂2
ψψlg(ν

∗)]

= −E[

∫
[0,T ]

λ(t; θ∗)−1∂2
ψψλg(t; ν

∗)Ñ(dt)]

+ E[

∫
[0,T ]

λ(t; θ∗)−2∂ψλg(t; ν
∗)⊗2N(dt)].

(11)

Now

∂2
ψψg(X;φ, ψ)|ν∗ = H ′(X)− Eφ∗ [H ′(X)]

− 2Eφ∗ [H(X)](H(X)− Eφ∗ [H(X)]), (12)
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which has expectation of zero, hence

E[∂2
ψψλg(t; ν

∗)|Ft−] = 0,

so that the first term in (11) is zero. Hence

Iψ(ν∗) = E[

∫
[0,T ]

λ(t; θ∗)−2(∂ψλg(t; ν
∗))⊗2N(dt)],

(13)

which is obviously equal to (10) by using N(dt) =
Ñ(dt) + λ(t; θ∗)dt in (13).

B Adjusting the score test for
stationary serially
dependent marks

Simplification of the covariance matrix of the
normalized score Ωn

Ωn : = cov(Sn(ν∗))

= Eθ∗
[

1

n

n−1∑
l=1

n−1∑
m=1

An,l(θ
∗)An,m(θ∗)

Eφ∗ [G(Xl;φ
∗)G(Xm;φ∗)|t1, . . . , tn], (14)

can be made for stationary marks processes as
follows. First, consider the situation where the
marks are observations xi = yti on a continuous
time process with covariance function E[GkG

T
l ] =

γ(tk − tl;φ), which is a function of the time
between events. Then (14) becomes

Ωn =E

[
1

n

n−1∑
l=1

A2
n,l

]
Ω∗G+

1

n

n−1∑
m=1

n−1∑
l=1

I(l 6= m)E [An,kAn,l]

{γG(tl − tm;φ) + γG(tm − tl;φ)}.

A simpler alternative is to assume that the marks
form a stationary time series indexed by m with
the lag h autocovariances of G(Xm, φ), denoted by
γG(h;φ). Here the actual inter-event times don’t
matter in this case. Then the variance of the score
vector simplifies to

Ωn = E

[
1

n

n−1∑
l=1

A2
n,l

]
ΩG

+

n−1∑
h=1

E

[
1

n

n−h∑
l=1

An,lAn,l+h

]
{γG(h;φ)T

+ γG(h;φ)}. (15)

Obviously, if there is serial dependence in the
marks and this is ignored in calculating the vari-
ance of the normalized score vector, the resulting
score statistic will not converge to the chi-squared
distribution but will converge to a constant times
the chi-squared. If there is positive serial depen-
dence, the constant will be greater than 1, in
which case the (incorrect) test statistic will be
over-sized under the null hypothesis, which will
lead to falsely inflated power. This is illustrated
simulation experiments. If the series dependence
is predominantly negative, then the constant will
be less than 1, and the size will be falsely low.
Negative correlation can arise, but it is less com-
mon than positive dependence in our application.
In either case, it is critical to correct for serial
dependence by using a consistent estimate of Ωn
in (15).

There are several options available for
estimating the covariances γG(h;φ). Firstly,
one could estimate the parameters φ needed
to specify the full joint conditional density
f(x1, . . . , xn|t1, . . . , tn;φ) and use these in theo-
retical formulae for the needed covariances. For
many of the series we have encountered, deriva-
tion of the theoretical autocovariances may not be
a straightforward task, so this method may not be
easily implemented. An alternative is to use non-
parametric estimation of the required covariances.
This is in principle, possible without requiring a
model from which expressions for theoretical auto-
covariances would need to be derived. However,
it will not always be possible to consistently esti-
mate all the n − 1 terms required for estimation
of (15), the main reason being the lack of data to
obtain consistent estimation of higher lag autoco-
variances of the {G(Xm)} process. There are two
sets of serial dependence to take into account in
forming (15), serial dependence associated with
the An,m series and serial dependence associated
with the G(Xm) series. For the exponential decay
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case, the autocorrelation in the An,l appears, at
least empirically, to decay geometrically fast to
zero as h in increase. In that case, the rate of
decay of γG(l) is not as important for a truncation
method to give an accurate calculation. Typically
when quantities such as (15) need to be calculated
from a single realization of a time series, various
tapering methods are employed.

For continuous time version (??), non-
parametric estimation of the γG(tl − tm;φ) is
considerably more challenging. One could use vari-
ogram based estimates as discussed in Diggle et al.
[2], from which non-parametric estimates can be
obtained. Typically these methods require very
large amounts of data to be effective, and the
lack of consistency of the estimated covariances
for high order time separation remains an issue, so
some form of tapering would be required in this
case also.

Another option that avoids all of the
above issues is to use an empirical version of
−Iψ(ν∗)/(nϑ2) from (13) to give

Ω̂n =
1

n

n∑
m=1

λ(ti; θ̂)
−2

 ∑
tj<tm

w(tm − tj ; α̂)Ĝm

⊗2

. (16)

This method only requires likelihood estimation of
the parameters of the unmarked process parame-
ters θ, α, and parametric or non-parametric esti-
mation of the expected values of H(X), similarly
to above.

C Estimation of the
unmarked Hawkes process

Under H0, the observed event times are those of
an unmarked Hawkes process N , with intensity

λ(t; ν) = η + ϑ

∫
[0,t)

w(t− s;α)N(ds), (17)

and the marks observed at the event times of this
process do not impact its intensity.

For the description of the algorithms for the
Hawkes process, we rely considerably on Liniger
[6] with modifications for extensions. We assume

that the initial value of the intensity is λ(t0) = C
for some specified value of C. A sensible selection
is C = E[λ(t)] = η/(1−ϑ), which is the theoretical
long-run average for a stationary Hawkes process
[5]. We define the null hypothesis log-likelihood in
(18) in summation form with T = tn. The dis-
crete summation form of the score statistic follows
from this representation also. The log-likelihood
function expresses the integrals in

l(ν) =

∫
[0,T ]

lnλ(s; ν)N(ds)− Λ(T ; ν), (18)

by summation over the events as

l̂(ν) =

n∑
i=1

ln λ̂(ti; ν)− Λ̂(T ; ν). (19)

To evaluate (19), we require the calculation of
the intensity process defined in (17), which in
summation form is

λ̂(ti; ν) = η + ϑ

i−1∑
i=1

w(ti − tm). (20)

The compensator Λg(T, ν) =
∫ T

0
λg(t; ν)dt at time

T , required for the unmarked process in (19) can
be estimated by

Λ̂(T, ν) = ηT + ϑ

n∑
i=1

W (tn − ti;α), (21)

where tn = T .

D Simulation algorithm for
the univariate Hawkes
process

To simulate a series of random events according to
the specification of a given Hawkes process, we uti-
lize Ogata’s modified thinning algorithm [7], which
can be applied to any choice of decay function. For
the general framework and notation, we rely on
the algorithm description by Liniger [6, Algorithm
1.21]; however, extensions are made for the inclu-
sion of joint dependence structures for the marks.
See Section F for further detail on copulas used
within this research.
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The intensity process λ is left continuous with
right-hand side limits. For the purposes of simula-
tion, we define λ+ as the right-hand side limit after
time t, that is, after the intensity is boosted. We
denote λ− as the left-hand-side limit, also known
as the hazard rate [6].

The algorithm is comprised of an outer and
inner loop. The outer loop iteration variable is i ∈
{2, . . . , n}, and the inner loop is indexed by r ≥ 1.
For brevity, we present only the algorithm for the
recursive method:
S.1 Define an end point for the iteration variable

r. Set i = 2 and λ+(1) = η/(1− ϑ).
S.2 Use a Monte-Carlo method for the case of

jointly dependent marks. For Yi,j ∼ Fi,j ,
where j ∈ {1, . . . , d} are jointly depen-
dent random variables with marginal distri-
butions Fi,1, . . . , Fi,d, let Ui,1, . . . , Ui,d have
joint distribution C. For a very long time
series i = 1 . . . n (i.e. n = 20, 000): simu-
late ui,1 from the random variable Ui,1 ∼
U [0, 1]; simulate ui,2 from the random vari-
able Ui,2 ∼ Ci,2(·|ui,1); continue simulating,
such that you simulate ui,d from the random
variable Ui,d ∼ Ci,d(·|ui,d−1); and evaluate
(yi,1, . . . , yi,d) from F−1(ui,1), . . . , F−1(ui,d).
Estimate E[Yj ] and V ar[Yj ] using long-run
empirical moments. When d = 2, which is
considered in this research, estimate the cor-
relation in the event of joint dependence,
ρ(Y1, Y2) in (28).

S.3 Initialize the outer loop, such that, τ1 := ti−1

and λ−r := λ+
i−1, then set r := 1.

S.4 Enter the inner loop and calculate a new time
τr

τr =

{
t(i− 1) + E/λ+(i− 1), if r = 1;

τr−1 + E/λ+(i− 1), otherwise,

where E ∼ Exp(1). Calculate the left hand
limit intensity λ−r . Assuming an exponential
decay function, we utilize the more efficient
recursive expression for the simulation, λ−r =
η + e−α(τr−ti−1)

[
λ+
i−1 − η

]
.

S.5 Sample a standard uniform random variable
Ur ∼ U(0, 1) and let ur := Urλ

+
i−1 and check

the condition ur ≤ λ̂−r . If this condition is
true, exit the inner loop. Failing this condi-
tion being met, we start the inner loop again,
sampling a new τr where r = r + 1.

S.6 Define ti := τr and λ(i) := λ−(r). In the
case of univariate marks or multi-dimensional
marks that are independent, sample a ran-
dom variable from Xi,j ∼ Fi,j , where j ∈
{1, . . . , d} and define xi,j := Xi,j .

S.7 In the case of d ≥ 2 jointly dependent marks
with distribution C and marginal mark distri-
butions Fi,1, . . . , Fi,d, let Ui,1, . . . , Ui,d have
joint distribution C. Follow the method in
Step S.2 to obtain samples (Xi,1, . . . , Xi,d)
from F−1(ui,1), . . . , F−1(ui,d).

S.8 In the case of d = 2 considered in
this research, calculate the boost function
g(x;φ, ψ) using the normalization adjust-
ment, whereby E[X1X2] 6= 0 in the event
of jointly dependent marks. If this cannot
be calculated explicitly, utilize the long run
empirical linear correlation ρ(Y1, Y2) in (28)
from Step S.2.

S.9 Define λ+(i) = λ−r +ϑαg(x;φ;ψ). Let i = i+1
and continue with the outer iteration in Step
S.3.

E Simulation extensions for a
Hawkes process with serial
dependent marks

To simulate a Hawkes process with serially depen-
dent marks and non-Gaussian marginal distribu-
tions, we specify an unobserved (latent) parameter
evaluation of an appropriate parametric distribu-
tion. To generate the time series of marks, we
let δi be a latent stationary time series. Condi-
tional on δi, the marks are independent with a
specified parametric density f(xi|θi), where for a
selected component of θi we use δi and for the
other components of θi we use fixed values.

For the single parameter distributions that
we consider, they simply become Exp(λi) and
Pois(µi), where λi = δi and µi = δi, respectively.
In the case of two parameter distributions, and for
example, in the case of heavy-tailed replicates, the
conditional generalized Pareto distribution has a
shape parameter ζ and a scale parameter δi. For
the negative binomial distribution, serial depen-
dence is introduced into the process via success
rate ri = δi.
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For this paper, we use a latent process of the
form

δi = a0 +

p∑
k=1

akδi−k + εi, (22)

where εi is Gaussian white noise. Parameter link
functions, Θi = gi(δi) are used to ensure the
estimates do not conflict with the constraints of
distribution parameters. We set the lag p = 1,
a0 = 0, and the coefficients term a1 will vary.

The marks enter the Hawkes process via a
normalized boost function. For i.i.d. marks, this
boost function is normalized via the estimated
theoretical moments of the marginal distribution.
However, in the case of serially dependent marks,
it is not obvious how to proceed with specifying
the normalization, conditional generalized Pareto
distribution. No theory has been developed with
respect to the normalization of a boost function
in the presence of marks with conditional distri-
butions. The normalization for every time point,
for example, an estimate of δi from an observed
mark, is a non-trivial filtering problem.

There are many ways we could define a data-
generating mechanism. Two such ways are:

1. Normalize the boost function locally using
δi within the theoretical moment expression
E[X] = δi/1− ζ;

2. Generate a very long series of serially depen-
dent marks X ∼ GPD(ζ, δi). Calculate the
empirical mean of this series and use the
global estimate to normalize the boost func-
tion.

We will proceed with the second data-
generating mechanism proposed. The algorithms
below outline the steps that need to be replaced
in Section D to simulate a series of random events
according to a Hawkes process.
Replacement of Step S.2 in Section D:
S.1 Specify the autoregressive structure, which

will be used to invoke serial dependence. In
this setting, a reasonable choice is

δi = 0.9δi−1 + εi, (23)

where εi is Gaussian white noise. The sup-
port of the parameter needs to be considered,
for example, the generalized Pareto distribu-
tion requires δ > 0; therefore, we take the
exponential of the autoregressive structure.

S.2 Specify the marginal distributions Fi,j of the
mark, where the parameter of the distribu-
tion is specified by the autoregressive struc-
ture defined above. Some sensible choices
for δi in (23) are: Yi ∼ Exp(λi), where
λi = δi; Yi ∼ Pois(µi), where µi = δi;
Yi ∼ GPD(δi, ζ); and Yi ∼ NB(ri, p), where
ri = δi.

S.3 In the case that the simulated marks are
independent, sample a very long time series
(i.e. n = 20, 000) of random variables from
Yi,j ∼ Fi,j , where j ∈ {1, . . . , d} and where
the appropriate parameter of the distribution
is specified by the autoregressive structure
defined above.

S.4 In the case of d ≥ 2 jointly dependent
marks with copula C and marginal mark
distributions Fi,1, . . . , Fi,d, let Ui,1, . . . , Ui,d
have joint distribution C. For a very long
time series i = 1 . . . n: simulate ui,1 from
the random variable Ui,1 ∼ U [0, 1]; con-
tinue simulating, such that you simulate
ui,d from the random variable Ui,d ∼
Ci,d(·|ui,d−1); and evaluate (yi,1, . . . , yi,d)
from F−1(ui,1), . . . , F−1(ui,d).

S.5 Calculate the long run empirical moments
and correlation in the event of joint depen-
dence which we will consider below and as
required for the specification of the boost
function, for example, E[Yj ], V ar[Yj ] and
ρ(Y1, . . . , Yd).

Replacement of Step S.6 in Section D:
S.1 Define ti := τr and λ(i) := λ−(r). In the

case of univariate marks or multi-dimensional
marks that are independent, sample a ran-
dom variable from Xi,j ∼ Fi,j , where j ∈
{1, . . . , d}.

S.2 In the case of d ≥ 2 jointly dependent
marks with copula C and marginal mark
distributions Fi,1, . . . , Fi,d, let Ui,1, . . . , Ui,d
have joint distribution C: simulate a ran-
dom variable Ui,1 from U [0, 1] and let
ui,1 := Ui,1; continue simulating a ran-
dom variable Ui,d from Ci,d(·|ui,d−1) and let
ui,d := Ui,d; and sample (Xi,1, . . . , Xi,d) from
F−1(ui,1), . . . , F−1(ui,d). Define xi,j := Xi,j

Replacement of Step S.8 in Section D:
S.1 Calculate the boost function g(x;φ, ψ). How-

ever, for the normalization of the boost
function we do not use the theoretical
moments based on the marginal distribution,
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we instead make use of the long run empirical
moments above, E[Yj ], V ar[Yj ].

S.2 In the case of d ≥ 2 jointly dependent marks
recall that we have to make an adjustment
to the normalization of the boost function for
the evaluation of E[X1X2] 6= 0. Rather than
calculating the linear correlation (explicitly
or otherwise depending on the copula model
specified), we utilize the long run empirical
linear correlation ρ(Y1, . . . , Yd) from Step S.5.

F Copula models

For a definition of the Gaussian copula models
that we consider in this work, see Cruz et al.
[1]. Under such a framework, we consider devel-
oping the joint distribution of the marks random
vector based on Sklars theorem, and where we
may express the joint multivariate distribution as
follows

FX(x1, . . . , xd) = C (F1(x1), F2(x2), . . . ,

Fd(xd); Υ, (24)

for some choice of model for the copula C,
parametrized by Υ and marginal distributions.

Note, we use

ρS(X1, X2) = 12

∫
[0,1]

∫
[0,1]

u1u2dC(u1, u2)− 3

= 12E[U1U2]− 3

=
E[U1U2]− 1/4

1/12

=
Cov [U1, U2]√
Var[U1]Var[U2]

= ρ (F1(X1), F2(X2)) ,

(25)

hence, we need to introduce the mapping ρ =
ϕ(ρS) to adjust for the rank correlation versus the
linear correlation.

In the case of the copula C, the off diagonal
terms given when utilizing the bivariate Spear-
man’s rank correlation for any copula C on the
mark random vector are given by

E [(X1 − µ1,1)(X2 − µ1,2)] =
√
µ2,1µ2,2

ϕ

([
12

∫
[0,1]

∫
[0,1]

u1u2dC (u1, u2)− 3

])
, (26)

for ϕ(ρs) = ρ, where ρ denotes the linear corre-
lation coefficient between X1 and X2, ϕ(·) is the
mapping and is known in closed form for many
copula families.

The above central cross moments used the
Spearman’s rank correlation in terms of a copula
density in a bivariate setting, given by

ρS(X1, X2) = 12

∫
[0,1]

∫
[0,1]

u1u2dC (u1, u2)− 3.

(27)
We utilize the rank transformation of the

marks to obtain an expression for any copula for
the Spearman’s rank correlation from (27), to
obtain the off diagonal terms explicitly.

For implementing the score statistic, the
resulting asymptotic variance under the null of the
linearly boosted covariance Σ−1

G is given in general
by

ΣG = [
µ2,1 E [(X1 − E[X1])(X2 − E[X2])]

E [(X1 − E[X1])(X2 − E[X2])] µ2,2

]
,

where µ2,1 = E
[
(X1 − E[X1])2

]
and µ2,2 =

E
[
(X2 − E[X2])2

]
. The off diagonal terms are

evaluated using

E[(X1 − µ1,1)(X2 − µ1,2)] = ρ
√
µ2,1µ2,2,

where ρ is the pairwise linear correlation between
X1 and X2. In the case of bivariate Gaussian cop-
ula with correlation parameter ρ, and using Cruz
et al. [1, equation 10.51], the following relation is
true

ρ (F1(X1), F2(X2)) = ϕ(ρS(X1, X2)) =

2 sin
(π

6
ρS(X1, X2)

)
. (28)

For copula models that do not have a closed
form solution for calculating the linear correla-
tion, such as the Gumbel and Clayton, we use
a Monte-Carlo method as presented in Step S.2
of Section D. Alternative methods may include
quadrature, or the use of Kendall’s correlation
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ρτ as a robust (but biased) estimator of the lin-
ear correlation. The linear correlation coefficient
based on the covariance of the two variables is not
preserved by copulas. However, the Kendall’s cor-
relation is a constant of the copula, see [1, Chapter
10].

G Simulation Experiments

G.1 Simulation methodology

As ψ increases the impact the mark has on the
intensity is greater, and therefore we expect the
power of the score test to approach 1. In the cases
of a quadratic boost, the increase in ψ1 leads to
an equivalent increase in ψ2. This facilitates the
graphical representation of the power curves as
we increase both boost function parameters. It
is worth noting that the power curves will have
some small degree of simulation variability, which
is minimal, and smoothers are not applied to the
power curves.

The empirical tail probabilities are calculated
by estimating the proportion of simulated score
statistics that exceed the nominal 1%, 5%, 10%
upper tail probabilities from the χ2

(r) distribution
with r degrees of freedom. The size of the score
test is evaluated as the probability of falsely reject-
ing the null hypothesis, and this should conform to
the asymptotic χ2(r) distribution. The 95% ranges
expected around the nominal values are calculated
as p±1.96

√
p(1− p)/1, 000, where p is the empir-

ical exceedance probability. If we consider a single
mark that is linearly boosted and set ψ = 0, the
proportion of the 1,000 score statistic stimulants
that exceed the α = 5% upper tail probability for
the χ2

(r=1) distribution should be α̂ ≈ 5%, imply-
ing that the empirical type I error matches the
asymptotic chi-squared distribution.

When the dimension r of ψ is greater than 1,
simulation of power against all combinations of the
values ψ1, . . . , ψr becomes computationally bur-
densome and graphical or tabular display of the
results challenging. In the simulations presented
here, we display the power of the test against
alternatives on the 450 line ψ1 = ψ2 = ψ with
ψ increasing away from zero. While the choice of
alternatives along a 450 line is acknowledged to
be somewhat arbitrary, it treats both parameters
equally in the examination of power. Of course,
other restrictions expressing ψ1, . . . , ψ2 in terms

of a single ψ could be made, and the methods we
present applied.

The algorithm to evaluate the size and power
characteristics of the score test is:
S.1 Specify the sample size as either an end time

T or count of events n.
S.2 Specify the dimension of the marks, form

of the boost function, the marks distribu-
tion and associated parameters. In the event
of serial dependence within the marks, spec-
ify the structure of serial dependence; see
Section E for guidance. In the event of joint
dependence between the marks, specify the
copula model and parameters.

S.3 Simulate the marked Hawkes process as per
Section D and with adjustments in Section
E for the serially dependent case under the
alternative hypothesis. 1, 000 replicates are
simulated for each ψ starting with the null
ψ = 0. Under the null case, the boost function
will be equal to 1.

S.4 For each replicate estimate the decay param-
eter α under the null using Section C. Cal-
culate the score statistic as outlined in [8,
Section 5].

S.5 For each ψ = [0, 0.01, 0.02, . . . , 1] we will have
1, 000 score statistics. For each ψ count, the
proportion of the score statistics that exceed
the nominal 1%, 5%, 10% upper tail probabil-
ities from the χ2

(r) distribution with r degrees
of freedom.

S.6 To create the power curves, plot the propor-
tions against the ψ. The size properties are
assessed at ψ = 0 under the null, and the
power properties are presented in the power
curve.

G.2 Size and power of the score test

G.2.1 Objective

To study the size and power of the score test, we
consider different combinations of marks dimen-
sions d ∈ {1, 2, 4}, boost function, and marks
density. This will provide an assessment of the
accuracy of the asymptotic chi-squared distribu-
tion for determining size of the score test under
the null hypothesis that ψ = 0, for a variety of
data generating mechanisms (DGM).
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G.2.2 DGM

We consider both a linear boost 1 +
∑r

1 ψjXj

where r = d, and quadratic boost 1+ψ1X
2
1 +ψ2X

2
2

where d = 1, r = 2. We consider different combi-
nations of marks dimensions d ∈ {1, 2, 4}, which
are combined multiplicatively, and estimated the-
oretical moments for the evaluation of G(X;φ).

Concerning the existence of moments of the
generalized Pareto distribution, for the score test
against a linear boost function, we use ζ = 0.25,
which guarantees that E[Xr] <∞ for r = 1/ζ < 4
but the fourth moment is not finite. For a linear
boost, the existence of the second moment of the
marks distribution is required for the score test
statistic to be correctly defined and for Theorem
1 [8, Section 4] to hold. For quadratically boosted
generalized Pareto distributed marks, the fourth
moment is required to exist for Theorem 1 [8,
Section 4] to be valid. For this first study we
use ζ = 0.24, which is slightly smaller than the
required fourth moment to exist.

The marks distributions considered and asso-
ciated simulation parameters are:

• Poisson distribution, denoted Pois(µ = 1.00)
with µ average counts;

• Exponential distribution with density, f(x;λ)
and denoted Exp(λ = 1.00);

• Generalized Pareto distribution with location
parameter 0, f(x; ζ, δ) with shape parameter
ζ and scale parameter δ, denoted GPD(ζ =
0.25, δ = 1.00) for a linear boost and
GPD(ζ = 0.24, δ = 1.00) for a quadratic
boost.

We also consider a pair of linearly boosted
dependent marks, X1 ∼ GPD(ζ = 0.24, δ = 1.00)
and X2 ∼ GPD(ζ = 0.24, δ = 1.00), with depen-
dence between them modeled using a Gaussian
copula with Spearman’s correlation, ρs = 0.8. The
final simulation study considers four independent,
linearly boosted marks, with Xj ∼ GPD(ζj =
0.24, δj = 1.00) for j ∈ {1, . . . , 4}. All three sam-
ple sizes are considered in this study, T = 130,
T = 300 and T = 1, 000.
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Fig. 1 n = 500: Power curves for sample size of n =
500 for a selection of cases: Xi ∼ Pois(µ = 1.00), with
linear boost; Xi ∼ Exp(λ = 1.00), with linear boost for
i.i.d. marks and jointly dependent marks (Gaussian copula
model, ρs = 0.8) and quadratic boost; Xi ∼ GPD(ζ =
0.25, δ = 1.00), with linear boost; and Xi ∼ GPD(ζ =
0.24, δ = 1.00), with quadratic boost.
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Fig. 2 n = 4, 000: Power curves for sample size of n =
4, 000 for a selection of cases: Xi ∼ Pois(µ = 1.00), with
linear boost; Xi ∼ Exp(λ = 1.00), with linear boost for
i.i.d. marks and jointly dependent marks (Gaussian copula
model, ρs = 0.8) and quadratic boost; Xi ∼ GPD(ζ =
0.25, δ = 1.00), with linear boost; and Xi ∼ GPD(ζ =
0.24, δ = 1.00), with quadratic boost.
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Fig. 5 Simulated upper tail probabilities of the score
test using theoretical and empirical moments, with calcu-
lation of cross terms and imposed block diagonalize of the
covariance matrix. We consider the score test for a linear
boost, marks with a GPD and joint dependence modeled
by a Gaussian copula, with Spearman’s rank correlation
ρs = {0, 0.2, 0.6, 0.8}. The sample size is n = 4, 000.

10



Boost parameter, A
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Fig. 3 n = 500: Power of the score test statistic for a
linear boost and marks with an exponential distribution
X ∼ Exp(λ = 1.00). This compares the use of theoretical
moments with empirical moments in the score statistic, as
well as true parameters and estimated parameters in the
intensity function and the marks distribution.
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Fig. 4 n = 4, 000: Power of the score test statistic for a
linear boost and marks with an exponential distribution
X ∼ Exp(λ = 1.00). This compares the use of theoretical
moments with empirical moments in the score statistic, as
well as true parameters and estimated parameters in the
intensity function and the marks distribution.
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Fig. 6 Power of the score test for a linear boost, marks
with a GPD and joint dependence modeled by a Gaus-
sian copula, with Spearman’s rank correlation, ρs =
{0, 0.4, 0.8}. Comparing the use of theoretical moments and
empirical moments, with calculation of cross terms and
imposed block diagonalize of the covariance matrix in the
score statistic. The sample size is n = 4, 000.

G.3 Simulation Experiments with
Extensions
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Fig. 7 Histograms of the linear boost function for a single
simulant, jointly dependent marks with Spearman’s rank
ρs ∈ {0, 0.4, 0.9}. The joint dependence is modeled by a
Gaussian copula. The marks are serially dependent, with
a conditional GPD X ∼ GPD(ζ = 0.10, δi), where δi =
0.9δi−1 + εi. The sample size is n = 4, 000.

H Score test of higher
dimensional marks

H.1 Defining the mark vector

The endogenous mark vector that we consider for
this model is derived from the information that is
present in the reported limited order book, pre-
sented in Richards [9, Chapter 3]. We keep this
section brief and refer the interested reader to the
aforementioned paper for details.

The reported limit order book contains finan-
cial market exchanged traded limit order book
data with a minimum event time granularity of
one millisecond. The event process was defined on
this time granularity, with an event e being any
order type, market order (MO), limit order (LO)
or cancellation (C) (e ∈ {MO,LO,C}) on any
level of the limit order book, on either the bid (B)
or ask (A) side.

Key to the formation of the random mark
vector is the underlying event process under con-
sideration. In the context of this research, we can
define the event process based on three key fac-
tors price level l ∈ {1, . . . , 10}, side s ∈ {B,A}
and event type e ∈ {LO,MO,C}.
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Table 1 Marks constructed from matched LOB data
[9], with numerical references for Figure 8.

Depth based: Centred
depth/price
based:

Price based:

B.depth (1) Imb. (9) Rel.Price.LO
(12)

B.opp.depth
(2)

Rel.Imb (10) Rel.Price.C
(13)

Volume
based:

Midprice (11) Count based:

B.LOMOCV
(3)

MidpriceRet
(14)

B.CountMOLOC
(19)

B.MOLOV (4) Spread (15) B.CountLO
(20)

B.MOV (5) MOprice (16) B.CountC (21)
B.LOV (6) Vol.midprice

(17)
B.CV (7) VolmidpriceRet (18)
Inside.MOV
(8)

The content below provides a clear description
of each of the marks.

H.1.1 Volume based marks

B.depth. The volume depth of the LOB mark is
the sum of the volume at ti across all levels of the
bid side.
B.opp.depth. The volume depth of the opposite
side of the book is the sum of the volume on the
opposing side to what is being modelled at ti. If we
consider a bid side process, this mark reflects the
depth volume on the ask side at ti, and conversely
for the ask side process.

A number of marks are constructed from
the volume associated with event types e ∈
{MO,LO,C} and combinations thereof, across
specified levels l ∈ {1, . . . , 10}, for each side s ∈
{B,A}. For these marks, we are not calculating
the sum of volumes on the actual LOB, but rather
the volume associated with an event type. For
this research, the volumes for each event type are
aggregated across the price levels, which are spec-
ified when defining the event process. The specific
event type combinations we consider are listed
below.

• B.LOMOCV. The volume of all events e ∈
{MO,LO,C} at ti

• B.MOLOV. The volume of events e ∈
{MO,LO} at ti.

• B.MOV. The volume of event e ∈ {MO} at
ti.

• B.LOV. The volume of event e ∈ {LO} at ti.
• B.CV. The volume of event e ∈ {C} at ti.

Inside.MOV . The volume that has transacted
within the spread, not originating on either the
bid or ask.

H.1.2 Volume imbalance marks

Imb. The first volume imbalance we consider is
defined in Gould and Bonart [3] and described as
queue imbalance in a LOB.
Rel.Imb. The relative depth profile is defined
in [4], whereby level l is used to determine the
normalized weight.

H.1.3 Price based marks

Midprice. The mid-price is definied as the mid-
point between the bid and ask at level l at ti
MidpriceRet. The return of the mid-price from
ti−1 to ti.
Spread. The spread is the difference between the
ask and the bid at l = 1 at ti.
MOprice. Is simply the traded (event type MO) at
ti.
Vol.midprice. The volatility of the mid-price
across the previous 100 events.
VolmidpriceRet. The volatility of the mid-price
returns across the previous 100 events.

The relative price of an event, refers to the
price of the event on the bid or ask side relative to
the best bid or ask, respectively. If there are say
two LO events at level 3 and level 2 at event time,
and for the purposes of constructing a mark, we
need to summarize this information into a single
relative price. To address this, we have taken the
mean across the levels when more than one event
occurs at an event time. For further details, refer
to Richards [9, Chapter 3].
Rel.Price.LO. The relative price of event e ∈
{LO}.
Rel.Price.C. The relative price of event e ∈ {C}.

H.1.4 Count based marks

Similarly to the relative price calculations, to
define the count based marks that follow, we
use LOB data prior to aggregation. The formu-
lation below, counts the number of events that
contribute to the unique time-stamped event.
B.CountMOLOC . The count of all events e ∈
{MO,LO,C} is the sum of events that make
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up a single aggregated unique event time across
specified levels l ∈ {1, . . . , 10}.
B.CountLO. The count of events e ∈ {LO}.
B.Countc. The count of events e ∈ {LO}.

Richards [9] presents the strong pairwise
correlation between the marks. This correlation
could impact the effectiveness of the score test
for detecting marks and needs to be accounted
for in the score test. Figure 8 presents the pro-
portion of significant bivariate marks across
the time segments of 6 minutes for SILVER.
The pairs of marks are indexed by i and j,
where i ∈ {1, . . . , 20} and j ∈ {2, . . . , 21}.
Table 1 presents the names corresponding to
the numerical values i and j can take. The
combinations of pairs of marks considered are
{(1, 2), (1, 3), . . . , (2, 3), (2, 4), . . . , (20, 21)}. As
with the heat charts in the case of single marks,
a lighter color represents a higher proportion
of times the bivariate marks are significantly
different from the null hypothesis.
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Fig. 8 Pairwise marks. The proportion of time segments,
which pairs of marks are significant via the score test, for
time segments of 6 minutes, for SILVER, across 10 trading
days from 20-July-2015 to 31-July-2015. Combinations of
{i, j}marks are i ∈ {1, . . . , 20} and j ∈ {2, . . . , 21}. Table 1
shows the names corresponding to the numerical values i
and j. Marks are constructed using matched bid side LOB
data, with event types e ∈ {LO,MO,C} and levels l ∈
{1, . . . , 5}.

It is not possible to plot all combinations of
marks, however, to demonstrate the flexibility of
the score test, we present the proportion of sig-
nificant marks, which are assessed jointly and are
sequentially introduced in an increasing number.
A test of this kind would not be computationally

feasible if the assessment was conducted with a
model of the log-likelihood, again highlighting the
significant practical application of the score test.

Figure 9 displays the proportion of significant
marks of dimension d ∈ {2, . . . , 21}, across the
defined time segments of 6 minutes for SILVER.
The marks are indexed by i and j with Table 1
presenting the names corresponding to the numer-
ical values of i and j. The combinations of marks
considered are {(1, 2), (1, 2, 3), . . . , (1, . . . , 21), . . . ,
(2, 3), (2, 3, 4), . . . , (2, . . . , 21), . . . , (20, 21)}. When
the mark, inside MO Volume, is introduced into
the sequence of marks, the sequence reduces in
significance from approximately 94.8% of time
segments to 47.5% of time segments (Figure 9).
Combinations of relative price of LO and C and
mid-price returns have contributed to a reduction
of the number of time segments that are significant
for SILVER (Figure 9).
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Fig. 9 Multiple marks. The proportion of significant
marks via the score test, for time segment n = 1, 000, for
SILVER, across 10 trading days, 20-July-2015 to 31-July-
2015, for combinations j:i of marks. Marks are constructed
using matched bid side LOB data, with event types e ∈
{LO,MO,C} and levels l ∈ {1, . . . , 5}. Table 1 shows the
names corresponding to the numbers in the chart.

Throughout the intensity, function is defined
in terms of an exponential decay w(t;α) =
α exp(−αt) and the parameters θ = (η, ϑ, α) are
estimated by maximizing the log-likelihood (18)
for the unmarked Hawkes process. All simula-
tions were carried out using MATLAB and further
details of the simulation methods are provided in
the Appendices. The samples sizes n used in the
simulations were: n = 300; n = 1, 000; and n =
4, 000. The number of replications simulated at
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each configuration of model parameters and marks
distribution is 1, 000. In Section H.3 we consider
the size and power of the score test for different
combinations of marks dimension d ∈ {1, 2, 4},
with linear and quadratic boosts. To evaluate the
derivative of the boost function in Equation 12 [8,
Section 3] we calculate the empirical or estimated
theoretical moments, comparing both methods.
We investigate the impact of serial dependence
with a proposed correction to the score test and
the impact of joint dependence between marks.
Finally, in Section H.6 we investigate an extended
simulation study that encapsulates features of the
real LOB data that is subsequently used in the
application of the score test.

H.2 Simulation Methodology

A brief summary of the simulation methodology
used is reported here with more extensive detail
available in the Appendices and [9]. For any given
specification of the marked Hawkes process with
intensity (1), simulation of it uses an extension to
Ogata’s modified thinning algorithm [7] to allow
for the inclusion of marks X with joint dependence
between components of via a copula specification
serial dependence in the marks. Further details are
presented in Section E. Note [6] also presents such
a method for the case of i.i.d. vector marks.

For simulation of size (ψ = 0) and power
against an alternative ψ > 0, fresh stimulants
need to be generated for each value of ψ and the
other parameters θ and φ because each combina-
tion, through the thinning algorithm, generates
different event times. However, the marks process
is reused across different levels of the boost. In
order to control simulation error we used 1, 000
simulation replicates per combination of param-
eters. This yielded sufficiently accurate results
for our comparisons and assessments. For exam-
ple, to simulate a single power curve for each
ψ ∈ {0, 0.01, 0.02, . . . , 1}, 1, 000 replicates of n
events were simulated. In the studies where two
parameters vary (Section H.6), for example, ψ ∈
{0, 0.01, 0.02, . . . , 1} and ρs ∈ {0, 0.4, 0.8}, where
ρs is the Spearman’s rank correlation, each com-
bination of the two parameters is simulated 1, 000
times. See Section E for further details on the
simulation methodology.

H.3 Size and Power of Score Test:
i.i.d. marks

In this subsection, empirical sizes are calculated
for the score test using i.i.d. scalar or vector marks
with a variety of distributions and for three sample
sizes n ∈ {300, 1000, 4000}. We also report on the
power of the score test as ψ increases away from
ψ = 0. The intensity parameters are set to η = 0.8,
ϑ = 0.8, and α = 2.1, which represent reasonable
parameter values that give balance between the
immigration intensity and branching ratio.

We explore the use of linear boosts h(X;ψ) =
1 + ψX and quadratic boost h(X;ψ1, ψ2) = 1 +
ψ1X + ψ2X

2 for scalar marks. For vector marks
X = (X1, . . . , Xd), d > 1, linear boosts are com-

bined multiplicatively as h(X) =
∏d

1(1 + ψiXi).
The marks are i.i.d. with distribution selected
from: the Poisson distribution Pois(µ = 1.00); the
exponential distribution Exp(λ = 1.00); or the
generalized Pareto distribution GPD(ζ, δ) with
location parameter 0, shape parameter ζ and scale
parameter δ. Note that for the exponential and
Poisson distributions, all moments are finite, so
the score statistic and the sufficient conditions for
Theorem 1 [8, Section 4] are satisfied for the linear
and quadratic boost functions considered here. For
the GPD, this depends on the value of ζ and the
selection of boost since E[XK ] <∞ for K < 1/ζ.
Details are provided below.

We consider the following scenarios:
Linear boost in a scalar mark X with the

exponential, Poisson or GPD(ζ = 0.25, δ = 1.00)
distribution. Here degrees of freedom are r = 1.
Note that for the GPD case E[X2] < ∞ so the
score statistic is well defined but that E[X4] just
fails to be finite so the Condition 3 [8, Section 4],
one of the sufficient conditions for Theorem 1 [8,
Section 4], does not hold;

Quadratic boost in a scalar mark X with
the exponential or GPD(ζ = 0.24, δ = 1.00) dis-
tribution. Here degrees of freedom are r = 2. For
the GPD case, E[X4] < ∞ and the score test is
well defined but Condition 3 [8, Section 4] requires
E[X8] in this case which does not hold;

Bivariate mark, d = 2, X = (X1, X2), lin-
ear boosts, combined multiplicatively with
X1 and X2 exponentially distributed and depen-
dence between them modeled using a Gaussian
copula with Spearman’s correlation, ρs = 0.8
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(details in Section F). Here degrees of freedom are
r = 2;

Multivariate marks, d = 4, linear
boosts, combined multiplicatively with Xj ∼
i.i.d. GPD(ζj = 0.24, δj = 1.00) for j ∈ {1, . . . , 4}.
Here degrees of freedom are r = 4. Note that
E[X4

i ] < ∞ so that the conditions for Theorem 1
[8, Section 4] are satisfied.

The combinations selected are shown in Figure
10, along with the empirical tail probabilities
obtained using the proportion of simulated score
statistics exceeding the nominal 1%, 5%, 10%
upper tail probabilities from the χ2

(r) distribution,
with r degrees of freedom. The degrees of freedom
depends on the combination of options selected,
r ∈ {1, 2, 4} and are listed in Figure 10. Almost all
simulated probabilities are within the 95% ranges
expected around the nominal values. There is a
slight bias above the nominal values but no obvi-
ous pattern to the individual variations with a
combination of sample size represented by log(n)
on the horizontal axis. A selection of power curves
corresponding to Figure 10 for sample sizes n =
500 and n = 4, 000 are presented in Figures 11
and Figure 12, respectively. As expected, power
increase monotonically as ψ increases and with
larger sample size. Whilst there is some degra-
dation in power for the smaller sample size, the
power properties for the score test perform well for
most cases. The light-tailed marks distributions
present very similar power properties, whereas the
marks with the heavy-tailed generalized Pareto
distribution have stronger power properties. We
see a reduction in power performance for the
quadratic boost function compared with the linear
boost. Marks that exhibit joint dependence and
are modeled via a copula model present stronger
power properties.
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Fig. 10 Simulated upper tail probabilities of score test
under a range of data generating mechanisms. The light
blue bands reflect 95% ranges around the nominal chi-
squared upper 1%, 5%, 10% type I errors.
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Fig. 11 Power curves for sample size of T = 130 for a
selection of cases: Xi ∼ Pois(µ = 1.00), with linear boost;
Xi ∼ Exp(λ = 1.00), with linear boost for i.i.d. marks and
jointly dependent marks (Gaussian copula model, ρs = 0.8)
and quadratic boost; Xi ∼ GPD(ζ = 0.25, δ = 1.00), with
linear boost; and Xi ∼ GPD(ζ = 0.24, δ = 1.00), with
quadratic boost.
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Fig. 12 Power curves for sample size of T = 1, 000 for a
selection of cases: Xi ∼ Pois(µ = 1.00), with linear boost;
Xi ∼ Exp(λ = 1.00), with linear boost for i.i.d. marks and
jointly dependent marks (Gaussian copula model, ρs = 0.8)
and quadratic boost; Xi ∼ GPD(ζ = 0.25, δ = 1.00), with
linear boost; and Xi ∼ GPD(ζ = 0.24, δ = 1.00), with
quadratic boost.

We investigated the impact on the score test
using empirical moments versus estimated the-
oretical moments for the marks distribution by
considering a linear boost with an exponentially
distributed mark X ∼ Exp(λ = 1.00). The inten-
sity function λ(t; ν) was calculated under the null
using two options: the true parameters ν; and
the estimated parameters ν̂ fitted under the null.
For the estimation of moments used in calculating
G(X, φ) and estimating the covariance matrix Ωn,
three options were used: empirical moments; the-
oretical moments evaluated using the true values
of φ; and using the maximum likelihood estimates
φ̂. For this study, the resulting six combinations
of methods were applied to the identical 1, 000
replications used for each parameter value in the
power curves helping to further control simulation
variability between methods.

For the six combinations described Section G
and sample sizes n = 300 and n = 4, 000, no
discernible difference was detected between the
power curves for the statistic calculated using
sample moments and calculated using estimated
theoretical moments. The results suggest, at least
in the cases investigated here and in Richards [9,
Section 6.6], that the use of empirical moments
compared to estimated theoretical moments does
not degrade the size or power of the score statistic,

and this also holds for smaller sample sizes. Know-
ing the true parameter values does not appear to
improve size and power characteristics compared
with estimated parameters. The advantage of esti-
mating the moments empirically allows one to
avoid estimating a parametric model for the marks
distribution assuming that the moments exist.

H.4 Impact of Ignored Serial
Dependence in Marks

We briefly confirm that failure to account for
positive serial dependence in the score statistic
has the expected inflation of size. The linearly
boosted scalar marks are conditionally GPD Xi ∼
GPD(ζ = 0.10, δi), with scale parameter from
an autoregressive process δi = 0.9δi−1 + εi and
εi ∼ i.i.d. N(0, 1). Moments serial autocovariances
are estimated empirically since, for this marks
process, theoretical moments are not available in
closed form. Figure 13 and Figure 14 shows the
sampling distribution of the score statistic using
the correct Ω̂K,n from Richards et al. [8, Equation
38] when the marks are serially dependent, com-
pared with the score statistic using Ω̂0,n from
Richards et al. [8, Equation 37], which is incorrect
since it assumes marks are serially uncorrelated.
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Fig. 13 Impact on the sampling distribution of the score
test statistic, from adjusting and not adjusting for serial
dependence, with a sample size n = 4, 000. The marks are
conditionally GPD, Xi ∼ GPD(ζ = 0.10, δi), with a linear
boost and empirically estimated moments.
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Fig. 14 Impact on the power curves of the score test
statistic, from adjusting and not adjusting for serial depen-
dence, with a sample size n = 4, 000. The marks are
conditionally GPD, Xi ∼ GPD(ζ = 0.10, δi), with a linear
boost and empirically estimated moments.

Given the serial dependence is positive and
reasonably persistent, the uncorrected score
statistic is inflated because the variance obtained,
ignoring the extra terms due to serial dependence,
is too small. This is clear from Figure 13 in which
the uncorrected statistic is substantially stochas-
tically larger than the χ2

(1) distribution, while the
corrected score statistic conforms to the claimed
asymptotic distribution very well. This results in
the uncorrected score statistic realizing an actual
size that is substantially larger than that from the
χ2

(1) distribution, and hence the power curve is

substantially inflated (Figure 14).

H.5 Impact of Ignored Joint
Dependence in Marks

To study the impact of ignoring joint dependence
between marks on the score test, we consider a
pair of linearly boosted, jointly dependent i.i.d.
marks X1 ∼ GPD(ζ = 0.10, δ = 1.00) and
X2 ∼ GPD(ζ = 0.10, δ = 1.00). The joint
dependence is modeled using a Gaussian copula
(Section F) with four different levels of depen-
dence, ρs ∈ {0, 0.2, 0.4, 0.8}. For implementing the
score statistic, both empirical and estimated the-
oretical moments are used. To assess the impact
of ignoring joint dependence, that is, assuming
ρs = 0 when in fact, ρs > 0, the estimated

Table 2 Upper tail probabilities for the nominal
chi-squared upper 5% type I errors for spearman rank
correlation, ρs.

ΣG ρs =
0

ρs =
0.2

ρs =
0.4

ρs =
0.6

ρs =
0.8

Empirical
moments

0.043 0.052 0.049 0.041 0.050

Theoretical
moments

0.045 0.054 0.059 0.053 0.065

Emp.
block
diago-
nal

0.044 0.051 0.050 0.067 0.084

Theo.
block
diago-
nal

0.044 0.051 0.049 0.065 0.084

covariance matrix Σ̂G for the bivariate marks is
constrained to be diagonal.

Table 2 and graphically shown in Section G
presents the impact of not accounting for the
cross correlation terms by displaying the pro-
portion of simulated scores statistics exceeding
the nominal 5% upper tail probabilities from the
χ2

(r) distribution with r = 2 degrees of freedom.
The score statistic when the covariance ΣG is
falsely assumed to be block diagonal is increas-
ingly inflated relative to the χ2

(2) distribution as
the Spearman’s rank correlation increases. This
was further supported by a study of the power of
the score test under three scenarios whereby the
strength of dependence between the marks is cho-
sen to be ρs ∈ {0, 0.4, 0.8}, presenting a shift up in
the power curve for the block diagonal scenarios
(Section G).

H.6 Increasing Joint Dependency of
Bivariate, Serially Dependent
Marks

To complete the analysis of the power proper-
ties of the score test, we investigate the effect on
the power of the score test of serially dependent,
bivariate, heavy-tailed marks with joint depen-
dence, all of which are features considered in the
subsequent application utilizing the LOB data set
(see Richards [9] for properties of the marks). The
parameter specification is chosen to match closely
what is observed in the LOB data, setting the
intensity parameters to: η = 0.0010; ϑ = 0.7000;
and α = 0.0100. The marks are combined and
multiplicative, each with a linear boost. They are
distributed with a generalized Pareto distribution
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Xi ∼ GPD(ζ = 0.10, δi). The conditional general-
ized Pareto distribution scale parameter is defined
as δi = 0.9δi−1 + εi. The joint dependence is mod-
eled via a Gaussian copula model with varying
Spearman’s rank correlation ρs ∈ {0, 0.1, . . . , 1}.
We utilize empirical moments, and the simulation
sample size is n = 1, 000.

[KAR figures have been separated out and
need to check the right references correspond to
the commentary] Figure 15 exhibits strong size
and power characteristics for the score test, and as
the correlation of the copula increases, so does the
power of the score test. The impact to the boost
function of combining serial and joint dependent
marks in a multiplicative form leads to increased
realizations in the tails of the histogram of the
boost function as the joint correlation increases
(Figure 16). This provides assurance that the score
test is reliable for using marks constructed from
LOB data used in financial applications and, in
addition, robust to such features that may exist in
other applications.
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Fig. 15 Power of the score test, with a linear boost,
bivariate marks with Gaussian copula dependence, assum-
ing serially dependent marks with a conditional GPD X ∼
GPD(ζ = 0.10, δi), where δi = 0.9δi−1 + εi. The sample
size is n = 1, 000.
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Fig. 16 Power of the score test, with a linear boost,
bivariate marks with Gaussian copula dependence, assum-
ing serially dependent marks with a conditional GPD X ∼
GPD(ζ = 0.10, δi), where δi = 0.9δi−1 + εi. The sample
size is n = 1, 000.
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