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Sec1 Supplementary Figures
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Figure S1. SAM- and OAM-resolved band structure in transition metal disilicide. Band dispersion
with the z-component of a. SAM and b. OAM of the transmitted electrons in VSi;, NbSi,, and TaSi,. The

color red (blue) represents spin up (down) states in a and positive (negative) OAM in b.
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Figure S2. SAM- and OAM-resolved band structure in chiral materials with the space group P2,3.

Band dispersion with the z-component of a. SAM and b. OAM of the transmitted electrons in CoSi, RhSi,

RhSn, and RhBiS.
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Figure S3. SAM- and OAM-resolved band structure in chiral materials with the space group P2,3.

Band dispersion with the z-component of a. SAM and b. OAM of the transmitted electrons in PdAl, PdGa,

PtAl, and PtGa
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Sec2 Methods of quantum transport calculation

Sec2.1 Device setup

We use a two-terminal device for transport calculation and only consider momentum-conserving transport.
The chiral crystal is placed in the central region which is connected to two leads on the left and right side.
The transverse dimension (perpendicular to the transport direction) is infinite and periodically extended.
Hence, the transverse crystal momentum & /; is a conserved quantity. All transport quantities are calculated

for each k /] and then sum over transverse momentum.

Sec2.2 Basis definitions

The quantum transport quantities including conductance and orbital/spin polarizations are calculated based
on Landauer-Biittiker formalism'-2. All the quantities can be calculated from the scattering matrix S. The
scattering matrix elements S,,, is defined as the transition probability amplitude from mode n to mode m.

If there are N modes in each lead, then S is a 2N x 2N matrix

S = (S1)

where r and ¢ (+/ and ¢’) are N x N reflection and transmission amplitudes from left (L) to right (R)
(from R to L). Here all coefficients depend on energy E and transverse momentum & ;. The probability

conservation implies S is a unitary matrix: SS* = §7S = I, which gives constrictions on 7 and ¢ (+' and ¢')
rir4iit = 1, P T =1 (S2)

The Landauer formula connects the total conductance Gg;, (from L to R) and Gz (from R to L) with
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total transmission probability 7; for a given E and k //3’4

2
Gre(E,k)) = %Tr(E ky) = Z [tun (E K ))|* = %Tr [fT(E,k//)f(Eyk//)}

2 (S3)

2
GLR(E k//) (E k// Z|tnm E k//” = %TI' [IIT(E,/C//)I/(E,]C//)]

Inspired by the Landauer formula, one can also define reflection conductance according to the total

reflection probability R;

62 62 2 62 +
GLL(E,k//) = ERI(E,](//) = E Z |rn/n(E7k//>‘ = WTI‘ [l" (E,k//)r(E,k//)]

(54)
2
e
Grr(E, k//)_—R (E, k// Z ‘ E k// ‘ :ETI‘ [r'T(E,k//)r'(E,k//)]
In the above summation, n, n’ refers to the modes in L lead, and m, m’ refers to the modes in R lead.
Indeed these conductances are not independent quantities, which must satisfy a sum relation due to the
unitarity requirement (S2)

2
GRL(E,/(//) +GLL(E,/€//> = GLR(E,]C//) + GRR(E,k//) = N(E,k//)% (SS)

For a physical quantity J which is conserved in lead, its matrix representation in mode basis is diagonal:
It = jmOmyy . For example, when spin-orbital coupling (SOC) is negligible in lead, the spin angular
momentum is conserved and in this case, ¢ = 0;(i = x,y,z) are three Pauli matrices. In this paper, we
mainly focus on orbital and spin conductance so that ¢ = L; or ¢ = o0;. The conductance associated

with J can be defined similarly as (S3) and (S4)°

2
e -
GRLJ(E k//) = —T,J(E k// Z]mltmn E k//)| = WTI' [t'(E,k//)ft(E,k//)}
2
e
Grry(E k) = —R”(E k)= Z]n (E k//)\ = ZTr [rT(E,k//)/r(E,k//)] (S6)
2
e
GRR](E k//) = —Rt](E k// Z ]m }rmm E k//)| = ETI‘ [r'T(E,k//)/r'(E,k//)]
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As mentioned before, the final transport quantities should sum over transverse momentum

G(E)=Y G(Eky),  Gi(E)=Y Gi(E, k) (S7)
kyy ky

Here G and Gj refer to the various conductance in (S3), (S4) and (S6). The polarization associated with J

is therefore defined by’

P(E) = (S8)

Grrs(E)

For example, the transmission spin polarization from lead L to lead R is Pg s(E) = G (E) "

In the absence of phase incoherent scattering or magnetization M, the probability conservation or time-
reversal symmetry implies T = T'>>>. Therefore, the conductance from lead L to lead R and from lead R to
lead L makes no difference: Gg(E) = Grg(E). But if both magnetization and dephasing are introduced
in the central region, the current conservation and time reversal symmetry are violated and the transport
becomes unidirectional: Ggr(E,M) # Grr(E,M). From Onsager’s relation: Ggr(E,—M) = Grr(E, M),
this implies the magneto-conductance Ggr(E, M) # Grr(E,—M) or magneto-current I(V,M) # I(V,—M)
upon integration with energy. To characterize this magneto-current, we define a ratio Py as

_I(V,M) —I(V,—M)
PulV) = 1(V,M)+1(V,—M) (59)

Sec2.3 Conductances from Green’s function
Based on mode matching methods’-3, the S matrix can be expressed by Green’s function (below we
suppress the dependence on E and k /)

m + ~ r r -
fin = %w’?m("‘NGM(Go&O)) ez (+))
(S10)
v (=)

vin(+)

~ ~ T r(0)y —
n = i (=l () + (i ()G (Go) ™ an ()
Vem(+) (vra(£)) is the velocity of m-th (n-th) mode in lead R (L) and =+ represents the propagating or

decaying direction (+ for right and - for left). ag (ar) is the spacing between principal layer in lead R (L).
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|urm (+)) (Jurn,(£))) is the eigenstate of m-th (n-th) mode in lead R (L) and |iig,,(+)) is dual states defined
by (iguy (+)|urm(+)) = Spm- Gy (G7p) is retarded Green’s function of the full device between lead R
(L) and lead L, while GSE)O) is the retarded Green’s function of the perfect lead within single principle layer.
In lead L, the incoming wave is mixed with the reflected wave and must be subtracted for the calculation
of reflection coefficients, which is just the first term in r,/,,. The Green’s function acting on the incoming
wave |uz,(+)) converts it to the eigenstate of full lead so the second term of 7y, () is the n’(m)-th output
mode component of full scattering wave. Combining these terms and normalizing the states according to
the probability flux gives transmission/reflection amplitudes as in (S10).

In the S matrix method, one needs to solve a generalized eigenvalue problem™” !0 to get leads’
eigenstate apart from Green’s function. This extra step is not only time-consuming for large systems
but also needs some careful treatment to distinguish propagating states from decaying states. Especially
near the band edge, where the velocity of propagating states approaches to zero and non-propagating
states’” decaying becomes very slow, the distinction between these two kinds of states is small. Since only
propagating states contribute to transport, care must be taken to distinguish and eliminate decaying states.

On the other hand, Caroli'! has shown the total transmission can be expressed solely through the Green’s

function and the lead’s level width function which avoids solving lead’s eigenstates

Ty =Y |twn|* = Tr(TrGp, TLG{g) (S11)

mn

R= G;TL is advanced Green’s function between lead L and lead R. The trace is taken in the lattice site
base. Apparently, (S11) is more convenient for the calculation of total transmission than (S10) since lead’s
eigenmodes are not required. Indeed this type expression can be obtained for all quantities we considered
in Sec2.2 and there is no need to solve the eigenmodes at all, as we show below.

First, we rewrite (S10) by dual states along. Define Green’s function due to reflection

=Gy — Gy (S12)
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then reflection amplitudes can be rewritten as a similar form to transmission amplitudes

i =[5 [ (GG )] 1)

Following the way of Khomyakov?®, the transmission/reflection amplitudes can be recast as

b = m\/ PR (EVnE) g G (<))

arary,
(S14)

i = ih\/ V) i, (<))

arar,

|iif,,(—)) is the eigenstate propagating or growing to the right in lead L. (S14) is nothing but the lattice
version of Fisher-Lee relation*!%13, Defining velocity matrix V;(+) whose diagonal elements are
hwrn(+)/ar, and mode matrix Ug(+) whose column vectors are the eigenmodes |ug,,(+)), etc, (S14) can

be written in matrix form

12 - ¥ _
=V ()0 (H) R (U ()1, ()
(S15)
~1/2 - % —1y,1/2
r=iv) (U (G ()P ()
Next, since the transport quantities only depend on probability not amplitudes, we define probability S

matrix: (Sp)mn = S|, ie.
S, = (S16)

T R

To get the matrix elements of R and 7', introduce the mode projection matrix in local orbital basis

Pr (=) = lup (=), () Prm(+) = g (4)) (@R (H)] - PLw (=) = |t (=) (i (=)

or  P(=) = UL ()(UE(=)"" Prm(+) = Ur(H)n(Ur(+)) ™" Prw(=) = U(=)by (UL(=)) ™!
(S17)

I, is a matrix whose only non-zeros elements are the n-th diagonal elements and equals to 1. P;',(—) is the

projection onto the n-th right propagating or right growing mode |u{,(—)) in lead L, etc. The velocity
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matrix can also be expressed by the level width matrix and mode matrix®

VR(+) = Ug(H)TRUR(+)  Vi(+) = U (=)TUL(=) = U} (=)TLUf (-) (S18)
Making use of (S15), (S17), (S18), and the fact [, commutes with all velocity matrix, R and 7" can be
obtained as
Ton = |tun|* = Tr(t Lt )
= Tr |V, 2 () V(=) T G U () Ve P (Ve P () U ()G U ()7 VA ()0

=T [(UF(+) ™ Va(H U () Gre (U ()™ ViU () G,

=Tr [FRPRm(+)G;2LFL lL,ln(_) ZR]
(S19)

Ryn = |rwnl? = Tr(r'Lyrl,)
=T |V} 2 (1)U ()) T G O ()Y P eV A ()G U ()T P ()
= Tr | (U] () V(U ()G U () V() (g (=) 6

= Tr L P (=) G UL, (=) G
(S20)

R and T’ have similar expressions. In this way, the full probability S matrix is constructed from
Green’s function and mode projection matrix. If one uses the completeness relation Y, Pr,(+) = I and

Y. Pf',(—) =1, the Caroli formula (S11) is easily derived from (S19) which is a refined version for the

separate transmission probability.

Finally, to get the J conductance, the matrix representation of conserved quantity J in local orbital

basis is needed, which can be obtained from eigendecomposition

JR=Y jmPrm(+)  JL=Y jnPra(—) (S21)
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2 2 2 . . .
Hence, for example, Ggy j = %Tr(tTJRt) = % Youn JmTmn = § Tt [[RIRGR T'LG{R)] is the transmission
J conductance and the trace is taken in local orbital basis. Other conductances have similar expressions
and we have successfully obtained all the quantities in Sec2.2 without referring to leads’ eigenstates. For

reference convenience, the expressions of full total conductance and J conductance are listed below

G Grr &2 Tr [FLGZ*LFLGZB Tr [FLG]CRFRG%L]
G= == (S22)
GRL GRR Tr [FRG;?LFLGZR] Tr [FRG;}FRG%}]
GLL,J GLR,J 62 Tr [FLJLG;}JFLGﬁI] Tr [FLJLGzRFR G??L]
Gy = == (S23)
GRL,J GRRJ Tr [FRJRG;QLFLGiR] Tr [FRJRG?}QFRG%Q]

Although here we only focus on two terminal devices, the results (S22) and (S23) can be very easily
generalized to multi-terminal devices. For conductance between any two terminals, one only needs to
replace L and R by general terminal indices and replace Green’s function G’/ by the reflected one (S12)
G'/%* if two terminals are the same one. This formulation would be helpful, e.g., for the calculation of

spin conductance in multi-terminal devices.

Sec2.4 Wide band approximation

The wide band approximation* !4 (WBA) represents the lead with an energy-independent self-energy X.
Physically, it means the lead has an infinite bandwidth and the detailed band structure is not important in
the transport energy range. So the only effect of leads is to provide a mechanism for the quasi-particles
in the central region to leak into leads, which can be represented by an imaginary self-energy. In our
calculation, to avoid the influence of the detailed structure of leads and to manifest the magneto-resistance
simply, we use WBA for all calculations. Ignoring the real part of self-energy which is just an energy shift,

then

L= —3([iP+I\P) (S24)
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Py (P) is the projection matrix onto spin up (down) states and I'y (I')) is the corresponding level width
function or DOS. Here we associated two different I' with spin up and down states to allow for spin-
dependent DOS in leads, which mimics the effect of magnetization. For the spin polarization calculation in
which leads are unmagnetized, we simply take I'y = I") =I'. Whereas in the magneto-current calculation,
the lead is ferromagnetic and has a spin-polarized density of states (DOS), i.e. I'; # I'|. Hence, within
WBA, a spin-polarized DOS ratio AI'/T" = (I'y —=TI"}) /(I'y +T"} ) can be used to represent the sign and

strength of magnetization M (it’s plausible that A" should be proportional to M for small M).
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