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1. Materials and Methods

1.1. Synthesis of BiFeO3 Nanocrystals

Nanocrystals of BiFeO3 were synthesized using a bottom-up epitaxial method on a Sapphire R-
plane substrate using pulsed laser deposition (PLD). A 248 nm, 20 mJ KrF excimer laser was used
to ablate a solid target of BiFeO3 at a temperature of 700◦C in vacuum conditions of 10−4 mbar
and Oxygen partial pressure. An initial slow deposition cycle with short laser cycles is performed
to seed the nanocrystal growth which is left to anneal for a few hours. Subsequent faster laser
cycles at slightly higher temperature ensures the ablated material condenses at the seed sites. X-
ray di�raction measurements con�rms a single phase BiFeO3 growth. The particles' size formed a
uniform distribution in the 500-1500 nm range.

1.2. Training of Convolutional Neural Network

Simulated Fourier pairs are used during the network training process, wherein the Fourier space
objects are forwarded through the network to generate phase and amplitude predictions, which
are subsequently compared to ground truth objects using a loss function, L, as in equation S1.
Here, L1 and L2 represent losses for real space amplitude and phase, respectively. Additionally, L3

leverages Fourier transforms of predictions to compute losses relative to the square root of input
intensities, where the relative weights of these functions are determined by integer parameters α1,
α2, and α3. Back-propagation and training spanned 150 epochs using 30000 Fourier pairs which
achieved low and consistent loss pro�le while employing the ADAM optimiser.

LTrain =
1

α1 + α2 + α3
[α1L1(Ap, Ag) + α2L2(ϕp, ϕg) + α3L3(

√
Ip,

√
Ig)] (S1)

1.3. Q-Vector Orientation Calculation

The following describes how to calculate the Q-vector for a given di�ractometer geometry in the
laboratory frame of reference. We will consider a 4S+2D di�ractometer using two di�ering (recti-
linear) coordinate systems.

The general (right-handed) rotation matrices about each axis, independent of the orientation of a
chosen (rectilinear) coordinate system are:
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Rx̂(θ) =

1 0 0
0 cos θ − sin θ

0 sin θ cos θ

 (S2)

Rŷ(θ) =

 cos θ 0 sin θ

0 1 0
− sin θ 0 cos θ

 (S3)

Rẑ(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 (S4)

The coordinate system assumes the beam oriented along the positive ŷ direction, the x̂ direction
pointing upwards and ẑ direction along the x̂ × ŷ direction [1, 2]. Rotations about µ, η, χ and ϕ
according this coordinate system are as follows:

Rµ(µ) = Rx̂(µ)

Rη(η) = Rẑ(−η) i.e. left handed

Rχ(χ) = Rŷ(χ)

Rϕ(ϕ) = Rẑ(−ϕ) i.e. left handed

(S5)

To obtain the complete rotation matrix, matrices in equation S5 are multiplied form the outer
most circle (µ) to the inner most circle (ϕ). Noting that the X-ray beam (ki) is aligned along the
positive ŷ direction with magnitude k,

ki =

0k
0

 (S6)

the re�ected wavevector (kf ) is given by:

kf =

kfx̂kfŷ
kfẑ

 = Rµ(µ)Rη(η)Rχ(χ)Rϕ(ϕ)ki (S7)

Using equations S6 and S7, the Q-vector is then obtained in the laboratory frame of reference as:

Q = kf − ki (S8)

The standard coordinate transform in Bonsu[3] however uses a standard 4S+2D di�ractometer
right handed coordinate system where the X-ray beam is assumed to align along the positive ẑ
direction, the x̂ direction pointing upwards as before, but the ŷ direction pointing along the ẑ × x̂
direction.

In this system, rotations about µ, η, χ and ϕ are as follows:

Rµ(µ) = Rx̂(µ)

Rη(η) = Rŷ(η)

Rχ(χ) = Rẑ(χ)

Rϕ(ϕ) = Rŷ(ϕ)

(S9)
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The X-ray beam (ki) is aligned along the positive ẑ direction with magnitude k,

ki =

00
k

 (S10)

where k = 4πsin(θ)
λ is the wave vector magnitude.The Q-vector is then obtained in the laboratory

frame of reference as before, as shown above.

2. Tables

Polarization Chi Loss

45◦ 0.093
22.5◦ 0.080
0◦ 0.108

−22.5◦ 0.103
−45◦ 0.076

Table S1. Final Chi loss from the deep learning CNN for each of the reconstructions.
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3. Figures
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Figure S1. Phase slices in the x-y plane.



3 FIGURES 5

0 500

20

40

60

z

y

Q Vector
z

y

z

y

z

y

z

y

45
La

se
r P

ol
ar

isa
tio

n

0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser

0 500

20

40

60

z

y

Q Vector
z

y

z

y

z

y

z

y

22
.5

La
se

r P
ol

ar
isa

tio
n

0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser

0 500

20

40

60

z

y

Q Vector
z

y

z

y

z

y

z

y

0L
as

er
 P

ol
ar

isa
tio

n

0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser

0 500

20

40

60

z

y

Q Vector
z

y

z

y

z

y

z

y

-2
2.

5L
as

er
 P

ol
ar

isa
tio

n

0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser

0 500

20

40

60

z

y

Q Vector
z

y

z

y

z

y

z

y

-4
5L

as
er

 P
ol

ar
isa

tio
n

0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser 0 50FE Axis Laser

3 2 1 0 1 2 3
Phase

Figure S2. Phase slices in the y-z plane.
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Figure S3. Phase slices in the x-z plane.
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(a) (b)

Figure S4. (a) The relationship between the root sum square of the directional derivative metric
along the determined ferroelectric axis and the laser polarisation label. (b) The relationship be-
tween the inner product of the Laser polarisation direction and the determined ferroelectric axis
and the laser polarisation label.

(a) (b)

Figure S5. (a) The relationship between the root sum square of the directional derivative metric
along the determined ferroelectric axis and the laser polarisation label for di�erent percentages of
the crystal's amplitude (b) The relationship between the inner product of the Laser polarisation
direction and the determined ferroelectric axis and the laser polarisation label for di�erent shell
thicknesses expressed as a percentage of the total amplitude.
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