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Supplementary information
Here, we detail some of the calculations for the modified M-M model. These calculations are an adaptation of those presented
in the description of Morton’s original model1–3, but extended to the modified M-M model we introduced in our article. We
will use the same notations as described in the paper. The two governing equations of the system are:{

Pphysio(t) = V̇P +DO→P +V̇G

Pphysio(t)< Pmax(t) = MP

(
(1−λ−l1l>θ−θ1l≤θ )

1−λ−θ

) (1)

Where V stands for volume, V̇ for volume variation with respect to time, and D for flow rate. 1 is the indicator function.
From Equation 1 we can describe the behavior of the system in the three work-rate regions at constant power. We will

express the kinetics of l (lactate accumulation) and V̇ O2, as well as their values and associated Pphysio at the thresholds between
the regions.

Moderate work rate - Below LT1

We have h < θ and AT
dl
dt = MG

(
h−l
1−λ

)
. Thus the surface of the G compartment remains in the capillary region. There is a

linear relation between V̇ O2 and DO→P: V̇ O2 = DO→P/C1. Therefore:

Pphysio = DO→P +V̇P ++V̇G

= MO

(
h

1−φ

)
+AP

dh
dt

+AT
dl
dt

Similarly with the classical Morton model, one can get a second-order differential equation on either l or h.

a
d2l
dt2 +b

dl
dt

+ cl = Pphysio, with:


a = APAG

MG
(1−λ )

b =
((

MO(1−λ )
MG(1−φ) +1

)
AT +AP

)
c = MO

(1−φ)

With initial condition h(0) = 0, l(0) = 0 ie. dl/dt(0) = 0. We write r1 and r2 as the roots of the characteristic equation.
l has the following form:

l(t) =
(

Pphysio
(1−φ)

MO

)
+K1er1t +K2er2t

h has the following form:

h(t) = Pphysio
(1−φ)

MO
+K1er1t(1+ r1

AT

MG
(1−λ ))+K2er2t(1+ r2

AT

MG
(1−λ ))

[La]m Kinetics

[La]m(t) = 1/C2[1l<=θ l(t)AT +1l>θ ((l −θ)AG +θAT )]

In mmol/kg w. w. .
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V̇ O2 Kinetics
Therefore we can predict the V̇ O2 evolution:

V̇ O2 = 1/(ηC1)

[
Pphysio +

MO

(1−φ)

(
K1er1t(1+ r1

AT

MG
(1−λ ))+K2er2t(1+ r2

AT

MG
(1−λ ))

)]
In mL O2/s.

Upper limit of the work rate region - LT1
Recalling equation Equation 1 with dl/dt = 0 and at equilibrium (dh/dt = 0) we have:

Pphysio = V̇ O2,LT 1C1 = MO

(
h

1−φ

)
The largest possible value in this first case is reached when h −→ θ . Therefore:{

hLT 1 = lLS1 = θ

PLT 1 = ηPphysio = ηMO

(
θ

1−φ

) (2)

Heavy work rate - Between LT1 and Pcrit
Initially, h < θ and we will therefore observe the same behaviors as described previously until h = θ at a given time t1. Then
we have the following governing equations:

Pphysio = DO→P +V̇P +V̇G

= MO

(
h

1−φ

)
+AP

dh
dt

+AG
dl
dt

With : AG
dl
dt = MG

(
h−l
1−λ

)
We can get a second-order differential equation on l or h. The one on l has the same form as the one for low work rate but

AT is replaced by AG.
With initial conditions l(t1) = θ and dl/dt(t1) =

MG
AG

(
h−θ

1−λ

)
we can similarly analytically solve the second-order differential

equations.

[La]m Kinetics

[La]m(t) = 1/C2l(t)AG

In mmol/kg w. w. .

V̇ O2 Kinetics
From h we can express the V̇ O2 evolution:

V̇ O2(t) = 1/C1

(
Pphysio +

MO

(1−φ)
l(t)

)
In mL O2/s.

Upper limit of the work rate region - Pmeca
crit

Pmeca
crit corresponds to the limit case in which we can still observe an equilibrium, ie. we do not reach exhaustion and satisfy the

constrain. Recalling Equation 1 at equilibrium (dh/dt = 0 and dl/dt = 0, h = l > θ ). The largest possible value in this case is
reached when Pphysio −→ Pmax.

Pphysio = V̇ O2,PcritC1 = MO

(
hPcrit

1−φ

)
Pphysio = Pmax = MP

(
1−λ − lPcrit

1−λ −θ

)
Therefore: hPcrit = lPcrit =

1−λ

MO/MP(
1−θ−λ

1−φ
)+1

Pmeca
crit = ηC1V̇ O2,Pcrit = η

MO(1−λ )
(1−φ)+MO/MP(1−θ−λ )

(3)
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"Severe work rate" - Exhaustion
The evolution will be the same as describe in previous case but no equilibrium will be reached i.e. the energy demand will be to
high for it to be sustained by an increase in V̇ O2 and we will reach exhaustion.
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