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I. OVERVIEW

In this supplemental material, we elaborate on the details
of the identification algorithm, provide numerical benchmarks
for it, and discuss in more detail how we estimate the statisti-
cal and systematic errors on the Hamiltonian identified in the
experiment.

Recall that our ideal data model—in the absence of state-
preparation and measurement (SPAM) errors is given by (cf.
Eq. (3) of the main text)

y[l] =
1

2
exp(−itlh), (1)

where tl, l = 0, . . . , L are the time stamps, and h is the N ×N
coefficient matrix of the non-interacting Hamiltonian given in
Eq. (2). Our identification technique follows the standard ap-
proach of Fourier analysis of time series signals but at the

same time aims to maximally exploit all structure present
in the signal. Our starting point is the eigendecomposition
h = ∑

N
k=1 λk ∣vk ⟩ ⟨vk ∣ of the coefficient matrix h, where λk

are the eigenvalues and ∣vk ⟩ the eigenvectors. Using the
eigendecomposition we diagonalise the signal as

y[l] =
1

2
exp(−itlh)

=
1

2

N

∑
k=1

e−itlλk ∣vk ⟩⟨vk ∣ . (2)

From a signal processing perspective, the time series of each
entry ym,n is therefore given by a complex linear superposi-
tion of a small number of sinusoids. But additional constraints
relate the different time series. As discussed in the main text,
our identification technique proceeds in two steps: In the first
step, we estimate the frequency spectrum of the time series,
i.e., the eigenvalues λk of h. Crucially, we can exploit that the
signal is sparse in Fourier space and also that y[l] are noisy
samples from a one-parameter subgroup of the unitary group
to dramatically denoise the signal and arrive at sub-Nyquist
resolution. Given the frequency spectrum of the time series
data, the estimation of the Fourier coefficients becomes a lin-
ear inverse problem. In standard Fourier data analysis the
Fourier coefficients are therefore typically inferred via linear
inversion in the second step. However, in the case of Hamilto-
nian recovery, the problem has a considerably richer structure
that we can take advantage of. The N3 Fourier coefficients
are certain second order polynomials of the entries of a set of
orthogonal vectors { ∣vk ⟩}Nk=1. Furthermore, if the interaction
graph is not fully connected, the resulting sparsity pattern of
the Hamiltonian matrix gives rise to linear constraints on the
coefficients.

As we will see, exploiting the structure in the second step
brings two benefits in terms of noise robustness: First, explic-
itly enforcing the orthogonality constraint, polynomial struc-
ture (low-rank) and the linear constraints from the interac-
tion graph renders the reconstruction significantly more robust
against different sources of errors such as incoherent measure-
ment errors. Second, since the coefficient matrices for each
frequency are unit rank projectors, we can significantly de-
noise the signal from systematic (state-preparation) errors on
the projectors by restricting ourselves to inferring the projec-
tor’s range first, i.e., { ∣vk ⟩}nk=1. Only then do we infer its
domain, that is, the state preparation map. This yields robust-
ness to state preparation or measurement (SPOM) errors S or
M in the data model (cf. Eq. (4) of the main text). Both ways
of denoising the signal from coherent and incoherent noise are
crucial for our reconstruction method to be practically appli-
cable.

In the following, we detail algorithmic strategies for the
different steps of our identification algorithm, relying on ad-
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vanced state-of-the-art signal processing techniques that are
capable of exploiting the entire structure of the problem, as
well as developing new tools tailored to this specific struc-
ture. For the sake of clarity we first consider the ideal data
model (1), and then discuss the effect and removal of SPAM
errors in the algorithm.

We begin in Section II by introducing a novel super-
resolving and denoising algorithm tensorESPRIT that is able
to scalably resolve arbitrary degenerate frequency spectra of
Hermitian matrices from samples of the corresponding one-
parameter subgroup of the unitary group. Given the eigen-
frequencies, in Section III we discuss and compare different
ways of reconstructing the eigenvectors of h in the presence
of constraints. In Section IV we then discuss the SPAM er-
rors that affect the ideal data, and elaborate ways of partially
removing those errors, giving rise to a robust recovery algo-
rithm. In Section V we summarize the entire algorithm, be-
fore benchmarking its performance in Section VI. Finally, in
Section VII we explain how we obtain the systematic and sta-
tistical error bars for the plots in the main text.

II. FREQUENCY EXTRACTION VIA ROTATIONAL
INVARIANCE

The data of the form as elaborated upon in (2) consists of
N2 time series, each described by a linear combination of N
sinusoids oscillating at the eigenfrequencies of the Hamilto-
nian, which we wish to recover. A simple approach to re-
cover these frequencies would be to use Fourier analysis. This
approach is limited by different imperfections since some of
the Fourier coefficients can become small. Furthermore, it is
far from obvious how to combine the spectra recovered from
each time series, especially if the spectrum is degenerate or
nearly degenerate. Additionally, Fourier approaches are typi-
cally limited in precision by Shannon’s sampling theorem [1].
Since we need the spectrum very accurately in order for the
eigenvector reconstruction to converge, we need a more so-
phisticated approach.

To arrive at such a method, we make two structural observa-
tions. Firstly (sparsity), we notice that the spectrum is sparse
in Fourier space; there are exactly N frequencies to be re-
covered. This is a significantly more constraining structure
than Shannon’s band limitation alone. Secondly (rotational-
invariance), the matrix time series ym,n[l] are noisy samples
from the one-parameter subgroup of the unitary group U(N)
generated by h and parameterised by time.

It will be useful to first think about the scalar (N = 1) case
where powerful algorithms exist, before extending those ap-
proaches to the matrix case with N > 1. The problem of
extracting sparse frequencies (or also decay parameters, i.e.
complex poles) from discrete scalar time series has been well
studied for centuries [2]. Modern stable algorithms for find-
ing solutions to this problem have been devised in the con-
text of direction-of-arrival estimation in array signaling [3, 4].
Here the goal is to find directions of arrival of a sparse set of
electromagnetic signals from noisy snapshots detected by an
array of antennas in the far field. Exploiting sparsity and rota-

tional U(1) invariance, these methods utilize signal space es-
timation, denoising and low-rank Hankel structure to achieve
precision beyond Shannon’s theorem, which is a phenomenon
called super-resolution. Theoretical understanding of super-
resolution has only been developed recently [5, 6].

A. ESPRIT

A particularly elegant example, relying solely on linear al-
gebra routines, is the ESPRIT algorithm proposed in Ref. [7]
and analysed in Refs. [8, 9]. Let tl = l∆t be equally spaced
with l ∈ {0, . . . , L}. ESPRIT then assumes time series data of
the form

x[l] =
N

∑
k=1

xke
−iλkl∆t

=
N

∑
k=1

xkz
l
k, (3)

where zk ∶= e
−iλk∆t. The first step of the ESPRIT algorithm

is to form the Hankel matrix

HkK(x) =

⎛
⎜
⎜
⎜
⎝

x[0] x[1] . . . x[L −K]
x[1] x[2] . . .
⋮ ⋱

x[K] x[K + 1] . . . x[L]

⎞
⎟
⎟
⎟
⎠

, (4)

of the scalar time series (3), defined for an integer 0 <K < L.
The Hankel matrix admits Vandermonde decomposition

HkK(x) = Ψ
K
(z)diag(x) (ΨL−K

(z))
T
, (5)

where the Vandermonde matrix ΨJ(.) for an integer J is
given by

ΨJ
(z) ∶=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 1 . . . 1
z1 z2 . . . zN
z21 z22 . . . z2N
⋮ ⋮ ⋱ ⋮

zJ1 zJ2 . . . zJN

⎞
⎟
⎟
⎟
⎟
⎟
⎠

∈ C(J+1)×N . (6)

This decomposition makes the rotational invariance of the
data apparent. To see this, notice that inserting diag(z) be-
tween the first and second matrix in (5) of the decomposi-
tion gives rise to a Hankel matrix of shifted data x[l] for
l = 1, . . . , L + 1.

Denote by Hk
↓(↑)
K (x) ∈ CK×(L−K+1) the matrices obtained

from Hk(x)K ∈ C(K+1)×(L−K+1) by deleting the last (first)
row. We can write

Hk↓K(x) = Ψ
L−1
(z)diag(x) (ΨL−K

(z))
T
,

Hk↑K(x) = Ψ
K−1
(z)diag(z)diag(x) (ΨL−K

(z)) 1.
(7)

Note that diag(z),diag(x) ∈ CN×N . It can be shown that the
Vandermonde matrices have full row rank if the frequencies
are non-degenerate and N + 1 ≤ K ≤ L −N . Hence, in this
case, we have

rank (Hk
↓(↑)
K (x)) = rank (HkK(x)) = N . (8)
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We can, thus, denoise the data by using the rank-N approxi-
mation of HkK(x),

ĤkK(x) ∶= U[N]Σ[N]V
†
[N], (9)

where UΣV † is the singular value decomposition (SVD) of
HkK(x) and the subscript [N] denotes restriction to the sub-
space of the N dominant singular values. From the denoised
Hankel matrix we can obtain the denoised shifted matrices
Ĥk
↓(↑)
K (x).

The decompositions (7) together with the rank considera-
tions imply that

Ψ ∶= (Ĥk
↓
K(x))

+
Ĥk
↑
K(x), (10)

where (⋅)+ denotes the pseudoinverse, has in absence of noise
non-vanishing eigenvalues {z1, . . . , zN}. The eigenvalues
of Ψ therefore provide an estimate of the eigenfrequencies
{λk}

N
k=1, if the time step ∆t is chosen such that there exists

a branch cut of the complex logarithm that uniquely identifies
λk from zk for each k.

In order to apply the ESPRIT algorithm to the data of the
Hamiltonian identification problem, we compute a suitable
scalar time series from the matrix-valued time series (1). Op-
timal performance of ESPRIT in resolving the spectrum is ex-
pected when the Fourier coefficients of the time-series are as
large as possible and of the same order of magnitude [9]. This
is particularly important for large N with unavoidably many
adjacent frequencies. In the data model (1), we can achieve
this by taking the matrix trace at each time

F [l] = Tr [y[l]] =
1

2

N

∑
k=1

e−iλkl∆t . (11)

In practice, imperfections in the state-preparation and mea-
surements (due to finite speed of control) will alter the data
model (1). We describe a pre-processing procedure to still
get a signal of approximately the form (11) in the presence of
SPOM in Section IV A.

The time complexity of ESPRIT is dominated by cal-
culating the SVD which for an m × n matrix requires
O(min{m2n,mn2}) flops, e.g., using Householder reflec-
tions [10]. For the Hankel dimension K ∈ O(N) ESPRIT,
thus, takes time O(N2L), with L the length of the time se-
ries and N the number of sinusoids. Memory cost stays of the
order of the size of the input O(N2L).

B. Tensor ESPRIT

ESPRIT can, in principle, recover frequencies that are con-
siderably closer together than the Shannon-Nyquist rate. For
increasing system sizes N the spectrum becomes unavoidably
closer and closer to being degenerate (if one does not increase
the energy scale extensively with the system size). For this
reason, for sufficiently large N the approach of reducing the
data to a single scalar time-series and running ESPRIT will

Algorithm 1 ESPRIT(F,K) (frequency extraction)

Input: F ∈ C(L+1), K ≤ L.
1: Set H = HkK(F ).
2: Calculate the SVD of H = UΣV †.
3: Set Psignal = U[N](U[N])

†.
4: Calculate Ψ = (PsignalH

↑
)
+H↓.

5: Calculate z = eigenvalues(Ψ).
Output: z.

inevitably fail. We here develop a novel algorithm that di-
rectly works on the matrix time series and makes use of the
entire U(N)-rotational invariance of the data. To this end, we
utilize tensor-network methods, carefully exploiting the prop-
erties of the data series over different contractions in the ten-
sor network. The new tensorESPRIT algorithm is capable of
resolving even degenerate Hamiltonian spectra and, thus, en-
ables finding the complete eigenfrequency spectrum even of
large-size instances.

With tl = l∆t equally spaced with l ∈ {0, . . . , L}, the time
series (2) takes the form

y[l] =
1

2

N

∑
p=1

zlp ∣vp ⟩⟨vp ∣ , (12)

where again zp ∶= e
−i∆tλp . Let Q = ∑p ∣vp ⟩ ⟨p ∣ be an orthog-

onal matrix with columns ∣vp ⟩. We form the Hankel tensor,
which we define to be

HkK(y)m,k,l,n ∶= 2ym,n[k + l] =
N

∑
p=1

zk+lp Qm,pQn,p (13)

with k ∈ {0, . . . ,K} and l ∈ {0, . . . , L−K}. Due to rotational
invariance of the data, HkK(y) admits a tensor version of the
Vandermonde decomposition. In tensor network notation1 we
find

Q ΦK ΦL−K QT

m k l n

=HkK(y)

m nk l

,

(14)
where ΦJ for an integer J is the Vandermonde tensor with
components

ΦJi j

k

∶= δi,jz
k
i , k ∈ {0, . . . , J}.

(15)

1 In this notation, a degree k tensor is represented by a box with k legs at-
tached to it, representing the indices. If two boxes are connected by a leg,
the corresponding index is contracted over. See Ref. [11] for a thorough
introduction to this notation.
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We will obtain an unfolding HK(y) ∈ C(K+1)N×(L−K+1)N
of HkK(y) by grouping together the indices m,k and l, n,
respectively, such that the N ×N block structure ofHK(y) is

HK(y) =

⎛
⎜
⎜
⎜
⎝

y[0] y[1] . . . y[L −K]
y[1] y[2] . . .
⋮ ⋱

y[K] y[K + 1] . . . y[L]

⎞
⎟
⎟
⎟
⎠

. (16)

Decomposition (14) implies thatHK(y) can be written as the
product of an NK ×N matrix, the correspondingly unfolded
QTΦK , and an N ×N(M −L)matrix, the unfolded ΦL−KQ.
Hence the rank of HK(y) is upper bounded by N , which al-
lows us to denoise the data by applying a rank-N approxima-
tion toHK(y), defined in (9).

Similarly to ESPRIT, we define shifted tensors

Hk↓K(y)m,k,l,n ∶= HkK(y)m,k,l,n,

Hk↑K(y)m,k,l,n ∶= HkK(y)m,k+1,l,n
(17)

with the restriction k ∈ 0, . . . ,K − 1 in both cases. These ten-
sors admit Vandermonde decompositions

Q ΦK−1 ΦL−K QT=Hk↓K(y)

(18)

Q Λ ΦK−1 ΦL−K QT=Hk↑K(y)
,

(19)
where Λ = diag(z). Now we make the crucial observation
that in the noiseless case for any fixed k, l the matrix

U (k,l) ∶= ΦK−1 ΦL−K QT

k l (20)

is unitary. Furthermore U (k,l) = U (k
′,l′) whenever k + l =

k′+l′. Choosing k, l, k′, l′ such that k+l = k′+l′, we compute
the matrix

Hk↑K(y) Hk↓K(y)

+

k l k′ l′

,∶=A(k,l,k
′,l′)

(21)

where the box with the plus denotes that we fix all the indices
inside the box and then take the psuedoinverse of the matrix
indexed by legs going through the box. From the observation
(20) we conclude that (in the absence of noise) A(k,l,k

′,l′) =
QTΛQ has spectrum {zi}ni=1.

It may seem that we could have used the much cheaper Her-
mitian conjugate instead of the pseudoinverse in (21). But in

Algorithm 2 tensorESPRIT(y,K,S) (frequency
extraction)

Input: y ∈ CN×N×(L+1), K ≤ L, S.
1: SetHK to be the unfolding (16) of HkK(y).
2: Set Ĥ = U[N]Σ[N]V

†
[N] as the rank-N approximation ofHK .

3: From Ĥ as Hankel tensor, calculate A(k,l,k
′,l′) of (21) for all

(k, l, k′, l′) ∈ S.
4: Set Â = ∣S∣−1∑S A

(k,l,k′,l′).
5: Calculate z = eigenvalues(Â).

Output: z.

the presence of noise, U (k,l) can deviate from being unitary,
and hence using the pseudoinverse leads to a more accurate
recovery. In fact, tensorESPRIT with the pseudoinverse can
be applied more generally even if Q and QT are replaced by
two (potentially different) invertible matrices, such as in the
case of our SPAM model (50).

Combining the spectra of matrices A(k,l,k
′,l′) for different

choices of k, k′, l, l′ improves the noise robustness of the esti-
mate. To this end, we define a set S of tuples (k, l, k′, l′) with
k + l = k′ + l′, and compute

Â =
1

∣S∣
∑

(k,l,k′,l′)∈S
A(k,l,k

′,l′) . (22)

The spectrum of Â is the arithmetic mean of the spectra of
A(k,l,k

′,l′) for (k, l, k′, l′) ∈ S and yields a robust estimate of
{zi}

n
i=1. We find empirically that

S = {(k, l, k′, l′) ∶ 0 ≤ k = k′ <K, 0 ≤ l = l′ ≤ L −K} (23)

gives good performance and we use this definition throughout
this manuscript.

As noted above, tensorESPRIT is robust against non-
singular S and M in the SPAM data model (50). Poor con-
ditioning of these matrices however still reduces its accuracy.
Hence, we can apply tensorESPRIT to the data y[l] without
the pre-processing (Section IV A) required for ESPRIT. The
tensorESPRIT algorithm is summarized as Algorithm 2.

The time complexity of tensorESPRIT is O((LN2 + ∣S∣) ×

N3) flops, while memory complexity is O(LN2)—of the or-
der of the size of the input, using implicit definition of the
Hankel tensor. The first term in the time complexity comes
from the SVD of the unfolded Hankel tensor, which with the
choice K ∈ O(N) is an O(N2) × O(LN) matrix, where we
expect L ≫ N . Using randomized truncated SVD methods
[12], this term can be further improved to O(LN3 log(N).
The second term comes from the computation of the matrix Â
from Ĥ. The maximal size of S is O(L3), but the set S used
in this work has size in O(L2).

III. RECONSTRUCTION OF EIGENVECTORS

After extracting the eigenfrequencies {λk}, in the second
step of the Hamiltonian identification, we infer the eigenvec-
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tors of h. Let Ω be the support set of the matrix h of the
Hamiltonian model as determined by the interaction graph of
h. This set comprises of index pairs (i, j) corresponding to a
hopping term between sites i and j. For example, for the non-
interacting Bose-Hubbard model (Eq. (1) of the main text)
with nearest neighbour interaction, the support is given by the
diagonal and first-order off-diagonal terms. For a support set
Ω, Ω̄ denotes the complement of its support. For a matrix X ,
XΩ denotes the sub-matrix restricted to the entries in Ω and
∥X∥F = ∑i,j ∣Xi,j ∣

2 the Frobenius norm.
The eigenvector recovery task can be formulated as the

least-squares optimization problem

minimise
{ ∣vi ⟩}

∑
l

∥y[l] −∑
k

e−iλktl ∣vk ⟩⟨vk ∣∥

2

F

,

subject to ⟨vi∣vj⟩ = δi,j , (∑
k

λk ∣vk ⟩⟨vk ∣)
Ω̄

= 0.

(24)

The objective function is a quartic polynomial. In addition, we
encounter a non-convex constraint enforcing the orthogonality
and quadratic support enforcing the sparsity.

To simplify the expressions it is helpful to introduce the
following notation. Let vec ∶ Cd×d′ → Cd⋅d′ denote row-wise
vectorization, which acts as ∣i ⟩⟨j ∣ ↦ ∣i ⟩ ∣j ⟩ on the orthogonal
basis. Using row-wise vectorization, we rewrite the data y[l] ∈
CN×N with l ∈ [L] as a single (L + 1) ×N2 matrix

Y =

⎛
⎜
⎜
⎜
⎝

vec(y[0])T

vec(y[1])T

⋮

vec(y[L])T

⎞
⎟
⎟
⎟
⎠

. (25)

Let Q = ∑k ∣vk ⟩ ⟨k ∣ be an orthogonal matrix with columns
∣vk ⟩. We define the map Π ∶ O(N) → RN×N2

on the orthog-
onal group O(N) as

Π(Q) ∶= ∑
k

∣k ⟩ ⟨vk ∣ ⟨vk ∣ . (26)

This definition is equivalent with

⟨k ∣Π(Q) ∣l ⟩ ∣m ⟩ = Π(Q)k,(l,m) = Ql,kQm,k . (27)

Furthermore, let Aλ be the matrix with the time series l ↦
e−iλktl as its k-th column. For equidistant times, Aλ is the pre-
viously encountered Vandermonde matrix. Lastly, we define
Hλ ∶ RN×N2

→ RN×N that given Π(Q) returns the Hamil-
tonian matrix associated to Q with eigenvalues λ. Explicitly,
Hλ(Π) = vec−1(∑i ⟨i ∣diag(λ)Π).

In this notation the optimization problem (24) can be recast
more compactly as

minimise
Q∈O(N)

∥Y −AλΠ(Q)∥
2

F
,

subject to (Hλ
(Π(Q)))Ω̄ = 0 .

(28)

In the following, we detail two distinct strategies for solv-
ing the optimization problem (28). First, we solve the prob-
lem for Π(Q) using linear inversion in Section III A. We can

further enforce the projector structure of the rows of Π(Q)
by post-projection, but not their orthogonality. Second, we
make use of gradient-descent methods constrained to the non-
convex manifold of orthogonal matrices in Section III B. We
approximately incorporate the locality constraint by regular-
ization.

A. Linear inversion with post-projection

Of course, knowing the eigenspace projectors Π(Q) and λ
is already sufficient to calculate the corresponding Hamilto-
nian matrix. The simplest approach to the optimization prob-
lem is thereby to neglect the exact dependency of Π on Q, the
non-convex constraint and the support constraint. This yields
the significantly simpler optimization problem

minimise
Π∈CN×N2

∥Y −AλΠ∥
2

F (29)

where we slightly overloaded the symbol Π. The linear in-
verse problem (29) can be solved in closed form as

Π = (Aλ
)
+Y . (30)

Note that in principle it is also straight-forward to solve for
the linear support constraint when setting-up the optimization
problem.

This matrix will in general not retain the projector struc-
ture of the signal, however. Indeed, recall that Π = Π(Q)
with Q = ∑l ∣l ⟩ ⟨vl ∣ ∈ O(N), so the l-th row of Π is the
vectorization of the projector onto the eigenspaces spanned
by ∣vl ⟩. In order to enforce this structure, we make use of a
post-projection step: Given a matrix P , we can project it onto
the manifold of real unit-rank projectors in order to enforce
this constraint. To achieve this, we project them to Hermitian
matrices P ′ = (P + P †)/2, perform an eigenvalue decompo-
sition P ′ = UΛU †, select the eigenvector U1 of the absolutely
largest eigenvalue and calculate P ′′ = Re{U1U

†
1}. We sum-

marize the corresponding algorithm in Algorithm 3. Notice
that the resulting projectors will in general not be mutually
orthogonal.

The run-time of the algorithm scales as O(LN2 + N3),
where the first term comes from the pseudo-inversion and
the second term from performing N unit-rank projections of
N ×N matrices. Both steps can be implemented, e.g., using
an SVD.

B. Non-convex manifold optimization

Taking the structure of the reconstruction problem for the
eigenvectors (24) seriously requires us to account for non-
convex orthonormality constraints. In the following, we detail
how the optimization problem with orthonormality constraints
can be solved using geometrical optimization techniques over
the manifold structure that the orthogonal group exhibits as
a Lie group. See, e.g., Refs. [13, 14] for a general introduc-
tion and a further reference, and Refs. [15–18] for manifold
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Algorithm 3 linInvPP(y,Aλ, λ)

Input: Data y, map Aλ.
1: Calculate Π = (Aλ

)
+Y .

2: for k ∈ [N] do
3: Set Pk = Π[k, ∶] and reshape to N ×N matrix.
4: Project Pk ← (Pk + P

†
k)/2

5: Calculate uk the eigenvector to the largest eigenvalue of Pk.
6: Set Pk = UkU

†
k.

7: Vectorize Pk and set Π[k, ∶] = Pk.
8: end for

Output: Projector matrix Π.

optimization in the context of quantum information and tech-
nologies.

To this end, we first neglect the sparsity constraint in (28),
and consider the optimization problem

minimise
Q∈O(N)

fy,Aλ(Q) =
1

2
∥Y −AλΠ(Q)∥

2

F
. (31)

Many standard first-order and second-order optimization al-
gorithm, such as gradient descent methods or Newton’s
method, readily generalize to matrix manifolds by using the
differential structure and Riemannian geometry provided by a
suitable embedding [14]. In the following we regard O(N) ⊂
RN×N as a submanifold of the Euclidean space defined by
its standard embedding as a matrix group. We now formulate
a conjugate gradient algorithm for optimizing f over O(N)
proposed in Refs. [13, 19]. The conjugate gradient algorithm
iterates the following basic steps: (i) At a point Qk on the
manifold, determine a search direction Vk from the current
gradient of the objective function f and the conjugacy con-
ditions to the previous search directions with respect to the
Hessian of the objective function. (ii) Perform a line search to
determine the next point Qk+1 as the minimum of f along a
geodesic through Qk in direction Vk.

Search direction and the gradient are elements of the tan-
gent space of the manifold O(N). The tangent space of O(N)
is given by TQO(N) = {V ∈ RN×N ∣ V TQ +QTV = 0} and
can be equipped with the Riemannian metric

⟨V,W ⟩Q =
1

2
Tr[VWT

], (32)

Q ∈ O(N) and V,W ∈ TQO(N), which is induced by the Eu-
clidean metric on the ambient space. The tangent space at the
group identity Id ∈ O(N) is given by skew-symmetric matri-
ces and identified with the Lie algebra o(N). For V ∈ o(N) =
TIdO(N), we have that Ṽ = V Q ∈ TQO(N). The orthog-
onal projection onto TQO(N) with respect to the Euclidean
metric is PTQ O(N) ∶ Rn×n → TQO(N),

Z ↦
1

2
(Z −QZTQ). (33)

Given a search direction V ∈ TQO(N), a natural way to
move forward on the manifold is along the geodesic of the

Levi-Cevita connection defined by ⟨⋅, ⋅⟩Q. For O(N) a closed
form of a geodesic γQ,Ṽ in direction Ṽ = V Q ∈ TQO(N)

through point Q ∈ O(N) is given by the matrix exponential,
that here coincides with the exponential map from Lie theory,

t↦ γQ,Ṽ (t) = exp(V t)Q. (34)

Note that here V ∈ o(N) instead of Ṽ appears in the expo-
nent. More generally, the notion of a retraction generalizes
the idea of moving along the manifold in a search direction
while still ensuring convergence of descent algorithms [14].
Employing other retractions such as the Cayley transforma-
tion or projection using the QR-decomposition avoids the nu-
merically costly matrix exponential and can reduce the com-
putational complexity of the optimization algorithm. We will
not pursue these alternatives here.

To formulate the conjugacy condition between tangent vec-
tors at different points of the manifold, we require the paral-
lel transport of tangent vectors along geodesics. The vector
W̃ =WQ ∈ TQO(N) parallel transported along the geodesic
γQ,Ṽ

, (34), to TγQ,Ṽ (t)O(N) is given by

Γt
γQ,Ṽ
(W̃ ) = e

1
2V tW e

1
2V tQ. (35)

For W̃ = Ṽ the direction of γQ,Ṽ at Q = γṼ (0) this expression
reads

Γt
γQ,Ṽ
(Ṽ ) = Ṽ QT γQ,Ṽ (t) . (36)

Ignoring the structure of the manifold and considering the
standard embedding of O(N) ⊂ Rn×n, we can calculate the
gradient with respect to the Euclidean metric of the ambient
space. This Euclidean gradient can be subsequently projected
onto the tangent space of the manifold O(N) to get a search
direction of a gradient descent algorithm. The Euclidean gra-
dient for our optimization problem is calculated as follows.
We define

gAλ(X) ∶=
1

2
∥Y −AλX∥

2

F
(37)

and have fy,Aλ = gy,Aλ ○Π. Then, by the chain rule, it holds
that

(∇Efy,Aλ(Q))i,j =
∂fy,Aλ

∂Qi,j
∣
Q

= ∑
k,l,m

∂gAλ

∂Xk,(l,m)
∣

Π(Q)

∂Πk,(l,m)

∂Qi,j
∣
Q

.

(38)

The outer derivative of the linear least-square problem is given
by

∂g

∂Xi,j
∣
X

= −Re{(Aλ
)

†
(Y −Aλ

⋅X)}. (39)

The inner-derivative can be read-off from (27) to be

∂Πk,(l,m)

∂Qi,j
∣
Q

= δi,lδj,kQm,k + δi,mδj,kQl,k . (40)
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Note that carefully considering the order of the contractions
of (38) and the sparsity pattern of the quantities, allows one to
evaluate the gradient without performing routines in the full
high-dimensional tensor spaces. At point Q ∈ O(N), we infer
the Riemannian gradient via the tangent space projection as

∇f(Q) = PTQ O(N)[∇Ef(Q)]

=
1

2
[∇Ef(Q) −Q(∇Ef(Q))

TQ] .
(41)

Given the previous search direction Hk−1 at point Qk−1, the
step size tk−1, and the gradient Gk at point Qk, the new search
direction is calculated as

Hk = −Gk + γkĤk−1 , (42)

with γk ∈ R and Ĥk−1 = Γtk
γQk−1,Hk−1

Hk−1, the previous
search direction Hk−1 is parallel transported from Qk−1 to Qk.
Exact conjugacy requires

γk =
Hess fy,Aλ(Gk, Ĥk−1)

Hess fy,Aλ(Ĥk−1, Ĥk−1)
(43)

and can be approximated using the Polak-Ribière formula that
arises from the finite difference approximation to the Hessian

γk =
⟨Gk − Ĝk−1,Gk⟩Qk

⟨Gk−1,Gk−1⟩Qk−1

. (44)

It is convenient to instead of working with different tangent
spaces TQk

O(N), to express the search directions and gra-
dients directly in terms of the translated in o(N) arising
from right multiplication with QT

k . Let gk = GkQ
T
k and

hk = HkQ
T
k . Then a quick calculation shows that the update

of the search direction can be expressed as

hk = −gk + γkhk−1 . (45)

Following the proposal of Ref. [19], the quantity γk can be
further approximated by

γk =
⟨gk − gk−1, gk⟩Id
⟨gk−1, gk−1⟩Id

. (46)

Finally, we update

Qk+1 = exp(tkhk)Qk, (47)

with step size tk determined by a line search algorithm in-
troduced in Ref. [19] that approximates the minimum of the
objective function along the direction of hk with a low-order
polynomial. Thereby, we find the optimal step size tk with
only few cost function evaluations. We summarize the conju-
gate gradient algorithm as Algorithm 4.

Regularization. Above, we have neglected the sparsity
constraint. This has resulted in an unconstrained optimization
problem over the non-convex manifold O(N). A straightfor-
ward way to include the model constraints on the support of
the Hamiltonian term is via an additional regularization term

Algorithm 4 conjGrad(f,Q0, ϵ)

Input: Objective function f , initial point Q0 ∈ O(N), tolerance ϵ.
1: Set k = 0
2: repeat
3: Calculate the Euclidean gradient GE

k = ∇Ef(Qk) (here us-
ing (38), (39), and (40)).

4: Calculate the translated Riemannian gradient gk = GE
k Q

T
k −

(GE
k )

TQk ∈ o(N).
5: Calculate gradient norm nk = ⟨gk, gk⟩Id
6: if k = 0 then
7: Set hk = −gk
8: else
9: Set γk = (nk − ⟨gk, gk−1⟩Id)/nk−1.

10: Determine search direction as hk = −gk + γkhk−1
11: end if
12: Perform line-search to determine tk as arg min of t ↦

f(exp(hkt)Qk).
13: Set Qk+1 = exp(hktk)Qk.
14: until nk < ϵ at k = k̂
Output: objective point Qk̂ and objective value f(Qk̂).

in the objective function. Specifically, in the regularization we
replace the optimization problem (28) by the problem

minimise
Q∈O(N)

fy,Aλ,µ(Q) ∶= fy,Aλ(Q) + µrΩ(Q) (48)

with the regularizer

rΩ ∶= ∥(H
λ
(Π(Q)))Ω̄∥

2
F (49)

and µ > 0. The rationale behind the choice of the Frobenius
norm as opposed to, say, the ℓ1-norm of the weight of h on the
complement of the support set—which might be the natural
choice, see Ref. [17]—is the following: While the ℓ1-norm is
the natural regularizer promoting sparsity of a matrix, it also
leads to a badly conditioned optimization problem since the
gradient is non-continuous. This introduces steep edges in
the optimization landscape. Conversely, the Frobenius norm
constitutes a smooth regularizer which fares much better in
the gradient descent algorithm. Moreover, since we are only
interested in minimizing the total weight on the complement
of the support, the corresponding regularizer effectively acts
as a—slightly reweighted—ℓ1 norm.

We observe that the conditioning of the optimization prob-
lem becomes worse when the data deviates from the con-
straint. This means that making a suitable choice of µ is a
challenging problem. If we choose µ too large, the optimiza-
tion problem becomes badly conditioned and the algorithm
does not converge. If we choose it too small, the constraint is
not enforced. We therefore proceed by running the optimiza-
tion algorithm for increasing, exponentially spaced values of
µ until it does not converge. We then perform binary search
over µ to find the largest value of µ such that the algorithm
converges.
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IV. ADDRESSING SPAM ERRORS

As discussed in detail in the main text, in the realistic ex-
perimental setting the measurement data is unavoidably and
significantly altered by SPAM errors. We can model those er-
rors as invertible linear maps S and M , corresponding to state
preparation and measurement errors, respectively, obtaining
the noisy data model (see also Eq. (4))

y[l] =
1

2
M exp(−itlh)S. (50)

This data model assumes that the initial and final ramp phases
are to a good approximation particle number preserving. We
allow for S,M to be general invertible linear maps rather than
restrict them to being unitary in order to model incoherent ef-
fects during the ramping phases. In the presence of incoher-
ent effects our model describes the behaviour of the dominant
eigenvector of the density matrix.

In the following we outline the algorithmic strategies we
use in order to alleviate the effect of S and M on the recovery.
We begin in Section IV A by discussing the pre-processing
step that removes either the state preparation or the measure-
ment (SPOM) error from the data. In fact, this strategy enables
us to fully characterize SPOM errors in the post-processing of
the Hamiltonian identification. In Section IV B, we subse-
quently discuss in detail the remaining error which we take—
without loss of generality—to be the measurement ramp.

A. Removing and characterizing SPOM errors

To discuss SPOM errors, we consider data with either state
preparation or measurement errors, which has the form

y[l] =
1

2
M exp(−itlh), or (51)

y[l] =
1

2
exp(−itlh)S. (52)

Without loss of generality, here we discuss state preparation
errors, i.e., data of the form (52). Our conclusions follow anal-
ogously for SPOM errors described by a final map M .

To begin with, let us write the data (52) in eigendecompo-
sition as

y[l] =
1

2
exp(−itlh)S (53)

=
1

2

N

∑
k=1

e−itlλk ∣vk ⟩⟨vk ∣S.

Observe that, as in the error-free case, each coefficient matrix
∣vl ⟩⟨vl ∣S has unit rank.

This allows us to remove the initial map from the data se-
ries in the pre-processing of the identification algorithm by
forming the data series

y(l0)[l] = y[l](y[l0])
+
=

N

∑
k=1

e−iλk(tl−tl0) ∣vk ⟩⟨vk ∣ . (54)

Algorithm 5 SPOMremoval(y, s,w)

Input: y ∈ C(L+1)×N×N , s ≤ L, w ≤ L.
1: for l ∈ [⌊L/s⌋] do
2: Calculate P = (y[ls])+.
3: for k ∈ [ls −w, ls +w] do
4: Calculate y(l)[k] = y[k] ⋅ P .
5: end for
6: end for

Output: the concatenation ytot = (y
(1), y(2), . . . , y(⌊L/s⌋)).

In doing so, all entries of the data series are now affected by
the noise corrupting y[l0]. To improve noise robustness, we
concatenate the data series for various l0 to obtain, given inte-
gers s,w ≤ L, the extended data series

ytot = (y
(0), y(s), y(2s), . . . , y(⌊L/s⌋s)), (55)

where each y(l0)[l] is restricted to l ∈ [l0−w, l0+w]. We sum-
marize the SPOM error removal algorithm in Algorithm 5.

The algorithm performs Ls−1 inversions of N ×N matrices
and (2w + 1)Ls−1 multiplications, requiring O(Ls−1wN3)

flops in total. The resulting data series gets inflated to size
O(s−1wL). Choosing larger values of s and smaller values
of w, thus, controls not only the time and storage complexity
of the SPOM removal algorithm but also of the consecutive
algorithmic steps of the identification algorithm. Executing
algorithm 5 on y[l]T instead of y[l] as an input and transpos-
ing the matrices in the returned time series removes errors in
the measurement instead of the state preparation.

SPOM error characterization. Using the input data ytot,
in which the initial map has been removed, in the two-step
Hamiltonian reconstruction algorithm, we obtain an estimate
for the Hamiltonian ĥ. We can use ĥ to obtain a tomographic
estimate of the initial map S via

Ŝ =
2

L + 1

L

∑
l=0

exp[itlĥ]y[l] , (56)

or alternatively of the final map M if we chose to remove it
from ytot instead of S.

B. The measurement error

Algorithm 5 removes either the initial or the final map from
the data. Removing the initial map still leaves us with the final
ramp M as a source of systematic error, the effect of which
we discuss in the following. This error in fact explains the
systematic error of the method observed in the experiments
presented in the main text.

When the initial map is a general invertible matrix with no
further restrictions, it is impossible to uniquely identify an ar-
bitrary final map at the same time. This is because our model
(50) contains a gauge freedom; a simultaneous transforma-
tion of S,M that leaves the data y[l] invariant. As argued in
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Methods C, we expect the final ramp M to be nearly diagonal.
This provides us with additional structure. Note that even if
the diagonality assumption does not hold exactly, the gauge
freedom allows us to partially enforce it.

The frequency estimation is robust against systematic er-
rors due to the non-trivial final map. The systematic errors
the identification therefore originate from the eigenspace re-
construction step. Deriving analytical expressions for how
the measurement error biases the result of the non-convexly
constrained optimization problem (28) and algorithm 4 is not
straight-forward. For this reason, we instead focus on the re-
laxation to the linear inversion problem (29) with the unique
solution Π = (Aλ)

+
Y . Let Y0,Π0 be the input data and so-

lution to (29) in the absence of a final map. Including M , the
data has the form Y = Y0(M

T ⊗M−1) and, thus, the solu-
tion becomes Π = Π0(M

T ⊗M−1). Note that here we have
removed any initial ramp from the data using Algorithm 5. In
Algorithm 3, we project the rows of Π to real-valued unit-rank
projectors, to obtain the eigenspaces Pk of h̃. In the case of
a diagonal unitary M = diag(eiϕ1 , . . . , eiϕN ), the rows of Π
are already rank-one projectors and, taking the real part, the
eigenspace estimates are Pk = C(ϕ) ○ ∣vk ⟩⟨vk ∣ with ○ the
Hadamard product (entry-wise multiplication) and

C(ϕ) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 cos(ϕ1 − ϕ2) . . . cos(ϕ1 − ϕN)

cos(ϕ1 − ϕ2) 1
⋮ ⋱ ⋮

cos(ϕ1 − ϕN) . . . 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(57)
Hence, also the recovered Hamiltonian becomes

h̃ = C(ϕ) ○ h0 . (58)

We find that the recovery is exact on the diagonal and there is a
systematic error in the sign and amplitude of the off-diagonal
terms. In Section VII A we estimate the magnitude of this
error in the case where M is given by a linear model of the
final ramping phase using analytical and numerical evidence.
Furthermore, in Section VIII we propose an algorithm that
removes the sign part of the systematic error under mild as-
sumptions on the quality of the implementation of the target
Hamiltonian.

V. THE COMPLETE IDENTIFICATION ALGORITHM

Algorithm 6 summarizes the complete algorithm for Hamil-
tonian reconstruction. The input to the algorithm are the data
y, the support of the Hamiltonian model Ω and the time grid
spacing ∆t of the samples. The step size s and the window
size w control the SPOM removal Algorithm 5. Both ESPRIT
algorithms require a Hankel dimension K, tensorESPRIT fur-
ther requires the sample set S . The non-convex reconstruc-
tion using a conjugate gradient descent additionally requires
a gradient tolerance ϵ, an initial point Q0 and a regularization
parameter µ. As demonstrated in the numerical benchmarks,
Q0 can be chosen at random. The success rate can be ad-
ditionally improved by restarting the algorithm from another

Algorithm 6 HamRec(y,∆t, s,w,K, [S], [ϵ,Q0, µ,Ω])

Input: Data y ∈ C(L+1)×N×N , sample rate 1/∆t, SPOM removal
parameters s,w, Hankel dimension K, [ for tensorESPRIT:
sample set S ], [ for conjGrad: tolerance ϵ, initialization Q0,
regularization µ, support Ω ]

1: ytotal = SPOMremoval(y, s,w).
2: Extract the eigenfrequencies using z =

ESPRIT(Tr ytotal,K, s,w), or using z =

tensorESPRIT(y,K,S).
3: λk = − Im(log(zk))/(∆t) for k ∈ [N].
4: Calculate matrix Aλ depending on s,w.
5: Reconstruct the eigenspace projectors either using Π =

linInvPP(ytotal,A
λ
) or Q = conjGrad(fytotal,A

λ,µ,Q0, ϵ) and
set Π = Π(Q).

6: Set ĥ =Hλ
(Π).

7: Set Ŝ according to Eq. (56).
Output: Hamiltonian coefficient matrix ĥ, initial map Ŝ.

random initialization if the objective function is above a pre-
defined threshold. For the recovery from experimental data,
we initialize Q0 at the eigenprojectors of the targeted Hamil-
tonian.

Algorithm 6 as stated here is robust against errors in the
state-preparation and returns an estimate for Ŝ. As explained
in Section IV, we arrive at a variant of Algorithm 6 that is ro-
bust under errors in the measurement by applying the SPOM-
removal algorithm to the transposed data and estimate M̂ (in-
stead of Ŝ) in the last step.

A. Estimating the time complexity

Let us summarise the time complexity of the individ-
ual steps of the reconstruction algorithm: SPOM removal
takes O(s−1wLN3 + L2N) flops. The ESPRIT algorithm
on the result of the SPOM-removal step as input requires
O(s−1wLN2) flops, alternatively tensorESPRIT, which does
not use the SPOM-removal step, requires O((LN2 +

∣S∣)N3) flops. Post-projected linear inversion contributes
O(s−1wLN2 + N3) flops. Run-time estimates for the non-
convex conjugate gradient algorithm are more involved as
they depend on speed of convergence of the decent algorithm
and of the matrix exponentiation. We suspect that the com-
plexity scales linearly in s−1wL and as a low-degree poly-
nomial in N . Thus, we expect that it is not dominating the
parametric dependence of the run-time. Roughly speaking,
the quadratic ‘blow-up’ of the data in the SPOM-removal step
(assuming w ∈ O(L), s ∈ O(1)) and choosing ∣S∣ ∈ O(L2) in
tensorESPRIT causes all algorithmic steps to scale at most as
O(L2N3). This step also determines the required storage to
be in O(s−1wLN2).
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B. Increasing the predictive power

When benchmarking the performance of the algorithms in
numerical simulations, where the ‘true’ Hamiltonian generat-
ing the data is known a priori, it is instructive to consider not
only the recovery error of the Hamiltonian itself but also the
achieved fitting error to the data. Due to the gauge freedom
in the SPAM data model (50) different tuples (h,S,M) give
rise to the same observed data. For this reason, the fitting error
is more suitable to draw conclusions about the capabilities of
an estimate (ĥ, Ŝ, M̂) to predict further time series data with
the same ramping phase—in a strict reading of terminology,
shifting from the question of Hamiltonian identification to the
question of Hamiltonian learning. We refer to

Epred ∶=
1

N
√
L + 1

L

∑
l=0

√
∥ŷ[l] − y[l]∥2ℓ2 , (59)

as the prediction error in the following.
We find that we can further reduce the prediction error the

recovered model exhibits by running our recovery procedure
iteratively multiple times, alternatingly optimizing the initial
and the final map. After running Algorithm 6 once, we obtain
the estimate (ĥ(0), S(0),M (0) = Id), update the data to

y(1)[l] = (y[l](Ŝ(0))−1)t (60)

and rerun the reconstruction algorithm. We, thus, obtain a new
tuple (ĥ(1), Ŝ(1) = Id, M̂ (1)). Now updating the data series
to

y(2)[l] = (M̂ (1)
)
−1y(1)[l] (61)

and rerunning the algorithm yields a tuple (ĥ(2), Ŝ(2), M̂ (2) =

Id) and so forth. The final estimate (ĥ, Ŝ, M̂) of (h,S,M)
can be computed from the tuples (ĥ(i), Ŝ(i), M̂ (i)) for i ∈
[0, . . . , r] via

ĥ = ĥ(r), Ŝ = Ŝ(r) . . . Ŝ(0), M̂ = M̂ (0) . . . M̂ (r). (62)

We present numerical results on this iterative procedure in
Section VII A. We find that already one iteration improves the
systematic prediction error significantly, while having little ef-
fect on the systematic analog implementation error.

VI. NUMERICAL BENCHMARKS

We here conduct a detailed analysis of the performance of
the various stages of our algorithm on simulated data. The
Hamiltonian simulation and algorithm are implemented in the
Python language. For frequency extraction, the Hankel di-
mension is set to K = ⌊L/2⌋. Note that this increases the
computational complexity of the algorithms compared to the
optimal choice of K ∈ O(N). For tensorESPRIT the set S
is chosen according to (23). The non-convex optimization
is initialized with Q0 drawn at random from the Haar mea-
sure on O(N) for the numerical tests. The success rate is ad-
ditionally improved by restarting the algorithm from another
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Figure 1. The ℓ∞-error of the recovered spectrum of tensorE-
SPRIT (blue) and ESPRIT (mustard) with varying levels of shot
noise. Every point is averaged over 10 random comb Hamiltonians
with N = 10 (circles), 15 (diamonds) and 20 (triangles). The error
bars represent the standard deviation and are mostly smaller than the
markers. SPOM removal pre-processing (55) is applied. All markers
of tensorESPRIT coincide.

random initialization if the objective function is above a pre-
defined threshold. If the SPOM removal pre-processing step
is applied, we use parameters s = 5 and w = L.

A. Data models and Hamiltonian ensembles

We simulate the time evolution for total time T = 0.6µs
with sample rate r = 1/∆t = 250MHz (L = 150) under the
following ensembles of random non-interacting Hamiltonian:

• Random comb Hamiltonians. hcomb = Qdiag(λ)QT ,
where λ = (λ1, . . . , λN) consists of equally spaced fre-
quencies in the range [−18.4,17.0]MHz and Q is a
Haar random orthogonal N ×N matrix.

• Random banded Hamiltonians. Let ν be the uni-
form distribution on [0,20]MHz. The diagonal en-
tries (hbanded)k,k are N independent samples from ν.
The entries of the first off-diagonals (hbanded)k,k+1 =
(hbanded)k,k−1 are N − 1 independent samples from ν.
All other entries of hbanded are zero.

• Random Harper Hamiltonians. (hHarper)k,k+1 =

(hHarper)k,k−1 = −20MHz and (hHarper)k,k =

20 cos(2πkb)MHz, where b is drawn uniformly at ran-
dom from [0,1]. All other (hHarper)k,l with ∣k − l∣ > 1
are zero.

Simulating noise and errors. We simulate the time series
data according to (50) with initial and final ramps S and M
computed using one of the following prescriptions:

• Random unitary. Drawn from the Haar measure on
U(N).

• Random diagonal unitary. diag(eiϕj), with (ϕj)
N
j=1

i.i.d. samples from the uniform distribution over
[0,2π).
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System size N 5 20 50 100

ESPRIT [s] 2.0 × 10−2 8.8 × 10−2 1.1 9.9
tensorESPRIT [s] 5.3 × 10−2 7.9 × 10−1 9.0 81

Table I. Run-times of ESPRIT and tensorESPRIT on modern con-
sumer grade SoC (Apple MacBook Air M1). Random comb Hamil-
tonians on various system sizes have been used to simulate L = 150
time steps. The run-times of ESPRIT include the SPOM removal pre-
processing step (55) with algorithm parameters set to s = 5,w = L.

• Constant-v model. Ramp model from Section VII A.
Idling frequencies of the qubits are drawn from the uni-
form distribution on [−400,100]MHz. For the bench-
marks we set the parameters to v = 790MHz/ns and
τ = 0.05 ns.

To account for shot noise induced by a finite
number σ of samples for each expectation value,
we replace each entry yi,j[l] by a sample from
1
σ
(B(σ,Re{yi,j[l]}) + iB(σ, Im{yi,j[l]})), where B(n, p)

is the binomial distribution for n trials and probability of
success p.

B. Frequency extraction

In this section, we benchmark the ability of ESPRIT and
tensorESPRIT, introduced in Section II A and Section II B,
to recover Hamiltonian frequencies from the simulated data.
We demonstrate super-resolution capabilities of both algo-
rithms. We find that tensorESPRIT is capable of recovering
completely degenerate spectra with no decrease in accuracy,
making it the more scalable approach.

We first examine the dependence of the recovery on the
number of shots σ used to estimate each expectation value.
We use both algorithms to recover the spectrum of random
comb Hamiltonians with varying σ for three system sizes
N = 10, 15, and 20. We set S = M = 1. The SPOM re-
moval procedure (55) is still used to increase the signal-to-
noise ratio. The l∞-error of the recovered frequencies with re-
spected to the their true values averaged over 10 Hamiltonian
instances is plotted in Fig. 1. We find that the recovery error
of tensorESPRIT scales as σ−

1
2 . Using tensorESPRIT, all in-

stances are recovered up-to shot noise limitation. For small
system size N = 10 the recovery error of ESPRIT shows the
same scaling and recovers all instances with comparable ac-
curacy. For system sizes N = 15 and 20, ESPRIT has a large
recovery error with a phase transition appearing for N = 15 at
σ = 5000, above which some instances can be regarded as re-
covered. This can be explained by the fact that above N = 15
the frequency spacing of random comb Hamiltonian instances
(with fixed bandwidth) is too narrow to be resolved by the
ESPRIT algorithm.

To highlight this effect and demonstrate the stability of ten-
sorESPRIT, we next examine the recovery of (nearly) degen-
erate spectra, with and without the effect of the SPOM re-
moval (55). To this end we use random comb Hamiltonians

0.0 0.5 1.0 1.5 2.0
Smallest eigenvalue distance [MHz]

10 1

101

M
ax

 fr
eq

ue
nc

y 
er

ro
r [

M
H

z] (a)

10 20 30 40 50
Number of qubits

10 1

101

M
ax

 fr
eq

ue
nc

y 
er

ro
r [

M
H

z] (b)

10 20 30 40 50
Number of qubits

10 1

101

M
ax

 fr
eq

ue
nc

y 
er

ro
r [

M
H

z] (c)

comb
banded
Harper

tensorESPRITESPRIT

SPOM removal
with
without

comb
banded
Harper

comb
banded
Harper

Figure 2. The ℓ∞ recovery errors of tensorESPRIT (blue) and
ESPRIT (mustard) for (nearly) degenerate spectra and different
system sizes. Shot noise with σ = 1000 is applied. The error bars
represent the standard deviation. (a) Recovery of the spectra of ran-
dom comb Hamiltonians (N = 5) with the second largest eigenvalue
varied. Average over 30 runs with (diamonds) and without (circles)
using SPOM removal pre-processing. x-axis displays the distance of
the second and third largest eigenvalues. S = M = 1. (b) Average
frequency recovery error over 10 runs of random comb, banded and
Harper Hamiltonians versus the system size for S = M = 1 and (c)
for Haar-random unitaries S and M . SPOM-removal step applied.

(N = 5), where the second largest frequency is varied. Fig. 2,
panel (a), displays the ℓ∞ recovery error of both algorithms
as a function of the distance between the second and the third
largest frequencies. ESPRIT exhibits a phase transition and
fails to recover spectra with small frequency spacing. Tak-
ing a look at the output spectra of the ESPRIT algorithm, we
observe that ESPRIT misses one of the nearly degenerate fre-
quencies and substitutes it with a frequency that originates in
the noise subspace. Comparing the recovery with and without
a preceding SPOM-removal step, we find that SPOM removal
significantly improves the resolution capabilities of ESPRIT,
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System size N 5 10 25 50

linInvPP [s] (a) 1.1×10−3 4.3×10−3 2.3×10−2 1.4×10−1

(b) 2.2×10−3 4.9×10−3 2.2×10−2 1.8×10−1

conjGrad [s] (a) 2.4×10−2 8.4×10−2 2.2 16.4
(b) 8.7×10−2 9.9×10−2 1.6 2.3×102

regConjGrad [s] (a) 4.5×10−2 8.4×10−2 1.8 40.0
(b) 1.1×10−1 1.6×10−1 3.1 2.8×102

Table II. Run-times of linear inversion with post-projection (lin-
InvPP), conjugate gradient descent (conjGrad) and regularized
conjugate gradient descent (regConjGrad) on modern consumer
grade SoC (Apple MacBook Air M1). Simulation with random
banded Hamiltonians on varying system sizes with (a) no shot noise
and (b) shot noise (σ = 1000). SPOM removal pre-processing (55)
is applied.

even though no SPOM error is present. In contrast, we see that
neither the distance between the frequencies nor the SPOM re-
moval step affect the recovery performance of tensorESPRIT.
The effect of the SPOM-removal step on ESPRIT can be un-
derstood by the fact that this step makes all Fourier coeffi-
cients in Tr ytot equal to one (up to incoherent noise), which
improves the performance of ESPRIT [9]. On the other hand
it does not improve the performance of tensorESPRIT, since
the pseudoinverse in forming the matrices A(k,l,k

′,l′) already
has similar impact.

The remaining panels of Fig. 2 show the performance in
recovering the spectra of random comb, banded and Harper
Hamiltonians of increasing system sizes, without (panel (b))
and with (panel (c)) SPOM errors. ESPRIT performs well
only for small system sizes. The admissible system sizes de-
pend on the Hamiltonian ensemble. The recovery of tensorE-
SPRIT is successful also for large system sizes for all three
Hamiltonian ensembles. We do not observe a deterioration of
the recovery when including Haar random unitaries as SPOM
matrices S and M for tensorESPRIT.

In summary, we conclude that ESPRIT is suitable for recov-
ering spectra with sufficiently well-separated frequencies as is
typically found for small system sizes. The shortcomings of
ESPRIT in resolving degenerate spectra are resolved by ten-
sorESPRIT, demonstrating consistent performance for larger
system-sizes. This however comes at a cost of increased em-
pirical computation times of tensorESPRIT compared to ES-
PRIT, Table I.

C. Eigenspace reconstruction

In section Section III we proposed different methods to
solve the optimization problem (24) in order to find the Hamil-
tonian eigenvectors, given eigenfrequencies recovered by ES-
PRIT or tensorESPRIT. We here compare the performance of
linear inversion with post-projection (linInvPP), non-convex
conjugate gradient descent over O(N) (conjGrad) and regu-
larized conjugate gradient descent over O(N) (regConjGrad).
The first two methods ignore the support constraint and solve
the remaining unconstrained problem. RegConjGrad imposes
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Figure 3. Eigenspace reconstruction of random Harper Hamil-
tonians of size N = 5 (circles) and 30 (diamonds). Recovery error
(analog implementation error metric) averaged over 10 instances for
linear inversion with post-projection (linInvPP, red), conjugate gradi-
ent descent (conjGrad, mustard) and regularized conjugate gradient
descent (regConjGrad, blue). Error bars indicate the standard devi-
ation. Eigenfrequencies are extracted using tensorESPRIT, SPOM
removal pre-processing (55) is applied. Recovery error for varying
levels of shot noise (a) without SPAM errors (S = M = 1) and (b)
for S a Haar-random unitary and M given by the constant-v model.
(c) Effect of ramping speed in the constant-v model on the recovery
(σ = 1000).
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a relaxed support constraint via regularization. In this sec-
tion, we benchmark these methods, in particular the effect of
structure constraints on the robustness of the protocol against
statistical and systematic errors.

First, we study how the number of shots σ used to esti-
mate each expectation value impacts the performance of the
eigenspace reconstruction methods. To this end, we simulate
the time evolution under a random Harper Hamiltonian on 5
and 30 qubits and add varying levels of shot noise, before run-
ning the three recovery procedures. The distance between the
recovered Hamiltonian and the one used in the simulation, the
recovery error, is measured in terms of the analog implemen-
tation error (5) in the main text. The average recovery errors
are displayed in Fig. 3 (a) without SPAM errors and (b) with
SPAM errors included in the simulation. All reconstruction
algorithms are able to recover the 5 qubit Hamiltonian. In the
absence of SPAM errors, the recovery error is asymptotically
compatible with a scaling as O(σ−

1
2 ). For N = 30 regCon-

jGrad has significantly better recovery results than the other
methods. The error of conjGrad and regConjGrad exhibits a
phase transition around σ = 100. A similar behaviour can be
seen in the presence of SPAM errors. We, thus, conclude that
for larger systems exploiting the support constraints improves
the stability. At the same time linInvPP is most sensitive to the
conditioning of the linear inverse problem for larger system
sizes. We generally observe that the convergence becomes
considerably more sensitive to the instances and initial condi-
tion when including the regularization term, hinting at a more
rugged optimization landscape. Tuning the regularization pa-
rameter as described in Section III B can significantly improve
the convergence here.

In Fig. 3 (c), we study the impact of SPAM errors originat-
ing from ramps with finite ramping speed on the recovery. See
Section VII A for details on the ramping model used. We ob-
serve that only for ramp speed above roughly 1000MHz/ns
the recovery consistently succeeds for all algorithms while
for slow rampings recovery generally fails. Importantly, both
conjugate gradient methods are more robust than linInvPP.
The experimentally observed speed in our setting is around
790MHz/ns, which lies in the regime where the difference in
the performance of the methods is most pronounced.

Next, we look at the impact of (near) spectral degeneracy
of the Hamiltonian on the recovery in Fig. 4. To this end, we
vary one eigenfrequency of a random comb Hamiltonian in
panel (a). We find that for small frequency spacing, linInvPP
has a comparatively large recovery error. In contrast, both
non-convex optimization methods display consistently good
recovery performance also for (near) degenerate spectra. For
the recovery of Harper Hamiltonians on systems larger than
20 the performance of linInvPP decreases with the system
size, panel (b), as here the spectrum becomes increasingly de-
generate. Further, we see that the regularization reduces the
systematic error, especially in large systems.

Table II details empirical run-times of the three algorithms
for different system sizes and simulations with and without
shot noise.
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Figure 4. Recovery error of Hamiltonians with (nearly) degen-
erate spectra for linInvPP (red), conjGrad (mustard), regConjGrad
(blue) averaged over 10 instances. Error bars indicate standard de-
viation. We use tensorESPRIT for frequency extraction and apply
SPOM removal pre-processing (55). (a) Data simulated with ran-
dom comb Hamiltonians, N = 10, with the sixth smallest eigenvalue
shifted towards the fifth smallest eigenvalue, plotting the analog im-
plementation error against their distance. (b) Data simulated with
random Harper Hamiltonians on various system sizes without SPAM
errors (circles) and with Haar random unitary S and M given by the
constant-v model (diamonds).

D. Compressed sensing capabilities

The linear inverse problem we solve for reconstructing the
eigenvectors is typically highly over-determined. We measure
2(L + 1)N2 real expectation values comprising y in order to
infer the N3 real parameters of Π. Taking time trace data, e.g.,
at sample rate 250MHz for .6µs the number of measurement
times 2(L + 1) = 2 ⋅ 250 ⋅ .6 = 300 is considerably larger than
the system size on current hardware with tens of sites.

Since the reconstruction algorithm additionally explicitly
exploits restricted structure of the underlying signal, we ex-
pect that recovery is still possible with considerably less
expectation values—following the paradigm of compressed
sensing [20], even in the regime where the linear inversion
problem becomes underdetermined.

We here numerically test the compressed sensing capabili-
ties of the different algorithms. To this end we randomly sub-
select entries of y[l] with a probability p for the eigenvector
reconstruction. In expectation the number of (complex) mea-
surement settings is, thus, reduced to 2(L + 1)N2p. Fig. 5
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Figure 5. Compressed sensing recovery. Recovery error aver-
aged over 30 instances drawn from different Hamiltonian ensembles
(N = 20) and for different eigenspace reconstruction algorithms,
when measurement data is randomly subsampled. Error bars dis-
play the standard deviation. (a) a wider range of measurement prob-
abilities; (b) in the regime of an under determined inverse problem.
Simulation with σ = 106 shots and without SPAM errors.

displays the recovery error for different values of p. In par-
ticular, in the regime shown in panel (b), below p = .07 the
problem becomes underdetermined as a linear inverse prob-
lem. We find that conjugate gradient algorithms can suc-
cessfully recover Hamiltonian instances even when the prob-
lem (without structure assumptions) is underdetermined. The
post-projected linear inversion algorithm in contrast does only
allow for moderate subsampling of the measurement entries.

VII. ESTIMATING EXPERIMENTAL ERRORS

In this section, we explain how we empirically estimate the
error on the Hamiltonian ĥ and initial map Ŝ identified via
the robust identification method Algorithm 6, including pre-
and post-processing. This error comprises two contributions.
First, it has a systematic contribution, which is due to the non-
trivial final map M ≠ 1 (Section VII A). Second, it has a
statistical contribution due to the estimation of the expectation

values Eq. (50) from finite statistics (Section VII B).
As noted in the main text, the impact of the systematic er-

ror on the predictive power of the identified Hamiltonian is re-
duced by the gauge freedom in (50) under simultaneous trans-
formation of h,S,M . Additionally, the systematic error in
the prediction error can be further reduced using the iterative
procedure described in Section V B.

A. Systematic error: Final ramp effect estimation

To estimate the magnitude of the systematic error that is in-
duced by a non-trivial final pulse ramping M , we use an ideal-
ized model of the final ramping phase with a constant ramping
speed v and a padding time τ (constant-v model). In the ex-
periment, ramping proceeds in three steps. First, we ramp the
coupler frequencies to turn off the hopping term in the Hamil-
tonian. Second, to stabilize the frequencies, we let the system
evolve under the (now diagonal) Hamiltonian for padding time
τ , before finally ramping the qubits to their idling frequencies
to enable their measurement. Our model assumes linear ramps
with slope v of all the Hamiltonian entries. Hence, the final
ramp is given by M = UcouplerUpaddingUdiag, where

Uj ∶= T exp{−i∫
τj

0
Hj(t)dt} (63)

for j ∈ {coupler,diag}, with T denoting the time-ordering
operator, and Upadding = e−iτ diag(h), where diag applied
to a matrix returns its restriction to the diagonal. We set
Hcoupler(t) = Tdiag(h)(h+sign(diag(h)−h)vt) and Hdiag(t) =
Thm(diag(h) + sign(hm − diag(h))vt). Here, hm corre-
sponds to the idle Hamiltonian at the end of the ramp pulse
and the thresholding operator acts entry-wise as

Tg(x)i,j = {
min{(g)i,j , xi,j} if sign(hm − h)i,j > 0

max{(g)i,j , xi,j} if sign(hm − h)i,j < 0
.

(64)

The thresholding ensures that the entries of H(t) stay equal
to those of diag(h) and hm respectively once they reach
their final value in each ramping phase. The integration lim-
its τcoupler, τdiag are the minimal times at which all entries of
Hcoupler(t),Hdiag(t) reach diag(h), hm respectively. We as-
sume that the matrix after the ramp pulse hm is a diagonal
matrix with frequencies corresponding to the idling frequen-
cies of the qubits.

Below, we empirically build trust in this model and estimate
the model parameters. Using the empirically inferred model
parameters, we estimate the systematic errors in the following
way: Using the empirical estimates ĥ, Ŝ (the output of Algo-
rithm 6), we simulate the time evolution using the model (50)
with M given by the constant-v model. Running the identifi-
cation Algorithm 6 again on the simulated data yields a sec-
ond (bootstrapped) estimate h̃, S̃. We use Eanalog(ĥ, h̃) as an
estimate for the systematic error of the analog implementation
error. By comparing h̃ with ĥ entrywise, we arrive at an en-
trywise systematic error estimate. Similarly, we can compute
the systematic error in Eanalog(Ŝ,1) via Eanalog(Ŝ, S̃).
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Figure 6. Validating the ramp model. (a) Distance of the iden-
tified initial map before post-processing Ŝ′ from the identity for the
5-qubit butterfly data of Fig. 6 of the main text (golden dots) and
maximum ramp distance maxi ∣(h0 − hm)i,i∣ (solid line) for each
flux value b ∈ [0,1]. Inset illustration of the ramp model. The
qubits initially at frequencies Q1 and Q2 are ramped to the com-
mon rendezvous frequency of 6500 MHz giving rise to an initial map
S, where they evolve under the Hamiltonian h for time t until they
are ramped back to their idle frequencies, giving rise to a final map
M . The shaded areas show the total acquired phase δ during the
ramp phases. (b) Phases accumulated on various connected 5-qubit
subsets of the chip. Top. Phase accumulated on the qubit with max-
imum ramp distance from each subset. The fit is a quadratic func-
tion with zero offset, which gives estimates v = 800 ± 80MHz/ns,
τtot = 0.09±0.03 ns. Bottom. For the remaining qubits from each sub-
set, shifted phase ξ given by (65) is plotted. The fit is a linear function
with zero offset, which gives the estimate v = 797 ± 4MHz/ns.

Empirical validation of ramp model and parameter estima-
tion. Our model for estimating the systematic error induced
by the final ramping phase implies that the deviation of the
initial and final ramp from the identity transformation depends
on the ramp distance, that is, the absolute value of the entries
of h − hm. Indeed, the maximal ramp distance is expected
to set the time-scale of the ramp phase and, thus, determines
magnitude of the ramping effect in the data. In Fig. 6(a) we
validate that, indeed, the deviation of the identified initial map
Ŝ is proportional to the ramp distance maxi,j ∣(h − hm)i,j ∣.

In order to give an estimate of the model parameters v and
τ , we implement the zero Hamiltonian and reconstruct it with
our identification method. In the rotating frame of the idle

frequencies of the qubits, we effectively observe a diagonal
Hamiltonian with eigenfrequencies that are the difference be-
tween the common rendezvous frequency (6500 MHz) and the
idle frequencies. Since no couplers are involved, both the cor-
responding final and initial ramping maps are diagonal and
contribute a complex phase to the data which is proportional
to the combined surface area underneath the ramps, see the
inset of Fig. 6(b).

Since the Hamiltonian is itself diagonal, it commutes with
the final diagonal unitary so that, effectively, the data can be
described as ydiagonal(t) = exp(−ith)MS with only SPOM er-
ror with an effective initial map MS present. We can thus de-
termine the combined phase accumulated on each qubit during
the true initial and final ramping directly as the phases of the
diagonal entries of our estimate Ŝ of the effective initial map.
Using the constant-v model for S and M , the magnitude of the
total accumulated phase on the j-th qubit can be computed to
be ∣ϕj ∣ = 2π∆j (∆max/v + τtot), where τtot is the sum of the
padding times of the initial and final ramping phases and ∆j

is the ramping distance of the j-th qubit. ∆max is the max-
imum ramping distance in the set of qubits involved in the
experiment and it sets the ramping time for all other qubits.
In our experiment, we implemented the zero Hamiltonian on
various 5-qubit connected subsets of the chip and hence ∆max
differs for each subset.

To estimate the model parameters, in panel (b) of Fig. 6 we
plot the magnitude of the phase accumulated on the qubit with
the maximum ramping distance in the given subset against
the maximum ramping distance for that subset. Fitting a
quadratic function with zero offset gives us estimates v1 =
800 ± 80MHz/ns and τtot = 0.09 ± 0.03 ns. Now we turn to
the remaining qubits. Using the estimated padding time, we
compute

ξj ∶=

∣ϕj ∣
2π
− τtot

∆max
=
1

v
∆j . (65)

Using a linear fit we get a second ramp speed estimate v2 =
797 ± 4MHz/ns, which is consistent with v1 within exper-
imental error, building trust in the model. Note that v =
790MHz/ns and τ = 0.05 ns (which is the part of τtot we as-
sign to the final ramp) is the parameter value used in the nu-
merical benchmarks of Section VI. To get a conservative esti-
mate of the systematic errors, and in face of the variance in the
data Fig. 6, we use v = 350MHz/ns and τ = 0.1 ns. The fit is
shown in panels (b) and (c) of Fig. 6, where we excluded one
qubit, which accumulated seemingly random phase in each
run of the experiment.

Comparison to systematic error in numerical simulation.
In order to build trust in our estimation method for the system-
atic error, we simulate the time evolution of random Harper
Hamiltonians on varying system sizes with SPAM errors, and
study how well the identification procedure performs in terms
of analog implementation error of the recovered Hamiltonian
and prediction error. We use random unitary initial maps and
final maps that are either a random diagonal unitary or given
by the constant-v model. Since the model with random diag-
onal unitaries can even change the sign of the recovered inter-
action strength, in this setting we make use of the additional
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post-processing step described in Section VIII. In Fig. 7, pan-
els (a), (b) and (c), respectively, we plot the prediction error,
the analog implementation error and the improvement of the
errors when two iterations of the method are used, in the way
described in Section V B.

When comparing these results to the experimental data
Figs. 2, 5 and 6 in the main text, we see that the predic-
tion errors are close to the prediction errors achieved by the
constant-v model. This constitutes an independent validation
of our method of estimating the systematic error in the Hamil-
tonian identification. In panel (c), we can see that the iterative
procedure significantly improves the systematic error in the
prediction error, while having little effect on the systematic
error on the analog implementation error.

Scaling estimate of the systematic error. In panel (b) we
observe that the systematic error decreases with the system
size for the random diagonal unitary model for M . Even
though not apparent in the parameter regime of the numerical
benchmarking, we expect a similar dependence also for the
constant-v model. This can be understood using the following
theoretical reasoning. We have seen in Section IV B that in
the absence of statistical errors and assuming a diagonal uni-
tary M = diag(eiϕ1 , . . . , eiϕN ), the recovered Hamiltonian is
given by (58). Suppose the case of a one-banded Hamiltonian
with couplings of typical magnitude J̄ , where the diagonal
entries have typical magnitude h̄ and need to be ramped by a
typical distance ∆̄. If we assume the linear ramping model
above with constant ramping speed v and a padding time τ ,
we can estimate the magnitude of the systematic error in the
analog implementation error2 to be

Esyst ≈ J̄(2/N)
1
2 [1 − cos(π (

∆2

v
+ 2τ h̄))] , (66)

which using realistic values ∆ = 300MHz, h̄ = J̄ = 20MHz,
v = 350HMz/ns, τ = 0.1 ns evaluates to approximately
6.4
√
2/
√
N MHz, showing that the systematic error should

decrease with system size for one-banded Hamiltonians, in
accordance to Fig. 7. Note that this argument itself relies on
relaxations of the original problem, assumptions on the final
map M and the experimental characterization of the model.
On this basis it further serves as a consistency check for the
magnitude of the reported systematic errors.

Remaining sign-errors. As reported in the main text, we
observe that the Hamiltonian identification algorithm recov-
ers some interactions with the opposite sign than the target
Hamiltonian. Such an error can be explained by the pres-
ence of a diagonal unitary final map with phase differences
π/2 and 3π/2. However, we find that the constant-v ramp
model with the empirically estimated parameters and in the
regime of the observed prediction error does never produce fi-
nal maps with such large phase differences. Furthermore, the
random diagonal ramp model that produces matrices M with

2 Here we are assuming that all the qubits are ramped in the same direction,
which is close to reality, and neglect the ramping of the couplers.
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Figure 7. Systematic recovery and prediction error due to non-
trivial final map. Recovery of random Harper Hamiltonians on var-
ious system sizes, using one (red) and two (mustard) runs of the al-
gorithm (see Section V B for details). SPAM errors modeled by a
random unitary S and either a random diagonal unitary M (circles)
or M given by the constant-v model (diamonds). The shot noise cor-
responds to σ = 1000 shots per expectation value. TensorESPRIT
and regularized conjugate gradient descent are used in the recovery.
The error bars represent the standard deviation over 10 instances. (a)
Prediction error (59) of the recovered model. (b) Analog implemen-
tation error of the recovered Hamiltonian.

sufficient phase differences to flip signs in the recovered in-
teractions yields prediction errors that are considerably larger
than the ones we observe in the experiment, see Fig. 7. The
observed sign flips, thus, point to a separate source of sign
systematic error. Under the assumption that sign flips origi-
nate from SPAM, we can however efficiently correct for them
in the post-processing. We explain the corresponding post-
processing algorithm for reconstructing M restricted to an or-
thogonal diagonal rotation in Section VIII.
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Algorithm 7 OneBandedCorrectFlips(h,h0)
Input: symmetric h ∈ RN×N , symmetric one-banded h0 ∈ RN×N .

1: Set DM = 1.
2: Define G±(A) = AhAT

± h0.
3: for m ∈ {2, . . . ,N} do
4: Set a0 = ∣G−(DM)[m − 1,m]∣.
5: Set aflip = ∣G+(DM)[m − 1,m]∣.
6: if aflip < a0 then
7: Set (DM)[m,m] = −1.
8: end if
9: end for

10: Set ĥ =DMhDM .
Output: sign-fixed Hamiltonian coefficient matrix ĥ, final map es-

timate DM .

B. Statistical error: Bootstrapping

Let us now turn to estimating the statistical error of the
identification result. We estimate the size of the error induced
on the Hamiltonian estimate that is returned by the identifi-
cation method via parametric bootstrapping. To this end, we
simulate time series data with finite statistical noise according
to the model (50) with M = 1 using the identified Hamilto-
nian ĥ and a Haar-random unitary for the initial ramp S. We
then run the Hamiltonian identification method with conjGrad
on 105 instances of such synthetic data. As the statistical error
of the entry we use the 0.99-quantile (99% confidence level)
of the absolute deviation of each entry in the Hamiltonians ob-
tained from the synthetic data, from the corresponding entry
of the identified Hamiltonian used to generate the data. We
observe that the statistical errors of the entries are of compa-
rable size and only report the maximal statistical error over all
entries.

We also calculate 0.99-quantile of the deviation of the syn-
thetically identified Hamiltonian ĥbt from the originally iden-
tified Hamiltionian ĥ in terms of the analog implementation
error Eanalog(ĥbt, ĥ), (see Eq. (5) of the main text), and like-
wise for the eigenfrequencies. This is used as the statistical
error estimate for the analog implementation error benchmark.

Omitting the regularization in the identification method re-
duces the computational complexity of the bootstrapping and
produces more well-behaved empirical distributions of the de-
viation error. At the same time the regularization is shown in
Section VI C to improve the estimate and, thus, the statistical
error obtained in this way is expected to dominate the statisti-
cal error of the regularized identification method.

VIII. RECONSTRUCTING DIAGONAL ORTHOGONAL
FINAL MAPS

We partially remove the systematic error induced by the fi-
nal ramping phase with the following post-processing proce-
dure. Suppose we are given the estimates ĥ, Ŝ by the identifi-
cation Algorithm 6. To remove the sign part of the systematic

Algorithm 8 GreedyCorrectFlips(h,h0)
Input: symmetric h ∈ RN×N , symmetric h0 ∈ RN×N .

1: for m≠n in the order of decreasing ∣h[m,n]∣, s.t. neither m nor
n has been probed previously do

2: Set a0 = ∣G−(DM)[m,n]∣.
3: Set aflip = ∣G+(DM)[m,n]∣.
4: if a0 < aflipped then
5: Set Dflip

M =DM .
6: Set Dflip

M [m,m] =Dflip
M [n,n] = −1.

7: if ∥G−(Dflip
M )∥F < ∥G−(DM)∥F then

8: Set DM [m,m] =DM [n,n] = −1.
9: end if

10: else
11: Set D1

M =D
2
M =DM .

12: Set D1
M [m,m] = −1, D2

M [n,n] = −1.
13: if ∥G−(D1

M)∥F < ∥G−(D
2
M)∥ then

14: Set DM [m,m] = −1.
15: else
16: Set DM [n,n] = −1.
17: end if
18: end if
19: end for
20: Set ĥ =DMhDM .
Output: sign-fixed Hamiltonian coefficient matrix ĥ, final map es-

timate DM .

error on the Hamiltonian recovery, we determine an orthogo-
nal diagonal M̂ = D̂M that solves

minimize
DM=diag±1

∥DM ĥDM − h0∥
2
F (67)

and perform the gauge transformation

ĥ′ = D̂M ĥD̂M ,

Ŝ′ = D̂M Ŝ,
(68)

to obtain the model (ĥ′, Ŝ′, D̂M). This estimate further re-
duces the systematic errors compared to (h̃, S̃,1).

Note that in general solving (67) is an NP-hard problem. To
see this, consider the case when h0 is a matrix with all ones
and ĥ is a matrix with entries ±1. The problem then encodes
the maximum balanced subgraph problem, which is known to
be NP-hard [21]. However, for 1D nearest-neighbour hopping
Hamiltonians, where the Hamiltonian coefficient matrices are
one-banded, we can give an efficient algorithm: The algorithm
sets D̂M [1,1] = +1 and then updates the diagonal entries of
D̂M one-by-one. For the element D̂M [m,m] with m > 1, it
decides to set it to ±1, picking in each turn the option more
favourable to the cost function. Since in each of the N − 1
steps we take into account one more independent off-diagonal
element of h0, of which there are also exactly N − 1, this
procedure finds the exact solution in the one-banded case. The
algorithm is summarized in Algorithm 7.

For general Hamiltonian, one can apply the following
greedy heuristic algorithm: We create a list of off-diagonal
elements of h̃, ordered according to their decreasing absolute
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value. Then, we set D̂M = 1 and loop over the entries of the
list. At each step, the algorithm decides whether flipping the
sign of the element h[m,n] under consideration would de-
crease the cost function. If yes, it sets either D̂M [m,m] = −1

or D̂M [n,n] = −1, depending on which one is better with re-

spect to the cost function. If not, it either does nothing or sets
both D̂M [m,m] = D̂M [n,n] = −1, depending on which op-
tion is better with respect to the cost function. The algorithm
is summarized in Algorithm 8. We note that for the problem
sizes we encounter in the experiment we can also exactly solve
the minimization problem (67) through exhaustive search.
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