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Supporting Notes
[bookmark: OLE_LINK7]1. Multiple-scattering T-matrix Simulation
The dispersion simulation in Figure 1c of the letter was performed using a multiple-scattering T-matrix approach. Here, we briefly introduce the model. The scattering properties of a single nanoparticle are first described in terms of vector spherical wave functions (VSWFs), giving the T-matrix of the nanoparticle at a given frequency. In the next step, electromagnetic interactions between nanoparticles are calculated as translation operators Sn,n′, which describe how VSWFs with one coordinate origin (located inside the nanoparticle n′) can be decomposed in a VSWF basis at another origin (corresponding to the location of nanoparticle n). This yields a set of linear equations describing the scattering properties of a system with many nanoparticles, which, in a per-particle matrix form, can be written as

		
[bookmark: _Hlk153286576]Here, the pext(n) column vectors contain the VSWF expansion coefficients of the external electromagnetic radiation incident onto the nth nanoparticle, and an is the vector of the unknown VSWF expansion coefficients of the scattered field created by the nth nanoparticle.
For periodic systems, the field expansion coefficients at different nanoparticle sites attain the Bloch waveform of ai = eikRi, where Ri are the lattice vectors and k is the Bloch wave vector. If there is only one nanoparticle per unit cell and the T-matrices are the same for all particles, the equation S1 can be rewritten as

		
Labeling

		
this gives (I -TW )a = Tpext(n), where the only challenge remains in calculating the infinite lattice sums contained in the operator W, which in general diverge. One can work around this using Ewald-type summation techniques.
[bookmark: OLE_LINK9][bookmark: OLE_LINK8][bookmark: OLE_LINK10][bookmark: OLE_LINK12]Equation S3 with a nonzero right-hand side describes the electromagnetic response of a periodic array on external periodic driving. Putting the right-hand side to 0 gives an equation for the electromagnetic modes supported by the array. The electromagnetic bands are then given for points (ω, k) in the frequency-quasi momentum space where the matrix M(ω, k) ≡ I -T(ω)M(ω, k) is singular. In other words, the dispersion of the array can be calculated by finding a set of (ω, k) pairs for which M(ω, k) has a zero-singular value. This usually does not exactly happen for real (ω, k) in lossy systems like our Al NCA. However, the complex lossy bands are typically located near the real (ω, k) points for which some singular value of M(ω, k) reaches a small enough minimum. 

The T-matrix can be obtained using various numerical methods. For reliability reasons and due to the fact that the specificity of our nanocone shape, we used a cylindrical approximation and calculated the T-matrix analytically using the Lorenz-Mie solution, assuming a nanoparticle radius of 50 nm and height of 120 nm, a homogeneous background medium with refractive index n1.33, and nanoparticles made of Al with interpolated optical properties from Johnson and Christy.

[bookmark: OLE_LINK11][bookmark: OLE_LINK43]2. Characterization of the X-point Modes
To characterize the ASE exhibiting mode, we need to make some qualitative predictions about all the theoretically admissible modes that can be compared to the measured data. As ASE, lasing and condensation phenomena in general tend to happen at the high-symmetry points of the reciprocal lattice (due to the high density of states, which in an ideal and lossless system follows from the zero-group velocity therein). Therefore, group theory is a basic and universal tool for investigating these modes.
As mentioned in the main text, the point-symmetry part of the X-point little group is the C2v group, meaning that the X modes are irreducible representations of the C2v group. All irreducible representations of C2v are one-dimensional, which makes the following analysis quite simple. First, degeneracy degree of a mode corresponds to the dimensionality of the irreducible representation, hence there cannot be any non-accidental degeneracy in our case. Second, at a qualitative level, the spatial patterns of the admissible modes can be deducted simply by looking at the character table (Table 1) without any matrix calculations.
[bookmark: _Hlk153287653]For the sake of simplicity, let us model our system as an array of point sources / scatterers in place of the nanocone apexes of the actual samples. We shall find the lowest electric multipoles these point sources can radiate each irreducible representation. For 1D irreducible representations, the admissible multipoles must be even (invariant) under the symmetry operations with character +1 and odd (sign-changing) under the symmetry operations with character -1. Utilizing these simple rules, we see that the B1 irreducible representation makes the x-dipole mode, B2 makes the y-dipole mode; z-dipole belongs to the A1 mode as well as the "cosine" xy quadrupole whereas the "sine" xy quadrupole belongs to the A2 irreducible representation.
Even if our system were made of point like sources, we could not observe their multipole excitations directly due the size far below the diffraction limit. On the other hand, the same diffraction limit justifies the validity of observable patterns obtained with the following method, as the diffraction limit will smear away qualitative differences between the fields produced by the point source model and those produced by an actual nanocone array further away from the array plane.
Our goal is to predict observable patterns that can be matched to experimental polarization-filtered microscopic images. As we typically do not even know the exact properties of the microscopic apparatus that would enable us to exactly simulate light propagation all the way from the sample to the CCD sensor, we generate the patterns from a simple model consisting of a superposition of Airy-disk-like diffraction patterns, one (for dipole sources) or more (for higher multipoles) Airy disk per nanocone apex; supposing that the nanocone apexes are located at planar positions Rn and that they radiate in a Bloch-wave fashion (with Bloch wavevector k) the signal on the CCD plane at position r is expected to be proportional to

		
here f is the polarization filter direction, ϕn = kRn is the relative phase of n-th lattice site, pν are dipoles located at each array site with offset ρν with respect to the cone apex that together emulate a multipole source (for the dipole modes, there is simply one dipole per site, pν = p, ρν = ρ = 0), J1 is the Bessel function of the first kind of first order, and rn,v = α(r - Rn - ρν), where the factor α would be equal to 2πNA / k (with k being the emitted radiation wavenumber in the background medium) in case of an actual Fraunhofer diffraction on circular aperture; however, as our system is not an ideal circular aperture but rather a complicated optical apparatus with the exact properties unknown, we leave the factor α as a variable parameter tuned so that the generated patterns resemble those observed in the experiment.

	C2v
	E
	C2(z)
	σv(xz)
	σv(yz)

	A1
	+1
	+1
	+1
	+1

	A2
	+1
	+1
	-1
	-1

	B1
	+1
	-1
	+1
	-1

	B2
	+1
	-1
	-1
	+1


Table 1. Character table of point group C2v.


























Supporting Figures


Fig. S1 a Macro sample of 2D Al NCA, the size of the area with the Al NCA on the sample is about 1.6 cm1 cm size and exhibits strong structural color characteristics. b Sample packaged with Nile red dye solution, the packaging container is composed of two layers of cover glass slides, which are bonded with UV curable adhesive, leaving a 2 mm gap for the gain medium to fill.



[bookmark: OLE_LINK55][bookmark: OLE_LINK54][bookmark: _Hlk142615086]Fig. S2 Finite-difference time-domain (FDTD) simulations of electronic field distributions of the Al NCA (635 nm, state at Χ(2) points). Left panel Side view, here we can see the longitudinal distributions of the electric field on the nanocone particles (the resonance is mainly concentrated near the nanocone apexes) and learn about the limiting effect for electromagnetic wave (deep-subwavelength range) of the nanocone particles, which can realize a minimal mode volume (Vmode). According to Fermi’s golden rule, the spontaneous emission rate of an emitter can be increased in an optical microcavity by Purcell factor,

		
where Q is the cavity quality factor, λ is the resonant wavelength, and n denotes the refractive index of the medium. The increased spontaneous emission rate is clearly linked to the figure of merit Q / Vmode of the optical microcavity. Right panel Top view, with x-polarized plane wave excitation, confirming the plasmonic character of this collective mode is a dipole mode. This can support our use of the dipole model in the real space simulations and rule out the possibility of quadrupole modes to some extent. 















[bookmark: OLE_LINK1][bookmark: _Hlk142767757][bookmark: _Hlk142768102][bookmark: _Hlk142771620][bookmark: OLE_LINK6][bookmark: _Hlk142772006][bookmark: _Hlk135051101][bookmark: _Hlk142774270][bookmark: _Hlk142792729]Fig. S3 Reciprocal lattice space of the 2D square lattice in the extended BZ and irreducible representations distributions at high-symmetry points. a High-symmetry points Γ, Χ, and Μ are denoted by dots. The order of high-symmetry points in lattices can be identified according to the ascending order of angular frequencies of plane waves in free space. For example, angular frequencies that correspond to Χ(1) and Χ(2) areandrespectively; Γ(1), Γ(2), and Γ(3) are 0,andrespectively. Note that equivalent high-symmetry points are connected to each other with reciprocal lattice vectors. Furthermore, if we bring in some specific parameters (a = 400 nm, n = 1.33) to calculate the electron volt energies, it can learn that they are in good agreement with the empty lattice approximation (ELA). At the same time, it is also necessary to pay attention to some specificities of Χ-points, including equivalence and symmetry: the equivalence between points is subject to the translational symmetry of the lattice (this is why we only marked half of Χ-points in the reciprocal lattice space, because for Χ-points we marked out, they are equivalent), and they belong to C2v point group (Table 1). Based on this relationship, if we assume that wavevectors of Χ(1) points, the lowest angular frequencies among the Χ points, are(wavenumber, angular frequencies are). For Χ(2) points (the corresponding wavevectors would be) with in-plane components, so their z-component (out-of-plane) for the wavevectors. Thosewaves can be more easily measured as they leave the lattice, which appear at Χ(1) points in k-space. However, if we want to study the information of Χ(2) points directly at Χ(2) points, since, which means optical information cannot be captured by objectives of any NA from the z-direction. In this work, we designed a sample with period of 400 nm and background refractive index of 1.33 which can observe the Χ(2) points in the dispersion, and the energy of the Χ(2) points can be used to locate the first BZ of the lattice. b So far, based on symmetry distribution, we can calculate irreducible representations given by the superposition of electromagnetic plane waves in free space at each high-symmetry point. For Χ(2) points studied in this work, to determine what kind of symmetries eigenmodes can have, we need to perform the reduction procedure. For this purpose, it is necessary to see how many Χ(2) points will be invariant when symmetry operations of the C2v point group are applied. Table 2 lists the number of the invariant Χ(2) points, NR denotes the character for one Χ(2) point, χ(1)(R) denotes the character as a whole of all Χ(2) points, χ(R) = NR × χ(1)(R). χ(1)(R) is the quantity that characterizes the overlapping of initial and transformed polarization vectors. And should be note that NR does not include the number of wave vectors that are transformed to their equivalent points but is the number of those wave vectors that R keeps at their original positions, this must be considered exactly. So, for example, the number of the A1 representation on Χ(2) points

[bookmark: _Hlk142806066]		
[bookmark: _Hlk142797667]Hence, according to this, we obtain one A1 representation on Χ(2) points. Similarly, we can calculate the number of other irreducible representations on Χ(2) points. So, irreducible representations given by the superposition of electromagnetic plane waves on Χ(2) points are A1, A2, B1, and B2. Irreducible representations of allocation on other high-symmetry points are shown in the figure.

	[bookmark: _Hlk142794490]
	[bookmark: _Hlk142797694]C2v
	E
	C2(z)
	σv(xz)
	σv(yz)

	Χ(2)
	NR
	4
	0
	0
	0

	
	χ(1)(R)
	1
	-
	-
	-

	
	χ(R)
	4
	0
	0
	0


Table 2. Characters of the lowest three representations at Χ(2) points of the square lattice.



[bookmark: OLE_LINK2]Fig. S4 Measurement setup. Aperture here is used to shape the light spot to circular or linear, L stands for lens, BS stands for beam splitter, the polarizer is a film linear polarizer, the green filter here stands for a 550 nm long-pass filter and the red filter stands for a 635 nm band-pass filter, Obj. stands for the objective (50×, 0.8NA), BFP stands for the back focal plane of the objective. The supercontinuum laser here is used to illuminate the lattice and tune the pump wavelength (6 ps, 2 MHz).


[bookmark: OLE_LINK3]
Fig. S5 The Al NCA samples of 400 nm (upper) and 600 nm (lower) periods were irradiated with different wavelengths in k-space. Laser wavelengths are 400 nm, 440 nm, 480 nm, 520 nm, 560 nm, 600 nm, 640 nm, and 680 nm, respectively. The maximum observation angle of the system is 53°. In k-space, diffraction points of different wavevectors appear at different positions, and the emission intensities satisfy those described in Fig. S3. As shown in the figure, as the wavelength increases, there is a tendency for the diffraction point positions to expand outward and intensities to decrease. And the laser has a certain linewidth, so the diffraction point shape will appear to be broadened. In addition, since magnitude of direct and reciprocal lattice vectors are inversely proportional to each other, a sample with a 400 nm period can only barely display the Μ(1) points (less intense) at the 400 nm wavelength (clear viewing requires zooming in on the image). To verify the distribution of high-symmetry points in reciprocal space, as shown in Figure S3, we fabricated a sample with a 600 nm period. Under laser irradiation at 400 nm, it can display the Χ(2) points; the number and distribution of diffraction points in k-space also perfectly fit the description of the extended BZ.



[bookmark: OLE_LINK20]Fig. S6 Emission images with a no ASEs at high-symmetry points below the threshold (P = 0.5Pth) and b ASEs at high-symmetry points when the threshold (P = Pth) in k-space.



[bookmark: OLE_LINK4][bookmark: _Hlk142797917][bookmark: _Hlk133703146][bookmark: _Hlk142797801][bookmark: OLE_LINK19]Fig. S7 Diffraction orders of the square lattice in the ELA calculation, right along the high-symmetry point lines, and left a crosscut at the energy of the Χ-point of interest in this work. The light green area in the figure is the first BZ, the gray dashed line is the boundary of the first BZ. From this simulation we can see that four dispersion branches (in-plane polarized light cones) from the Χ(2) points meet at the Χ(1) points. Correspondingly, there will also be four singlet eigenmodes A1, A2, B1 and B2, from decomposition of the vector space spanned by linearly combining plane waves (or dipole polarization degrees of freedom) into irreducible representations, subject to C2v symmetry of the Χ(2) points. 



[bookmark: OLE_LINK5]Fig. S8 The Al NCA samples of 400 nm (upper) and 600 nm (lower) periods were directly irradiated with different wavelengths in real space. Laser wavelengths are 400 nm, 440 nm, 480 nm, 520 nm, 560 nm, 600 nm, 640 nm, and 680 nm, respectively. Overall, the number of diffraction points produced by direct irradiation of the lattice in real space is significantly less than the number of diffraction points in k-space. For the 400 nm period sample, only five diffraction points are barely visible at the 400 nm wavelength (the zero-order diffraction points coincide with the incident light). For the 600 nm period sample, nine diffraction points can appear at the 400 nm wavelength (but only half the number of diffraction points in k-space). In addition, we have realistically observed scattering fields driven by dipoles in real space (the “shaded” portion of the images, located between the diffraction points, and symmetrically distributed), while ref 32 of the manuscript simulates in k-space. To investigate whether the direct diffraction points in real space have symmetry properties, we measured the polarization conditions of the diffraction points and incident light at some wavelengths. As shown in the figure, the direction of polarization of all diffraction points remains the same as the polarization of the incident light, and the symmetry degenerates to C2 (-30°-150°). Therefore, it is the diffraction points in k-space that have higher symmetry groups and exhibit multi-polarized properties.



Fig. S9 Real space simulation images for the A2 eigenstate. Although we have ruled out A1 and B1 modes by measuring the polarization state of far-field emission beams in k-space, A2 and B2 require further experiments to discriminate. Based on our description above (section “Characterization of the Χ-point Modes”), the "sine" xy quadrupole belongs to the A2 irreducible representation, so we can simulate the A2 mode in real space as we did for the B2 mode in different polarizer orientations. The directions of the polarizer here (no polarizer, vertical polarizer, diagonal polarizer, and horizontal polarizer) are consistent with Fig. 3c and 3d of the manuscript. It is obvious that the performance of the B2 mode in real space is completely inconsistent with the experimental results. So, the mode of the ASE at Χ(1) points is dipole B2 mode (consistent with the electric field simulations by using FDTD method above), from the Χ(2) points. These images demonstrate that, by inspecting the real space images for multiple values of the emission detection polarizer filter angle, one can distinguish a certain eigenmode.
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