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Appendix A: Preliminaries
1. Notations and definitions

In this material, we use letters X, ), H, K, and R to represent Hilbert spaces. The symbol N is used to denote
the Hermitian-preserving map that we aim to exponentiate. The symbols U, Q, and 7 are used to represent the
CPTP maps that are directly implementable on physical systems. Scratch letters like 7 and .% are used to represent
sets. I denotes the identity matrix. We denote L(H) as the set of all linear operators on the Hilbert space H, and
D(#H) as the set of all density operators on H. Furthermore, T'(X,)) represents the set of all linear maps from L(X)
to L(Y). For a pure state |¢)), we sometimes omit the Dirac notation and denote the density matrix ) ] by 9
for brevity. For a unitary operator, U € L(H), we denote the corresponding unitary channel as [U], which satisfies
[U] () = UcUT for ¢ € D(H). The notation of log(-) in this work represents the natural logarithm. For a Hermitian
matrix A with spectral decomposition A = 37, A; [a;)c|, we denote AT := 37, _ o \; | }{a| as the positive part of
Aand A7 == =3, o Aia;)ai| as the negative part of A.

When drawing tensor network diagrams, we use rounded rectangles to represent tensors and use lines of different
colors to represent indices belonging to different systems. While drawing quantum circuits, we use regular rectangles
to represent quantum operations and black lines to represent quantum systems.

We denote the operator norm as ||-|| ., which represents the maximum singular value of a matrix, and the trace
norm as [|-||;, which is the sum of singular values of a matrix. For two quantum states p and o, the trace distance

2
and fidelity between them are ||p —ol|; and F(p,0) := (tr \/ﬁpﬁ) , respectively. For a Hermitian-preserving

map Q € T(&X,Y), its diamond norm is defined as [|Q||, := sup, . epxr)r [[(Q ® Ir)(0xr )|, Where the symbol
XR represents the Hilbert space X ® R, Zr is the identity channel on R, and the supremum is taken over the
reference system R of an arbitrary dimension and all the states cxyr € D(XR). The diamond distance of two
Hermitian-preserving maps Q; and Qo is defined as |Q; — Qa]|.,.

2. Auxiliary lemmas

The essential property of the diamond distance is its subadditivity:

Lemma 1 (Proposition 3.48 in [1]). Suppose Qo, Qf € T(X,Y) and Q1,9 € T(V,R) are CPTP maps, then the
following inequality holds:

1Q10Q0 — Q10 Qll, <191 — il + 120 — ol (A1)

The following lemma provides an upper bound on the diamond distance between two channels corresponding to
two Hamiltonian evolutions:

Lemma 2. Let Hy and Hsy be two Hermitian operators, and t > 0. Then, it holds that:
|[[e" ] — [e" "], < 2t|| Hy — Ha|l, exp (tmaX{HHlHoo7 ||H2||oo}>‘ (A2)

Proof. By Lemma 5 in the appendix of [2], we have

[emt] — e, < 2t — vt (49
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When measuring an observable over two quantum states, the difference in the expectation values can be upper
bounded by applying the Holder inequality [1] to |Tr (0(01 — 02))‘:

Lemma 3. Let 01,09 € D(H) be two quantum states, then the difference in the expectation values when measuring
O satisfies

[Tr(O01) — Tr(Oos)| < [|O][llor — o2]; - (A5)

Appendix B: Hamiltonian in HME
1. Why partial transpose?

We note that the Hamiltonian used in HME is not the Choi matrix of A/, but the partial transposition of the Choi
matrix. An intuitive way to grasp the role of the partial transposition operation in the Hamiltonian is by considering
it as a result of concatenating the identity map. By rewriting N'(p) = N o Z(p), we can interpret HME as a process
of first encoding p into the evolution using the identity map Z, and then applying the map A to it. Since the state-
encoding procedure is equivalent to the density matrix exponentiation algorithm, the Hamiltonian for exponentiating
the identity map is the SWAP operator, which can also be derived using Theorem 1 in the main context. Then, to
perform the map N on the encoded state, we concatenate the Choi matrix of A to the SWAP operator, resulting in
the final Hamiltonian of HME, A}:}. The concatenation with the SWAP operator results in the partial transposition
of Apr, which can be visualized using the red dashed box in Fig. 2(b) in the main context, where the cross of the black
lines above A represents the SWAP operator.

2. Freedom of Hamiltonian in HME

As shown in Theorem 1 in the main context, A}:} is a Hamiltonian that can be used to exponentiate the Hermitian-
preserving map N € T(H,K). In this section, we point out that AK} is not the unique choice. Specifically, we prove

that all the Hamiltonians that can be used to exponentiate A form the set
Ay = {A% + M @Tc: M e L(H), M' = M}, (B1)
Note that the equation Try (e 7HA(p @ 0)efTAt) = e~ N (PALGeIN (DAL 1 O(At?) is equivalent to

Try ([H,p@a}) = [N(p),U]. (B2)
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Thus, any H satisfying Eq. (B2) for all p € D(H) and ¢ € D(K) is a valid choice for exponentiating . It can be
casily verified that any Hamiltonian in #j satisfies Eq. (B2) for all p and o, as Try ([M ® I, p @ 0]) = 0 always
holds.

On the other hand, if H satisfies Eq. (B2) for all p and o, we have

Try ([H—Af},p@ab =0, Vpe D(H), o € D(K). (B3)

Since any matrix A € L(H ® K) can be expressed as a complex linear combination of matrices of the form p ® o,
Eq. (B3) implies that

Trl([H—Af},AD =0, VA e L(H®K). (B4)

Based on Lemma 4 presented below, we conclude that H — AJT\} = M ® I for some matrix M € L(H). As H should
be a valid Hamiltonian, M must be a Hermitian matrix, which implies H € 7).

Lemma 4. Suppose a matriz B € L(H ® K) satisfies
Try ([B,A]) =0, VAec L(H®K), (B5)
where Try denotes the partial trace over the first system, H. Then B = M ® I for some matric M € L(H).
Proof. For all |i)j| ® |kXI| € L(H ® K), we have
Try ([B, |i)(j| ® [kXI|]) = 0. (B6)
Thus, for all 7 and j, we have
[((l®Ic) B (li) ®Ix) , [kXI|] =0, VE,1, (B7)

which implies that ((j| ® Ix) B (|i) ® Ix) = M;;Ix for some constant M;; € C. By defining M € L(H) as a matrix
with elements in the j-th row and i-th column given by M;;, we have B = M ® Ix. O

An open problem is whether the freedom in choosing the Hamiltonian can help to reduce the sample complexity
of HME. Although for all Hermitian-preserving maps discussed in this paper, AJT\} is a suitable choice, it does not
exclude the possibility that for certain Hermitian-preserving maps A/, there exist better choices within the set %
that could potentially reduce the sample complexity of realizing eV ()t,

Appendix C: Sample Complexity Upper Bound

1. Sample complexity upper bound of HME

Theorem 1 (Upper bound of sample complexity). Let N be an arbitrary Hermitian-preserving map, the HME
algorithm shown in Fig. 1(c) in the main context requires at most O (6_1||H||iot2) copies of sequentially inputting

state p to ensure that ||Q; — Uy||, < € holds for arbitrary p. Here, H = Af}, Q; = QZIE represents the real channel
with Qa¢(0) := Try [e A (p® 0)eHA] and K = t/At, Uy is the ideal evolution channel corresponding to e~ NP,
and ||-||, denotes the diamond norm.

Proof. As Q; = Q% and U, = UK, we can use Lemma 1 iteratively to obtain
1Qe —ill, = || QKT —URF |, < KllQar — Untllo- (1)

Therefore, the error only accumulates additively, and it is sufficient to analyze the error of a single step: [|[Qas — Uasl,-
Let N € T(H, K) be a Hermitian-preserving map from L(H) to L(K). Take arbitrary reference system R and arbitary
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FIG. 1. Proof of |N(p)|., < |[H||,, using tensor diagrams. The triangles stand for vectors and rounded rectangles stand for
matrices. (a) We decompose p = >, Ai |; )| and represent N (p) with AJT\}, i, and |a;) by dragging two triangles across

each other. (b) Using the fact that | M| = max{(s| M |s)
IV (e Xew])

lloo

us  oxr € D(KR), we have

(Qat ®Ir)(okr)

i s € X,||s|| = 1} for Hermitian matrix M € L(X), we derive

< ||H||- (c) By applying the convexity of the operator norm, we prove that [N (p)|l < || H| -

=Tr [(e P2 @ Ir)(p @ oxcr) (e @ Ir))]

— T, [efi(H®HR)At(p® O_KR)ei(H®HR)At:|

o0

= TI‘1

m=0

1 m
Z m! ad(Z i meir)an (P @ UICR)] (C2)

=oxr — iAt [N (p) ® Ig, oxr)

o0

+ TI‘1

m=2

s Here the notation ad is defined as

1 m
Z m! ad(—i(H®HR)At)(P Y UICR)] .

ada(B) = [A, B],

ad’} (B) = [A,ad} " (B)],

ur  for square matrices A and B of the same size. The trace norm of the third term in the last equation of Eq. (C2)
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v 3

no  The first inequality in Eq. (C4) is due to the non-increasing property of trace norm under partial trace. The third in-
o equality in Eq. (C4) is obtained by iteratively applying the inequalities ||AB||, < ||A]| || B|l; and ||AB||; < [[Al;]| Bl
1 which hold for all square matrices A and B of the same size. The second equality in Eq. (C4) follows from
@ @ oxrl, =1 and |[H ©Ie|, = |H].-

123 On the other hand, we have

(Unt ® Ir)(okR)
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TN )BIRIAL () TN (P)ETR) At
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+ Z m! ad(fi(N(p)oaHR)At)(UiCR)-
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where the third inequality is given by [N (p)||., < ||H| .. To gain a better understanding of this inequality, we
provide a graphical proof in Fig. 1. Combining Eq. (C2)-(C6), we can conclude that when ||H| At € (0,0.8], it
always holds true that

1(Qat ® Ir)(oxr) — Uat ® Ir)(oxw)

o0 1 .
Z m! ad(™ i (reir)an (P ® UICR)‘|

m=2 ’

<||Tr1

! (C7)

oo

1
Z ml ad(™ i\ (p)oir)an (OKR)

m=2 ’

<8|H|% A%,

+

1

regardless of the dimension of the reference system R. By taking the supremum over R and oxgr, we have
1Qat — Unill, < 8HH||§OAt2. Substituting this result into Eq. (C1), when K € [1.25||H|| _t, c0), we have

1Qr — Uyl < 8K HI? At? = 8K Y| H||?¢>. (C8)

So, in order to guarantee ||Q; — Uy, < ¢, it suffices to set

K =max { [8¢ | H|% 2], [1.25] 1 1]}

. (Co)

<o (M%)
O
By specializing N' = Z and H = S, the sample complexity upper bound provided by Theorem 1 recovers the
previously obtained upper bound of O (¢7!t?) for density matrix exponentiation [3, 1], as ||S||,, = 1. This upper
bound has been proven to be tight [4]. While, O (e_lHHHzot?) may not be a tight bound in certain cases. For

instance, when considering the partial transposition map, we observe that the sample complexity of exponentiating
it with HME can be lower than what is predicted by Theorem 1, based on the specific properties of the partial
transposition map. We provide the proof in the following section.

2. Sample complexity upper bound for exponentiating the partial transposition map

Proposition 1. Setting the Hamiltonian to be Hp = q)j ® Sg, the HME algorithm requires at most O(e~1dat?)
copies of sequentially inputting state p to ensure that

< (C10)

0o

H Q — [eiipTA t]

holds for arbitrary p.

To prove Proposition 1, we need to make some preliminary preparations. When k > 1, the expression for Hf, can
be written as:

k—1g+ ;
H’I,?,: df—;I)i@]IB Tfkeven, (c11)
dy @, ®Sp if kodd,
where I g represents the identity operator acting on two copies of the system B.
For two operators P € L(H1 ® Hs2) and Q € L(H2 ® Hs), we define the convolution of P and @ as
P x Q = (HH1 oY <(I)+’ ®]I'H3)(P® Q)(H'f‘h Y ‘(I)+> ® HHS)’ (012)

where |®T) represents the unnormalized maximally entangled state of Ha ® Hz in the computational basis. The
following lemma provides an inequality concerning the norm of the convolution of two positive operators.
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FIG. 2. (a) A tensor network version of Eq. (C14), where the inverted P box denotes the original P box after transposition and
exchanging the upper and lower legs. The gray dashed lines denote the trace function, which is represented by connecting legs
in tensor network diagrams. (b)-(f) are diagrams for the proof of Lemma 6, divided into five cases according to the values of ki
and ko2. (b) k1 even, k2 = 0. The last inequality holds because Tra (p)T is still a quantum state. (c¢) k1 odd, k2 = 0. The last

inequality holds because ||p"4 Hoo <30 Ailf|ai)as] ™ H <> A =1, where p =37, Ai |ai Y| is the spectral decomposition,
oo}

and the eigenvalues of |a;)a;|™ are in the range [—1/2,1] [5]. (d) k1 even, ko even. The first inequality is given by Lemma 5.
(e) k1 odd, k2 odd. The first inequality is given by Lemma 5. (f) k1 odd, k2 even. The first inequality is given by the
non-increasing property of trace norm under partial trace. The last equality follows the derivation in (c). Other cases, such as
‘k1 =0, k2 odd’, can be derived by taking the Hermitian conjugate in the above derivations.

Lemma 5. For positive operators P € L(H1 ® Hz) and Q € L(Hs ® Hs), the trace norm of P x Q satisfies
1P+ Qlly < [|Trae, (P, Trye, (@)1, (C13)

where p,q € [1,00] satisfy 1% + % =1.
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Proof. P,QQ > 0 implies P * Q > 0. We have

HP * QHl = Try, 4, (P * Q) = Try, (P) * Tryy, (Q)
=T (Trr (P) Trr, (@) = T (Tra, (P) T, Q) (C14)

<[P @] e, @1, = [T, (P ey (@)1

where M denotes the complex conjugate of an operator M. The first equality holds due to the positivity of P*Q. The
inequality is given by the Hoélder inequality [1]. A tensor network representation of Eq. (C14) is shown in Fig. 2(a). O

Taking advantage of the structure of Hp, we can provide a more refined estimation for the third term in the last
equation of Eq. (C2).

Lemma 6. For non-negative integers k1 and ko such that k1 + ko > 1, we have

[T [(Hr @ 1) (0 @ oxcr) (Hp @ TR)™)] || < iy 77 (C15)

for any quantum states p and oxR.

Proof. When k; and k5 are odd, we have

(Hp @ I)" (p ® oxr) (Hp @ Ix)"

=d} (q)A®SB®HR)(P®UICR)(<I)A®SB®]IR)-
Taking partial trace over the first system and estimating the trace norm, we have
[ Tr1 [(2F ® Sp @ Ir)(p @ oxcr) () ® Sp @ Ir)] ||,
= ||HdA & (S/)S*TI‘B(J)CR))Hl (017)

= dal|SpS * Trp(oxr)ll;

< dal|Trp(p)l oI TrB R (0] < da.
In the second and third lines of Eq. (C17), the symbol S denotes the SWAP operator between the two systems on
which the density matrix p acts. The tensor network derivation of this expression can be found in Fig. 2(e). The

proofs for other cases follow a similar approach and are provided in Fig. 2. O

Proof of Proposition 1. The trace norm of the third term in the last equation of Eq. (C2) can be estimated as

o0 1 .
Try Z poor] ad(Y;(Hpeir)an (P ® UICR)}
m=2 1
- 1 m m
SR R A
m=2 ’
=1 . (C18)
< 2:2 m(QAt)mdA !
- (oo}
= ;‘1 —(2daA)™
m=2
=0(dsAt?),
where the second inequality is given by
| [(Hr 9 10)" (0 © oxcm) (Hp 9 10)" )] || < @z, (C19)

which can be derived from Lemma 6 and holds for 0 < k& < m.
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On the other hand, we have

1 m
2. it 2 i(pmaein) A) (oxcR)

! (C20)
<O([|p™ 2. A2 = O(AP).

Combining Eq. (C2) (C5) (C18) (C20), we can conclude that in order to guarantee HQt - [e_ipTAt}

sample complexity K we need is at most O(e~td4t?). O

< ¢, the
<o

Note that the proof of Proposition 1 can be easily generalized to the controlled version. Therefore, we need at most
1 2 . . —ipTAt . . .
O(e~1dst?) copies of p to implement controlled-e up to error € in diamond distance.

Appendix D: Sample Complexity Lower Bound
1. Sample complexity lower bound of HME

Theorem 2 (Lower bound of sample complexity). Let N € T(H,K) be a Hermitian-preserving map and set 0 < € <

1/6, and t > %ﬁ’f. The minimum number of p needed to realize the evolution of e~ NPt ysing protocols shown in
Fig. 3(a) in the main context with € accuracy in diamond distance satisfies
fnlet) > Q (e R, (D1)

where R, = max R[N (A)]. R[] = Amaz(") — Amin(-) denotes the spectral gap defined as the difference between the
€

largest and the smallest eigenvalues of the processed matriz. The feasible region F is defined as
7 ={AeL(): AT = A,Te(4) = 0, | A, = 1, [N(A"),N(A7)] = 0}, (D2)

where AT and A~ are the positive and negative parts of A.

As an illustrative example, we consider the identity map AN = Z. According to the definition of the feasible region
in Eq. (D2), it is straightforward to verify that i (|a)a| — |8)B]), where |o) and |B) are arbitrary orthonormal pure
states, is a feasible point that maximizes R[N (A)] = R[A] with R, = 1. Thus, based on Theorem 2, the lower bound
for realizing the evolution of e~* is Q(e~1#2), which meets the upper bound of the complexity of HME in Theorem 1.
This fact demonstrates that Theorem 2 covers the sample complexity lower bound given in Ref. [4].

We will utilize the following two lemmas in our proof.

Lemma 7 (Holevo-Helstrom theorem [6, 7]). Given two states, po,p1 € D(H), for any two-outcomes POVM
{My, M}, we have

1 1 1 1

3 Tr(Mopo) + 3 Tr(Mipr) < 5t ZHPO —plly- (D3)

Furthermore, equality can be achieved by an appropriate choice of My, M.

Lemma 8 (Channel analogue of Holevo-Helstrom theorem [1]). Let Qp, Q1 € T(X,)) be two CPTP maps. For any
ancillary system R, any two-outcomes POVM {My, M1} on Y @ R, and any input state 0 € D(X @ R), we have

LT (My (@09 Tr) (0) + & T (My (€4 @ ) (o) <

1
5 5 + ZHQO - Q1||<>- (D4)

N[ =

Furthermore, if dim(R) > dim(X), the equality can be achieved by an appropriate choice of o and { My, M1 }.

Proof of Theorem 2. First, let us choose two states given by

pri=|A| £ A =1+ N)AT+(1F A", (D5)
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(a) (b)
p_
P Z_
. | CPTP s gt}
P 1, p.
«f (M)

FIG. 3. (a) Multiple copies of p together with a CPTP map induce a channel Q on the last input state. Here we demonstrate
the optimal method to distinguish two different induced channels O+, which is composed of first acting Q” on a subsystem
of a larger processed state 7 and measuring it using a two-outcome POVM measurement. (b) The channel discrimination task
shown in (a) is equivalent to a state discrimination task, as the CPTP map, the processed state 7, and the POVM measurement
{M;} can be considered as a large POVM {G'(M;)} acting on p$%. Note that G' is a completely positive unital map, thus
{GT(M;)} is a valid POVM.

where A is an element of the feasible region .# and 0 < A < 1. Note that ||A[|; = 1 and Tr(A) = 0 imply Tr(p+) =1,
and 0 < A < 1 implies p4+ > 0, together ensuring that p4 are valid quantum states. Denoting A = )" a, |ag)a,| as
the spectral decomposition of A, we have

P+ = Z (1 £ Nag [azXaz| + Z (1 F A (—az) [ow o] (D6)

T:a,>0 T:a,<0

Thus, the fidelity between p; and p_ is given by

Flps,p-) = (Z VTN - A>a3>

(D7)
(1-2?) (me) =1- )%
Denote R = R[N(A)] for brevity. Take ty = 535. We can compute the diamond norm distance as
H [e—wmm} _ {e—w(pfm]
<
_ —iN(p)tx] _ [p=iN(p-)tr H
B ([0 =[] e zeo|
_ N(p4)tx —iN(p-)tx H
=max | [0 )l — e [l -

=max 2 (1 — ‘<u| N (P1)tx g=iN (p-)tx u)r) ’
[u)

>}2>% —9.

The second equality of Eq. (D8) holds because [e’ZN “’”“} and [e’iN (p*)t*] are unitary channels. The fourth equality
of Eq. (D8) holds because

=2 (1 — min ‘<u| e
)

W(p+), N(p-)] = AN [N (A7), N(A7)] =0, (DY)

where the second equality follows from the fact that A € . By setting |u) = % (IL) +|S)), where |L) and

|S) are the eigenstates corresponding to the largest and smallest eigenvalues of AV(A), we can demonstrate that
2

(u|e™ >’ = 0. Hence, the last equality of Eq. (D8) holds.

Now for the non-physical map N, desired accuracy 1/3, and evolution time ¢y, suppose there exists a CPTP map
in the general protocol shown in Fig. 3(a) int the main text with K copies of the inputting state p, such that for all
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p € D(H), the diamond distance between the induced channel Qf and the target unitary channel [e_iN (”)“] satisfies

||Qp — [e’ZN (p)t*] H<> < 1/3. By selecting p+ as the inputting states for the general protocol, the diamond distance
between the channels induced by them satisfies

1o+ — -, EH {e—i/\/(w)tx} _ [e—iN(pf)tx}

_ HQP+ _ {B*i/\f(/u)tx}

_ HQ/L _ {e—i/\/(pf)tx}

According to Lemma 8, if we take an ancillary system R such that dim(R) = dim(K), then there exist a state
7€ D(K®R) and a POVM {My, M;} on L(K ® R) such that

o

(D10)

<

4
> —.
o 3

L (M (@ 9 Tr) (1) + ST (M1 (@ 9 Z) ()

_ L Lo ooy 50
Therefore, it is possible to distinguish between QP+ and QF-, thus also p4, with a success probability of at least 5/6
using just a single copy of Qf+ or QF-.

On the other hand, as shown in Fig. 3(b), the CPTP channel, the processed state 7, and the POVM operators can
be unified into a global POVM measurement acting on the multiple input states p, labeled as {GT(M;)};—o.1, where
G represents a new CPTP channel. Thus

(D11)

Tr (M; (Q° ® Ir) (1)) = Tr (GT (M;) p©F) (D12)
holds for i = 0,1 and all p € D(H). Combining Lemma 7, Eq. (D11), and Eq. (D12), we obtain
5 1 1
= < ST (G (Mo) p35) + 5 Tr (G (My) p2F)
6 2 2
) (D13)
®K _  ®K
< 14 Do e
This implies that
4
2 S oR5 = p2E || < 20/1 = F (025, p25)
3 ' \/ (D14)

=2\/1-F(py,p-)" =2¢/1— (1-2)F,

where the second inequality follows from the relation between trace distance and fidelity, and the first equality is
based on the property of fidelity [8]. We thus have

1\ ' log(1.8) 1 2log(1.8
K >log(1.8) (logl_)\2> > g<2 )F: ig )RQti, (D15)

where the second inequality holds for all A € (0,0.8]. Denote the constant as C' = 2log(1.8)/m2, by adjusting the
value of A within the range of (0,0.8], Eq. (D15) implies that for all t € 2%, 00), we have

far(1/3,t) > CR*. (D16)

To derive the lower bound for fus(e,t), we need to explore the properties of this function. Suppose a global circuit
shown in Fig. 3(a) in the main context can realize [e~*N(P)!] with e accuracy, meaning that |or — [e‘iN(p)t]H<> <e
According to the subadditivity of diamond distance, if we concatenate this global circuit for m times, we can realize
the evolution of [e~*V(P)™?] with accuracy me. This implies an important property of far(e,t):

Inv(me,mt) < mfa(e,t). (D17)

For all € € (0, 1] and t € [127¢, 00), we take m = [{], ensuring me < % and mt > 3%. Thus,

falest) 2o v (me,mt) 2 - (1/3,mi)

1

c (D18)
>—CR*(mt)* = CmR*t* > Ee—lR%Q,
m
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where the third inequality is based on Eq. (D16). The above equation holds for all A € .%#. By taking the maximum
value over the feasible region, we define

R ,Ia{leaéR NV(A)], (D19)
and obtain
C 1p20 —1p2,2
Ined) = SR 2 (R, (D20)
which holds for all € € (0, 3] and all ¢ € [15%’5700). O

It can be observed that Theorem 2 holds significance only if the feasible region .# exists. The following proposition
presents a sufficient condition for the non-emptiness of .%.

Proposition 2. For a Hermitian-preserving map N € T(H,K), suppose there exists a non-zero Hermitian matriz
P € L(H) such that N'(P) commutes with all matrices in the set {N'(M): M € L(H), M = M}, then the feasible
region % defined in Theorem 2 is non-empty.

Proof. If rank P = 1, we can select a positive matrix € L(H) whose non-zero eigenstates are orthogonal to the
non-zero eigenstate of P, one can check that

_ |7l Q

_ _ D21
2Py 2@l b2

is an element of .%.
For the case where rank P > 1 and P > 0 (P < 0), we can decompose P = P; + P, using two non-zero matrices P
and Py, where P, Py > 0 (P, P, < 0) and have orthogonal support. One can check that

il | P
A= — (D22)
2(1Puly 2[Rl
is an element of 7.
If both PT and P, the positive and negative parts of P, are non-zero, then one can check that
Pt P~
A= — (D23)
2[1P*ly 2Pl
is an element of .%. O

Consider the following two easily satisfied conditions:
1. NV is not injective,
2. dim(H) > dim(K).

If one of these conditions is satisfied, then the condition required by Proposition 2 is also satisfied, implying that
Z is non-empty. When N satisfies condition 1, we can choose a non-zero Hermitian matrix P € L(H) such that
N(P) =0. As a result, N(P) commutes with all matrices in L(K). On the other hand, when N satisfies condition
2, we only need to consider the case when dim(H) = dim(K) and N is injective, because otherwise N is not injective
and satisfies condition 1. In this case A is also surjective, so we can choose a non-zero Hermitian matrix P € L(H)
such that N(P) = Ix, and thus N (P) commutes with all matrices in L(K).

Note that when % is empty, Theorem 2 will yield the trivial lower bound far(e,t) > 0. However, for Hermitian-
preserving maps discussed in this paper, Theorem 2 can always provide meaningful lower bounds. The most challenging
condition to fulfill required by the feasible region .# is [N (A™), N(A7)] = 0. This condition is intended to facilitate
the computation of (u] N (p1)tx g=iN (p-)tx |u) in Eq. (D8). Alternatively, more powerful mathematical tools, such
as the Baker-Campbell-Hausdorff formula, can be employed to compute this quantity. Utilizing such tools has the
potential to eliminate the constraint [N'(AT),N(A7)] = 0 from the feasible region .# and derive improved lower
bounds for far(e,t).
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2. Example: inverting local amplitude damping noise channel

We now calculate the lower bound on the sample complexity for exponentiating the inverse channel of local amplitude
damping noise. Our analysis demonstrates that even with highly global protocols, mitigating the effects of local
amplitude damping noise requires an exponential sample complexity. The lower bound presented in this subsection
and the upper bound provided by Theorem 1 are asymptotically consistent for all variables: the desired accuracy e,
the evolution time ¢, the number of qubits n and the noise intensity . This result demonstrates that HME is an
asymptotically optimal protocol for exponentiating certain maps.

Let &, denote the single-qubit amplitude damping noise with a damping rate 0 < v < 1. It can be expressed as

(o) = EOUES + ElaEI, where
o = 10)0] + VT 7111 -
Eyr = (01

The inverse of £, acts as

sro-(3 2 )o (3 ) () (48)

Denote N, , := (Eﬁ?")_l = (5; 1)®n as the inverse of the n-qubit local amplitude damping channel we aim to
exponentiate.

To compute the lower bound for exponentiating N, ,,, we need to find an element in its feasible region. We observe
that

Ny (10X0]%™) = J0)0]™

oy (= ool ) (D26)
A1) = (225 10Kl + 2 i)

which implies that /\/’%n(|0><0|®n),/\/'%n(|1><1|®n)} = 0. One can show that A, := 3 [1X1|®" — 3 |0X0|®" is an element
of the feasible region .#. Acting N, , on A,, we obtain

1 _ n—|s| 1 [s] 1 n
Minld) =3 3 () (i) el g lonor o

5 () a3 (1) -3 oorem -

where |s| denote the number of 1’s in the string s. Since 0 < v < 1, we have
1 n 1 —’}/ n 1
— 2\1—~ 2 (D28)

which implies

fn, . (e,t) > Q (e‘l (1_17>2n t2> . (D29)

Through some straightforward calculations, we find that

= (1_17>n (D30)

2n
Therefore, according to Theorem 1, HME is a protocol with sample complexity O <el <#> t2>.

Ty
5.

1—ry
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Appendix E: Robustness
1. Robustness of HME

In practical situations, the performance of HME can be affected by various factors. For example, quantum devices
may exhibit unpredictable and unavoidable noise, and the realization of the Hamiltonian evolution e *#2* may be
inaccurate due to approximation errors in Hamiltonian simulation [9, 10]. Hence, the robustness of HME is another
important indicator that needs in-depth analysis. We mainly consider two kinds of errors, the input state error,
and the Hamiltonian error. These errors can lead to biases and variations in the input states and the evolution
Hamiltonians at each step. The error of HME caused by these factors can be bounded by:

Theorem 3 (Robustness). Suppose the input states and Hamiltonians of HME vary at each step, denoted as {p,}5_,
and {H}} |, If the number of steps satisfies K > 2t||H|| . and K > 2t|H} | for k = 1,--- K, then the dia-
mond distance between the noisy channel Q; constructed using {p} Y |, and {H,}_ | and the noiseless channel Q,
constructed using fized p and H, is bounded by

1Q; — Qull, < 4t (Dp + || H|| Ds) , (E1)

where Dy := + Zszl |Hj, — H||, and Dg := + Zszl llp), — pll, are the average divergences between the Hamiltoni-
ans and input states, respectively.

In practice, the difference between ||H|| and ||H || is relatively small and the condition || H|| ¢ > 1 is usually
satisfied. Thus, if we choose K = © (e_lHHHiOtQ), as requires in Theorem 1, the requirement of K > 2t/ H||_ and

K > 2t|Hy||, for k= 1,---, K can be naturally satisfied. In addition to the diversities of Hamiltonians and input
states, the error also depends on the norm of the evolution Hamiltonian. According to Eq. (E1), [[H||, acts as a
multiplier that amplifies the error caused by the diversity of input states. Similar to the sample complexity upper
bound, we can derive a better estimation of the robustness of certain maps by leveraging their specific properties. For
instance, in the case of the partial transposition map, the robustness is not related to ||[Hp||,,. We prove this in the
next section.

Proof. Likewise the proof of Theorem 1 in Appendix C 1, to derive the distance between the whole channel ||Q} — Q4||,

we need to first derive the distance of a step HQ}€ ar — Qatl||, where
Q. ac(") 1= Ty (72 @ I ) (pf, @ ) (42! @ T )| (E2)
with Hj, and pj, varying for each step, and
Q;s = Q/K,At © Q/K—l,At ©---0 Qll,At' (E3)

Then, for arbitrary reference system R and any state oxr € D(KR), we have

Q. At @ Ir(okr) — Qat ®IR(UICR)H1

={|Tr, [(e*iH’;At ®Ir)(p, @ oxcr ) (e HrAt @ Ir)] — Try [(e 72 @ Ir) (p ® oxcr) (e @ 1) H1

IN

Try [(e_iH’;At ®Ig)(p, @ UKR)(eiH’I“At ®Ig)] — Try [(e_iHAt @ Ig)(p}, @ oxcr) (A @ Iz)] Hl

|| T [T @ Tr) (o @ oxr) (A @ 1)) = Tra [(€7HA @ I (p 0 oxr) (A 9 IR)] | (E4)

IN

(78 @ ) (0}, @ oicm) (1441 @ ) — (672 @ T ) (4 © o) (€2 @ )|

[ [ 0 1R) (61 — ) @ o) (X 0 TR)] |

[efiH,;At] _ [efiHAt]

IN

| T e A 9 1R) () — ) © o) (74 @ Tw)] |

)
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where the last inequality is given by the definition of the diamond norm. Consider the first term of the last line, we

have

H [efiH,'cAt] _ [efiHAt]

<

<ONH| Y, — ]|, exp (At max (| H} . |H]..} )
<2VeAt||H; — H| .,
where the first inequality is given by Lemma 2, and the second inequality holds when
Atmax {||Hy|| ., | H| .} € (0,0.5].
The second term of the last equation of Eq. (E4) satisfies
| T [(e7 2 @ Tr) (4 = ) @ o) (72 @ Tw)] ||

o0

1 m
Z 3 |:ad(—i(H®]1R)At)((p;c -p)® UICR)}

m=0 ’

1

o)
1 m
<I1Tr [k = p) @ o)l + D 5 [ad smoneyan ((0h = ) @ oxcm)|
m=1 :

(o] 1 -
<D —QAHH|)™ (o — p) © oxrlly
m=1

=lf = pll, (21771 1)
AN H] Ik =

where the last inequality holds when At||H| € (0,0.5].
Combining Eq. (E4) (E5) (ET), we can conclude that

HQZ,M ®@Ir(okr) — Qat ®IR(UICR)||1
<At (2vel|Hy, — H||, + 4| HIl N0k = 2lly) »

which holds for all choices of R and oxr € D(KR). Thus we have

||Q2;7At - QAtH<>
<At (2Ve|Hy, — H| o, + A1 H| o llok — oll,) -

By the subadditivity property of diamond distance (Lemma 1), we have

K
19, = Qull, < 3 [1Qhas — Qaell,

k=1
1 & 1 &
<t (%/EK > |H;, — H|, +4l|H| o > ok - ph)
k=1 k=1
<4t (Dy + ||H|| . Ds) -

According to the derivation, the requirement for the validity of Eq. (E10) is that

t
max { | Hll o | Hills -+ il } <05,

that is, K > 2t||H||, and K > 2t|[H || for k=1,--- K.

(E5)

(E6)

(E7)

(E9)

(E10)

(E11)
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f 15dAHH 1HEE}H 1=daldpll,

Jr=as o[l imantan,

ﬁ
=] }a = lg umu l=dall ol

FIG. 4. Diagrams for the proof of Lemma 10, divided into five cases according to the values of k1 and k2. We denote p1 — p2
by Ap. Other cases, such as ‘61 = 0, k2 odd’ can be derived by taking the Hermitian conjugate of the derivations listed in the
figure. (a) k1 even, ko = 0. The last inequality is given by ||Tr2(Ap)" || = [ Tra(Ap)[l, < ITr2(Ap)[l; < |Ap]ly- (b) k1 odd,
ks = 0. The last inequality holds because |[(Ap)™ | < >, [\l |o¢i)<ozi|TAH <3 il = |Apll,, where Ap =Y, As Jau )]

is the spectral decomposition of Ap. (c) k1 even, k2 even. The first inequality is given by Lemma 9. (d) k1 odd, k2 odd. The
inequality is given by Lemma 9. (f) k1 odd, k2 even. The last inequality follows the derivation in (b).

2. Robustness for exponentiating the partial transposition map

For certain specific Hermitian-preserving maps, we can obtain more accurate estimations of the robustness of HME.
Again we use the partial transposition map as an example to illustrate this.

Proposition 3. Setting the Hamiltonian to be Hp = @: ® Sp, following the noise assumptions in Theorem 3, we
have

19 — Qill, < 4t (D + Ds). (E12)
To prove this proposition, we first need to present two lemmas, similar to what we have done in Appendix C 2.
Lemma 9. For P € L(H1 ® Ha) and Q € L(Hs ® H3), we have

1P+ Qll, < P[]l (E13)
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Proof. Let P =", \; |a; )| and Q = ", i |5;)(B;] be the spectral decomposition of P and @ respectively.

1P QI < D Il - Ll - llevi)e] + 18685111,

2%

<Dl Il = 1PILIQI,

2]
where the second inequality can be derived by Lemma 5.

Lemma 10. For non-negative integers k1 and ko such that k1 + ko > 1, we have
|0 [P @ 1) (01 = p2) @ o) (B 1)) |
< &3 o = pally

for any quantum states p1, p2 and oxR.

Proof. Denote p1 — pa by Ap for brevity. By Eq. (C11), when k; and k5 are odd, we have

(Hp ® 1) (Ap ® oxr) (Hp © Iz)™
=d5 72 (0h © Sp @ Ir)(Ap @ oxr)(Pf ® Sp @ Ir).

Taking partial trace on the first system and estimating the trace norm, we have

| Tr1 [(@% © Sp @ Ir)(Ap @ oxr)(®h ® Sp @ Ir)]||,
= [|La, ® [SApS x Trp(oxr )]l

= dal|[SApS * Trp(oxr)]l;

< da||SApS| | Trp(0)ll; < dallApll,

where the symbol S denotes the SWAP operator between the two systems on which the density matrix p

18

. We have

(E14)

(E15)

(E16)

(E17)

acts. The

tensor network derivation of this expression can be found in Fig. 4(d). The proofs of the other cases follow a similar

approach and are presented in Fig. 4.
Proof of Proposition 3. The second term of the last equation in Eq. (E4) satisfies
| T [(e7 2 @ L) (4 = ) © o) (572 @ )] ||
= 1
<X

<3 L]

m

Tr, [a(]l?l—i(ﬂp®H7z)At)(('O;€ —n® UKR)} Hl

Try [ad%PmR)((PZ —p)® UICR)] H1

Il
-

< F(2A0)™ Ay g, — ply

]38
I~

ol

= allpk = plly (225 —1)

< 4At||p, — pll;,

where the third inequality is given by Lemma 10, and the last inequality holds when d4At € (0,0.5].
Combining Eq. (E4), (E5) and (E18), we obtain

| Qk.at ® Ir(0kr) — Qat ®I72(0)c72)H1
<At (2vellHy — H| o, + 4oy, — pll,) »

O

(E18)

(E19)



332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

19

which holds for arbitrary R and oxr € D(KR). Thus by the definition and the subadditivity property of diamond
distance, we have

K
19 = Qully <Y [ Qhone — Qacll,

k=1

1 K / 1 K ) (EQO)
<t | 2vese Y IH; — Hlloo +472 Y llok = pll,
k=1 k=1
§4t(DH+Ds).
[

Appendix F: Entanglement Detection
1. A brief introduction to quantum phase estimation

To facilitate our subsequent discussions, we now give a brief introduction of the functions and properties of the
quantum phase estimation algorithm, which is employed to analyze the eigenvalue, ¢, and eigenstate of a given
unitary U [3, 11]. As depicted in Fig. 4(a) in the main context, the number of ancilla qubits is determined by the
desired estimation accuracy of target eigenvalues. While in some special cases when the binary representation of ¢ /27
has a finite length, a finite number of ancilla qubits can estimate ¢ accurately. If a sufficient number of ancilla qubits is
employed and the input state o is one of the eigenstates of U, measuring the ancilla qubits will yield the corresponding
eigenvalue of 0. While, if ¢ is not an eigenstate of U, the measurement of the ancilla qubits will randomly output one
of the eigenvalues of U and ¢ will collapse into the corresponding eigenstate, assuming no degeneracy. The probability
of obtaining some eigenvalue is proportional to the fidelity between o and the corresponding eigenstate.

2. Constant upper bound for the HME-based protocol

Theorem 4. Let Hgr =14 ® Sg — Sap, wherela, S, and Sap stand for the identity operator acting on two copies
of system A, SWAP operator acting on two copies of system B, and SWAP operator acting on two copies of the joint
system AB, respectively. Choosing t = w, the circuit depicted in Fig. 4(b) in the main context requires at most O(1)
copies of p to accomplish the task described in Fact 1 in the main context with a success probability of at least 2/3.

Proof. Let Py = {¢a®yp} and &1 = {1pap} be the sets of product pure states and global pure states, respectively.
An unknown state p is selected through the following procedure: first, one randomly chooses &, or &, with equal
probabilities, and then randomly selects a state from the chosen set according to the Haar measure. Our task is to
determine which set the unknown state belongs to, using multiple copies of this state.

To accomplish this state discrimination task, we utilize K + 1 copies of p to exponentiate the circuit depicted in
Fig. 4(b) in the main context for K sequential steps. Let QO be the channel constructed by HME to approximate

[C-efipRA”}. By using K = O(1) copies of p, we ensure that HQ" - [C—e’iPRA”}

ancilla qubit, if the outcome is |é) (i = 0,1), we infer that p belongs to the set &;.
Let us first consider the case when p = ¥ap € #;. Define

‘ < 1/12. Upon measuring the
o

2= [C-e P (14)+ @ )

(F1)
Y = QVAB (|4 )X+ ® Yap).
As eVaB™ =] — 2p45, ¥ can be written in a block matrix form as
2 =[C-(I - 2¢ap)] ([+X+| ® Yan)
_ L Yap —vasn (F2)
2 |~YaB vYaB |’

Upon measuring the ancilla qubit of ¥ in the Pauli-X basis, we have

Tr [(|-X—|®1)%] = Te(Yap) = 1, (F3)
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This indicates that we will certainly obtain the measurement result |1).

By Lemma 2, we have

H |:C_e—i(¢AB)RA7T:| — [C-e¥an]
:H [64(|1><1|®<wAB>RA)ﬂ} _ [ei(\1><1|®¢AB)7T]

<or||(ap) ™ + Pan|
exp (77 max { || (¥ ap) "4 o |WAB||OO}>

<L2me” |14 ® Tra(Yap) — Yap +
=2me™ | Tra(YaB)| o

where the second inequality follows from

|(as)™ | = T4 @ Tra(®ap) — Yasllo
<max {||Ia ® Tra($ap) o [Yapllo} =1

&

(o

(F4)

Va8

The average purity of the reduced density matrix Tra(4p) is known to satisfy [12]

E

wABNHaar

da+dp 2\/(}

Tr [Tra(¢ap)’] =

- (F6)

dadp +1 d+1’

where the last equality holds because we take d4 = dg = v/d for simplicity. Note that

’(Z)AB ~Haar

Tra(¥ap)llo E

1/) B~Haar

Tr[Tra(as)?]

g\/ E
wABNHaar

(F7)
Tr[Tra(vas)?],

where the second inequality follows from Jensen’s inequality. Thus, we have

E

Tra(¥aB)|l — 0, as d = oo. (F8)

P ap~Haar

When d is sufficiently large, by Markov’s inequality, we can guarantee | Tra(¢ap)| ., < (2me™) ™! /12 with a probability
of at least 4/5. Thus, with a probability of at least 4/5, we have

Combined with

we obtain

H [C_e—i(wAB)RAﬂ.} _ [C_eiwABTr] . <1/12. (F9)
HQwAB _ [C_e—iwm’“w} (<112, (F10)
|Q'¢'AB _ [C_ei’l/)ABﬂ'} Ho < 1/6_ (F11)

According to the definition of the diamond distance, we have | ¥/ —

¥|l; £1/6. By Lemma 3, we know

| T [(1-X- @ L)) = T [(-X-| @ 1)) | < 1/6. (F12)

Combined with Eq. (F3), we have Tr [(|-)—| ® I5)¥’] > 5/6. Now we can conclude that

v
(SR

P

>Pr |Eq. (F11) holds ’p € 2|

P

(

r [obtam [1) |p € @1]
[
[

r [obtain [1) |[Eq. (F11) holds, p € 2] (F13)

D
- =

2

3
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On the other hand, when p = ¢4 ® ¥ g, we denote

I:= {C—e‘i(w*‘@’w’?)m”] ([4X+| @ ¥a @ ¥p),
[V := QVA®YE (|4 )(4| @ Y4 ® ).

It can be observed that

e—i(¢A®wB)RA7T = ¢~ Ma—va)®Yp)T _ I, — 211,

21

(F14)

(F15)

where IT = (I4 — ¥4) ® ¥ is a projector that satisfies II(1)4 ® ¥g) = (¥4 @ ¥p)II = 0. This leads to the expression

of T" as follows:

r_1|Va®vp Ya@isp
2 (Ya®Yp YaRyYp|’

which satisfies the property
Tr [([+X+ ® Ta)T] = Te(va ® ¢ip) = 1.
Since we have

H QTPA@wB _ [C_e—i(¢4®¢B)RA7T}

< 1/12,
it follows that
‘Tr [([+)X+] @ Lg)T'] = T [([4-)X+] ®Hd)r]‘ <1/12.

Combined with Eq. (F17), we can deduce that

Pr [obtain [0)|p € 2] > %

Combining the above derivations, the probability of successfully distinguishing the sets satisfies

Pr [success| =Pr [p € 2] Pr [obtain |0) |p € 2]
+Pr [p € 2] Pr[obtain |1) |p € 2]
1 11 1 2
>- .4 .2
2 3

=2 12 -

2
3

(F16)

(F17)

(F18)

(F19)

(F20)

(F21)



384

385

386

387

388

389

390

391

392

393

394

395

396

397

22

Appendix G: Entanglement Quantification

1. HME-based negativity estimation algorithm

Algorithm 1 Negativity Estimation

Input: The measurement accuracy €, the failure probability d, the system dimension d = dadg.
Output: An estimation N(p) of N(p).

1: fori =1 to M do

2 Randomly sample an integer [ according to the probability distribution {p(l) = ﬁ}[’il.
3 if 1> L=[2L + 3] then

4: Set Xl =0.

5 else -

6 Run the quantum circuit shown in Fig. 4(c) in the main context to realize the C-e~**"** operation for t = 2/ — 1 up

to an error of %5 using K (I) copies of p.

7: if The measurement result of ancilla qubit is |0) then

8: Set Xz = —g .

9: else
10: Set X; = +2d.
11: end if
12: end if
13: end for

14: Set X = MedianOﬂ\/Ieans(Xl, e ,XM).
15: Output N(p) = 1 (gd-ﬁ-X — 1).

2. Sample complexity of HME-based negativity estimation protocol

Theorem 5. One needs an expected number of O (10g(5‘1)6_3d2d,4”pTA H1) copies of p to ensure |N(p) — N(p)| < e

with a probability of at least 1 — §. Here, the O notation suppresses logarithmic expressions for d and €. Besides,
the sampling times scales as M = O (log(é_l)e_QdeTAHl), and the copies of p needed in a single run of circuit in

Fig. 4(c) of the main context when setting t = (21 — 1) scales as K (1) = O(e~1ddl).
Proof. The Fourier series of || on [—m, 7] is given by
T (oo}
ol = 5 +;a2n_1cos((2n— D), (G1)

where ag,_ = Then the trace norm of p”4 is given by

4
w(2n—1)2"

[o"4]l, = Te(|p™])

=Tr gl[d + Z A2p—1 cos((2n - 1)pTA)

n=1

:gd + Z azn—1 Tr [cos((2n — 1)p™)] .

n=1

(G2)

Let 7(27=1) be the state of the ancilla qubit before the Pauli-X basis measurement when the evolution time ¢ is set
to t = 2n — 1 in the right circuit shown in Fig. 4(c) in the main context. Correspondingly, let 7(2n=1) be the state
of the ancilla qubit before the Pauli-X basis measurement in the left circuit shown in Fig. 4(c) in the main context.
Note that

Tr(T(Q"_l)X) = éTr [cos((2n — 1)pTA)] . (G3)

Now, we truncate the series in Eq. (G2) and consider only the first L terms to avoid divergence. We estimate the



398

399

400

401

402

403

405

406

407

408

absolute value of the sum of the discarded terms as follows:

To ensure that W

we will specify later.

Our goal is to estimate the sum

< €1, we choose L =

Z azn—1 Tt [cos((2n — 1)p™)] |

n=L+1

< i |a2n,1|‘ Tr [cos((2n — 1)p™)] ‘

n=L+1

oo

4d 1
<= [
<5 2 (2n —1)?

n=L+1

1
. @1
2d

dzx

T(2L-D)r

23

(G4)

f%defl + %1 Here, €; represents the truncation error threshold, which

Z azn—1 Tr [cos((2n — 1)p™)]

n=1

(G3)

up to an error of es. To achieve this, we introduce a new random variable X, with the following probabilities for its

values:

e —7d with probability

e 7d with probability

e 0 with probability

L 8
e (2n—1)
Z7r2(2n—1)2 T

n=

—

L 8
§ 2 g +@n=1)
m2(2n — 1)2 (=l =

n=

—

oo

8
L= Z m2(2n — 1)2°

n=L+1

The random variable X serves as a good estimator for Eq. (G5) because its expected value is

Correspondingly, we introduce a random variable §~§, with the following probabilities for its values:

L
T 8
_ = (2n—1)
2d<z m2(2n — 1)2 (+ 7 +)

n=1
L

n=1
L

T 8 n—
§d7; w2(2n — 1)2 Tr (7(2 DX)

L
Z azn—1 Tr [cos((2n —l)pTA)].
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409 e —5d with probability
L 8
Z 72(2n — 1) (+17 V14, (G10)
n=1
410 e 5d with probability
L 8
Z 72(2n — 1)2 <_| Fen-1) =), (G11)
n=1
an e 0 with probability
- 8
1-— T S—— G12
2, 7T @

a2 The bias between the random variables X and X is given by

[EX] - EX]|
I (G13)
4d
< ~(2n—-1) _ (2n—1) ‘
_; m(2n — I)Q‘TY(T X) Tr<7' X)
a3 To sample the random variable §§, we first sample a random integer [ according to the probability distribution

8 (o]
(0= o, e

as If 1> L+ 1, we set X = 0. Otherwise, we use HME to generate the state 72=1)_ and then perform a measurement

s in the Pauli-X basis. Set X = — 7% d if the measurement outcome is |+), set X = +5d if the measurement outcome is
416 |_>.
a7 Forn=1,---,L, we set
m(2n — 1) €2
nol = —=. G15
2l S0  log(2L — 1)) d (G15)
i(2n—1)pTa

as We use HME to approximate the controlled-e™ operation with a precision of es,_1. This precision ensures
that ||7(2n—1) — 7(n=1) Hl < e2,—1. By applying Lemma 3, we bound the absolute difference between Tr(7("~1X)

20 and Tr(T(Q"_l)X) as:

4

=
©

’Tr (F(Q”*UX) - Tr(T@”*l)X)‘ < eon_1. (G16)

a1 Therefore, the bias between X and X is bounded by

L
= 4d
E[X] — E[X ‘ <SS
B - BX]| < ) o e
n=1
L
262 1
_ G17
2+log(2L71);2n71 (G17)
¢ L
— |1 dr | = es.
2 flog(2L — 1) ( +/1 2% —1 x) €
a2 We sample X for M times and obtain independent and identically distributed random variables §~§1, e ,§~§ M- Now,

w23 let’s estimate the required value of M to ensure the desired accuracy and success probability. To do so, we need to
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2 estimate the variance of X, denoted as Var[X]. Note that
< 7r
B - (-39)
4&@—EK”+WK}(—%O

oo (G18)
<ez + HpTAHl — Z azn—1 Tr [cos((2n — l)pTA)]‘
n=L+1
<er+ ]|, +er
s Thus, we have
Var[X] = E[X?] — E[X]?
2 72 2 72
2, md 12 md
S‘E[X ] 4 + ’E[X] 1 ’
md? & 8 ~ mdl|| .~ wd (G19)
‘4Z7ﬂ%_w+ﬁm‘2ﬁm+g
n=L+1
<Tadtmd ([0, +a +e) =0 (dlo),).
»s  where the last inequality is given by
> 1 TEL
— <, (G20)
HZEL:H (2n—1)2 = 4d

w27 which is guaranteed by our previous choice of L. Since Var[g] is upper bounded by O (dH pla Hl), we can use the
w28 following lemma to bound the number of samples required.

2 Lemma 11. Suppose we aim to estimate the expectation value E[R] of a random variable R with finite variance, using
w0 independently drawn samples Ry, --- , Ry from its distribution. Then by employing the median of means estimation
a method and taking M = O (log (5*1) Var[R]e*Q), we can guarantee

‘ MedianOfMeans(Ry, - ,Ry) —E[R]| < € (G21)
2 with a probability of at least 1 — 6.
233 According to Lemma 11, to estimate E[X] with accuracy €3 and a success probability of at least 1 — 4, it suffices to
s sample X for M = O (log(6~1)d||p™ ||1€3_2) times.
235 By Proposition 1, the expected number of p required for a single sampling of X is

(ezl 1da(20—1) )]

[0
L 2(2+log(2L — 1)) d
2 72( 2z —1)2 ( m(20—1) 62> da(2l - 1)°

=1

" ( (2 + log(2L — 1))) (G22)
(

E
~p(-)

=0

ey 20— 1

3
8 d
3

e— (2 + log(2L — 1))2)

Ldd s log(L )
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436 We take €1 = €9 = €3 = % Now, with a success probability of at least 1 — §, we have
‘ (gd + MedianOﬂ\/Ieans(Xl, e ,XM)) - HPTA Hl‘
g‘MedianOﬂ\/Ieans(Xl, LX) — E[X]‘

(G23)
+ [B% - Bx)| + | (3d + BXT) - |07

<€z + €2 + €1 = 2e.

Tal|l _1
w7 Thus, we can estimate H pla H1 to an accuracy of 2¢, which allows us to determine N(p) = M to an accuracy
s of €.
239 Putting everything together, the expectation value of the total number of copies of p we need is
M E [O(ey",da(2l —1)%)]
l~p(-)
=0 (log(67")d||p"™ || ,e5°) © (ez_lddA log(L)2)
(G24)
=0 (log(é_l)e_?’deAHpTA H1 1og(e_1d)2)
=0 (log(57") e *d®dal|p™ ) .
a0 here the notation (5, suppresses logarithmic factors of d and e. O]
a1 3. Comparison with tomography-based negativity estimation protocols
a2 To make a comparison with other negativity estimation protocols, we now discuss several properties of entanglement
a3 negativity. We first show that HpTA Hl < da. Let |¢) be ad = d4 xdp dimensional pure state with Schmidt coefficients
ws 81 >+ >384, > 0. According to Lemma 1 in [5], we have
T
[lxat™ ||, = (51 4+ + sa0)”. (G25)

ws  Since s+ -+ 57, =1, it follows that H|1/J>(1l)\TA

us  p, then we have

) <da. Let p = Zle i |1:)w;| be the spectral decomposition of

d
™11, = |20 X lwawal ™
= ! (G26)
Z 1/11 TA S dA~

aa7 We then show that for all d-diamonsional states p; and p, the following inequality holds:

IN(p1) — N(p2)| < g\\m = p2|ly- (G27)

4

=
3

Let py — pa = Zf:l i |@i)X@;i| be the spectral decomposition of p; — pa, then

IN(p1) — N(p2)| Q‘Hp

TA
- HP2

1
§§HP1TA —pat

1A
S*ZM‘\
=1

= o i,

0 (G28)
7”01 = p2ll;

)| . <

d
§7||P1—P2||1-
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As mentioned before, a straightforward negativity estimation protocol is to first generate an estimation of p using
quantum state tomography and then compute the negativity based on it. Quantum state tomography uses multiple
copies of p to learn a classical description p such that ||p — p||; < e. The sample complexity of quantum state
tomography using single-copy measurements is proved to be ©(e~2d?) [13, 14]. It seems that this single-copy strategy
has a lower sample complexity than the HME-based protocol.

However, accurately learning a quantum state in trace distance is not equivalent to accurately estimating nega-
tivity. This is due to the relation |N(p1) — N(p2)| < @le — p2|l; we derived before, where the equal sign can be
asymptotically satisfied. Therefore, if one wants to estimate the negativity of any state to € accuracy, an accuracy of
O(e/ \/ZZ) in trace distance for state tomography is required. Substituting this into the complexity of quantum state
tomography, the complexity of this tomography-based negativity estimation protocol scales as ©(e~2d?*), which is
higher than that of the HME-based protocol.

Furthermore, calculating the negativity from the classical description of p requires conducting spectral decomposi-
tion of an exponentially large matrix, leading to requirements for exponentially large computational time and classical
memory. While in the HME-based protocol, the number of classical calculations, O(M), is much lower than that
of the spectral decomposition. Besides, the classical memory requirement of Algorithm 1 mainly comes from the
subroutine MedianOfMeans, which scales logarithmically with d.

4. Sample complexity lower bound for estimating negativity

The exponential sample complexity of estimating negativity is unavoidable, even with highly joint operations. Based
on the Holevo-Helstrom theorem, we prove that:

Proposition 4. If there exists a protocol that can estimate N(p) to € accuracy with a probability of at least 2/3 for
any state p, the worst case sample complexity is lower bounded by Q(e~2d), where d is the dimension of the Hilbert

space for p.
Proof. Consider the case when d4 = dp = vV/d. We define p(z) as follows:

1 1
p(x) = xﬁiﬁ +(1- :U)a]ld, (G29)

where @1 is the unnormalized maximally entangled state. This state provides an example that the difference in
negativity will be exponentially larger than the difference in trace distance. For = > Tl\/g’ we have

vd 1 1-=z
2 2 2vd'

the difference in negativity will be

Nlp(a)] = « (G30)

_1

Thus, when 1 > zo > v

Nlp(a1)] — Nlp(as)] = (“f - 2\1@) (21— 2). (G31)

While at the same time,
1
Iote) = pten)ll, =2 (1= 3 ) (01— ). (@2)

Now we use p(z) to prove Proposition 4. For 0 < z1, 29 < 1, the fidelity between p(x1) and p(x2) can be lower
bounded as

F(p(x1), p(x2))

\/<$1 (- xl);) <z2 . x2)61i>

+ (d- 1)\/(1 —ap)(1 - xz)H

(G33)

> [vams + VT e -]
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where the inequality holds for all 0 < z1,25 < 1 and all dimension d. Taking A = 6e/ Vi,
Vd 1
N[p(1/2+X)] — N[p(1/2)] =X — — —= | > 2.5¢ G34
[p(1/2+ X)] = Np(1/2)] (2 Wi (G34)

holds when d > 6. Thus, if we can estimate N(p) to an accuracy of € with a success probability of at least 2/3 using
K copies of the unknown state p, then we can distinguish between p(1/2+ \) and p(1/2) with a probability of at least

2/3 using K copies of p. By Eq. (G33), we have
2
e v
4 2 4 2 (G35)

>1—2)\2,

F(p(1/2+ ), p(1/2)) >

where the second inequality holds for all A € (0,1/2].
By Lemma 7, in order to distinguish between p(1/2 + \) and p(1/2) with a probability of at least 2/3 using K
copies of the unknown state, K must be large enough to make sure

lo(1/2 + 225 — p(1/2)2K]|, > 2. (G:36)

Note that
lo(1/2+ XK — p(1/2)%K |,

gz\/l — F(p(1/2 + M@K, p(1/2)0K)

(G37)
K
—2\/1— F(p(1/2 4 A, p(1/2))
<24/1— (1 =2X2)K,
Combine Eq. (G36) and (G37), K must satisfies
-1
9 1
> z -
K_log(8>log(1_2>\2)
9} 1 (G38)
> log (g) e
>Q (A% =Q(e2d),
where the second inequality holds when A € (0,1/2]. O
Appendix H: Quantum Noiseless State Recovery
1. Sample complexity
Theorem 6. Let £ be an invertible noise map. Denote Hg—1 := Az:l,l as the Hamiltonian corresponding to

the inverse noise channel, and let F := (|0 |¢) be the fidelity between |)X1| and o. Then we need at most
O (log(é‘l)e_lF_2||Hg_1 ||Zo> copies of E(JY)X]) to approzimately produce |Y)Xy| with trace distance smaller than e

and a success probability at least 1 — § using the circuit shown in Fig. 5 of the main context.

Proof. We use Q to represent the channel constructed by HME, which approximates the channel [C-e=*7]. We select

the number of sequential operations K = O(¢~!||Hg-1 ||Zo) to guarantee || Q — [C-e~"7] H<> < €, where € represents an
error threshold that will be further defined in our analysis. Let

Y= [C—e_w”] ([+X+| ® o),

, (H1)
5= 9+ ) 4+ ® o),
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by definition of diamond distance, we have ||X' — X||; < €. After measuring the ancilla qubit of ¥’ in the Pauli-X
basis and obtaining the outcome |—), the state evolves into

(K-l W (Nl 9 )
TC( T[N @ 102 ) (12

which closely approximates 1. Note that
Fo=Tr [(| =)~ ®14)%] (H3)
is the probability of obtaining the measurement result |—). By Lemma 3, we can observe that
y
=| T (Xl e )] - T [(-X-| e L) (H4)
<2 -2], <&
where
F=Tr[(|-X-|®1)xZ] = (¥ |¢) (H5)
is the fidelity between the initial state o and the target noiseless state ). We have
T, <<|—><T—| ©L)¥(-)-| @ Hd>> _ ol
e (X 1] 1
)

N <<|—><—|®Hd 2’<|—><—|®Hd>> o <<|—><—|@Hd>z<|—><—|®ﬂd>>
U m[(-X-leL)y] U m[(-X-leLs]

1

=T (X @ L) () @ 1)) — 25 Tre (14| @ WS (=)~ @ 1)

IN

1 (H6)

; H;T (1-X-1 121X~ © 1) ~ 3 Tre (1-4-| @ W)S(-)~| @ 1))

1

(=Xl 9T - NI-X- 812, + |3 - 5

T (X1 8 L)Z(-X-| @ 1)) |

!
€ € 2€ 2¢
= <

In order to guarantee

<€ (HT)

T, <<|—><—| ® L)Y (|-)-| ® L)

Tr [(|—X~| ® 14)3] ) = [¥)

for some given error threshold e, we can take € = Fe/3. Thus, O(e 1F~||Hg ||io) copies of p are sufficient for us to
get ¢ up to an error of € when the post-selection succeeds.

We repeatedly run the circuit shown in Fig. 5 in the main context for m times to increase the success probability
tol—(1—F')™. To ensure 1 — (1 — F')™ > 1 — 4, it suffices to take

= ’Vlog(él) 1og(1_1F,)ﬂ (HS)

=0 (log(671)F'~1) = O (log(6 ") F ).
Thus, the total number of copies of p we need to achieve a success probability of at least 1 — d is

0 <log(5*1)e’1F’2|\H571 ||§o) . (H9)
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2. Comparison with quantum error correction and mitigation

We should acknowledge that, in comparison to the well-developed quantum error correction and mitigation proto-
cols, quantum noiseless state recovery still faces significant challenges. The exponentiation of quantum noiseless state
recovery relies on rigorous assumptions, such as having precise knowledge of the noise channel to determine the Hamil-
tonian and an efficient method for exponentiating controlled Hamiltonian evolution. To apply quantum noiseless state
recovery in practical scenarios, many efforts should be made to enhance its practicality. However, quantum noiseless
state recovery exhibits fundamental differences from quantum error correction and mitigation, which may provide
inspiration for alternative error management protocols. Therefore, a deeper understanding of the characteristics of
quantum noiseless state recovery is meaningful.

Quantum noiseless state recovery combines the starting point of quantum error mitigation and the target of quantum
error correction. When considering the state of processing, quantum noiseless state recovery is closer to quantum error
mitigation, as it deals with states that have already been affected by noises. In contrast, quantum error correction
begins with noiseless states and protects them from the influence of noises. Regarding the target, quantum noiseless
state recovery aligns more closely with quantum error correction since both aim to recover the noiseless state rather
than solely the noiseless expectation values. For a clearer comparison, we present a summary of the distinctive features
of these methods in Table I.

‘ QEC ‘ QEM ‘ QNSR
Main Technique Encoding and| Statistical |HME and Quantum
Decoding Methods Phase Estimation
State of Processing| Noiseless Noisy Noisy
Target State Expectation State
. Recovery | Value Recovery Recovery
Qubit Overhead High Low Moderate
Sample Complexity | Polynomial Exponential Exponential
General Noise No Yes Yes

TABLE 1. The comparison of QEC (quantum error correction), QEM (quantum error mitigation), and QNSR (quantum
noiseless state recovery).

In terms of qubit overhead, quantum noiseless state recovery also falls between quantum error correction and
mitigation. For the circuit of quantum noiseless state recovery, as shown in Fig. 5 in the main context, a system with
(2n+ 1) qubits can be utilized to recover a n-qubit noiseless state. In comparison, typical error correction codes such
as the surface code or concatenated code [15, 16] may require a much larger number of ancilla qubits to protect a
single logical qubit. Whereas, quantum error mitigation only requires a small number of ancilla qubits, but is thus
limited to recovering the noiseless expectation values. It is worth noting that the ability to recover quantum states,
rather than solely retrieving expectation values, offers several advantages [17]. For instance, in applications such as
quantum storage, the primary goal is to obtain noise-free quantum states. Additionally, in practical scenarios such
as the Shor algorithm [18] and quantum key distribution [19, 20], noiseless states are required to obtain single-shot
measurement results instead of just expectation values.

Both quantum error mitigation and quantum noiseless state recovery suffer from higher sample complexities com-
pared to quantum error correction. The presence of single-qubit independent noise poses a significant challenge for
quantum devices by greatly limiting their ability to demonstrate quantum advantages and solve practical problems
[21]. Studies have revealed that for independent single-qubit noises, the sample complexity of quantum error mitiga-
tion has an exponential lower bound [22, 23]. Unfortunately, quantum noiseless state recovery faces the same difficulty
in this regard. Based on Theorem 2, we prove that:

Corollary 1. Let £%™ be an n-qubit noise channel, which is the n-fold tensor product of single-qubit invertible

and non-unitary noise channel £. Then, the sample complezity of realizing controlled-e= € D" (Ot eyolution to an
accuracy of € in diamond distance has an exponential lower bound, K > e~ 1292

Proof. In this section, let M, := %(Hg +r-0) be the Bloch representation of a two-dimensional Hermitian matrix, where
r = (z,y,2) € R? is the Bloch vector of My, and o = (01,02,03) = (X,Y, 7). Additionally, ||| = /22 + 32 + 22
represents the norm of r, D? = {(z,y, 2) : 22 + y? + 22 < 1} represents the closed unit ball in R3, and S? = {(x,y, 2) :
22 + y? + 2% = 1} represents the unit sphere.

The action of a trace-preserving map in the Bloch representation can always be expressed as an affine map [8],
which maps one ellipsoid to another ellipsoid. Note that affine maps preserve antipodal points of ellipsoids. We
use the notation £ to refer to both the CPTP noise channel and the corresponding affine map on R3. If £ is not a

unitary channel, it maps some pure state on S? to the interior of D3. Consequently, £(D?) C D?, which implies that
D3 C £71(D3).
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In the following, we will discuss two cases separately: when £ is a unital map, and when it is not a unital map.

If € is a unital map, then (0,0,0) is the fixed point of £. Since D3 C £71(D3), we can choose My, € £71(5?)
such that ||r|| > 1. Besides, the two pure states, |¢4)9+| := E(My,), are orthogonal since their Bloch vectors are
antipodal points on S2. Let the spectral decomposition of M., be

1+
My, = LI

where |w;) and |ws) are two orthonormal pure states that are determined by r. One can show that

o]+ 2 (H10)

1 n 1 n
Ay = 3 [y N | — 3 - Yp_|? (H11)
is an element of the feasible region %, as [M,,, M_,] = 0. Acting N,, := (£71)®" on A,,, we have
1 n 1 n
ML(An) = §(M+r)® - §(M—r)®

=5 [ (S5 T o (112)

% [(1 2||r||>" B (1 +2||r||>”] IRV

Thus we have

- K1_2”>‘< +2|r”ﬂ (H13)

vV
2
N
N

—
vo| -
=
S~
N

Since 1+THrH > 1, Theorem 2 implies that the sample complexity K for realizing e~ *Nn ()t

bound of K > ¢ 12%(n)¢2,
When £ is not a unital map, then £7! is also not a unital map. Denote 5’1(%) = M., then the center of the
ellipsoid £71(D3) is given by c. The line passing through (0,0,0) and c intersects the ellipsoid plane £~1(S?) at

two points s and t, which are antipodal points on £71(S5?) and satisfy t = —%s. Without loss of generality, we

assume that |[s|| > ||t||. Denote |4 )¢+ | := E(Ms) and |¢p_Né_| := E(My), they are antipodal pure states on S2, thus
(¢p4+]|¢d—) = 0. Let the spectral decomposition of Mg and My be

with accuracy € has a lower

14 ||s 1—|Is
My = 2 4 2B oy
L Il L sl )
My = ——— |v2)(va| + —— [v1)(wn],
2 2
where |v1) and |vg) are orthonormal pure states that are determined by s. One can show that
1 no 1 n
Bn =35 |64 N4 " — 3 6-Xo-|® (H15)

is an element of the feasible region .%, as [Ms, Mg] = 0. Acting N,, on B,,, we have

Nn(Bn = 1(JMS)@H - %(Mt)(gm

)
=3 [ () ()T o (H16)
1
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Thus we have
R.> RN, (By)] > Q (<1+2”S) > . (H17)

Since HT”S” > 1, Theorem 2 implies that the sample complexity K for realizing e~ Nn(P)t with accuracy € has a lower

bound of K > e~ 128(n)y2,
Finally, note that

Coe—Nn(p)t _ e—i\l)(lb@Nn(p)t? (H18)
and |1)(1], ® N,(p) has the same spectrum as N, (p). Based on this observation, we can easily demonstrate that
realizing controlled-e~*V»(P)? with accuracy e also has a lower bound of K > e~ 1292, O

It is important to emphasize that the higher sample complexity of quantum noiseless state recovery compared
to quantum error correction does not solely stem from the fact that quantum noiseless state recovery uses fewer
ancilla qubits. While both methods aim to obtain the noiseless state, quantum noiseless state recovery faces a more
challenging task: recovering the noiseless quantum state from noisy states instead of protecting noiseless states from
noises. As local noises will exponentially reduce the distinguishability of quantum states, recovery from noisy states
will encounter exponential sample complexities, as suggested by the spirit of the Holevo-Helstrom theorem.

In practice, quantum noiseless state recovery excels in handling certain types of noises that pose challenges for
quantum error correction. For instance, leakage error is a significant challenge for some quantum platforms [24], which
occurs when the target system possesses a hidden space, and the quantum state may leak out of the computational
space. Detecting and operating on the hidden space is typically challenging, making it difficult for quantum error
correction to handle leakage errors effectively. In contrast, quantum noiseless state recovery can naturally handle such
non-trace-preserving errors, as its inverse map is also Hermitian-preserving.

Appendix I: Other Applications

Although not as evident as in entanglement detection and noiseless state recovery, Hermitian-preserving maps
actually emerge in a wide range of quantum information tasks. In this section, we will explore several other examples,
such as expectation value measurements, quantum imaginary time evolution, and linear combinations of unitaries,
where HME can be effectively applied.

1. Expectation value measurements

Except for protocols such as randomized measurements [25-27] and shadow tomography [28], which either require
exponential repetition times or joint operations, we typically employ two methods to efficiently estimate the expec-
tation value of a single observable, Tr(Op). The first method is based on the fundamental principles of quantum
mechanics. Suppose O can be diagonalized as O = VOAOVOT, where Vo and Ao are unitary and diagonal matrices,

respectively. In this case, we can evolve the state p using Vg, measure it in the computational basis multiple times,
and use these measurement results to estimate Tr(Op) = Tr (AOV(;pVO) The circuit for this method is shown in
Fig. 5(a). The second method is based on embedding the observable into a unitary Up. A common embedding
technique is based on the textbook result O = %(UO +U, (T)) With this embedding, we can perform the Hadamard

test circuit shown in Fig. 5(b) using a controlled-Up operation to acquire the value of Tr {(UO + Ug) p} . This method

is particularly efficient when O is not only Hermitian but also unitary in certain scenarios.

In certain practical scenarios, O may correspond to a sparse or intrinsic Hamiltonian of physical systems. In such
cases, implementing Vp and Up may still require deep quantum circuits [29] as they do not exploit the structure
information of O. While, the implementation of e7*°* and controlled-e~*©* evolutions can be quite efficient, with
methods such as Hamiltonian simulation protocols [9, 10, 30] or Hilbert space enlargement techniques [31, 32].

An intriguing observation is that Tr(Op) is also a Hermitian-preserving map that acts on p since Tr(Op) is a
real number. This suggests the possibility of conducting observable measurements through HME. To facilitate this
application, we can define a new map Npo(p) = Tr(Op) |1)X1], where the output space is a single-qubit Hilbert space
and |1) is one of the basis states in this space. According to Theorem 1 in the main context, the Hamiltonian for
exponentiating Np is Ho = O ® [1)(1], and the evolution of e~*#o? is actually the controlled-e~*?* operation. With



613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634
635
636
637
638
639
640
641
642
643
644
645

33

@ ® 1o -fi}H {7k
PV A —
pP—Vo—

‘°’l°> T

p_e—iOAt_|p_e—i0At_| p_e—iOAt_|

FIG. 5. The circuits of three direct expectation value measurement methods, where all the measurements are conducted in the
Z basis. (a) Vo is the unitary that diagonalizes O. (b) Uo is obtained by decomposing O as O = %(U@ +U}), and H
represents the Hadamard gate. (c) The circuit utilizes HME to perform the observable measurement, utilizing controlled-e 04

operations.

this Hamiltonian, HME enables the encoding of expectation values into relative phases of reference states. By setting
the evolved state as |[+) = %QO) +11)), as shown in Fig. 5(c), the evolved state will approximately become

—iTr(Op)t|1)(1] — —iTr(Op)t
e |+) 7 (|0> +e |1>) : (1)

Subsequently, one can measure the evolved state in the Pauli basis to extract the value of tr(Op). By defining a new
map as N(p) = >, Tr(O;p) |i)(i| and setting the evolved state to be a higher-dimensional coherent state, HME can
encode multiple expectation values simultaneously. This HME-based phase encoding operation may also exhibit some
advantages for other applications such as gradient estimation [33, 34].

2. Completely positive maps without trace preservation

Until now, most of the non-physical maps we have discussed, including positive maps, inverse maps of noise channels,
and phase encoding maps, violate the complete positivity requirements for quantum channels. However, there also
exist some completely positive but not trace-preserving maps that play important roles in quantum information
processing tasks. One important example is the map A (p) = PpP', where P can be an arbitrary rectangular matrix.
In the task of linear combination of unitaries [30], the matrix P is chosen as the sum of several unitaries, allowing for
producing an arbitrary pure state or realizing a desired Hamiltonian evolution. Additionally, in quantum imaginary
time evolution [35-37], P is set as e # where 3 represents the inverse temperature and H is a Hamiltonian. By
increasing 3, one can prepare a pure state that approximates the ground state of H to arbitrary precision.

It is worth noting that linear combination of unitaries and quantum imaginary time evolution share a common goal
of preparing pure states, which is similar to quantum noiseless state recovery. To achieve this goal, one can adopt
a similar circuit as shown in Fig. 5 in the main context. In particular, by carefully selecting a Hamiltonian, HME
facilitates the realization of the controlled-¢~PI0X0IP"t evolution, where |0)0| represents some initial pure state. If
one has sufficient prior knowledge of P, the pure state corresponding to P |0X0| PT can also be generated using the
quantum phase estimation circuit with a small number of ancilla qubits.
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