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Appendix A: Preliminaries34

1. Notations and definitions35

In this material, we use letters X , Y, H, K, and R to represent Hilbert spaces. The symbol N is used to denote36

the Hermitian-preserving map that we aim to exponentiate. The symbols U , Q, and I are used to represent the37

CPTP maps that are directly implementable on physical systems. Scratch letters like H and F are used to represent38

sets. I denotes the identity matrix. We denote L(H) as the set of all linear operators on the Hilbert space H, and39

D(H) as the set of all density operators on H. Furthermore, T (X ,Y) represents the set of all linear maps from L(X )40

to L(Y). For a pure state |ψ⟩, we sometimes omit the Dirac notation and denote the density matrix |ψ⟩⟨ψ| by ψ41

for brevity. For a unitary operator, U ∈ L(H), we denote the corresponding unitary channel as [U ], which satisfies42

[U ] (σ) = UσU† for σ ∈ D(H). The notation of log(·) in this work represents the natural logarithm. For a Hermitian43

matrix A with spectral decomposition A =
∑
i λi |αi⟩⟨αi|, we denote A+ :=

∑
i:λi>0 λi |αi⟩⟨αi| as the positive part of44

A and A− := −
∑
i:λi<0 λi |αi⟩⟨αi| as the negative part of A.45

When drawing tensor network diagrams, we use rounded rectangles to represent tensors and use lines of different46

colors to represent indices belonging to different systems. While drawing quantum circuits, we use regular rectangles47

to represent quantum operations and black lines to represent quantum systems.48

We denote the operator norm as ∥·∥∞, which represents the maximum singular value of a matrix, and the trace49

norm as ∥·∥1, which is the sum of singular values of a matrix. For two quantum states ρ and σ, the trace distance50

and fidelity between them are ∥ρ− σ∥1 and F (ρ, σ) :=
(
tr
√√

σρ
√
σ
)2

, respectively. For a Hermitian-preserving51

map Q ∈ T (X ,Y), its diamond norm is defined as ∥Q∥⋄ := supσXR∈D(XR),R ∥(Q⊗ IR)(σXR)∥1, where the symbol52

XR represents the Hilbert space X ⊗ R, IR is the identity channel on R, and the supremum is taken over the53

reference system R of an arbitrary dimension and all the states σXR ∈ D(XR). The diamond distance of two54

Hermitian-preserving maps Q1 and Q2 is defined as ∥Q1 −Q2∥⋄.55

2. Auxiliary lemmas56

The essential property of the diamond distance is its subadditivity:57

Lemma 1 (Proposition 3.48 in [1]). Suppose Q0,Q′
0 ∈ T (X ,Y) and Q1,Q′

1 ∈ T (Y,R) are CPTP maps, then the58

following inequality holds:59

∥Q1 ◦ Q0 −Q′
1 ◦ Q′

0∥⋄ ≤ ∥Q1 −Q′
1∥⋄ + ∥Q0 −Q′

0∥⋄. (A1)

The following lemma provides an upper bound on the diamond distance between two channels corresponding to60

two Hamiltonian evolutions:61

Lemma 2. Let H1 and H2 be two Hermitian operators, and t > 0. Then, it holds that:62

∥∥[e−iH1t
]
−
[
e−iH2t

]∥∥
⋄ ≤ 2t∥H1 −H2∥∞ exp

(
tmax {∥H1∥∞, ∥H2∥∞}

)
. (A2)

Proof. By Lemma 5 in the appendix of [2], we have63

∥∥[e−iH1t
]
−
[
e−iH2t

]∥∥
⋄ ≤ 2

∥∥e−iH1t − e−iH2t
∥∥
∞. (A3)
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Moreover,64 ∥∥e−iH1t − e−iH2t
∥∥
∞

=

∥∥∥∥∥
∞∑
m=0

1

m!
(−iH1t)

m −
∞∑
m=0

1

m!
(−iH2t)

m

∥∥∥∥∥
∞

≤
∞∑
m=1

1

m!
tm∥Hm

1 −Hm
2 ∥∞

=

∞∑
m=1

1

m!
tm

∥∥∥∥∥
m−1∑
l=0

Hm−1−l
1 (H1 −H2)H

l
2

∥∥∥∥∥
∞

≤
∞∑
m=1

1

m!
tm

m−1∑
l=0

∥H1∥m−1−l
∞ ∥H1 −H2∥∞∥H2∥l∞

≤t∥H1 −H2∥∞
∞∑
m=1

tm−1

(m− 1)!
max {∥H1∥∞, ∥H2∥∞}m−1

=t∥H1 −H2∥∞ exp
(
tmax {∥H1∥∞, ∥H2∥∞}

)
.

(A4)

65

When measuring an observable over two quantum states, the difference in the expectation values can be upper66

bounded by applying the Hölder inequality [1] to
∣∣Tr (O(σ1 − σ2)

)∣∣:67

Lemma 3. Let σ1, σ2 ∈ D(H) be two quantum states, then the difference in the expectation values when measuring68

O satisfies69

|Tr(Oσ1)− Tr(Oσ2)| ≤ ∥O∥∞∥σ1 − σ2∥1. (A5)

Appendix B: Hamiltonian in HME70

1. Why partial transpose?71

We note that the Hamiltonian used in HME is not the Choi matrix of N , but the partial transposition of the Choi72

matrix. An intuitive way to grasp the role of the partial transposition operation in the Hamiltonian is by considering73

it as a result of concatenating the identity map. By rewriting N (ρ) = N ◦ I(ρ), we can interpret HME as a process74

of first encoding ρ into the evolution using the identity map I, and then applying the map N to it. Since the state-75

encoding procedure is equivalent to the density matrix exponentiation algorithm, the Hamiltonian for exponentiating76

the identity map is the SWAP operator, which can also be derived using Theorem 1 in the main context. Then, to77

perform the map N on the encoded state, we concatenate the Choi matrix of N to the SWAP operator, resulting in78

the final Hamiltonian of HME, ΛT1

N . The concatenation with the SWAP operator results in the partial transposition79

of ΛN , which can be visualized using the red dashed box in Fig. 2(b) in the main context, where the cross of the black80

lines above ΛN represents the SWAP operator.81

2. Freedom of Hamiltonian in HME82

As shown in Theorem 1 in the main context, ΛT1

N is a Hamiltonian that can be used to exponentiate the Hermitian-83

preserving map N ∈ T (H,K). In this section, we point out that ΛT1

N is not the unique choice. Specifically, we prove84

that all the Hamiltonians that can be used to exponentiate N form the set85

HN =
{
ΛT1

N +M ⊗ IK :M ∈ L(H),M† =M
}
. (B1)

Note that the equation Tr1
(
e−iH∆t(ρ⊗ σ)eiH∆t

)
= e−iN (ρ)∆tσeiN (ρ)∆t +O(∆t2) is equivalent to86

Tr1
(
[H, ρ⊗ σ]

)
= [N (ρ), σ]. (B2)
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Thus, any H satisfying Eq. (B2) for all ρ ∈ D(H) and σ ∈ D(K) is a valid choice for exponentiating N . It can be87

easily verified that any Hamiltonian in HN satisfies Eq. (B2) for all ρ and σ, as Tr1
(
[M ⊗ IK, ρ ⊗ σ]

)
= 0 always88

holds.89

On the other hand, if H satisfies Eq. (B2) for all ρ and σ, we have90

Tr1

([
H − ΛT1

N , ρ⊗ σ
])

= 0, ∀ρ ∈ D(H), σ ∈ D(K). (B3)

Since any matrix A ∈ L(H⊗K) can be expressed as a complex linear combination of matrices of the form ρ ⊗ σ,91

Eq. (B3) implies that92

Tr1

([
H − ΛT1

N , A
])

= 0, ∀A ∈ L(H⊗K). (B4)

Based on Lemma 4 presented below, we conclude that H − ΛT1

N =M ⊗ IK for some matrix M ∈ L(H). As H should93

be a valid Hamiltonian, M must be a Hermitian matrix, which implies H ∈ HN .94

Lemma 4. Suppose a matrix B ∈ L(H⊗K) satisfies95

Tr1
(
[B,A]

)
= 0, ∀A ∈ L(H⊗K), (B5)

where Tr1 denotes the partial trace over the first system, H. Then B =M ⊗ IK for some matrix M ∈ L(H).96

Proof. For all |i⟩⟨j| ⊗ |k⟩⟨l| ∈ L(H⊗K), we have97

Tr1
([
B, |i⟩⟨j| ⊗ |k⟩⟨l|

])
= 0. (B6)

Thus, for all i and j, we have98 [
(⟨j| ⊗ IK)B (|i⟩ ⊗ IK) , |k⟩⟨l|

]
= 0, ∀k, l, (B7)

which implies that (⟨j| ⊗ IK)B (|i⟩ ⊗ IK) = MjiIK for some constant Mji ∈ C. By defining M ∈ L(H) as a matrix99

with elements in the j-th row and i-th column given by Mji, we have B =M ⊗ IK.100

An open problem is whether the freedom in choosing the Hamiltonian can help to reduce the sample complexity101

of HME. Although for all Hermitian-preserving maps discussed in this paper, ΛT1

N is a suitable choice, it does not102

exclude the possibility that for certain Hermitian-preserving maps N , there exist better choices within the set HN103

that could potentially reduce the sample complexity of realizing e−iN (·)t.104

Appendix C: Sample Complexity Upper Bound105

1. Sample complexity upper bound of HME106

Theorem 1 (Upper bound of sample complexity). Let N be an arbitrary Hermitian-preserving map, the HME107

algorithm shown in Fig. 1(c) in the main context requires at most O
(
ϵ−1∥H∥2∞t2

)
copies of sequentially inputting108

state ρ to ensure that ∥Qt − Ut∥⋄ ≤ ϵ holds for arbitrary ρ. Here, H = ΛT1

N , Qt = Q◦K
∆t represents the real channel109

with Q∆t(σ) := Tr1
[
e−iH∆t(ρ⊗ σ)eiH∆t

]
and K = t/∆t, Ut is the ideal evolution channel corresponding to e−iN (ρ)t,110

and ∥·∥⋄ denotes the diamond norm.111

Proof. As Qt = Q◦K
∆t and Ut = U◦K

∆t , we can use Lemma 1 iteratively to obtain112

∥Qt − Ut∥⋄ =
∥∥Q◦K

∆t − U◦K
∆t

∥∥
⋄ ≤ K∥Q∆t − U∆t∥⋄. (C1)

Therefore, the error only accumulates additively, and it is sufficient to analyze the error of a single step: ∥Q∆t − U∆t∥⋄.113

Let N ∈ T (H,K) be a Hermitian-preserving map from L(H) to L(K). Take arbitrary reference system R and arbitary114
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(c)

(b)

(a)

FIG. 1. Proof of ∥N (ρ)∥∞ ≤ ∥H∥∞ using tensor diagrams. The triangles stand for vectors and rounded rectangles stand for

matrices. (a) We decompose ρ =
∑

i λi |αi⟩⟨αi| and represent N (ρ) with ΛT1
N , λi, and |αi⟩ by dragging two triangles across

each other. (b) Using the fact that ∥M∥∞ = max{⟨s|M |s⟩ : s ∈ X , ∥s∥ = 1} for Hermitian matrix M ∈ L(X ), we derive
∥N (|αi⟩⟨αi|)∥∞ ≤ ∥H∥∞. (c) By applying the convexity of the operator norm, we prove that ∥N (ρ)∥∞ ≤ ∥H∥∞.

σKR ∈ D(KR), we have115

(Q∆t ⊗ IR)(σKR)

=Tr1
[
(e−iH∆t ⊗ IR)(ρ⊗ σKR)(eiH∆t ⊗ IR)

]
=Tr1

[
e−i(H⊗IR)∆t(ρ⊗ σKR)ei(H⊗IR)∆t

]
=Tr1

[ ∞∑
m=0

1

m!
adm(−i(H⊗IR)∆t)(ρ⊗ σKR)

]
=σKR − i∆t [N (ρ)⊗ IR, σKR]

+ Tr1

[ ∞∑
m=2

1

m!
adm(−i(H⊗IR)∆t)(ρ⊗ σKR)

]
.

(C2)

Here the notation ad is defined as116

adA(B) = [A,B],

admA (B) = [A, adm−1
A (B)],

(C3)

for square matrices A and B of the same size. The trace norm of the third term in the last equation of Eq. (C2)117
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satisfies118 ∥∥∥∥∥Tr1
[ ∞∑
m=2

1

m!
adm(−i(H⊗IR)∆t)(ρ⊗ σKR)

]∥∥∥∥∥
1

≤

∥∥∥∥∥
∞∑
m=2

1

m!
adm(−i(H⊗IR)∆t)(ρ⊗ σKR)

∥∥∥∥∥
1

≤
∞∑
m=2

1

m!

∥∥∥adm(−i(H⊗IR)∆t)(ρ⊗ σKR)
∥∥∥
1

=

∞∑
m=2

1

m!
(∆t)m

∥∥∥adm(H⊗IR)(ρ⊗ σKR)
∥∥∥
1

≤
∞∑
m=2

1

m!
(∆t)m2m∥H ⊗ IR∥m∞∥ρ⊗ σKR∥1

=

∞∑
m=2

1

m!
(2∥H∥∞∆t)m

=e2∥H∥∞∆t − 1− 2∥H∥∞∆t

≤4∥H∥2∞∆t2, when ∥H∥∞∆t ∈ (0, 0.8].

(C4)

The first inequality in Eq. (C4) is due to the non-increasing property of trace norm under partial trace. The third in-119

equality in Eq. (C4) is obtained by iteratively applying the inequalities ∥AB∥1 ≤ ∥A∥∞∥B∥1 and ∥AB∥1 ≤ ∥A∥1∥B∥∞,120

which hold for all square matrices A and B of the same size. The second equality in Eq. (C4) follows from121

∥ρ⊗ σKR∥1 = 1 and ∥H ⊗ IR∥∞ = ∥H∥∞.122

On the other hand, we have123

(U∆t ⊗ IR)(σKR)

=(e−iN (ρ)∆t ⊗ IR)(σKR)(eiN (ρ)∆t ⊗ IR)

=e−i(N (ρ)⊗IR)∆t(σKR)ei(N (ρ)⊗IR)∆t

=

∞∑
m=0

1

m!
adm(−i(N (ρ)⊗IR)∆t)(σKR)

=σKR − i∆t [N (ρ)⊗ IR, σKR]

+

∞∑
m=2

1

m!
adm(−i(N (ρ)⊗IR)∆t)(σKR).

(C5)

The trace norm of the third term in the last equation of Eq. (C5) satisfies124 ∥∥∥∥∥
∞∑
m=2

1

m!
adm(−i(N (ρ)⊗IR)∆t)(σKR)

∥∥∥∥∥
1

≤
∞∑
m=2

1

m!
(∆t)m

∥∥∥adm(N (ρ)⊗IR)(σKR)
∥∥∥
1

≤
∞∑
m=2

1

m!
(∆t)m2m∥N (ρ)⊗ IR∥m∞∥σKR∥1

=

∞∑
m=2

1

m!
(2∥N (ρ)∥∞∆t)m

≤
∞∑
m=2

1

m!
(2∥H∥∞∆t)m

≤4∥H∥2∞∆t2, when ∥H∥∞∆t ∈ (0, 0.8],

(C6)
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where the third inequality is given by ∥N (ρ)∥∞ ≤ ∥H∥∞. To gain a better understanding of this inequality, we125

provide a graphical proof in Fig. 1. Combining Eq. (C2)-(C6), we can conclude that when ∥H∥∞∆t ∈ (0, 0.8], it126

always holds true that127

∥(Q∆t ⊗ IR)(σKR)− (U∆t ⊗ IR)(σKR)∥1

≤

∥∥∥∥∥Tr1
[ ∞∑
m=2

1

m!
adm(−i(H⊗IR)∆t)(ρ⊗ σKR)

]∥∥∥∥∥
1

+

∥∥∥∥∥
∞∑
m=2

1

m!
adm(−i(N (ρ)⊗IR)∆t)(σKR)

∥∥∥∥∥
1

≤8∥H∥2∞∆t2,

(C7)

regardless of the dimension of the reference system R. By taking the supremum over R and σKR, we have128

∥Q∆t − U∆t∥⋄ ≤ 8∥H∥2∞∆t2. Substituting this result into Eq. (C1), when K ∈ [1.25∥H∥∞t,∞), we have129

∥Qt − Ut∥⋄ ≤ 8K∥H∥2∞∆t2 = 8K−1∥H∥2∞t
2. (C8)

So, in order to guarantee ∥Qt − Ut∥⋄ ≤ ϵ, it suffices to set130

K =max
{
⌈8ϵ−1∥H∥2∞t

2⌉, ⌈1.25∥H∥∞t⌉
}

≤O
(
ϵ−1∥H∥2∞t

2
)
.

(C9)

131

By specializing N = I and H = S, the sample complexity upper bound provided by Theorem 1 recovers the132

previously obtained upper bound of O
(
ϵ−1t2

)
for density matrix exponentiation [3, 4], as ∥S∥∞ = 1. This upper133

bound has been proven to be tight [4]. While, O
(
ϵ−1∥H∥2∞t2

)
may not be a tight bound in certain cases. For134

instance, when considering the partial transposition map, we observe that the sample complexity of exponentiating135

it with HME can be lower than what is predicted by Theorem 1, based on the specific properties of the partial136

transposition map. We provide the proof in the following section.137

2. Sample complexity upper bound for exponentiating the partial transposition map138

Proposition 1. Setting the Hamiltonian to be HP = Φ+
A ⊗ SB, the HME algorithm requires at most O(ϵ−1dAt

2)139

copies of sequentially inputting state ρ to ensure that140 ∥∥∥Qt − [e−iρ
TA t]

∥∥∥
⋄
≤ ϵ (C10)

holds for arbitrary ρ.141

To prove Proposition 1, we need to make some preliminary preparations. When k ≥ 1, the expression for Hk
P can142

be written as:143

Hk
P =

{
dk−1
A Φ+

A ⊗ IB if k even,

dk−1
A Φ+

A ⊗ SB if k odd,
(C11)

where IB represents the identity operator acting on two copies of the system B.144

For two operators P ∈ L(H1 ⊗H2) and Q ∈ L(H2 ⊗H3), we define the convolution of P and Q as145

P ∗Q := (IH1
⊗
〈
Φ+
∣∣⊗ IH3

)(P ⊗Q)(IH1
⊗
∣∣Φ+

〉
⊗ IH3

), (C12)

where |Φ+⟩ represents the unnormalized maximally entangled state of H2 ⊗ H2 in the computational basis. The146

following lemma provides an inequality concerning the norm of the convolution of two positive operators.147
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 2. (a) A tensor network version of Eq. (C14), where the inverted P box denotes the original P box after transposition and
exchanging the upper and lower legs. The gray dashed lines denote the trace function, which is represented by connecting legs
in tensor network diagrams. (b)-(f) are diagrams for the proof of Lemma 6, divided into five cases according to the values of k1
and k2. (b) k1 even, k2 = 0. The last inequality holds because Tr2 (ρ)

T is still a quantum state. (c) k1 odd, k2 = 0. The last

inequality holds because
∥∥ρTA

∥∥
∞ ≤

∑
i λi

∥∥∥|αi⟩⟨αi|TA

∥∥∥
∞

≤
∑

i λi = 1, where ρ =
∑

i λi |αi⟩⟨αi| is the spectral decomposition,

and the eigenvalues of |αi⟩⟨αi|TA are in the range [−1/2, 1] [5]. (d) k1 even, k2 even. The first inequality is given by Lemma 5.
(e) k1 odd, k2 odd. The first inequality is given by Lemma 5. (f) k1 odd, k2 even. The first inequality is given by the
non-increasing property of trace norm under partial trace. The last equality follows the derivation in (c). Other cases, such as
‘k1 = 0, k2 odd’, can be derived by taking the Hermitian conjugate in the above derivations.

Lemma 5. For positive operators P ∈ L(H1 ⊗H2) and Q ∈ L(H2 ⊗H3), the trace norm of P ∗Q satisfies148

∥P ∗Q∥1 ≤ ∥TrH1
(P )∥p∥TrH3

(Q)∥q, (C13)

where p, q ∈ [1,∞] satisfy 1
p +

1
q = 1.149
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Proof. P,Q ≥ 0 implies P ∗Q ≥ 0. We have150

∥P ∗Q∥1 = TrH1,H3
(P ∗Q) = TrH1

(P ) ∗ TrH3
(Q)

=Tr
(
TrH1 (P )

T
TrH3

(Q)
)
= Tr

(
TrH1 (P )

†
TrH3 (Q)

)
≤
∥∥∥TrH1(P )

∥∥∥
p
∥TrH3(Q)∥q = ∥TrH1(P )∥p∥TrH3(Q)∥q,

(C14)

whereM denotes the complex conjugate of an operatorM . The first equality holds due to the positivity of P ∗Q. The151

inequality is given by the Hölder inequality [1]. A tensor network representation of Eq. (C14) is shown in Fig. 2(a).152

Taking advantage of the structure of HP , we can provide a more refined estimation for the third term in the last153

equation of Eq. (C2).154

Lemma 6. For non-negative integers k1 and k2 such that k1 + k2 ≥ 1, we have155 ∥∥∥Tr1 [(HP ⊗ IR)
k1 (ρ⊗ σKR) (HP ⊗ IR)

k2)
]∥∥∥

1
≤ dk1+k2−1

A (C15)

for any quantum states ρ and σKR.156

Proof. When k1 and k2 are odd, we have157

(HP ⊗ IR)
k1 (ρ⊗ σKR) (HP ⊗ IR)

k2

=dk1+k2−2
A (Φ+

A ⊗ SB ⊗ IR)(ρ⊗ σKR)(Φ+
A ⊗ SB ⊗ IR).

(C16)

Taking partial trace over the first system and estimating the trace norm, we have158 ∥∥Tr1 [(Φ+
A ⊗ SB ⊗ IR)(ρ⊗ σKR)(Φ+

A ⊗ SB ⊗ IR)
]∥∥

1

=
∥∥IdA ⊗

(
SρS ∗ TrB(σKR)

)∥∥
1

= dA∥SρS ∗ TrB(σKR)∥1
≤ dA∥TrB(ρ)∥∞∥TrB,R(σ)∥1 ≤ dA.

(C17)

In the second and third lines of Eq. (C17), the symbol S denotes the SWAP operator between the two systems on159

which the density matrix ρ acts. The tensor network derivation of this expression can be found in Fig. 2(e). The160

proofs for other cases follow a similar approach and are provided in Fig. 2.161

Proof of Proposition 1. The trace norm of the third term in the last equation of Eq. (C2) can be estimated as162 ∥∥∥∥∥Tr1
[ ∞∑
m=2

1

m!
adm(−i(HP⊗IR)∆t)(ρ⊗ σKR)

]∥∥∥∥∥
1

≤
∞∑
m=2

1

m!
(∆t)m

∥∥∥Tr1 [adm(HP⊗IR)(ρ⊗ σKR)
]∥∥∥

1

≤
∞∑
m=2

1

m!
(2∆t)mdm−1

A

=d−1
A

∞∑
m=2

1

m!
(2dA∆t)

m

=O(dA∆t
2),

(C18)

where the second inequality is given by163 ∥∥∥Tr1 [(HP ⊗ IR)
k
(ρ⊗ σKR) (HP ⊗ IR)

m−k
)
]∥∥∥

1
≤ dm−1

A , (C19)

which can be derived from Lemma 6 and holds for 0 ≤ k ≤ m.164
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On the other hand, we have165 ∥∥∥∥∥
∞∑
m=2

1

m!
adm(−i(ρTA⊗IR)∆t)(σKR)

∥∥∥∥∥
1

≤O(
∥∥ρTA

∥∥2
∞∆t2) = O(∆t2).

(C20)

Combining Eq. (C2) (C5) (C18) (C20), we can conclude that in order to guarantee
∥∥∥Qt −

[
e−iρ

TA t
]∥∥∥

⋄
≤ ϵ, the166

sample complexity K we need is at most O(ϵ−1dAt
2).167

Note that the proof of Proposition 1 can be easily generalized to the controlled version. Therefore, we need at most168

O(ϵ−1dAt
2) copies of ρ to implement controlled-e−iρ

TA t up to error ϵ in diamond distance.169

Appendix D: Sample Complexity Lower Bound170

1. Sample complexity lower bound of HME171

Theorem 2 (Lower bound of sample complexity). Let N ∈ T (H,K) be a Hermitian-preserving map and set 0 < ϵ ≤172

1/6, and t ≥ 15πϵ
4R∗

. The minimum number of ρ needed to realize the evolution of e−iN (ρ)t using protocols shown in173

Fig. 3(a) in the main context with ϵ accuracy in diamond distance satisfies174

fN (ϵ, t) ≥ Ω
(
ϵ−1R2

∗t
2
)
, (D1)

where R∗ := max
A∈F

R [N (A)]. R[·] = λmax(·) − λmin(·) denotes the spectral gap defined as the difference between the175

largest and the smallest eigenvalues of the processed matrix. The feasible region F is defined as176

F =
{
A ∈ L(H) : A† = A,Tr(A) = 0, ∥A∥1 = 1,

[
N (A+),N (A−)

]
= 0
}
, (D2)

where A+ and A− are the positive and negative parts of A.177

As an illustrative example, we consider the identity map N = I. According to the definition of the feasible region178

in Eq. (D2), it is straightforward to verify that 1
2 (|α⟩⟨α| − |β⟩⟨β|), where |α⟩ and |β⟩ are arbitrary orthonormal pure179

states, is a feasible point that maximizes R[N (A)] = R[A] with R∗ = 1. Thus, based on Theorem 2, the lower bound180

for realizing the evolution of e−iρt is Ω(ϵ−1t2), which meets the upper bound of the complexity of HME in Theorem 1.181

This fact demonstrates that Theorem 2 covers the sample complexity lower bound given in Ref. [4].182

We will utilize the following two lemmas in our proof.183

Lemma 7 (Holevo-Helstrom theorem [6, 7]). Given two states, ρ0, ρ1 ∈ D(H), for any two-outcomes POVM184

{M0,M1}, we have185

1

2
Tr(M0ρ0) +

1

2
Tr(M1ρ1) ≤

1

2
+

1

4
∥ρ0 − ρ1∥1. (D3)

Furthermore, equality can be achieved by an appropriate choice of M0,M1.186

Lemma 8 (Channel analogue of Holevo-Helstrom theorem [1]). Let Q0,Q1 ∈ T (X ,Y) be two CPTP maps. For any187

ancillary system R, any two-outcomes POVM {M0,M1} on Y ⊗R, and any input state σ ∈ D(X ⊗R), we have188

1

2
Tr
(
M0 (Q0 ⊗ IR) (σ)

)
+

1

2
Tr
(
M1 (Q1 ⊗ IR) (σ)

)
≤ 1

2
+

1

4
∥Q0 −Q1∥⋄. (D4)

Furthermore, if dim(R) ≥ dim(X ), the equality can be achieved by an appropriate choice of σ and {M0,M1}.189

Proof of Theorem 2. First, let us choose two states given by190

ρ± := |A| ± λA = (1± λ)A+ + (1∓ λ)A−, (D5)
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(a) (b)

CPTP

𝜌

𝜌

𝜌

𝜏

𝜌

𝜌

𝜌
{𝑀𝑖}

{𝒢†(𝑀𝑖)}

FIG. 3. (a) Multiple copies of ρ together with a CPTP map induce a channel Qρ on the last input state. Here we demonstrate
the optimal method to distinguish two different induced channels Qρ± , which is composed of first acting Qρ on a subsystem
of a larger processed state τ and measuring it using a two-outcome POVM measurement. (b) The channel discrimination task
shown in (a) is equivalent to a state discrimination task, as the CPTP map, the processed state τ , and the POVM measurement
{Mi} can be considered as a large POVM {G†(Mi)} acting on ρ⊗K

± . Note that G† is a completely positive unital map, thus

{G†(Mi)} is a valid POVM.

where A is an element of the feasible region F and 0 < λ < 1. Note that ∥A∥1 = 1 and Tr(A) = 0 imply Tr(ρ±) = 1,191

and 0 < λ < 1 implies ρ± ≥ 0, together ensuring that ρ± are valid quantum states. Denoting A =
∑
x ax |αx⟩⟨αx| as192

the spectral decomposition of A, we have193

ρ± =
∑

x:ax>0

(1± λ)ax |αx⟩⟨αx|+
∑

x:ax<0

(1∓ λ)(−ax) |αx⟩⟨αx| . (D6)

Thus, the fidelity between ρ+ and ρ− is given by194

F (ρ+, ρ−) =

(∑
x

√
(1 + λ)(1− λ)a2x

)2

=
(
1− λ2

)(∑
x

|ax|

)2

= 1− λ2.

(D7)

Denote R = R [N (A)] for brevity. Take tλ = π
2λR . We can compute the diamond norm distance as195 ∥∥∥[e−iN (ρ+)tλ
]
−
[
e−iN (ρ−)tλ

]∥∥∥
⋄

= max
σ∈D(KR),R

∥∥∥([e−iN (ρ+)tλ
]
−
[
e−iN (ρ−)tλ

])
⊗ IR(σ)

∥∥∥
1

=max
|u⟩

∥∥∥ [e−iN (ρ+)tλ
]
|u⟩⟨u| −

[
e−iN (ρ−)tλ

]
|u⟩⟨u|

∥∥∥
1

=max
|u⟩

2

(
1−

∣∣∣⟨u| eiN (ρ+)tλe−iN (ρ−)tλ |u⟩
∣∣∣2) 1

2

=2

(
1−min

|u⟩

∣∣∣⟨u| eiπN(A)
R |u⟩

∣∣∣2) 1
2

= 2.

(D8)

The second equality of Eq. (D8) holds because
[
e−iN (ρ+)tλ

]
and

[
e−iN (ρ−)tλ

]
are unitary channels. The fourth equality196

of Eq. (D8) holds because197

[N (ρ+),N (ρ−)] = 4λ
[
N (A+),N (A−)

]
= 0, (D9)

where the second equality follows from the fact that A ∈ F . By setting |u⟩ = 1√
2
(|L⟩+ |S⟩), where |L⟩ and198

|S⟩ are the eigenstates corresponding to the largest and smallest eigenvalues of N (A), we can demonstrate that199 ∣∣∣⟨u| eiπN(A)
R |u⟩

∣∣∣2 = 0. Hence, the last equality of Eq. (D8) holds.200

Now for the non-physical map N , desired accuracy 1/3, and evolution time tλ, suppose there exists a CPTP map201

in the general protocol shown in Fig. 3(a) int the main text with K copies of the inputting state ρ, such that for all202
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ρ ∈ D(H), the diamond distance between the induced channel Qρ and the target unitary channel
[
e−iN (ρ)tλ

]
satisfies203 ∥∥Qρ − [e−iN (ρ)tλ

]∥∥
⋄ ≤ 1/3. By selecting ρ± as the inputting states for the general protocol, the diamond distance204

between the channels induced by them satisfies205

∥Qρ+ −Qρ−∥⋄ ≥
∥∥∥[e−iN (ρ+)tλ

]
−
[
e−iN (ρ−)tλ

]∥∥∥
⋄

−
∥∥∥Qρ+ −

[
e−iN (ρ+)tλ

]∥∥∥
⋄

−
∥∥∥Qρ− −

[
e−iN (ρ−)tλ

]∥∥∥
⋄
≥ 4

3
.

(D10)

According to Lemma 8, if we take an ancillary system R such that dim(R) = dim(K), then there exist a state206

τ ∈ D(K ⊗R) and a POVM {M0,M1} on L(K ⊗R) such that207

1

2
Tr
(
M0 (Qρ+ ⊗ IR) (τ)

)
+

1

2
Tr
(
M1 (Qρ− ⊗ IR) (τ)

)
=

1

2
+

1

4
∥Qρ+ −Qρ−∥⋄ ≥ 5

6
.

(D11)

Therefore, it is possible to distinguish between Qρ+ and Qρ− , thus also ρ±, with a success probability of at least 5/6208

using just a single copy of Qρ+ or Qρ− .209

On the other hand, as shown in Fig. 3(b), the CPTP channel, the processed state τ , and the POVM operators can210

be unified into a global POVM measurement acting on the multiple input states ρ, labeled as {G†(Mi)}i=0,1, where211

G represents a new CPTP channel. Thus212

Tr
(
Mi (Qρ ⊗ IR) (τ)

)
= Tr

(
G† (Mi) ρ

⊗K) (D12)

holds for i = 0, 1 and all ρ ∈ D(H). Combining Lemma 7, Eq. (D11), and Eq. (D12), we obtain213

5

6
≤ 1

2
Tr
(
G† (M0) ρ

⊗K
+

)
+

1

2
Tr
(
G† (M1) ρ

⊗K
−
)

≤ 1

2
+

1

4

∥∥ρ⊗K+ − ρ⊗K−
∥∥
1
.

(D13)

This implies that214

4

3
≤
∥∥ρ⊗K+ − ρ⊗K−

∥∥
1
≤ 2
√
1− F

(
ρ⊗K+ , ρ⊗K−

)
= 2

√
1− F (ρ+, ρ−)

K
= 2

√
1− (1− λ2)

K
,

(D14)

where the second inequality follows from the relation between trace distance and fidelity, and the first equality is215

based on the property of fidelity [8]. We thus have216

K ≥ log(1.8)

(
log

1

1− λ2

)−1

≥ log(1.8)

2

1

λ2
=

2 log(1.8)

π2
R2t2λ, (D15)

where the second inequality holds for all λ ∈ (0, 0.8]. Denote the constant as C = 2 log(1.8)/π2, by adjusting the217

value of λ within the range of (0, 0.8], Eq. (D15) implies that for all t ∈ [ 5π8R ,∞), we have218

fN (1/3, t) ≥ CR2t2. (D16)

To derive the lower bound for fN (ϵ, t), we need to explore the properties of this function. Suppose a global circuit219

shown in Fig. 3(a) in the main context can realize [e−iN (ρ)t] with ϵ accuracy, meaning that
∥∥Qρ − [e−iN (ρ)t]

∥∥
⋄ ≤ ϵ.220

According to the subadditivity of diamond distance, if we concatenate this global circuit for m times, we can realize221

the evolution of [e−iN (ρ)mt] with accuracy mϵ. This implies an important property of fN (ϵ, t):222

fN (mϵ,mt) ≤ mfN (ϵ, t). (D17)

For all ϵ ∈ (0, 16 ] and t ∈ [ 15πϵ4R ,∞), we take m = ⌈ 1
6ϵ⌉, ensuring mϵ ≤

1
3 and mt ≥ 5π

8R . Thus,223

fN (ϵ, t) ≥ 1

m
fN (mϵ,mt) ≥ 1

m
fN (1/3,mt)

≥ 1

m
CR2(mt)2 = CmR2t2 ≥ C

6
ϵ−1R2t2,

(D18)
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where the third inequality is based on Eq. (D16). The above equation holds for all A ∈ F . By taking the maximum224

value over the feasible region, we define225

R∗ := max
A∈F

R [N (A)] , (D19)

and obtain226

fN (ϵ, t) ≥ C

6
ϵ−1R2

∗t
2 ≥ Ω

(
ϵ−1R2

∗t
2
)
, (D20)

which holds for all ϵ ∈ (0, 16 ] and all t ∈ [ 15πϵ4R∗
,∞).227

It can be observed that Theorem 2 holds significance only if the feasible region F exists. The following proposition228

presents a sufficient condition for the non-emptiness of F .229

Proposition 2. For a Hermitian-preserving map N ∈ T (H,K), suppose there exists a non-zero Hermitian matrix230

P ∈ L(H) such that N (P ) commutes with all matrices in the set
{
N (M) :M ∈ L(H),M† =M

}
, then the feasible231

region F defined in Theorem 2 is non-empty.232

Proof. If rankP = 1, we can select a positive matrix Q ∈ L(H) whose non-zero eigenstates are orthogonal to the233

non-zero eigenstate of P , one can check that234

A =
|P |

2∥P∥1
− Q

2∥Q∥1
(D21)

is an element of F .235

For the case where rankP > 1 and P ≥ 0 (P ≤ 0), we can decompose P = P1 +P2 using two non-zero matrices P1236

and P2, where P1, P2 ≥ 0 (P1, P2 ≤ 0) and have orthogonal support. One can check that237

A =
|P1|

2∥P1∥1
− |P2|

2∥P2∥1
(D22)

is an element of F .238

If both P+ and P−, the positive and negative parts of P , are non-zero, then one can check that239

A =
P+

2∥P+∥1
− P−

2∥P−∥1
(D23)

is an element of F .240

Consider the following two easily satisfied conditions:241

1. N is not injective,242

2. dim(H) ≥ dim(K).243

If one of these conditions is satisfied, then the condition required by Proposition 2 is also satisfied, implying that244

F is non-empty. When N satisfies condition 1, we can choose a non-zero Hermitian matrix P ∈ L(H) such that245

N (P ) = 0. As a result, N (P ) commutes with all matrices in L(K). On the other hand, when N satisfies condition246

2, we only need to consider the case when dim(H) = dim(K) and N is injective, because otherwise N is not injective247

and satisfies condition 1. In this case N is also surjective, so we can choose a non-zero Hermitian matrix P ∈ L(H)248

such that N (P ) = IK, and thus N (P ) commutes with all matrices in L(K).249

Note that when F is empty, Theorem 2 will yield the trivial lower bound fN (ϵ, t) ≥ 0. However, for Hermitian-250

preserving maps discussed in this paper, Theorem 2 can always provide meaningful lower bounds. The most challenging251

condition to fulfill required by the feasible region F is [N (A+),N (A−)] = 0. This condition is intended to facilitate252

the computation of ⟨u| eiN (ρ+)tλe−iN (ρ−)tλ |u⟩ in Eq. (D8). Alternatively, more powerful mathematical tools, such253

as the Baker-Campbell-Hausdorff formula, can be employed to compute this quantity. Utilizing such tools has the254

potential to eliminate the constraint [N (A+),N (A−)] = 0 from the feasible region F and derive improved lower255

bounds for fN (ϵ, t).256
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2. Example: inverting local amplitude damping noise channel257

We now calculate the lower bound on the sample complexity for exponentiating the inverse channel of local amplitude258

damping noise. Our analysis demonstrates that even with highly global protocols, mitigating the effects of local259

amplitude damping noise requires an exponential sample complexity. The lower bound presented in this subsection260

and the upper bound provided by Theorem 1 are asymptotically consistent for all variables: the desired accuracy ϵ,261

the evolution time t, the number of qubits n and the noise intensity γ. This result demonstrates that HME is an262

asymptotically optimal protocol for exponentiating certain maps.263

Let Eγ denote the single-qubit amplitude damping noise with a damping rate 0 < γ < 1. It can be expressed as264

Eγ(σ) = E0σE
†
0 + E1σE

†
1, where265

E0 = |0⟩⟨0|+
√
1− γ |1⟩⟨1| ,

E1 =
√
γ |0⟩⟨1| .

(D24)

The inverse of Eγ acts as266

E−1
γ (σ) =

(
1 0
0 1√

1−γ

)
σ

(
1 0
0 1√

1−γ

)
+

−γ
1− γ

(
0 1
0 0

)
σ

(
0 0
1 0

)
, (D25)

Denote Nγ,n :=
(
E⊗n
γ

)−1
=
(
E−1
γ

)⊗n
as the inverse of the n-qubit local amplitude damping channel we aim to267

exponentiate.268

To compute the lower bound for exponentiating Nγ,n, we need to find an element in its feasible region. We observe269

that270

Nγ,n(|0⟩⟨0|⊗n) = |0⟩⟨0|⊗n ,

Nγ,n(|1⟩⟨1|⊗n) =
(

−γ
1− γ

|0⟩⟨0|+ 1

1− γ
|1⟩⟨1|

)⊗n

,
(D26)

which implies that
[
Nγ,n(|0⟩⟨0|⊗n),Nγ,n(|1⟩⟨1|⊗n)

]
= 0. One can show that An := 1

2 |1⟩⟨1|
⊗n− 1

2 |0⟩⟨0|
⊗n

is an element271

of the feasible region F . Acting Nγ,n on An, we obtain272

Nγ,n (An) =
1

2

∑
s∈{0,1}n

(
−γ
1− γ

)n−|s|(
1

1− γ

)|s|

|s⟩⟨s| − 1

2
|0⟩⟨0|⊗n

=
1

2

(
1

1− γ

)n
|1⟩⟨1|⊗n +

[
1

2

(
−γ
1− γ

)n
− 1

2

]
|0⟩⟨0|⊗n + · · · ,

(D27)

where |s| denote the number of 1’s in the string s. Since 0 < γ < 1, we have273

R∗ ≥R [Nγ,n (An)]

≥1

2

(
1

1− γ

)n
−
[
1

2

(
−γ
1− γ

)n
− 1

2

]
≥Ω

((
1

1− γ

)n)
,

(D28)

which implies274

fNγ,n(ϵ, t) ≥ Ω

(
ϵ−1

(
1

1− γ

)2n

t2

)
. (D29)

Through some straightforward calculations, we find that275 ∥∥∥ΛT1

Nγ,n

∥∥∥
∞

=

(
1

1− γ

)n
. (D30)

Therefore, according to Theorem 1, HME is a protocol with sample complexity O
(
ϵ−1

(
1

1−γ

)2n
t2
)
.276
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Appendix E: Robustness277

1. Robustness of HME278

In practical situations, the performance of HME can be affected by various factors. For example, quantum devices279

may exhibit unpredictable and unavoidable noise, and the realization of the Hamiltonian evolution e−iH∆t may be280

inaccurate due to approximation errors in Hamiltonian simulation [9, 10]. Hence, the robustness of HME is another281

important indicator that needs in-depth analysis. We mainly consider two kinds of errors, the input state error,282

and the Hamiltonian error. These errors can lead to biases and variations in the input states and the evolution283

Hamiltonians at each step. The error of HME caused by these factors can be bounded by:284

Theorem 3 (Robustness). Suppose the input states and Hamiltonians of HME vary at each step, denoted as {ρ′k}Kk=1285

and {H ′
k}Kk=1. If the number of steps satisfies K ≥ 2t∥H∥∞ and K ≥ 2t∥H ′

k∥∞ for k = 1, · · · ,K, then the dia-286

mond distance between the noisy channel Q′
t constructed using {ρ′k}Kk=1, and {H ′

k}Kk=1 and the noiseless channel Qt287

constructed using fixed ρ and H, is bounded by288

∥Q′
t −Qt∥⋄ ≤ 4t (DH + ∥H∥∞DS) , (E1)

where DH := 1
K

∑K
k=1 ∥H ′

k −H∥∞ and DS := 1
K

∑K
k=1 ∥ρ′k − ρ∥1 are the average divergences between the Hamiltoni-289

ans and input states, respectively.290

In practice, the difference between ∥H∥∞ and ∥H ′
k∥∞ is relatively small and the condition ∥H∥∞t ≥ 1 is usually291

satisfied. Thus, if we choose K = Θ
(
ϵ−1∥H∥2∞t2

)
, as requires in Theorem 1, the requirement of K ≥ 2t∥H∥∞ and292

K ≥ 2t∥H ′
k∥∞ for k = 1, · · · ,K can be naturally satisfied. In addition to the diversities of Hamiltonians and input293

states, the error also depends on the norm of the evolution Hamiltonian. According to Eq. (E1), ∥H∥∞ acts as a294

multiplier that amplifies the error caused by the diversity of input states. Similar to the sample complexity upper295

bound, we can derive a better estimation of the robustness of certain maps by leveraging their specific properties. For296

instance, in the case of the partial transposition map, the robustness is not related to ∥HP ∥∞. We prove this in the297

next section.298

Proof. Likewise the proof of Theorem 1 in Appendix C 1, to derive the distance between the whole channel ∥Q′
t −Qt∥,299

we need to first derive the distance of a step
∥∥∥Q′

k,∆t −Q∆t

∥∥∥, where300

Q′
k,∆t(·) := Tr1

[
(e−iH

′
k∆t ⊗ IR)(ρ′k ⊗ ·)(eiH

′
k∆t ⊗ IR)

]
(E2)

with H ′
k and ρ′k varying for each step, and301

Q′
t = Q′

K,∆t ◦ Q′
K−1,∆t ◦ · · · ◦ Q′

1,∆t. (E3)

Then, for arbitrary reference system R and any state σKR ∈ D(KR), we have302

∥∥∥Q′
k,∆t ⊗ IR(σKR)−Q∆t ⊗ IR(σKR)

∥∥∥
1

=
∥∥∥Tr1 [(e−iH′

k∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH
′
k∆t ⊗ IR)

]
− Tr1

[
(e−iH∆t ⊗ IR)(ρ⊗ σKR)(eiH∆t ⊗ IR)

]∥∥∥
1

≤
∥∥∥Tr1 [(e−iH′

k∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH
′
k∆t ⊗ IR)

]
− Tr1

[
(e−iH∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH∆t ⊗ IR)

]∥∥∥
1

+
∥∥∥Tr1 [(e−iH∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH∆t ⊗ IR)

]
− Tr1

[
(e−iH∆t ⊗ IR)(ρ⊗ σKR)(eiH∆t ⊗ IR)

]∥∥∥
1

≤
∥∥∥(e−iH′

k∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH
′
k∆t ⊗ IR)− (e−iH∆t ⊗ IR)(ρ′k ⊗ σKR)(eiH∆t ⊗ IR)

∥∥∥
1

+
∥∥∥Tr1 [(e−iH∆t ⊗ IR) ((ρ′k − ρ)⊗ σKR) (eiH∆t ⊗ IR)

]∥∥∥
1

≤
∥∥∥[e−iH′

k∆t]− [e−iH∆t]
∥∥∥
⋄
+
∥∥∥Tr1 [(e−iH∆t ⊗ IR) ((ρ′k − ρ)⊗ σKR) (eiH∆t ⊗ IR)

] ∥∥∥
1
,

(E4)
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where the last inequality is given by the definition of the diamond norm. Consider the first term of the last line, we303

have304 ∥∥∥[e−iH′
k∆t]− [e−iH∆t]

∥∥∥
⋄

≤2∆t∥H ′
k −H∥∞ exp

(
∆tmax {∥H ′

k∥∞, ∥H∥∞}
)

≤2
√
e∆t∥H ′

k −H∥∞,

(E5)

where the first inequality is given by Lemma 2, and the second inequality holds when305

∆tmax {∥H ′
k∥∞, ∥H∥∞} ∈ (0, 0.5]. (E6)

The second term of the last equation of Eq. (E4) satisfies306 ∥∥∥Tr1 [(e−iH∆t ⊗ IR) ((ρ′k − ρ)⊗ σKR) (eiH∆t ⊗ IR)
] ∥∥∥

1

=

∥∥∥∥∥
∞∑
m=0

1

m!
Tr1

[
adm(−i(H⊗IR)∆t)((ρ

′
k − ρ)⊗ σKR)

]∥∥∥∥∥
1

≤∥Tr1 [(ρ′k − ρ)⊗ σKR)]∥1 +
∞∑
m=1

1

m!

∥∥∥adm(−i(H⊗IR)∆t)((ρ
′
k − ρ)⊗ σKR)

∥∥∥
1

≤
∞∑
m=1

1

m!
(2∆t∥H∥∞)m∥(ρ′k − ρ)⊗ σKR∥1

=∥ρ′k − ρ∥1
(
e2∆t∥H∥∞ − 1

)
≤4∆t∥H∥∞∥ρ′k − ρ∥1,

(E7)

where the last inequality holds when ∆t∥H∥∞ ∈ (0, 0.5].307

Combining Eq. (E4) (E5) (E7), we can conclude that308 ∥∥Q′
k,∆t ⊗ IR(σKR)−Q∆t ⊗ IR(σKR)

∥∥
1

≤∆t
(
2
√
e∥H ′

k −H∥∞ + 4∥H∥∞∥ρ′k − ρ∥1
)
,

(E8)

which holds for all choices of R and σKR ∈ D(KR). Thus we have309 ∥∥Q′
k,∆t −Q∆t

∥∥
⋄

≤∆t
(
2
√
e∥H ′

k −H∥∞ + 4∥H∥∞∥ρ′k − ρ∥1
)
.

(E9)

By the subadditivity property of diamond distance (Lemma 1), we have310

∥Q′
t −Qt∥⋄ ≤

K∑
k=1

∥∥Q′
k,∆t −Q∆t

∥∥
⋄

≤t

(
2
√
e
1

K

K∑
k=1

∥H ′
k −H∥∞ + 4∥H∥∞

1

K

K∑
k=1

∥ρ′k − ρ∥1

)
≤4t (DH + ∥H∥∞DS) .

(E10)

According to the derivation, the requirement for the validity of Eq. (E10) is that311

t

K
max

{
∥H∥∞, ∥H

′
1∥∞, · · · , ∥H

′
K∥∞

}
≤ 0.5, (E11)

that is, K ≥ 2t∥H∥∞ and K ≥ 2t∥H ′
k∥∞ for k = 1, · · · ,K.312
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(a)

(b)

(c)

(d)

(e)

FIG. 4. Diagrams for the proof of Lemma 10, divided into five cases according to the values of k1 and k2. We denote ρ1 − ρ2
by ∆ρ. Other cases, such as ‘k1 = 0, k2 odd’ can be derived by taking the Hermitian conjugate of the derivations listed in the
figure. (a) k1 even, k2 = 0. The last inequality is given by

∥∥Tr2(∆ρ)T
∥∥
∞ = ∥Tr2(∆ρ)∥∞ ≤ ∥Tr2(∆ρ)∥1 ≤ ∥∆ρ∥1. (b) k1 odd,

k2 = 0. The last inequality holds because
∥∥(∆ρ)TA

∥∥
∞ ≤

∑
i |λi|

∥∥∥|αi⟩⟨αi|TA

∥∥∥
∞

≤
∑

i |λi| = ∥∆ρ∥1, where ∆ρ =
∑

i λi |αi⟩⟨αi|
is the spectral decomposition of ∆ρ. (c) k1 even, k2 even. The first inequality is given by Lemma 9. (d) k1 odd, k2 odd. The
inequality is given by Lemma 9. (f) k1 odd, k2 even. The last inequality follows the derivation in (b).

2. Robustness for exponentiating the partial transposition map313

For certain specific Hermitian-preserving maps, we can obtain more accurate estimations of the robustness of HME.314

Again we use the partial transposition map as an example to illustrate this.315

Proposition 3. Setting the Hamiltonian to be HP = Φ+
A ⊗ SB, following the noise assumptions in Theorem 3, we316

have317

∥Q′
t −Qt∥⋄ ≤ 4t (DH +DS) . (E12)

To prove this proposition, we first need to present two lemmas, similar to what we have done in Appendix C 2.318

Lemma 9. For P ∈ L(H1 ⊗H2) and Q ∈ L(H2 ⊗H3), we have319

∥P ∗Q∥1 ≤ ∥P∥1∥Q∥1. (E13)
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Proof. Let P =
∑
i λi |αi⟩⟨αi| and Q =

∑
i µi |βi⟩⟨βi| be the spectral decomposition of P and Q respectively. We have320

∥P ∗Q∥1 ≤
∑
i,j

|λi| · |µj | · ∥|αi⟩⟨αi| ∗ |βj⟩⟨βj |∥1

≤
∑
i,j

|λi| · |µj | = ∥P∥1∥Q∥1,
(E14)

where the second inequality can be derived by Lemma 5.321

Lemma 10. For non-negative integers k1 and k2 such that k1 + k2 ≥ 1, we have322 ∥∥∥Tr1 [(HP ⊗ IR)
k1 ((ρ1 − ρ2)⊗ σKR) (HP ⊗ IR)

k2)
]∥∥∥

1

≤ dk1+k2−1
A ∥ρ1 − ρ2∥1

(E15)

for any quantum states ρ1, ρ2 and σKR.323

Proof. Denote ρ1 − ρ2 by ∆ρ for brevity. By Eq. (C11), when k1 and k2 are odd, we have324

(HP ⊗ IR)
k1 (∆ρ⊗ σKR) (HP ⊗ IR)

k2

=dk1+k2−2
A (Φ+

A ⊗ SB ⊗ IR)(∆ρ⊗ σKR)(Φ+
A ⊗ SB ⊗ IR).

(E16)

Taking partial trace on the first system and estimating the trace norm, we have325 ∥∥Tr1 [(Φ+
A ⊗ SB ⊗ IR)(∆ρ⊗ σKR)(Φ+

A ⊗ SB ⊗ IR)
]∥∥

1

= ∥IdA ⊗ [S∆ρS ∗ TrB(σKR)]∥1
= dA∥[S∆ρS ∗ TrB(σKR)]∥1
≤ dA∥S∆ρS∥1∥TrB(σ)∥1 ≤ dA∥∆ρ∥1,

(E17)

where the symbol S denotes the SWAP operator between the two systems on which the density matrix ρ acts. The326

tensor network derivation of this expression can be found in Fig. 4(d). The proofs of the other cases follow a similar327

approach and are presented in Fig. 4.328

Proof of Proposition 3. The second term of the last equation in Eq. (E4) satisfies329 ∥∥∥Tr1 [(e−iHP∆t ⊗ IR) ((ρ′k − ρ)⊗ σKR) (eiHP∆t ⊗ IR)
] ∥∥∥

1

≤
∞∑
m=1

1

m!

∥∥∥Tr1 [adm(−i(HP⊗IR)∆t)((ρ
′
k − ρ)⊗ σKR)

]∥∥∥
1

≤
∞∑
m=1

1

m!
(∆t)m

∥∥∥Tr1 [adm(HP⊗IR)((ρ
′
k − ρ)⊗ σKR)

]∥∥∥
1

≤
∞∑
m=1

1

m!
(2∆t)mdm−1

A ∥ρ′k − ρ∥1

=
1

dA
∥ρ′k − ρ∥1

(
e2dA∆t − 1

)
≤ 4∆t∥ρ′k − ρ∥1,

(E18)

where the third inequality is given by Lemma 10, and the last inequality holds when dA∆t ∈ (0, 0.5].330

Combining Eq. (E4), (E5) and (E18), we obtain331 ∥∥Q′
k,∆t ⊗ IR(σKR)−Q∆t ⊗ IR(σKR)

∥∥
1

≤∆t
(
2
√
e∥H ′

k −H∥∞ + 4∥ρ′k − ρ∥1
)
,

(E19)
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which holds for arbitrary R and σKR ∈ D(KR). Thus by the definition and the subadditivity property of diamond332

distance, we have333

∥Q′
t −Qt∥⋄ ≤

K∑
k=1

∥∥Q′
k,∆t −Q∆t

∥∥
⋄

≤t

(
2
√
e
1

K

K∑
k=1

∥H ′
k −H∥∞ + 4

1

K

K∑
k=1

∥ρ′k − ρ∥1

)
≤4t (DH +DS) .

(E20)

334

Appendix F: Entanglement Detection335

1. A brief introduction to quantum phase estimation336

To facilitate our subsequent discussions, we now give a brief introduction of the functions and properties of the337

quantum phase estimation algorithm, which is employed to analyze the eigenvalue, eiφ, and eigenstate of a given338

unitary U [8, 11]. As depicted in Fig. 4(a) in the main context, the number of ancilla qubits is determined by the339

desired estimation accuracy of target eigenvalues. While in some special cases when the binary representation of φ/2π340

has a finite length, a finite number of ancilla qubits can estimate φ accurately. If a sufficient number of ancilla qubits is341

employed and the input state σ is one of the eigenstates of U , measuring the ancilla qubits will yield the corresponding342

eigenvalue of σ. While, if σ is not an eigenstate of U , the measurement of the ancilla qubits will randomly output one343

of the eigenvalues of U and σ will collapse into the corresponding eigenstate, assuming no degeneracy. The probability344

of obtaining some eigenvalue is proportional to the fidelity between σ and the corresponding eigenstate.345

2. Constant upper bound for the HME-based protocol346

Theorem 4. Let HR = IA ⊗ SB − SAB, where IA, SB, and SAB stand for the identity operator acting on two copies347

of system A, SWAP operator acting on two copies of system B, and SWAP operator acting on two copies of the joint348

system AB, respectively. Choosing t = π, the circuit depicted in Fig. 4(b) in the main context requires at most O(1)349

copies of ρ to accomplish the task described in Fact 1 in the main context with a success probability of at least 2/3.350

Proof. Let P0 = {ψA⊗ψB} and P1 = {ψAB} be the sets of product pure states and global pure states, respectively.351

An unknown state ρ is selected through the following procedure: first, one randomly chooses P0 or P1 with equal352

probabilities, and then randomly selects a state from the chosen set according to the Haar measure. Our task is to353

determine which set the unknown state belongs to, using multiple copies of this state.354

To accomplish this state discrimination task, we utilize K + 1 copies of ρ to exponentiate the circuit depicted in355

Fig. 4(b) in the main context for K sequential steps. Let Qρ be the channel constructed by HME to approximate356 [
C-e−iρ

RAπ
]
. By using K = O(1) copies of ρ, we ensure that

∥∥∥Qρ −
[
C-e−iρ

RAπ
]∥∥∥

⋄
≤ 1/12. Upon measuring the357

ancilla qubit, if the outcome is |i⟩ (i = 0, 1), we infer that ρ belongs to the set Pi.358

Let us first consider the case when ρ = ψAB ∈ P1. Define359

Σ :=
[
C-e−i(−ψAB)π

]
(|+⟩⟨+| ⊗ ψAB) ,

Σ′ := QψAB (|+⟩⟨+| ⊗ ψAB).
(F1)

As eiψABπ = I− 2ψAB , Σ can be written in a block matrix form as360

Σ = [C-(I− 2ψAB)] (|+⟩⟨+| ⊗ ψAB)

=
1

2

[
ψAB −ψAB
−ψAB ψAB

]
.

(F2)

Upon measuring the ancilla qubit of Σ in the Pauli-X basis, we have361

Tr
[
(|−⟩⟨−| ⊗ Id)Σ

]
= Tr(ψAB) = 1, (F3)
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This indicates that we will certainly obtain the measurement result |1⟩.362

By Lemma 2, we have363 ∥∥∥[C-e−i(ψAB)RAπ
]
−
[
C-eiψABπ

]∥∥∥
⋄

=
∥∥∥[e−i(|1⟩⟨1|⊗(ψAB)RA)π

]
−
[
ei(|1⟩⟨1|⊗ψAB)π

]∥∥∥
⋄

≤2π
∥∥(ψAB)RA + ψAB

∥∥
∞

exp
(
πmax

{∥∥(ψAB)RA
∥∥
∞, ∥ψAB∥∞

})
≤2πeπ∥IA ⊗ TrA(ψAB)− ψAB + ψAB∥∞
=2πeπ∥TrA(ψAB)∥∞,

(F4)

where the second inequality follows from364 ∥∥(ψAB)RA
∥∥
∞ = ∥IA ⊗ TrA(ψAB)− ψAB∥∞

≤max
{
∥IA ⊗ TrA(ψAB)∥∞, ∥ψAB∥∞

}
= 1.

(F5)

The average purity of the reduced density matrix TrA(ψAB) is known to satisfy [12]365

E
ψAB∼Haar

Tr
[
TrA(ψAB)

2
]
=

dA + dB
dAdB + 1

=
2
√
d

d+ 1
, (F6)

where the last equality holds because we take dA = dB =
√
d for simplicity. Note that366

E
ψAB∼Haar

∥TrA(ψAB)∥∞ ≤ E
ψAB∼Haar

√
Tr [TrA(ψAB)2]

≤
√

E
ψAB∼Haar

Tr [TrA(ψAB)2],
(F7)

where the second inequality follows from Jensen’s inequality. Thus, we have367

E
ψAB∼Haar

∥TrA(ψAB)∥∞ → 0, as d→ ∞. (F8)

When d is sufficiently large, by Markov’s inequality, we can guarantee ∥TrA(ψAB)∥∞ ≤ (2πeπ)−1/12 with a probability368

of at least 4/5. Thus, with a probability of at least 4/5, we have369 ∥∥∥[C-e−i(ψAB)RAπ
]
−
[
C-eiψABπ

]∥∥∥
⋄
≤ 1/12. (F9)

Combined with370 ∥∥∥QψAB −
[
C-e−i(ψAB)RAπ

]∥∥∥
⋄
≤ 1/12, (F10)

we obtain371 ∥∥QψAB −
[
C-eiψABπ

]∥∥
⋄ ≤ 1/6. (F11)

According to the definition of the diamond distance, we have ∥Σ′ − Σ∥1 ≤ 1/6. By Lemma 3, we know372 ∣∣∣Tr [(|−⟩⟨−| ⊗ Id)Σ′]− Tr
[
(|−⟩⟨−| ⊗ Id)Σ

]∣∣∣ ≤ 1/6. (F12)

Combined with Eq. (F3), we have Tr
[
(|−⟩⟨−| ⊗ Id)Σ′] ≥ 5/6. Now we can conclude that373

Pr
[
obtain |1⟩

∣∣ρ ∈ P1

]
≥Pr

[
Eq. (F11) holds

∣∣ρ ∈ P1

]
Pr
[
obtain |1⟩

∣∣Eq. (F11) holds, ρ ∈ P1

]
≥4

5
· 5
6
=

2

3
.

(F13)
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On the other hand, when ρ = ψA ⊗ ψB , we denote374

Γ :=
[
C-e−i(ψA⊗ψB)RAπ

]
(|+⟩⟨+| ⊗ ψA ⊗ ψB),

Γ′ := QψA⊗ψB (|+⟩⟨+| ⊗ ψA ⊗ ψB).
(F14)

It can be observed that375

e−i(ψA⊗ψB)RAπ = e−i((IA−ψA)⊗ψB)π = Id − 2Π, (F15)

where Π = (IA − ψA)⊗ ψB is a projector that satisfies Π(ψA ⊗ ψB) = (ψA ⊗ ψB)Π = 0. This leads to the expression376

of Γ as follows:377

Γ =
1

2

[
ψA ⊗ ψB ψA ⊗ ψB
ψA ⊗ ψB ψA ⊗ ψB

]
, (F16)

which satisfies the property378

Tr
[
(|+⟩⟨+| ⊗ Id)Γ

]
= Tr(ψA ⊗ ψB) = 1. (F17)

Since we have379

∥∥∥QψA⊗ψB −
[
C-e−i(ψA⊗ψB)RAπ

]∥∥∥
⋄
≤ 1/12, (F18)

it follows that380

∣∣∣Tr [(|+⟩⟨+| ⊗ Id)Γ′]− Tr
[
(|+⟩⟨+| ⊗ Id)Γ

]∣∣∣ ≤ 1/12. (F19)

Combined with Eq. (F17), we can deduce that381

Pr
[
obtain |0⟩

∣∣ρ ∈ P0

]
≥ 11

12
. (F20)

Combining the above derivations, the probability of successfully distinguishing the sets satisfies382

Pr
[
success

]
=Pr

[
ρ ∈ P0

]
Pr
[
obtain |0⟩

∣∣ρ ∈ P0

]
+ Pr

[
ρ ∈ P1

]
Pr
[
obtain |1⟩

∣∣ρ ∈ P1

]
≥1

2
· 11
12

+
1

2
· 2
3
>

2

3
.

(F21)

383
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Appendix G: Entanglement Quantification384

1. HME-based negativity estimation algorithm385

Algorithm 1 Negativity Estimation

Input: The measurement accuracy ϵ, the failure probability δ, the system dimension d = dAdB .
Output: An estimation N̂(ρ) of N(ρ).
1: for i = 1 to M do
2: Randomly sample an integer l according to the probability distribution {p(l) = 8

π2(2l−1)2
}∞l=1.

3: if l > L = ⌈ 3d
2πϵ

+ 1
2
⌉ then

4: Set X̂i = 0.
5: else
6: Run the quantum circuit shown in Fig. 4(c) in the main context to realize the C-e−iρTA t operation for t = 2l− 1 up

to an error of π(2l−1)
3(2+log(2L−1))

ϵ
d
using K(l) copies of ρ.

7: if The measurement result of ancilla qubit is |0⟩ then
8: Set X̂i = −π

2
d.

9: else
10: Set X̂i = +π

2
d.

11: end if
12: end if
13: end for
14: Set X̂ = MedianOfMeans(X̂1, · · · , X̂M ).

15: Output N̂(ρ) = 1
2

(
π
2
d+ X̂− 1

)
.

2. Sample complexity of HME-based negativity estimation protocol386

Theorem 5. One needs an expected number of Õ
(
log
(
δ−1
)
ϵ−3d2dA

∥∥ρTA
∥∥
1

)
copies of ρ to ensure

∣∣∣N̂(ρ)−N(ρ)
∣∣∣ ≤ ϵ387

with a probability of at least 1 − δ. Here, the Õ notation suppresses logarithmic expressions for d and ϵ. Besides,388

the sampling times scales as M = O
(
log
(
δ−1
)
ϵ−2d

∥∥ρTA
∥∥
1

)
, and the copies of ρ needed in a single run of circuit in389

Fig. 4(c) of the main context when setting t = (2l − 1) scales as K(l) = Õ(ϵ−1ddAl).390

Proof. The Fourier series of |x| on [−π, π] is given by391

|x| = π

2
+

∞∑
n=1

a2n−1 cos((2n− 1)x), (G1)

where a2n−1 = − 4
π(2n−1)2 . Then the trace norm of ρTA is given by392 ∥∥ρTA

∥∥
1
= Tr

(∣∣ρTA
∣∣)

=Tr

[
π

2
Id +

∞∑
n=1

a2n−1 cos
(
(2n− 1)ρTA

)]

=
π

2
d+

∞∑
n=1

a2n−1 Tr
[
cos
(
(2n− 1)ρTA

)]
.

(G2)

Let τ (2n−1) be the state of the ancilla qubit before the Pauli-X basis measurement when the evolution time t is set393

to t = 2n − 1 in the right circuit shown in Fig. 4(c) in the main context. Correspondingly, let τ̃ (2n−1) be the state394

of the ancilla qubit before the Pauli-X basis measurement in the left circuit shown in Fig. 4(c) in the main context.395

Note that396

Tr
(
τ (2n−1)X

)
=

1

d
Tr
[
cos
(
(2n− 1)ρTA

)]
. (G3)

Now, we truncate the series in Eq. (G2) and consider only the first L terms to avoid divergence. We estimate the397
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absolute value of the sum of the discarded terms as follows:398 ∣∣∣∣∣
∞∑

n=L+1

a2n−1 Tr
[
cos
(
(2n− 1)ρTA

)]∣∣∣∣∣
≤

∞∑
n=L+1

|a2n−1|
∣∣∣Tr [cos((2n− 1)ρTA

)] ∣∣∣
≤4d

π

∞∑
n=L+1

1

(2n− 1)2

<
4d

π

∫ ∞

L

1

(2x− 1)2
dx

=
2d

(2L− 1)π
.

(G4)

To ensure that 2d
(2L−1)π ≤ ϵ1, we choose L = ⌈ 1

πdϵ
−1
1 + 1

2⌉. Here, ϵ1 represents the truncation error threshold, which399

we will specify later.400

Our goal is to estimate the sum401

L∑
n=1

a2n−1 Tr
[
cos
(
(2n− 1)ρTA

)]
(G5)

up to an error of ϵ2. To achieve this, we introduce a new random variable X, with the following probabilities for its402

values:403

• −π
2 d with probability404

L∑
n=1

8

π2(2n− 1)2
⟨+| τ (2n−1) |+⟩ , (G6)

• π
2 d with probability405

L∑
n=1

8

π2(2n− 1)2
⟨−| τ (2n−1) |−⟩ , (G7)

• 0 with probability406

1−
∞∑

n=L+1

8

π2(2n− 1)2
. (G8)

The random variable X serves as a good estimator for Eq. (G5) because its expected value is407

E [X] =− π

2
d

(
L∑
n=1

8

π2(2n− 1)2
⟨+| τ (2n−1) |+⟩

−
L∑
n=1

8

π2(2n− 1)2
⟨−| τ (2n−1) |−⟩

)

=− π

2
d

L∑
n=1

8

π2(2n− 1)2
Tr
(
τ (2n−1)X

)
=

L∑
n=1

a2n−1 Tr
[
cos
(
(2n− 1)ρTA

)]
.

(G9)

Correspondingly, we introduce a random variable X̃, with the following probabilities for its values:408
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• −π
2 d with probability409

L∑
n=1

8

π2(2n− 1)2
⟨+| τ̃ (2n−1) |+⟩ , (G10)

• π
2 d with probability410

L∑
n=1

8

π2(2n− 1)2
⟨−| τ̃ (2n−1) |−⟩ , (G11)

• 0 with probability411

1−
∞∑

n=L+1

8

π2(2n− 1)2
. (G12)

The bias between the random variables X and X̃ is given by412 ∣∣∣E[X̃]− E[X]
∣∣∣

≤
L∑
n=1

4d

π(2n− 1)2

∣∣∣Tr(τ̃ (2n−1)X
)
− Tr

(
τ (2n−1)X

)∣∣∣. (G13)

To sample the random variable X̃, we first sample a random integer l according to the probability distribution413 {
p(l) =

8

π2(2l − 1)2

}∞

l=1

. (G14)

If l ≥ L + 1, we set X̃ = 0. Otherwise, we use HME to generate the state τ̃ (2l−1), and then perform a measurement414

in the Pauli-X basis. Set X̃ = −π
2 d if the measurement outcome is |+⟩, set X̃ = +π

2 d if the measurement outcome is415

|−⟩.416

For n = 1, · · · , L, we set417

e2n−1 :=
π(2n− 1)

2 (2 + log(2L− 1))

ϵ2
d
. (G15)

We use HME to approximate the controlled-e−i(2n−1)ρTA operation with a precision of e2n−1. This precision ensures418

that
∥∥τ̃ (2n−1) − τ (2n−1)

∥∥
1
≤ e2n−1. By applying Lemma 3, we bound the absolute difference between Tr

(
τ̃ (2n−1)X

)
419

and Tr
(
τ (2n−1)X

)
as:420 ∣∣∣Tr(τ̃ (2n−1)X

)
− Tr

(
τ (2n−1)X

)∣∣∣ ≤ e2n−1. (G16)

Therefore, the bias between X̃ and X is bounded by421

∣∣∣E[X̃]− E[X]
∣∣∣ ≤ L∑

n=1

4d

π(2n− 1)2
e2n−1

=
2ϵ2

2 + log(2L− 1)

L∑
n=1

1

2n− 1

<
2ϵ2

2 + log(2L− 1)

(
1 +

∫ L

1

1

2x− 1
dx

)
= ϵ2.

(G17)

We sample X̃ for M times and obtain independent and identically distributed random variables X̃1, · · · , X̃M . Now,422

let’s estimate the required value of M to ensure the desired accuracy and success probability. To do so, we need to423
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estimate the variance of X̃, denoted as Var[X̃]. Note that424 ∣∣∣E[X̃]− (−π
2
d
)∣∣∣

≤
∣∣∣E[X̃]− E[X]

∣∣∣+ ∣∣∣E[X]− (−π
2
d
)∣∣∣

≤ϵ2 +

∣∣∣∣∣∥∥ρTA
∥∥
1
−

∞∑
n=L+1

a2n−1 Tr
[
cos
(
(2n− 1)ρTA

)]∣∣∣∣∣
<ϵ2 +

∥∥ρTA
∥∥
1
+ ϵ1.

(G18)

Thus, we have425

Var[X̃] = E[X̃2]− E[X̃]2

≤
∣∣∣∣E[X̃2]− π2d2

4

∣∣∣∣+ ∣∣∣∣E[X̃]2 − π2d2

4

∣∣∣∣
=
π2d2

4

∞∑
n=L+1

8

π2(2n− 1)2
+

∣∣∣∣E[X̃]− πd

2

∣∣∣∣∣∣∣∣E[X̃] + πd

2

∣∣∣∣
<
π

2
ϵ1d+ πd

(∥∥ρTA
∥∥
1
+ ϵ1 + ϵ2

)
= O

(
d
∥∥ρTA

∥∥
1

)
,

(G19)

where the last inequality is given by426

∞∑
n=L+1

1

(2n− 1)2
<
πϵ1
4d

, (G20)

which is guaranteed by our previous choice of L. Since Var[X̃] is upper bounded by O
(
d
∥∥ρTA

∥∥
1

)
, we can use the427

following lemma to bound the number of samples required.428

Lemma 11. Suppose we aim to estimate the expectation value E[R] of a random variable R with finite variance, using429

independently drawn samples R1, · · · , RM from its distribution. Then by employing the median of means estimation430

method and taking M = O
(
log
(
δ−1
)
Var[R]ϵ−2

)
, we can guarantee431 ∣∣∣MedianOfMeans(R1, · · · , RM )− E[R]

∣∣∣ ≤ ϵ (G21)

with a probability of at least 1− δ.432

According to Lemma 11, to estimate E[X̃] with accuracy ϵ3 and a success probability of at least 1− δ, it suffices to433

sample X for M = O
(
log
(
δ−1
)
d
∥∥ρTA

∥∥
1
ϵ−2
3

)
times.434

By Proposition 1, the expected number of ρ required for a single sampling of X̃ is435

E
l∼p(·)

[
O
(
e−1
2l−1dA(2l − 1)2

)]
=O

(
L∑
l=1

8

π2(2l − 1)2

(
2 (2 + log(2L− 1))

π(2l − 1)

d

ϵ2

)
dA(2l − 1)2

)

=O

(
16

π3

ddA
ϵ2

L∑
l=1

(2 + log(2L− 1))

2l − 1

)

=O
(

8

π3

ddA
ϵ2

(2 + log(2L− 1))
2

)
=O

(
ϵ−1
2 ddA log(L)

2
)
.

(G22)
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We take ϵ1 = ϵ2 = ϵ3 = 2ϵ
3 . Now, with a success probability of at least 1− δ, we have436 ∣∣∣(π

2
d+MedianOfMeans(X̂1, · · · , X̂M )

)
−
∥∥ρTA

∥∥
1

∣∣∣
≤
∣∣∣MedianOfMeans(X̂1, · · · , X̂M )− E[X̃]

∣∣∣
+
∣∣∣E[X̃]− E[X]

∣∣∣+ ∣∣∣(π
2
d+ E[X]

)
−
∥∥ρTA

∥∥
1

∣∣∣
<ϵ3 + ϵ2 + ϵ1 = 2ϵ.

(G23)

Thus, we can estimate
∥∥ρTA

∥∥
1
to an accuracy of 2ϵ, which allows us to determine N(ρ) =

∥ρTA∥
1
−1

2 to an accuracy437

of ϵ.438

Putting everything together, the expectation value of the total number of copies of ρ we need is439

M E
l∼p(·)

[
O
(
e−1
2l−1dA(2l − 1)2

)]
=O

(
log
(
δ−1
)
d
∥∥ρTA

∥∥
1
ϵ−2
3

)
O
(
ϵ−1
2 ddA log(L)

2
)

=O
(
log
(
δ−1
)
ϵ−3d2dA

∥∥ρTA
∥∥
1
log
(
ϵ−1d

)2)
=Õ

(
log
(
δ−1
)
ϵ−3d2dA

∥∥ρTA
∥∥
1

)
,

(G24)

here the notation Õ, suppresses logarithmic factors of d and ϵ.440

3. Comparison with tomography-based negativity estimation protocols441

To make a comparison with other negativity estimation protocols, we now discuss several properties of entanglement442

negativity. We first show that
∥∥ρTA

∥∥
1
≤ dA. Let |ψ⟩ be a d = dA×dB dimensional pure state with Schmidt coefficients443

s1 ≥ · · · ≥ sdA ≥ 0. According to Lemma 1 in [5], we have444 ∥∥∥|ψ⟩⟨ψ|TA

∥∥∥
1
= (s1 + · · ·+ sdA)

2. (G25)

Since s21 + · · ·+ s2dA = 1, it follows that
∥∥∥|ψ⟩⟨ψ|TA

∥∥∥
1
≤ dA. Let ρ =

∑d
i=1 λi |ψi⟩⟨ψi| be the spectral decomposition of445

ρ, then we have446

∥∥ρTA
∥∥
1
=

∥∥∥∥∥
d∑
i=1

λi |ψi⟩⟨ψi|TA

∥∥∥∥∥
1

≤
d∑
i=1

λi

∥∥∥|ψi⟩⟨ψi|TA

∥∥∥
1
≤ dA.

(G26)

We then show that for all d-diamonsional states ρ1 and ρ2, the following inequality holds:447

|N(ρ1)−N(ρ2)| ≤
√
d

2
∥ρ1 − ρ2∥1. (G27)

Let ρ1 − ρ2 =
∑d
i=1 µi |ϕi⟩⟨ϕi| be the spectral decomposition of ρ1 − ρ2, then448

|N(ρ1)−N(ρ2)| =
1

2

∣∣∣∥∥∥ρTA
1

∥∥∥
1
−
∥∥∥ρTA

2

∥∥∥
1

∣∣∣
≤1

2

∥∥∥ρTA
1 − ρTA

2

∥∥∥
1
=

1

2

∥∥(ρ1 − ρ2)
TA
∥∥
1

≤1

2

d∑
i=1

|µi|
∥∥∥|ϕi⟩⟨ϕi|TA

∥∥∥
1
≤ dA

2
∥ρ1 − ρ2∥1

≤
√
d

2
∥ρ1 − ρ2∥1.

(G28)
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As mentioned before, a straightforward negativity estimation protocol is to first generate an estimation of ρ using449

quantum state tomography and then compute the negativity based on it. Quantum state tomography uses multiple450

copies of ρ to learn a classical description ρ̂ such that ∥ρ̂− ρ∥1 ≤ ϵ. The sample complexity of quantum state451

tomography using single-copy measurements is proved to be Θ(ϵ−2d3) [13, 14]. It seems that this single-copy strategy452

has a lower sample complexity than the HME-based protocol.453

However, accurately learning a quantum state in trace distance is not equivalent to accurately estimating nega-454

tivity. This is due to the relation |N(ρ1)−N(ρ2)| ≤
√
d
2 ∥ρ1 − ρ2∥1 we derived before, where the equal sign can be455

asymptotically satisfied. Therefore, if one wants to estimate the negativity of any state to ϵ accuracy, an accuracy of456

Θ(ϵ/
√
d) in trace distance for state tomography is required. Substituting this into the complexity of quantum state457

tomography, the complexity of this tomography-based negativity estimation protocol scales as Θ(ϵ−2d4), which is458

higher than that of the HME-based protocol.459

Furthermore, calculating the negativity from the classical description of ρ requires conducting spectral decomposi-460

tion of an exponentially large matrix, leading to requirements for exponentially large computational time and classical461

memory. While in the HME-based protocol, the number of classical calculations, O(M), is much lower than that462

of the spectral decomposition. Besides, the classical memory requirement of Algorithm 1 mainly comes from the463

subroutine MedianOfMeans, which scales logarithmically with d.464

4. Sample complexity lower bound for estimating negativity465

The exponential sample complexity of estimating negativity is unavoidable, even with highly joint operations. Based466

on the Holevo-Helstrom theorem, we prove that:467

Proposition 4. If there exists a protocol that can estimate N(ρ) to ϵ accuracy with a probability of at least 2/3 for468

any state ρ, the worst case sample complexity is lower bounded by Ω(ϵ−2d), where d is the dimension of the Hilbert469

space for ρ.470

Proof. Consider the case when dA = dB =
√
d. We define ρ(x) as follows:471

ρ(x) := x
1√
d
Φ+ + (1− x)

1

d
Id, (G29)

where Φ+ is the unnormalized maximally entangled state. This state provides an example that the difference in472

negativity will be exponentially larger than the difference in trace distance. For x > 1
1+

√
d
, we have473

N [ρ(x)] = x

√
d

2
− 1

2
+

1− x

2
√
d
. (G30)

Thus, when x1 > x2 >
1

1+
√
d
, the difference in negativity will be474

N [ρ(x1)]−N [ρ(x2)] =

(√
d

2
− 1

2
√
d

)
(x1 − x2). (G31)

While at the same time,475

∥ρ(x1)− ρ(x2)∥1 = 2

(
1− 1

d

)
(x1 − x2). (G32)

Now we use ρ(x) to prove Proposition 4. For 0 ≤ x1, x2 ≤ 1, the fidelity between ρ(x1) and ρ(x2) can be lower476

bounded as477

F
(
ρ(x1), ρ(x2)

)
=

[√(
x1 + (1− x1)

1

d

)(
x2 + (1− x2)

1

d

)

+ (d− 1)

√
(1− x1)(1− x2)

1

d2

]2
≥
[√

x1x2 +
√

(1− x1)(1− x2)
]2
,

(G33)
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where the inequality holds for all 0 ≤ x1, x2 ≤ 1 and all dimension d. Taking λ = 6ϵ/
√
d,478

N [ρ(1/2 + λ)]−N [ρ(1/2)] = λ

(√
d

2
− 1

2
√
d

)
> 2.5ϵ (G34)

holds when d > 6. Thus, if we can estimate N(ρ) to an accuracy of ϵ with a success probability of at least 2/3 using479

K copies of the unknown state ρ, then we can distinguish between ρ(1/2+λ) and ρ(1/2) with a probability of at least480

2/3 using K copies of ρ. By Eq. (G33), we have481

F
(
ρ(1/2 + λ), ρ(1/2)

)
≥

[√
1

4
+
λ

2
+

√
1

4
− λ

2

]2
≥ 1− 2λ2,

(G35)

where the second inequality holds for all λ ∈ (0, 1/2].482

By Lemma 7, in order to distinguish between ρ(1/2 + λ) and ρ(1/2) with a probability of at least 2/3 using K483

copies of the unknown state, K must be large enough to make sure484 ∥∥ρ(1/2 + λ)⊗K − ρ(1/2)⊗K
∥∥
1
≥ 2

3
. (G36)

Note that485 ∥∥ρ(1/2 + λ)⊗K − ρ(1/2)⊗K
∥∥
1

≤2
√
1− F

(
ρ(1/2 + λ)⊗K , ρ(1/2)⊗K

)
=2

√
1− F

(
ρ(1/2 + λ), ρ(1/2)

)K
≤2
√
1− (1− 2λ2)K .

(G37)

Combine Eq. (G36) and (G37), K must satisfies486

K ≥ log

(
9

8

)
log

(
1

1− 2λ2

)−1

≥ log

(
9

8

)
1

4λ2

≥ Ω
(
λ−2

)
= Ω

(
ϵ−2d

)
,

(G38)

where the second inequality holds when λ ∈ (0, 1/2].487

Appendix H: Quantum Noiseless State Recovery488

1. Sample complexity489

Theorem 6. Let E be an invertible noise map. Denote HE−1 := ΛT1

E−1 as the Hamiltonian corresponding to490

the inverse noise channel, and let F := ⟨ψ|σ |ψ⟩ be the fidelity between |ψ⟩⟨ψ| and σ. Then we need at most491

O
(
log
(
δ−1
)
ϵ−1F−2∥HE−1∥2∞

)
copies of E(|ψ⟩⟨ψ|) to approximately produce |ψ⟩⟨ψ| with trace distance smaller than ϵ492

and a success probability at least 1− δ using the circuit shown in Fig. 5 of the main context.493

Proof. We use Q to represent the channel constructed by HME, which approximates the channel
[
C-e−iψπ

]
. We select494

the number of sequential operations K = O(ϵ̃−1∥HE−1∥2∞) to guarantee
∥∥Q−

[
C-e−iψπ

]∥∥
⋄ ≤ ϵ̃, where ϵ̃ represents an495

error threshold that will be further defined in our analysis. Let496

Σ :=
[
C-e−iψπ

]
(|+⟩⟨+| ⊗ σ) ,

Σ′ := Q(|+⟩⟨+| ⊗ σ),
(H1)
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by definition of diamond distance, we have ∥Σ′ − Σ∥1 < ϵ̃. After measuring the ancilla qubit of Σ′ in the Pauli-X497

basis and obtaining the outcome |−⟩, the state evolves into498

Trc

(
(|−⟩⟨−| ⊗ Id)Σ′(|−⟩⟨−| ⊗ Id)

Tr
[
(|−⟩⟨−| ⊗ Id)Σ′

] )
, (H2)

which closely approximates ψ. Note that499

F ′ := Tr
[
(|−⟩⟨−| ⊗ Id)Σ′] (H3)

is the probability of obtaining the measurement result |−⟩. By Lemma 3, we can observe that500 ∣∣F ′ − F
∣∣

=
∣∣∣Tr [(|−⟩⟨−| ⊗ Id)Σ′]− Tr

[
(|−⟩⟨−| ⊗ Id)Σ

]∣∣∣
≤∥Σ′ − Σ∥1 < ϵ̃,

(H4)

where501

F := Tr
[
(|−⟩⟨−| ⊗ Id)Σ

]
= ⟨ψ|σ |ψ⟩ (H5)

is the fidelity between the initial state σ and the target noiseless state ψ. We have502 ∥∥∥∥∥Trc
(
(|−⟩⟨−| ⊗ Id)Σ′(|−⟩⟨−| ⊗ Id)

Tr
[
(|−⟩⟨−| ⊗ Id)Σ′

] )
− |ψ⟩⟨ψ|

∥∥∥∥∥
1

=

∥∥∥∥∥Trc
(
(|−⟩⟨−| ⊗ Id)Σ′(|−⟩⟨−| ⊗ Id)

Tr
[
(|−⟩⟨−| ⊗ Id)Σ′

] )
− Trc

(
(|−⟩⟨−| ⊗ Id)Σ(|−⟩⟨−| ⊗ Id)

Tr
[
(|−⟩⟨−| ⊗ Id)Σ

] )∥∥∥∥∥
1

≤
∥∥∥∥ 1

F ′ Trc

(
(|−⟩⟨−| ⊗ Id)Σ′(|−⟩⟨−| ⊗ Id)

)
− 1

F ′ Trc

(
(|−⟩⟨−| ⊗ Id)Σ(|−⟩⟨−| ⊗ Id)

)∥∥∥∥
1

+

∥∥∥∥ 1

F ′ Trc

(
(|−⟩⟨−| ⊗ Id)Σ(|−⟩⟨−| ⊗ Id)

)
− 1

F
Trc

(
(|−⟩⟨−| ⊗ Id)Σ(|−⟩⟨−| ⊗ Id)

)∥∥∥∥
1

≤ 1

F ′

∥∥∥(|−⟩⟨−| ⊗ Id)(Σ′ − Σ)(|−⟩⟨−| ⊗ Id)
∥∥∥
1
+

∣∣∣∣ 1F ′ −
1

F

∣∣∣∣ ∥∥∥Trc ((|−⟩⟨−| ⊗ Id)Σ(|−⟩⟨−| ⊗ Id)
)∥∥∥

1

≤ ϵ̃

F ′ +
ϵ̃

F ′F
F =

2ϵ̃

F ′ ≤
2ϵ̃

F − ϵ̃
.

(H6)

In order to guarantee503 ∥∥∥∥∥Trc
(
(|−⟩⟨−| ⊗ Id)Σ′(|−⟩⟨−| ⊗ Id)

Tr
[
(|−⟩⟨−| ⊗ Id)Σ′

] )
− |ψ⟩⟨ψ|

∥∥∥∥∥
1

< ϵ (H7)

for some given error threshold ϵ, we can take ϵ̃ = Fϵ/3. Thus, O(ϵ−1F−1∥HE−1∥2∞) copies of ρ are sufficient for us to504

get ψ up to an error of ϵ when the post-selection succeeds.505

We repeatedly run the circuit shown in Fig. 5 in the main context for m times to increase the success probability506

to 1− (1− F ′)m. To ensure 1− (1− F ′)m ≥ 1− δ, it suffices to take507

m =

⌈
log
(
δ−1
)
log

(
1

1− F ′

)−1
⌉

=O
(
log
(
δ−1
)
F ′−1

)
= O

(
log
(
δ−1
)
F−1

)
.

(H8)

Thus, the total number of copies of ρ we need to achieve a success probability of at least 1− δ is508

O
(
log
(
δ−1
)
ϵ−1F−2∥HE−1∥2∞

)
. (H9)

509
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2. Comparison with quantum error correction and mitigation510

We should acknowledge that, in comparison to the well-developed quantum error correction and mitigation proto-511

cols, quantum noiseless state recovery still faces significant challenges. The exponentiation of quantum noiseless state512

recovery relies on rigorous assumptions, such as having precise knowledge of the noise channel to determine the Hamil-513

tonian and an efficient method for exponentiating controlled Hamiltonian evolution. To apply quantum noiseless state514

recovery in practical scenarios, many efforts should be made to enhance its practicality. However, quantum noiseless515

state recovery exhibits fundamental differences from quantum error correction and mitigation, which may provide516

inspiration for alternative error management protocols. Therefore, a deeper understanding of the characteristics of517

quantum noiseless state recovery is meaningful.518

Quantum noiseless state recovery combines the starting point of quantum error mitigation and the target of quantum519

error correction. When considering the state of processing, quantum noiseless state recovery is closer to quantum error520

mitigation, as it deals with states that have already been affected by noises. In contrast, quantum error correction521

begins with noiseless states and protects them from the influence of noises. Regarding the target, quantum noiseless522

state recovery aligns more closely with quantum error correction since both aim to recover the noiseless state rather523

than solely the noiseless expectation values. For a clearer comparison, we present a summary of the distinctive features524

of these methods in Table I.525

QEC QEM QNSR

Main Technique
Encoding and

Decoding
Statistical
Methods

HME and Quantum
Phase Estimation

State of Processing Noiseless Noisy Noisy

Target
State

Recovery
Expectation

Value Recovery
State

Recovery
Qubit Overhead High Low Moderate

Sample Complexity Polynomial Exponential Exponential
General Noise No Yes Yes

TABLE I. The comparison of QEC (quantum error correction), QEM (quantum error mitigation), and QNSR (quantum
noiseless state recovery).

In terms of qubit overhead, quantum noiseless state recovery also falls between quantum error correction and526

mitigation. For the circuit of quantum noiseless state recovery, as shown in Fig. 5 in the main context, a system with527

(2n+1) qubits can be utilized to recover a n-qubit noiseless state. In comparison, typical error correction codes such528

as the surface code or concatenated code [15, 16] may require a much larger number of ancilla qubits to protect a529

single logical qubit. Whereas, quantum error mitigation only requires a small number of ancilla qubits, but is thus530

limited to recovering the noiseless expectation values. It is worth noting that the ability to recover quantum states,531

rather than solely retrieving expectation values, offers several advantages [17]. For instance, in applications such as532

quantum storage, the primary goal is to obtain noise-free quantum states. Additionally, in practical scenarios such533

as the Shor algorithm [18] and quantum key distribution [19, 20], noiseless states are required to obtain single-shot534

measurement results instead of just expectation values.535

Both quantum error mitigation and quantum noiseless state recovery suffer from higher sample complexities com-536

pared to quantum error correction. The presence of single-qubit independent noise poses a significant challenge for537

quantum devices by greatly limiting their ability to demonstrate quantum advantages and solve practical problems538

[21]. Studies have revealed that for independent single-qubit noises, the sample complexity of quantum error mitiga-539

tion has an exponential lower bound [22, 23]. Unfortunately, quantum noiseless state recovery faces the same difficulty540

in this regard. Based on Theorem 2, we prove that:541

Corollary 1. Let E⊗n be an n-qubit noise channel, which is the n-fold tensor product of single-qubit invertible542

and non-unitary noise channel E. Then, the sample complexity of realizing controlled-e−i(E
−1)⊗n(ρ)t evolution to an543

accuracy of ϵ in diamond distance has an exponential lower bound, K ≥ ϵ−12Ω(n)t2.544

Proof. In this section, letMr :=
1
2 (I2+r·σ) be the Bloch representation of a two-dimensional Hermitian matrix, where545

r = (x, y, z) ∈ R3 is the Bloch vector of Mr, and σ = (σ1, σ2, σ3) = (X,Y, Z). Additionally, ∥r∥ =
√
x2 + y2 + z2546

represents the norm of r, D3 = {(x, y, z) : x2+ y2+ z2 ≤ 1} represents the closed unit ball in R3, and S2 = {(x, y, z) :547

x2 + y2 + z2 = 1} represents the unit sphere.548

The action of a trace-preserving map in the Bloch representation can always be expressed as an affine map [8],549

which maps one ellipsoid to another ellipsoid. Note that affine maps preserve antipodal points of ellipsoids. We550

use the notation E to refer to both the CPTP noise channel and the corresponding affine map on R3. If E is not a551

unitary channel, it maps some pure state on S2 to the interior of D3. Consequently, E(D3) ⊊ D3, which implies that552

D3 ⊊ E−1(D3).553
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In the following, we will discuss two cases separately: when E is a unital map, and when it is not a unital map.554

If E is a unital map, then (0, 0, 0) is the fixed point of E . Since D3 ⊊ E−1(D3), we can choose M±r ∈ E−1(S2)555

such that ∥r∥ > 1. Besides, the two pure states, |ψ±⟩⟨ψ±| := E(M±r), are orthogonal since their Bloch vectors are556

antipodal points on S2. Let the spectral decomposition of M±r be557

M±r =
1± ∥r∥

2
|w1⟩⟨w1|+

1∓ ∥r∥
2

|w2⟩⟨w2| , (H10)

where |w1⟩ and |w2⟩ are two orthonormal pure states that are determined by r. One can show that558

An :=
1

2
|ψ+⟩⟨ψ+|⊗n − 1

2
|ψ−⟩⟨ψ−|⊗n (H11)

is an element of the feasible region F , as [M+r,M−r] = 0. Acting Nn := (E−1)⊗n on An, we have559

Nn(An) =
1

2
(M+r)

⊗n − 1

2
(M−r)

⊗n

=
1

2

[(
1 + ∥r∥

2

)n
−
(
1− ∥r∥

2

)n]
|w1⟩⟨w1|⊗n

+
1

2

[(
1− ∥r∥

2

)n
−
(
1 + ∥r∥

2

)n]
|w2⟩⟨w2|⊗n

+ · · · .

(H12)

Thus we have560

R∗ ≥ R [Nn (An)]

≥1

2

[(
1 + ∥r∥

2

)n
−
(
1− ∥r∥

2

)n]
− 1

2

[(
1− ∥r∥

2

)n
−
(
1 + ∥r∥

2

)n]
≥Ω

((
1 + ∥r∥

2

)n)
.

(H13)

Since 1+∥r∥
2 > 1, Theorem 2 implies that the sample complexity K for realizing e−iNn(ρ)t with accuracy ϵ has a lower561

bound of K ≥ ϵ−12Ω(n)t2.562

When E is not a unital map, then E−1 is also not a unital map. Denote E−1( I22 ) = Mc, then the center of the563

ellipsoid E−1(D3) is given by c. The line passing through (0, 0, 0) and c intersects the ellipsoid plane E−1(S2) at564

two points s and t, which are antipodal points on E−1(S2) and satisfy t = −∥t∥
∥s∥s. Without loss of generality, we565

assume that ∥s∥ > ∥t∥. Denote |ϕ+⟩⟨ϕ+| := E(Ms) and |ϕ−⟩⟨ϕ−| := E(Mt), they are antipodal pure states on S2, thus566

⟨ϕ+|ϕ−⟩ = 0. Let the spectral decomposition of Ms and Mt be567

Ms =
1 + ∥s∥

2
|v1⟩⟨v1|+

1− ∥s∥
2

|v2⟩⟨v2| ,

Mt =
1 + ∥t∥

2
|v2⟩⟨v2|+

1− ∥t∥
2

|v1⟩⟨v1| ,
(H14)

where |v1⟩ and |v2⟩ are orthonormal pure states that are determined by s. One can show that568

Bn :=
1

2
|ϕ+⟩⟨ϕ+|⊗n − 1

2
|ϕ−⟩⟨ϕ−|⊗n (H15)

is an element of the feasible region F , as [Ms,Mt] = 0. Acting Nn on Bn, we have569

Nn(Bn) =
1

2
(Ms)

⊗n − 1

2
(Mt)

⊗n

=
1

2

[(
1 + ∥s∥

2

)n
−
(
1− ∥t∥

2

)n]
|v1⟩⟨v1|⊗n

+
1

2

[(
1− ∥s∥

2

)n
−
(
1 + ∥t∥

2

)n]
|v2⟩⟨v2|⊗n

+ · · · .

(H16)
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Thus we have570

R∗ ≥ R [Nn (Bn)] ≥ Ω

((
1 + ∥s∥

2

)n)
. (H17)

Since 1+∥s∥
2 > 1, Theorem 2 implies that the sample complexity K for realizing e−iNn(ρ)t with accuracy ϵ has a lower571

bound of K ≥ ϵ−12Ω(n)t2.572

Finally, note that573

C-e−iNn(ρ)t = e−i|1⟩⟨1|c⊗Nn(ρ)t, (H18)

and |1⟩⟨1|c ⊗ Nn(ρ) has the same spectrum as Nn(ρ). Based on this observation, we can easily demonstrate that574

realizing controlled-e−iNn(ρ)t with accuracy ϵ also has a lower bound of K ≥ ϵ−12Ω(n)t2.575

It is important to emphasize that the higher sample complexity of quantum noiseless state recovery compared576

to quantum error correction does not solely stem from the fact that quantum noiseless state recovery uses fewer577

ancilla qubits. While both methods aim to obtain the noiseless state, quantum noiseless state recovery faces a more578

challenging task: recovering the noiseless quantum state from noisy states instead of protecting noiseless states from579

noises. As local noises will exponentially reduce the distinguishability of quantum states, recovery from noisy states580

will encounter exponential sample complexities, as suggested by the spirit of the Holevo-Helstrom theorem.581

In practice, quantum noiseless state recovery excels in handling certain types of noises that pose challenges for582

quantum error correction. For instance, leakage error is a significant challenge for some quantum platforms [24], which583

occurs when the target system possesses a hidden space, and the quantum state may leak out of the computational584

space. Detecting and operating on the hidden space is typically challenging, making it difficult for quantum error585

correction to handle leakage errors effectively. In contrast, quantum noiseless state recovery can naturally handle such586

non-trace-preserving errors, as its inverse map is also Hermitian-preserving.587

Appendix I: Other Applications588

Although not as evident as in entanglement detection and noiseless state recovery, Hermitian-preserving maps589

actually emerge in a wide range of quantum information tasks. In this section, we will explore several other examples,590

such as expectation value measurements, quantum imaginary time evolution, and linear combinations of unitaries,591

where HME can be effectively applied.592

1. Expectation value measurements593

Except for protocols such as randomized measurements [25–27] and shadow tomography [28], which either require594

exponential repetition times or joint operations, we typically employ two methods to efficiently estimate the expec-595

tation value of a single observable, Tr(Oρ). The first method is based on the fundamental principles of quantum596

mechanics. Suppose O can be diagonalized as O = VOΛOV
†
O, where VO and ΛO are unitary and diagonal matrices,597

respectively. In this case, we can evolve the state ρ using V †
O, measure it in the computational basis multiple times,598

and use these measurement results to estimate Tr(Oρ) = Tr
(
ΛOV

†
OρVO

)
. The circuit for this method is shown in599

Fig. 5(a). The second method is based on embedding the observable into a unitary UO. A common embedding600

technique is based on the textbook result O =
∥O∥∞

2 (UO+U†
O). With this embedding, we can perform the Hadamard601

test circuit shown in Fig. 5(b) using a controlled-UO operation to acquire the value of Tr
[
(UO + U†

O)ρ
]
. This method602

is particularly efficient when O is not only Hermitian but also unitary in certain scenarios.603

In certain practical scenarios, O may correspond to a sparse or intrinsic Hamiltonian of physical systems. In such604

cases, implementing VO and UO may still require deep quantum circuits [29] as they do not exploit the structure605

information of O. While, the implementation of e−iOt and controlled-e−iOt evolutions can be quite efficient, with606

methods such as Hamiltonian simulation protocols [9, 10, 30] or Hilbert space enlargement techniques [31, 32].607

An intriguing observation is that Tr(Oρ) is also a Hermitian-preserving map that acts on ρ since Tr(Oρ) is a608

real number. This suggests the possibility of conducting observable measurements through HME. To facilitate this609

application, we can define a new map NO(ρ) = Tr(Oρ) |1⟩⟨1|, where the output space is a single-qubit Hilbert space610

and |1⟩ is one of the basis states in this space. According to Theorem 1 in the main context, the Hamiltonian for611

exponentiating NO is HO = O ⊗ |1⟩⟨1|, and the evolution of e−iHOt is actually the controlled-e−iOt operation. With612
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𝜌 𝜌

|0⟩

𝑒−𝑖𝑂Δ𝑡 𝑒−𝑖𝑂Δ𝑡 𝑒−𝑖𝑂Δ𝑡𝜌

𝐻 𝐻

𝜌 𝑉𝑂
†

|0⟩ 𝐻 𝐻

𝑈𝑂𝜌

(a) (b)

(c)

FIG. 5. The circuits of three direct expectation value measurement methods, where all the measurements are conducted in the

Z basis. (a) VO is the unitary that diagonalizes O. (b) UO is obtained by decomposing O as O =
∥O∥∞

2
(UO + U†

O), and H

represents the Hadamard gate. (c) The circuit utilizes HME to perform the observable measurement, utilizing controlled-e−iO∆t

operations.

this Hamiltonian, HME enables the encoding of expectation values into relative phases of reference states. By setting613

the evolved state as |+⟩ = 1√
2
(|0⟩+ |1⟩), as shown in Fig. 5(c), the evolved state will approximately become614

e−iTr(Oρ)t|1⟩⟨1| |+⟩ = 1√
2

(
|0⟩+ e−iTr(Oρ)t |1⟩

)
. (I1)

Subsequently, one can measure the evolved state in the Pauli basis to extract the value of tr(Oρ). By defining a new615

map as N (ρ) =
∑
iTr(Oiρ) |i⟩⟨i| and setting the evolved state to be a higher-dimensional coherent state, HME can616

encode multiple expectation values simultaneously. This HME-based phase encoding operation may also exhibit some617

advantages for other applications such as gradient estimation [33, 34].618

2. Completely positive maps without trace preservation619

Until now, most of the non-physical maps we have discussed, including positive maps, inverse maps of noise channels,620

and phase encoding maps, violate the complete positivity requirements for quantum channels. However, there also621

exist some completely positive but not trace-preserving maps that play important roles in quantum information622

processing tasks. One important example is the map N (ρ) = PρP †, where P can be an arbitrary rectangular matrix.623

In the task of linear combination of unitaries [30], the matrix P is chosen as the sum of several unitaries, allowing for624

producing an arbitrary pure state or realizing a desired Hamiltonian evolution. Additionally, in quantum imaginary625

time evolution [35–37], P is set as e−βH , where β represents the inverse temperature and H is a Hamiltonian. By626

increasing β, one can prepare a pure state that approximates the ground state of H to arbitrary precision.627

It is worth noting that linear combination of unitaries and quantum imaginary time evolution share a common goal628

of preparing pure states, which is similar to quantum noiseless state recovery. To achieve this goal, one can adopt629

a similar circuit as shown in Fig. 5 in the main context. In particular, by carefully selecting a Hamiltonian, HME630

facilitates the realization of the controlled-e−iP |0⟩⟨0|P †t evolution, where |0⟩⟨0| represents some initial pure state. If631

one has sufficient prior knowledge of P , the pure state corresponding to P |0⟩⟨0|P † can also be generated using the632

quantum phase estimation circuit with a small number of ancilla qubits.633
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