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Abstract Pre-trained deep Transformers have had tremendous success in a wide variety of disci-8

plines. However, in computational biology, essentially all Transformers are built upon the biolog-9

ical sequences, which ignores vital stereochemical information and may result in crucial errors in10

downstream predictions. On the other hand, three-dimensional (3D) molecular structures are in-11

compatible with the sequential architecture of Transformer and natural language processing (NLP)12

models in general. This work addresses this foundational challenge by a topological Transformer13

(TopoFormer). TopoFormer is built by integrating NLP and a multiscale topology techniques, the14

persistent topological hyperdigraph Laplacian (PTHL), which systematically converts intricate 3D15

protein-ligand complexes at various spatial scales into a NLP-admissible sequence of topological16

invariants and homotopic shapes. Element-specific PTHLs are further developed to embed crucial17

physical, chemical, and biological interactions into topological sequences. TopoFormer surges ahead18

of conventional algorithms and recent deep learning variants and gives rise to exemplary scoring19

accuracy and superior performance in ranking, docking, and screening tasks in a number of bench-20

mark datasets. The proposed topological sequences can be extracted from all kinds of structural21

data in data science to facilitate various NLP models, heralding a new era in AI-driven discovery.22

Keywords Drug design, Topological sequences, Topological Transformer, Multiscale Topology,23

Hyperdigraph Laplacian.24
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1 Introduction45

The importance of discovery in modern healthcare cannot be overemphasized, as it profoundly46

impacts our daily lives. However, traditional methods of drug development are notably labor-47

intensive, consuming over a decade and costing billions of dollars for a single prescription medicine48

to reach the market [1]. Historically, this domain has been anchored by traditional methods such49

as molecular docking [2, 3, 4, 5], free energy perturbation [6], and empirically based modeling [7].50

While these techniques have provided insights into drug discovery, they come with their share of51

limitations. Their predictive abilities also often waver in accuracy and reliability, and the computa-52

tional intensity of these methods further renders them suboptimal for large-scale or swift screening53

endeavors. Additionally, they may overlook non-traditional binding sites or novel interaction ki-54

netics, leading to missed therapeutic opportunities or misjudged drug efficacy.55

In the evolving landscape of drug design, the deep learning models are becoming an attractive56

options [8, 9, 10], they have shown great capacity to predict protein structures. It was celebrated for57

their unmatched capability to unravel intricate patterns and deliver superior predictive outcomes.58

[11] This shift towards deep learning, built on the successes of chemoinformatics and bioinformat-59

ics [12], embodies the modern era’s tilt towards data-driven methodologies. However, challenges60

like the necessity for frequent retraining and an overwhelming reliance on labeled data have been61

persistent roadblocks.62

The groundbreaking Transformer framework and models like ChatGPT, which owe their tri-63

umphs to large-scale pre-training and the adept use of unlabeled data, point towards the untapped64

potential of self-supervised learning [13, 14, 15]. These models offer a glimpse of powerful solutions,65

especially when traditional labeled data is a limiting factor. While the success of the Transformer66

framework in the realm of natural language processing is undeniable, its direct application to67

the domain of drug discovery, especially for the protein-ligand complex modeling, raises pertinent68

questions because of its neglecting important stereochemical relations. One pivotal quandary is69

tailoring a model, intrinsically designed for serialized language translations, to suit the study of70

protein-ligand complexes, which inherently defy serialized representation.71

In response to the existing challenges, we leverage advanced mathematical models from alge-72

braic topology, differential geometry, and combinatorial graph theory. These models, previously73

applied to represent biomolecular systems, have achieved significant successes [16, 17, 18, 19]. Draw-74

ing upon unique insights from advanced mathematics, we unveil our topological transformer model:75

TopoFormer. TopoFormer is built upon persistent topological hyperdigraph Laplacian (PTHL) [20],76

a tarnsformative algebraic topological model. While intrinsically mirroring foundational topologi-77

cal invariants akin to traditional persistent homology [21], this multiscale technique introduced the78

novel topological hyperdigraph to capture intrinsic physical, chemical, and biological interactions79

in protein-ligand binding, and uniquely delivers a non-harmonic spectrum, shedding light on the80

three-dimensional (3D) shape intricacies of protein-ligand complexes. In a nutshell, PTHL utilizes81

its multiscale topology and multiscale spectrum to convert intricate 3D protein-ligand complexes82

into 1D topological sequences that are ideally suitable for the sequential architecture of Trans-83

formers (Figure 1). This innovative fusion not only melds topological insights with cutting-edge84

machine learning but also heralds a paradigm shift in our grasp of protein-ligand relationships.85

Capitalizing on its deep-rooted topological framework, TopoFormer redefines performance bench-86

marks in drug research tasks like scoring, ranking, docking, and screening. Its nuanced design87
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ensures that unconventional interactions are not overlooked but are instead spotlighted. As shown88

in the results, TopoFormer consistently outshines its peers, achieving state-of-the-art outcomes89

across diverse benchmark datasets in drug discovery.90

2 Results91

In this section, an overview of the proposed topological transformer (TopoFormer) model is92

provided, followed by a comprehensive evaluation of its performance across crucial tasks, including93

scoring, ranking, docking, and screening. The analysis contextualizes TopoFormer’s capabilities94

within the framework of existing methodologies, thus revealing both the strengths and advantages95

of this novel model when compared to established techniques.96

2.1 Overveiw of TopoFormer for protein-ligand binding analysis97

Transformer [13] architecture offered a groundbreaking technique that leverages attention98

mechanisms to understand sequential data in various domains [14, 22, 23]. Drawing inspiration99

from the Transformer’s design and capabilities, we have conceived a topological transformer model100

named TopoFormer, as shown in Figure 1. TopoFormer integrates our new persistent topological101

hyperdigraph Laplacian (PTHL) [20] and transformer for the first time. Unlike other Transformers102

that are based on protein and ligand sequence information, TopoFormer takes 3D protein-ligand103

complexes as inputs. This is made possible through the unique transformation of intricate 3D104

protein-ligand complexes into sequences of topological invariants and homotopic shape and stereo-105

chemical evolution by PTHL. The PTHL technique sequentially embeds the topological invariants,106

the homotopic shape, and the physical, chemical, and biological interactions of 3D protein-ligand107

complexes at various scales into a topological sequence admissible to the transformer architecture.108

Pretraining on a diverse set of protein-ligand complexes empowers the model to grasp the broad109

characteristics and nuances of molecular interactions, including various sterochemical effects that110

cannot be captured by traditional molecular sequences. Subsequent fine-tuning on specific datasets111

ensures that the output embeddings for each complex not only capture the intrinsically intricate112

interactions within the complex but also represents the traits of the complex in contact with the113

whole dataset, which facilitates the downstream deep learning.114

To define a specific domain for our analysis, we firstly pinpoint all heavy ligand atoms and115

the protein atoms within a predetermined distance, as shown in Figure 1a. And two versions of116

the model are available: one with a generous 20 Å cutoff and another with a 12 Å cutoff (suited117

for a more focused analysis). Next, in order to convert 3D molecular structures to admissible118

format, TopoFormer applies its unique topological sequence embedding module, as shown in Figure119

1b. By employing a multiscale analysis, also known as a filtration process in algebraic topology,120

the 3D structures are transformed into topological sequences using our newly developed persistent121

topological hyperdigraph Laplacians (PTHLs). We further embed various physical, chemical, and122

biological interactions element-specific PTHLs. The outcome is a sequence of embedding vectors,123

enabled through the multiscale analysis of PTHLs. A more detail description of the topological124

sequence embedding module can be found in the methods section 4.2.125

To take the advantages of a vast variety of unlabeled protein-ligand complexes, TopoFormer126

utilizes a self-supervised pretraining phase as depicted in Figure 1c. At its core lies the Transformer127
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Figure 1: Schematic illustration of the overall TopoFormer model. a, A 3D protein-ligand complex (PDBID: 6E9A)

and its interactive domain. b, The topological sequence embedding of a 3D protein-ligand complex. Initially, the

complex is split into a topological sequence, known as a chain complex in algebraic topology. Then, element-specific

sub-complexes are created to encode physical interactions a variety of scales controlled by a filtration parameter.

Subsequently, element-specific persistent topological hyperdigraph Laplacians (PTHLs) are utilized to extract the

topological invariant and capture the shape and stereochemistry of the subcomplexes. For these subcomplexes, their

topological invariant changes over scales are retained in the harmonic spectrum of the hyperdigraph Laplacians, while

their homotopic shape evolution over scales are manifested in the non-harmonic spectrum. Finally, the multiscale

topological invariant changes and homotopic shape (stereochemical) evolution are resembled into a topological se-

quence as the input the Transformer. c, Self-supervised learning is applied to unlabeled topological sequences for

both Transformer Encoders and Transformer Decoders. The outputs from the reconstructed topological sequences

are used to calculate the reconstruction loss. d, At the supervised fine-tuning stage, task-specific protein-ligand

complex data are fed into the pretrained encoder, which is equipped with specific predictor heads, such as the Scoring

head, Ranking head, Docking head, and Screening head. Subsequently, except for the docking task, the remaining

predictions are consolidated with sequence-based predictions to produce the final result.

encoder-decoder architecture, wherein the decoder diligently aims to reconstruct the topological se-128

quence embedding from its encoded version. The precision of this phase is quantified by measuring129

the disparity between the output and input embeddings. Absent of labeled annotations, this step130

equips the model with an innate ability to decipher the intricate dynamics of protein-ligand in-131

teractions. Subsequent to pretraining, as illustrated in Figure 1d, the model acquaints itself with132

labeled protein-ligand complexes, transitioning to a supervised fine-tuning stage. Leveraging the133

pretrained encoder, the foremost embedded vector evolves into a pivotal latent feature, guiding134

a plethora of downstream tasks. Among TopoFormer’s distinguishing attributes is its proficiency135

in executing multiple tasks, encompassing scoring, ranking, docking, and screening. Each task is136

equipped with its specialized head within the predictor module. To enhance precision, several topo-137
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logical transformer deep learning models (TF-DL) are initiated, each with a unique random seed,138

to mitigate initialization-related inaccuracies. Additionally, to temper the inherent biases of rely-139

ing solely on one modeling approach, sequence-based models are also incorporated. Consequently,140

the conclusive output of TopoFormer is derived as an amalgamation of these varied predictions.141

The consensus methodology for each task will be elaborated upon in the subsequent task-specific142

results. In essence, TopoFormer is a holistic model tailored for a myriad of tasks in protein-ligand143

interaction analysis, bringing together topological insights and deep learning.144

2.2 Evaluating TopoFormer on scoring tasks145

The prediction of protein-ligand binding affinity plays a pivotal role in drug design and discov-146

ery. To assess the scoring capability of our models, we have evaluated them using the three most147

widely recognized protein-ligand datasets from the PDBbind database: CASF-2007, CASF-2013,148

and CASF-2016 [24, 25, 26]. The Pearson correlation coefficient (PCC) and the root mean squared149

error (RMSE) are used to measure the performance of the scoring function. For the kcal/mol unit150

conversion, we multiply the predicted values by 1.3633 in the predictions. In this task, we consider151

two TopoFormer models: a large model (TopoFormer) with an input topological sequence of length152

100, employing filtration parameters at 0.1 intervals spanning from 0 Å to 10 Å. The topological153

analysis encompasses a domain extending up to 20 angstroms, centered at the ligand. Additionally,154

we employ a smaller model (TopoFormers) with an input topological sequence of length 50, using155

filtration parameters ranging from 2 angstroms to 12 angstroms, and with filtration parameter156

increments of 0.2 angstroms for constructing the corresponding simplex complex. The topological157

analysis covers a domain up to 12 angstroms, centered at the ligand.158

To ensure robustness, 20 topological transformers are trained for each dataset with distinct159

random seeds to address initialization-related errors. Here, the predictions only from small topo-160

logical transformers are denoted as TopoFormers. In addition, to attenuate systematic discrep-161

ancies inherent in a singular model approach, we deploy sequence-based models. Specifically, we162

harness embedded protein features from the ESM model [31] and the SMILES features from the163

Transformer-CPZ model [22]. And 20 gradient boosting regressor tree (GBRT) models are subse-164

quently trained one these sequence-based features. The aggregated predictions from these models,165

denoted as Seq-ML, render a more holistic prediction. Thus, the final verdict results from a balanced166

average of TopoFormer and Seq-ML predictions, denoted as TopoFormer-Seq and TopoFormers-167

Seq for small TopoFormer model. Figure 2b and Figure 2c show the effect of consensus size (i.e.,168

the number of randomly selected models) on performance. We performed 400 repetitions for each169

consensus size, taking the average result (solid line) and showing error variation (lighter-colored170

regions). It can be seen that the increasing in the consensus size improved performance metrics171

(higher PCC, lower RMSE) and stability (reduced error fluctuation). Ultimately, the consensus172

size is fixed as 10 for the subsequent comparisons. It can also be noticed that the TopoFormer-Seq173

performs best on almost all datasets, closely followed by the TopoFormers-Seq model.174

To gain a comprehensive understanding of our models’ performance, we benchmark our PCC175

results against representative results from the literature, as visualized in Figure 2a and Figure 7a-176

b. Remarkably, our TopoFormer-based models consistently achieved the highest PCC scores across177

all three benchmark datasets. The RMSE of our model is also the lowest in all three benchmark178

datasets when compared to methods with accessible RMSE (1). In this work, the TopoFormer-179
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Figure 2: Performance of TopoFormer on scoring and ranking tasks. a Comparison of Pearson correlation coefficients

(PCCs) of various models for protein-ligand complex binding affinity scoring on the CASF-2016 benchmark. The

results from other methods are in the green color, taking from Refs [25, 24, 26, 16, 27, 19, 28, 29, 30]. b Comparison

of the RMSEs of predictions for the CASF-2007, CASF-2013, and CASF-2016 datasets from the Seq-ML model,

TopoFormer model, TopoFormers model, TopoFormers-Seq, and TopoFormer-Seq. The horizontal axis is the number

of models in the consensus (consensus size). The solid line represents the median RMSE, while the shaded background

provides the error bar for these 400 RMSE values. c Comparison of the PCCs of predictions for the CASF-2007, CASF-

2013, and CASF-2016 datasets from the Seq-ML model, TopoFormer model, TopoFormers model, TopoFormers-Seq,

and TopoFormer-Seq. The horizontal axis is the consensus size. The solid line represents the averages, while the

shaded background provides the error bar for 400 PCCs at each consensus size. d The correlation between predicted

protein-ligand binding affinities (TopoFormer PCC=0.865) and experimental results for the CASF-2016 benchmarks.

Grey dots represent the training data, while red dots denote the test data. e, Comparison of the ranking power

assessed using both high-level success measurements (depicted in dark shades) and low-level success measurements

(shown in lighter shades) across three benchmarks. Results from TopoFormer-Seq are represented in blue, while those

from TopoFormers-Seq are illustrated in orange.

based model’s performance is quantified by calculating averages from 400 repetitions, and the results180

are tabulated in Table 1. Across all three datasets, Transformer-Seq achieves an average PCC of181

approximately 0.84. For a detailed comparison of various models trained on the same dataset,182

please refer to Table S1. Notably, in the case of the PDBbind v2016 dataset, [26] which has five183
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more components (290) in its test set compared to the CASF-2016 core set (285), our TopoFormer-184

Seq model also demonstrated state-of-the-art performance with a PCC of 0.866 and a low RMSE185

of 1.561 kcal/mol. The detailed information of these three benchmarks can be found in Table S 2.186

Figure 2d, and Figure 7c-d visualized the comparisons of predicted protein-ligand binding affinities187

and experimental results for the test set of CASF-2007, CASF-2013, and CASF-2016 benchmarks.188

Table 1: The PCCs(RMSE in kcal/mol) of our TopoFormer models on the three benchmarks of CASF-2007, CASF-

2013, and CASF-2016. TopoFormer and TopoFormers are considered. The averages of 400 repetitions are computed

as the performance of the model. The detailed setting of two TopoFormers and GBRT parameters can be found in

Supplementary Information Section A.2.

Dataset CASF-2007 CASF-2013 CASF-2016 Average

TopoFormer-Seq 0.837(1.807) 0.816(1.859) 0.864(1.568) 0.839(1.745)

TopoFormers-Seq 0.839(1.798) 0.809(1.886) 0.855(1.609) 0.834(1.764)

TopoFormer 0.826(1.830) 0.788(1.910) 0.849(1.595) 0.821(1.778)

TopoFormers 0.826(1.832) 0.781(1.944) 0.836(1.657) 0.814(1.811)

Seq-ML 0.798(1.974) 0.790(1.960) 0.837(1.693) 0.808(1.876)

Recently, several deep learning models have been reported for the prediction of protein-ligand189

binding affinity. Notable examples include the graphDelta model[32], ECIF model[33], OnionNet-190

2 model[34], DeepAtom model[35], and others[36, 37, 38]. These new models typically leverage191

on large training datasets that incorporate additional data from the general sets of the PDBbind192

database and thus are not comparable with other models that were trained on different training193

datasets. The details regarding the composition of training sets, testing sets, and their correspond-194

ing performance, are tabulated in Table S 5. In this study, the proposed TopoFormer model was195

trained strictly on the refine dataset following the standard procedure [24, 25, 26], representing a196

smaller subset compared to the general set. The results obtained with TopoFormer, trained on the197

refine set (which is notably smaller), outperform the majority of these models. Furthermore, for198

the latest PDBbind v2020 [39], we consider a total of 18,904 protein-ligand complexes for training,199

which has no overlap with the core sets of CASF-2007, CASF-2013 and CASF-2016. Our model200

achieved a commendable final PCC of 0.853 and an RMSE of 1.295 (equivalent to 1.769 kcal/mol)201

on the core set of CASF-2007. For the CASF-2013 core set, the PCC of 0.832 and an RMSE202

of 1.301 (equivalent to 1.777 kcal/mol) are obtained. Similarly, on the CASF-2016 core set, we203

obtained a PCC of 0.881 with an RMSE of 1.095 (equivalent to 1.496 kcal/mol). For the PDBbind204

v2016 core set, we achieved a PCC of 0.883 with an RMSE of 1.086 (equivalent to 1.483 kcal/mol).205

Here, all the results are the average of 400 repeated experiments. These results underscore the206

robustness and predictive power of the TopoFormer model in the realm of protein-ligand binding207

affinity predictions.208

2.3 Evaluating TopoFormer on ranking tasks209

The efficacy of a scoring function is critically assessed by its aptitude to accurately rank the210

binding affinities of protein-ligand complexes within distinct clusters. The benchmarks CASF-211

2007 and CASF-2013 comprise 65 clusters, with each cluster containing three complexes formed212

by an identical protein partnered with varied ligands [25, 24]. On the other hand, the CASF-213
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2016 benchmark encompasses 57 clusters, each having five distinct complexes [26]. In this work,214

two evaluative approaches are employed: the high-level and the low-level success measurements.215

In the high-level success metric, the objective is to perfectly rank the binding affinities of the216

complexes within each cluster. Conversely, the low-level success criterion requires the scoring217

function to merely identify the complex with the pinnacle binding affinity. The assessment of218

ranking efficacy termed “ranking power” is gauged by the proportion of correctly identified affinities219

across a specified benchmark. The mathematical formulations of the high-level and low-level success220

measurements can be found in the Supplementary Materials Section A.1.221

Figure 2e illustrates the ranking power of TopoFormer-based models. For the CASF-2007, the222

TopoFormer-Seq model achieved outstanding success rates, with 72% for low-level measurement223

and 63% for high-level measurement. In comparison, the TopoFormers-Seq model achieved suc-224

cess rates of 70% for low-level and 58% for high-level measurement. Both models outperformed225

previous approaches, as demonstrated in high-level measurement Figure S8 and low-level measure-226

ment Figure S9. Similarly, for the CASF-2013, the TopoFormer-Seq model achieved remarkable227

success rates of 76% for low-level and 63% for high-level measurement, surpassing the performance228

of earlier models. The challenges intensified in CASF-2016, comprising 57 clusters, each containing229

five distinct complexes [26], making ranking tasks notably more demanding. In this context, the230

TopoFormer-Seq model achieved a success rate of 60% for low-level measurement and 21% for high-231

level measurement. The best-performing models for low-level (68%) and high-level (29%) success232

were ∆VinaRF20 [30].233

2.4 Evaluating TopoFormer on docking tasks234

Molecular docking stands as a formidable computational tool, essential in the fields of drug235

discovery, structural biology, and the elucidation of molecular intricacies underlying biological pro-236

cesses. The pivotal role of a robust scoring function becomes evident when selecting the most237

promising binding poses and predicting binding affinities. In the present study, we harnessed238

the capabilities of TopoFormers (Due to computational resource constraints, we only employed239

TopoFormers for both docking and screening tasks.) to assess its docking proficiency, particularly240

its ability to distinguish native binding poses from those generated by established docking software241

packages. Our evaluation centered on benchmark datasets CASF-2007 and CASF-2013 [25, 24].242

Each dataset comprises a total of 195 test ligands, with each ligand accompanied by 100 poses gen-243

erated by various docking programs. A pose was considered native if its root mean square deviation244

(RMSD) with respect to the true binding pose was less than the 2 Å threshold. Successful pre-245

diction occurred when the pose with the highest predicted binding energy matched a native pose.246

Following this comprehensive evaluation encompassing all 195 test ligands, an overall success rate247

was computed for the employed scoring function. Additional information detailing the assessment248

of docking success rates is available in the Supplementary Information Section S A.1.249

In the field of molecular docking, several noteworthy approaches have made significant strides,250

each contributing uniquely to our understanding of protein-ligand interactions. Notable among251

these are DeepDock [40], which achieved a commendable success rate of 62.11%, OnionNet-SFCT252

[41] further enhanced performance to an impressive 76.84%, followed by DeepBSP [42] at 79.7%,253

and RTMScore [43] reaching a remarkable 80.7% success rate on the PDBbind core set. It is254

noteworthy that these methodologies were trained on diverse datasets, making direct comparisons255

9



challenging. In the pursuit of a comprehensive evaluation, we utilized the publicly available training256

data to train the TopoFormers. We then conducted a rigorous comparison on the CASF-2007 and257

CASF-2013 datasets, fostering a fair and unbiased assessment of our methodology [27, 30, 44].258

Detailed pose data and labels are provided in Section 4.1. Impressively, as depicted in Figures 3f259

and 3g, TopoFormers attained an exceptional success rate of 93.3% on the CASF-2007 core set260

and 91.3% on the CASF-2013 core set. TopoFormers outperformed other established docking tools261

and models, highlighting the effectiveness of our topological approach. Our methodology stands262

as a testament to the richness of approaches in the field, harnessing innovative techniques and a263

meticulously curated dataset to achieve remarkable success rates in docking tasks, while ensuring264

fairness in comparison. It offers a fresh perspective and a robust toolkit for the docking challenge.265

Figure 3: Performance of TopoFormer on docking and screening tasks. a, Visualization of the protein-ligand complex

PDBID: 1AJQ. The highlighted rectangle shows the protein’s pocket area. b-e, Four distinct ligand poses within the

protein 1AJQ. The molecule in light gray represents the true pose, while the blue molecules depict alternative poses

with RMSD values of 0 Å, 1.6 Å, 5.8 Å, and 7.5 Å, respectively. The light blue curve represents the attention score

generated by TopoFormer, varying with the filtration parameter (i.e., the scale) of the topological embedding. The

highest attention scores are observed at scales of d=4.2 Å, d=7.2 Å, d=9.2 Å, and d=10.4 Å for poses from b to

e. f-g, Comparison of docking success rates between TopoFormers and traditional docking tools on the CASF-2007

core set (f) and the CASF-2013 core set (g). h, Visualization of the protein-ligand complex PDBID: 1E66. i, The

saliency map of the topological embedding for complex 1E66. The colorbar represents the gradient weights of each

feature relative to the prediction. j, Comparison of screening success rates for the top 1%, top 5%, and top 10%

selected ligands between TopoFormers and docking tools on the CASF-2013 core set. k, Comparison of average

enhancement factors for the top 1%, top 5%, and top 10% selected ligands between TopoFormers and docking tools

on the CASF-2013 core set.

In order to better understand what Topoformers learned from training after fine-tuning, we266

explored which filtration parameter, i.e., the spatial scale, had the greatest impact on protein-267
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ligand interactions through attention scores. Figures 3b-e show the four poses of the ligand in the268

vicinity of the protein (PDBID: A1JQ) pocket (black boxed portion in Figure 3a). Where Figure269

3b is the real pose measured by experiment, which has an RMSD of 0 Å. After training, we obtain270

the TopoFormers’s attention score for all filtration parameters, i.e., the average of the attentional271

weights of all heads in all TopoFormer layers. This attention score indicates the magnitude of the272

impact of the protein-ligand interaction of each range on the final docking score. From Figure 3b,273

it can be noticed that the largest attention score occurs at d = 4.2 Å, which generally indicates274

that the interactions at ranges with the scale of 4.2 Å have the largest impact on the binding275

affinity of this pose. Similarly, Figure 3c-e show poses with RMSDs of 1.6 Å, 5.9 Å, and 7.5 Å,276

respectively, where the light gray compounds refer to ligand’s pose when the RMSD is zero. Their277

corresponding maximum attention score, on the other hand, occur at scales d = 7.2 Å, d = 9.2 Å,278

and d = 10.4 Å, respectively, which are positively correlated with RMSDs. It indicates that the279

more a pose deviates from the true pose position, the greater the scale at which the interactions280

have the greatest impact on the docking score is.281

2.5 Evaluating TopoFormer on screening tasks282

The screening task in biology is of paramount importance in identifying potential drug can-283

didates and advancing drug development endeavors. To assess the screening capabilities of our284

TopoFormer method, we employ the CASF-2013 core set in this study. Given that the evaluation285

of screening power necessitates the identification of three true binders for each of the 65 proteins in286

the core set, we take the crucial step of fine-tuning the pre-trained TopoFormers model. For this287

purpose, we assemble a training dataset encompassing both ligand poses and energy labels, cus-288

tomizing TopoFormers for each protein target. Our screening task comprises two key steps. First,289

we generate poses for the 195 ligands through a docking procedure and predict their scores using290

TopoFormers, denoted as S1. Subsequently, we employ a sequence-based classification gradient291

boosting decision tree model, leveraging combined features from the Transformer-CPZ model [22]292

and the ESM model [31] for these 195 ligands and the respective target proteins. This yields proba-293

bilities for the given ligands, referred to as S2. Ligands with high multiplied scores (S = S1∗S2) are294

identified as predicted binders. Consistent with prior research, the training set for each target pro-295

tein comprises all complex structures and their associated energy labels from the PDBbind v2015296

refine set, excluding the core (test) set complexes. Furthermore, for each target protein, additional297

poses and their corresponding labels in the training set are generated [45, 27]. Comprehensive pose298

data and labels for the screening task can be found in Section 4.3. Here, due to computational299

resource constraints, we only utilize TopoFormers for virtual screening. Additionally, in this work,300

the success rate and enrichment factor (EF) are used in the virtual screening for drug discovery.301

The success rate measures the proportion of true positive predictions among the top-ranked com-302

pounds. And the enrichment factor is a measure of how well a screening method enriches the303

dataset with active compounds (true binders) at the top of the ranked list, specifically 1%, 5%,304

and 10%, compared to a random selection. It provides insight into the ability of the method to305

prioritize active compounds over non-active ones. The detailed definitions for both success rate306

and enrichment factor are provided in Supplementary Information Section SA.1.307

As suggested by Figures 3j and 3k, the proposed TopoFormer model outperformed the pre-308

vious methods in all two metrics, e.g., success rate and enrichment (EF), compared with popular309
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conventional methods. Concretely, for the task of identifying true binders for a certain protein,310

TopoFormer attains a success rate of 68% and an average enhancement factor (EF) of 29.6% on311

top 1%-ranked molecules. It was better than AGL-score [27] (success rate=68%, EF=25.6) and312

∆VineRF20 [30] (success rate=60%, EF=20.9), whose were validated only for the top 1% ranked313

molecules for the CASF-2013 dataset. In addition, the results of proposed method are greatly314

higher than those of the second best performing method GlideScore-SP (with the success rate of315

60% and EF of 19%). Additionally, the TopoFormer reaches higher success rates of 81.5% and316

87.8% on the top 5% and top 10% ranked molecules. The averaged enrichment factor are 9.7317

and 5.6 on top 5% and top 10%, respectively. The AGL-score (success rate=68%, EF=25.6) and318

∆VineRF20 (success rate=60%, EF=20.9), were validated only for the top 1% ranked molecules319

for the CASF-2013 dataset. It also worth to note that some recent deep learning-based models,320

such as RTMScore [43] (with EF of 28 and success rate of 66.7%), DeepDock [40] (with EF of 16.4321

and success rate of 43.9%), and PIGNet [46] (with EF of 19.36 and success rate of 55.4%), but all322

these model are evaluated on the CASF-2016 core set and trained on different training data, so323

there is no direct comparison with these method.324

As depicted in Figures 3j and 3k, the proposed TopoFormer model surpasses previous methods325

across both key metrics: success rate and enrichment factor (EF). When tasked with identifying326

true binders for specific proteins, TopoFormer demonstrates a remarkable success rate of 68% and327

an average enhancement factor (EF) of 29.6% for the top 1%-ranked molecules. TopoFormer’s328

results significantly outshine those of the second-best performing method, GlideScore-SP (success329

rate of 60% and EF of 19%). Furthermore, TopoFormer exhibits high success rates of 81.5% and330

87.8% for the top 5% and top 10% ranked molecules, respectively. The corresponding averaged331

enrichment factors are 9.7 and 5.6 for the top 5% and top 10%, which are the highest performance332

as shown in Figure 3k. Notably, AGL-score [27] (success rate=68%, EF=25.6) and ∆VineRF20333

[30] (success rate=60%, EF=20.9) were assessed solely for the top 1% ranked molecules on CASF-334

2013 dataset core set. It’s worth highlighting some recent deep learning-based models, including335

RTMScore [43] (success rate of 66.7% and EF of 28), DeepDock [40] (success rate of 43.9% and336

EF of 16.4), and PIGNet [46] (success rate of 55.4% and EF of 19.36). However, it is important to337

note that these models were evaluated on the CASF-2016 core set and trained on different datasets,338

making direct comparisons with our method impractical.339

To understand which scales of the protein-ligand interactions have the most significant impact340

on the model’s predictions, the saliency map is generated from finetuned TopoFormers for a given341

protein-ligand complex (PDBID:1E66), as shown in Figure 3h. Specifically, the protein atom within342

12 Å around the ligand is considered in the analysis. As suggested from the Figure 3i, the y-axis343

corresponding to different element-specific combination of the given complex, and the x-axis is the344

filtration parameter from 2Å to 12Å. The color bar indicates the gradient on each feature of the345

topological embedding. The gradients which are significantly higher than the others have been346

marked with black area, and it denotes the filtration parameter around 4 Å. The saliency map347

provides insight into the model’s decision-making process by highlighting the relative importance348

of the topological embedding features at various scales. That means the heavy-atom protein-ligand349

interaction around scale 4 Å has a stronger influence on the TopoFormers output in the screening350

task, which is reasonable as hydrogen atoms are not presented in the PDBbind database and our351

models.352
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In order to discern the critical facets of protein-ligand interactions that wield the most profound353

influence on model’s predictions, we have employed the generation of a saliency map with the fine-354

tuned TopoFormers for a specific protein-ligand complex (PDBID: 1E66), as illustrated in Figure355

3h. Our analysis focuses specifically on protein atoms located within a 12 Å radius around the356

ligand. As depicted in Figure 3i, the y-axis corresponds to different element-specific combinations357

within the given complex, while the x-axis represents the filtration parameter ranging from 2 Å to358

12 Å. The color bar visually signifies the gradient assigned to each feature within the topological359

embedding. Distinctive gradients, significantly elevated compared to others, are demarcated by360

black regions on the map, specifically around the scale of 4 Å in the filtration parameter. The361

saliency map serves as an invaluable tool for gaining insights into the decision-making process of362

our model. It accomplishes this by accentuating the relative importance of topological sequence363

embeddings at various scales. Consequently, it becomes evident that the heavy-atom protein-ligand364

interactions occurring at approximately 4 Å radius exert a more substantial influence on the output365

of TopoFormers in the screening task.366

3 Discussion367

In this section, we aim to unravel the intricate web of insights that the TopoFormer brings to368

the realm of protien-ligand interactions. At its core, the model harnesses the power of persistent369

topological hyperdigraph Laplacian features, a strategic choice that imbues our framework with a370

unique prowess in deciphering interaction landscapes.371

In this study, we employ the persistent topological hyperdigraph Laplacian to give a com-372

prehensive representation for 3D protein-ligand complexes, surpassing traditional graph, simplicial373

complex, and hypergraph structures (refer to Figure 13). The topological hyperdigraph naturally374

captures higher-order relationships by allowing directed hyperedges to connect vertices with spe-375

cific orders, as illustrated in Figure 4c. These directed hyperedges, spanning 0 to 3 dimensions,376

offer a flexible framework for modeling intricate interactions in protein-ligand complexes, accom-377

modating relationships beyond pairwise connections. By employing directed hyperedges of varying378

dimensions, our approach provides a nuanced representation of the system’s underlying structure.379

Additionally, introducing orientations enables encoding of physical/chemical knowledge into di-380

rected hyperedges, reflecting differences in electronegativity, atomic radius, weights, and ionization381

energy for distinct elements. This enhancement serves as an improvement over traditional graph,382

simplicial complex, and hypergraph representations. Figures 14 g and h showcase hyperdigraph383

representations for a multi-elemental system, specifically two B7C2H9 isomers, highlighting the384

capacity to capture different elemental configurations through the directionality of corresponding385

directed hyperedges.386

In the investigation of protein-ligand complexes, we introduce the use of topological hyperdi-387

graphs as an initial step to represent these intricate molecular systems. Subsequently, we incorpo-388

rate the persistent topological hyperdigraph Laplacian theory [20], to establish a robust and com-389

prehensive framework for analyzing the geometric and topological characteristics of protein-ligand390

complex systems. Drawing inspiration from physical systems like molecular structures, where the391

zeroth-dimensional Laplacian matrix is linked to the kinetic energy operator in the Hamiltonian392

in quantum mechanics [47], we extend this analogy to topological hyperdigraphs. The Laplacian393
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energy, associated with the eigenvalues of the Laplacian matrix in a hyperdigraph context, be-394

comes a valuable tool. These Laplacian eigenvalues offer insights into various properties of the395

topological object, bearing connections to the energy spectrum of physical systems. Notably, our396

proposed topological Laplacian analysis in this work provides a means to elucidate the structural397

and energetic characteristics of complex systems, aligning with fundamental principles in physical398

systems.399

Moreover, in comparison to traditional persistent homology theory, the proposed persistent400

topological hyperdigraph Laplacian presents significant advancements on multiple fronts. Firstly,401

it has been demonstrated to effectively analyze the topological hyperdigraph, a high-level gener-402

alization encompassing traditional graphs, digraphs, simplicial complexes, and hypergraphs, sur-403

passing the limited applicability of traditional persistent homology theory, which is confined to404

simplicial complexes. Secondly, the persistent topological hyperdigraph Laplacian provides a more405

comprehensive approach to characterize protein-ligand complexes. It not only encapsulates the406

fundamental homology information, such as Betti numbers representing connected components,407

loops, voids, and higher-dimensional features, but also incorporates additional geometric insights408

and homotopic shape evolution derived from the non-harmonic spectra of the persistent Lapla-409

cians. Illustrated in Figure 10, panels a-e depict the results of persistent topological hyperdigraph410

Laplacian analysis for the protein-ligand complex, contrasting with traditional homology analysis411

in panel f. Importantly, it has been confirmed that the multiplicity of zero eigenvalues of the Lapla-412

cians corresponds to the Betti numbers, indicating that the barcode information in Figure 10f is413

encompassed by persistent topological hyperdigraph Laplacians [20], exemplified in Figure 10e.414

Considering the diverse scales at which atomic interactions unfold—encompassing phenomena415

like covalent, ionic, dipole-dipole, and Van der Waals interactions-it becomes apparent that a com-416

prehensive analysis is vital. The proposed persistent topological hyperdigraph Laplacian introduces417

persistence, offering a multiscale examination of the system. This manifests as a topological se-418

quence evolving with changing in scales, i.e., filtration parameters in the algebraic topology sense,419

effectively capturing interactions across various scales. This approach proves invaluable in guiding420

transformer models to discern the distinct contributions of each scale to the desired property, such421

as binding affinity in protein-ligand complexes, throughout the fine-tuning process. Illustrated in422

Figures 3 b to e are visualizations depicting the contribution of different scales, i.e., attention423

scores, for diverse protein-ligand complexes.424

Within physical systems, such as the protein-ligand complexes explored in this study [16, 48,425

49], a myriad of elemental interactions intricately governs molecular stability and specificity. Hy-426

drogen bonding, van der Waals forces, ionic and polar interactions, nonpolar hydrophobic forces,427

as well as pi-stacking and dipole-dipole interactions collaboratively mold the structural integrity of428

the complex. These diverse interactions play pivotal roles in substrate recognition, stability, and429

the overall specificity of binding events. Recognizing the significance of elemental-level interactions430

is crucial for deciphering molecular recognition mechanisms, shaping drug design strategies, and431

advancing our understanding of complex biological processes. To incorporate the elemental inter-432

actions between proteins and ligands, we introduce an element-specific analysis, as illustrated in433

the element-specific hyperdigraph Laplacians module within the topological sequence embedding434

(Figure 1b). Specifically, interactions between proteins and ligands are considered by constructing435

sets of common heavy elements in proteins (4 types) and ligands (9 types). Sub-hyperdigraphs436
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of the overall protein-ligand hyperdigraph are generated based on different combinations of these437

elemental sets, leading to the construction of element-specific Laplacian matrices for each sub-438

hyperdigraph. The analysis of these matrices encodes the elemental-level interactions within the439

protein-ligand complex. This element-specific technique enhances the extraction of richer physical440

and chemical features, aiding the transformer model in comprehending the intricate internal dy-441

namics of protein-ligand complexes under both self-supervised and supervised learning paradigms.442

More details about the element-specific analysis can be found in the Method Section 4.443

4 Methods444

4.1 Datasets445

The dataset utilized for pre-training in this study is a comprehensive compilation of protein-446

ligand complexes (without the labels) sourced from the diverse PDBbind database, including CASF-447

2007, CASF-2013, CASF-2016, and PDBbind v2020 [39]. To ensure the dataset’s integrity and to448

eliminate redundancies, a rigorous curation process was meticulously conducted, resulting in a total449

of 19,513 non-overlapping complexes for pre-training. Rigorous training-test splitting is employed450

and advocated in this work. For the standard scoring and ranking tasks, the training set comprises451

the defined refine set, excluding the core set, from PDBbind CASF-2007 (equivalent to PDBbind452

v2007), CASF-2013 (equivalent to PDBbind v2013), CASF-2016, and PDBbind v2016 datasets.453

The test set encompasses the respective core sets of these datasets. Given the absence of a core set454

in PDBbind v2020, the general set (19443), excluding the all core sets from CASF-2007, CASF-2013,455

CASF-2016, and PDBbind v2016, is employed as the training set (18,904) for the large TopoFormer456

model. This approach enables a meaningful comparison with recently developed models that have457

been trained using different data sources. Further details regarding the datasets can be found in458

Table 2.459

Table 2: Detailed information of the used datasets.

Datasets Training set Test set (core set)

Pretraining

(Self-supervised Learning)

Combind PDBbind

(CASF-2007,

CASF-2013, PDBbind v2015,

CASF-2016,v2020)

19513 /

Finetuning

(Supervised Learning)

CASF-2007 1105 195

CASF-2013 2764 195

CASF-2016 3772 285

PDBbind v2016 3767 290

PDBbind v2020 18904

195(CASF-2007 core set)

195(CASF-2013 core set)

285(CASF-2016 core set)

For the docking task, the test sets were sourced from the benchmark datasets CASF-2007 and460

CASF-2013. Each of these datasets consists of 195 test ligands, and for each ligand, 100 poses are461

generated using various docking programs [25, 24]. In preparation for the docking task training462
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set, a set of 1000 training poses are generated for each given target ligand-receptor pair within the463

test set. These training poses were generated using GOLD v5.6.33 [50]. Consequently, for both464

CASF-2007 and CASF-2013, there was a total of 365,000 training poses available for fine-tuning465

purposes. The pose structures and their corresponding scores, as reported by GOLD, are accessible466

at https://weilab.math.msu.edu/AGL-Score.467

For the screening task, the core set of CASF-2013 was utilized as the test dataset. This set468

comprises 65 proteins, and each protein interacts with three true binders selected from the 195469

ligands within the core set [24]. Regarding the training set, for each target protein present in the470

test set, the training dataset was constructed using all complex structures and their associated471

energy labels from the PDBbind v2015 refine set. Notably, the core (test) set complexes were472

excluded from this training dataset. To augment the training dataset, additional poses and their473

corresponding labels were generated [45, 27]. It is worth mentioning that the list of true binders474

for each protein is available in the CASF 2013 benchmark dataset. For each ligand, the pose with475

the highest energy was used as the upper bound for the training set. All pose structures and their476

scores can be accessed at https://weilab.math.msu.edu/AGL-Score.477

4.2 Topological sequence embedding478

Topological Hyperdigraph. The topological hyperdigraph serves as a versatile generalization,479

encompassing digraphs, simplicial complexes, and hypergraphs. It excels in representing intricate480

relationships such as multi-source to multi-target mappings and asymmetric connections, which481

are challenging to convey within traditional graphs or simplicial complexes [20]. In essence, the482

topological hyperdigraph consists of sequences of distinct elements within a finite set, known as483

directed hyperedges, acting as the fundamental building blocks. Figure 4c provides examples of484

0-directed, 1-directed, 2-directed, and 3-directed hyperedges. Notably, these sequences bear a485

resemblance to the simplices in a simplicial complex. Figure 4b illustrates the 0-simplex (a node),486

1-simplex (line segment), 2-simplex (a triangle), and 3-simplex (a tetrahedron) for comparison.487

For a more in-depth understanding of commonly used graph, simplicial complex, and hypergraph488

definitions, refer to the Supplementary Information in Section A.3.489

A hyperdigraph H⃗ consists of a vertex set V and a collection of sequences with distinct elements490

in V . An sequence of length k + 1 in H⃗ is called a k-directed hyperedge. Mathematically, a k-491

directed hyperedge is an inclusion map e : [k] → V , here [k] = {0, 1, . . . , k}. A hyperdigraph is a492

collection of directed hyperedges on V . Sometimes, we denote H⃗ = (V, E⃗), where E⃗ is the set of493

directed hyperedges. In particular, if the set V is an ordered set, and all directed hyperedges are494

ordered, then the hyperdigraph can be reduced to a hypergraph. If all directed edges are restricted495

to be one-dimensional, hyperdigraphs can be simplified to the usual directed graphs. In this sense,496

hyperdigraphs act more like a versatile aggregator, offering a more flexible and diverse portrayal of497

data.498

More formally, let Ck(V ;G) be the abelian group generated by the sequences with (k + 1) dis-499

tinct elements in V . Then C∗(V ;G) is a chain complex with the boundary operator ∂k : Ck(V ;G) →500

Ck−1(V ;G) given by501

dk(x0, x1, . . . , xk) =
k∑

i=0

(−1)k(x0, . . . , x̂i, . . . , xk). (1)502
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Here, x̂i means omission of the term xi. Let Fk(H⃗;G) be the abelian group generated by the503

k-directed hyperedges on H⃗. It follows that Fk(H⃗;G) is a graded subgroup of C∗(V ;G). We denote504

Ωk(H⃗;G) = {x ∈ Fk(H⃗;G)|∂kx ∈ Fk−1(H⃗;G)}. (2)505

Then, Ωk(H⃗;G) is also a chain complex, specifically tailored for exploring the topology of hyperdi-506

graphs. It is essential to highlight that the chain complex Ωk(H⃗;G) undergoes simplification when507

the hyperdigraph is transformed back into a simplicial complex or hypergraph. The corresponding508

simplicial complex representation of Cα atoms in protein 6L9D is depicted in Figure 4h. Here, blue509

triangles represent the 2-simplices, while orange highlights designate the 3-simplices, providing a510

rough visualization of the alpha helix structures. Additionally, Figure 4i illustrates the 3-directed511

hyperedges within the hyperdigraph, highlighted in blue, serving as an alternative representation512

of the alpha helix in the structure. Figure 13 further presents diverse topological representations,513

encompassing graphs, simplicial complexes, hypergraphs, and hyperdigraphs. More detailed de-514

scriptions and definitions of graphs, simplicial complexes, and hypergraphs are available in the515

Supplementary Information (see Section A.3) and the original paper [20].516

Vietoris-Rips hyperdigraph and alpha hyperdigraph. The Vietoris-Rips (VR) complex and517

the alpha complex stand out as the most popular topological models for characterizing sets of data518

points. In the case of K being a VR complex or an alpha complex, the points forming a simplex in519

K inherently carry geometric information, encompassing both the magnitude and orientation of the520

point set. Motivated by the definitions of the VR complex and alpha complex, we introduce the521

Vietoris-Rips (VR) hyperdigraph and alpha hyperdigraph to capture such geometric information.522

We employ a weight function w : K → R and a graded orientation function ϱn : Kn → Sn+1523

for n ≥ 1 to articulate the geometry of simplices. Here, Sn denotes the permutation group of n524

elements. The VR/alpha hyperdigraph is defined as525

H⃗η := {S × ϱ∗(S)|w(S) ≤ η, S ∈ K}. (3)526

The VR/alpha hyperdigraph can be regarded as a generalization of the VR/alpha complex. It527

simplifies to the VR/alpha complex when assuming the functions w : K → R and ϱn : Kn → Sn+1528

are constant.529

In this work, all analyses are derived from the VR hyperdigraph without specified instructions.530

The demonstrations of VR/alpha hyperdigraphs can be found in Figures 5 and 6. The detailed531

constructions of VR hyperdigraphs and alpha hyperdigraphs are provided in the Supplementary532

Information A.4.533

Topological Laplacians and spectrum analysis The combinatorial Laplacian is a fundamen-534

tal tool in discrete geometry and algebraic topology. It offers a way to understand the structure of535

the topological system, such as simplicial complexes, hypergraphs, and hyperdigraphs. Just as the536

graph Laplacian can be used to study properties of graphs (the graph can be regard as 1-simplices),537

the combinatorial Laplacian can be used to study properties of simplicial complexes and hyperdi-538

graphs. The eigenvalues of the graph Laplacian can translate the connectivity information of the539

graph. For example, the second smallest eigenvalue, also known as the Fiedler vector, reflects the540

algebraic connectivity of the graph, and the smallest positive eigenvalue, also known as the spectral541
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Figure 4: Illustration of the concepts related to topological sequence embedding. a, Representation of structural

data as a point cloud. b, Depiction of 0-simplex (node), 1-simplex (edge), 2-simplex (triangle), and 3-simplex

(tetrahedron), which serve as the fundamental building blocks of a simplicial complex. c, Illustration of 0-directed

hyperedge, 1-directed hyperedge, 2-directed hyperedge, and 3-directed hyperedge, which form the basic building blocks

of a hyperdigraph. d, Visualization of the multiplicity of zero spectra, i.e., topological invariants, of the persistent

topological hyperdigraph at the 0th (β0) and 1st (β1) dimensions, respectively, showcasing their variations with respect

to the filtration (scale)parameter d. e, Illustration of the impact of varying the filtration parameter on multiscale

analysis, resulting in changes in the connectivity of the point cloud and the creation of a sequence of hyperdigraphs,

representing a series of topological structures. f, Representation of nonzero minimum non-harmonic spectra of the

persistent topological hyperdigraph Laplacian at the 0th and 1st dimensions (λmin
0 and λmin

1 ), highlighting their

dependence on the filtration parameter d. g, Visualization of protein 6L9D with a representation featuring only Cα

atoms. The alpha helix is highlighted in orange, while the beta helix is shown in green. h, Illustrations of simplicial

complex representation for the Cα atoms of protein 6L9D at a cutoff distance of d = 5 Å. The 2-simplices are filled

by green, 3-simplices are colored by orange. i, Visualizations of hyperdigraph representations for the Cα atoms of

protein 6L9D at a cutoff distance of d = 5 Å. The 1-directed hyperedges are depicted as purple edges with arrows,

the 2-directed hyperedges are represented by pink edges with arrows, and the 3-directed hyperedges are illustrated

as blue edges with arrows. j, Description of the L0 nonzero minimum non-harmonic eigenvector embedding for the

Cα atoms of protein 6L9D at a cutoff distance of d = 5 Å. k, Explanation of the L1 harmonic eigenvector embedding

for the edges between the Cα atoms of protein 6L9D at a cutoff distance of d = 5 Å.

gap, is closely related to the Cheeger constant. The collection of eigenvalues for the Laplacian542

operator is the spectrum.543

Recall that the Laplacian matrix of a graph is given by L = D − A , where D is the degree544

matrix and A is the adjacency matrix. On the other hand, if the graph is regard as a 1-dimensional545

simplicial complex, and denote the matrix representing the one-dimensional boundary operator as546

B1, we observe that the Laplacian matrix of the graph can be precisely expressed as L = B1B
T
1 .547

This inspires the generalization of the Laplacian operator to higher dimensions using the boundary548

operator, leading to the Laplacian operator on simplicial complexes. Let K be a simplicial complex,549

and let Bk be the representation matrix of its k-dimensional boundary operator. The Laplacian550

matrix is defined as551

Lk = Bk+1B
T
k+1 + BT

k Bk. (4)552
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Here, BT
k denotes the transpose matrix of Bk. The term BT

k Bk indicates the connectivity arising553

from the intersections of k-simplices at (k − 1)-simplices, while the term Bk+1B
T
k+1 implies the554

interactions resulting from the inclusions of k-simplices into (k + 1)-simplices.555

Recall that the topological information for simplicial complexes, hypergraphs, or hyperdigraphs556

is derived from their respective chain complexes. From now on, we will define the Laplacian operator557

starting from the perspective of chain complexes. Let Ω∗ be a chain complex with the differential558

∂k : Ωk → Ωk−1. Assume that, for each k, there is always an inner product structure on Ωk.559

Consequently, the boundary operator ∂k has its adjoint operator ∂∗
k . The combinatorial Laplacian560

∆k : Ωk → Ωk is defined by561

∆k = ∂k+1 ◦ ∂∗
k+1 + ∂∗

k ◦ ∂k. (5)562

In particular, ∆0 = ∂1 ◦ ∂∗
1 . For each k, choose a standard orthonormal basis for Ωk, then repre-563

sentation matrix Lk of the Laplacian operator ∆k with respect to the standard orthonormal basis564

is given by565

Lk = Bk+1B
T
k+1 + BT

k Bk, (6)566

where Bk is the representation matrix of boundary operator ∂k by left multiplication [51]. This567

combinatorial Laplacian is a generalization of the graph Lapalcian, which is just a carve-out of568

the properties of graphs (i.e., 1-simplical complex). The combinatorial Laplacian, on the other569

hand, extends the analysis to higher dimensions. Its eigenvectors and eigenvalues encode geometric570

and topological information about the simplicial complex or hyperdigraph. Because the Laplacian571

matrix is positive semidefinite, all eigenvalues of the Laplacian matrix are non-negative. Particu-572

larly, the zero eigenvalues, i.e., the harmonic spectrum, encode the topological information. While573

the non-zero eigenvalues (the non-harmonic spectrum) encode the geometric information about the574

system. Figure 4j shows the L0 nonzero minimum non-harmonic eigenvector embedding for the Cα575

atoms (i.e., 0-simplex in simplicial complex) of protein 6L9D at a cutoff distance of d = 5 Å. And576

Figure 4k shows the L1 harmonic eigenvector embedding for the edges (i.e., 1-simplex in simplcial577

complex) between the Cα atoms of protein 6L9D at a cutoff distance of d = 5 Å. Specifically, for578

Lk, the multiplicity of the zero eigenvalue (i.e., the number of times 0 appears as an eigenvalue)579

equals the number of independent components, it also equals the topological invariants (βk) in580

the k-dimensional space [52]. For example, multiplicity of zero for L0 (i.e., β0) is the number of581

connected components in the graph (1-simplcial complex), the multiplicity of zero for L1 (i.e., β1)582

is the number of cycles, and it means the number of cavities for L2. The largest eigenvalue λmax
k of583

Lk is less than or equal to the maximum number dk of k + 1-simplex shared one k-simplex (maxi-584

mum degree of the graph for L0). Specifically, 0 ≤ λmax
k ≤ 2dk. The smallest non-zero eigenvalue585

for Lk, also know as spectral gap, denoted as λmin
k , reflect the geometric structure of the system.586

In this work, the multiplicity of zero, the average value, the standard deviation, the minimum,587

the maximum, and the summation of the positive eigenvalue for L0 are used to embed the given588

topological Laplacians. In addition, to validate the power of topological hyperdigraph Laplacian,589

two B7C2H9 isomers with identical geometric structures, differing only in the positions of carbon590

atoms are constructed in the validation, as shown in Figure 14. The findings indicate that the591

hyperdigraph Laplacian possesses the capacity to encode more information compared to standard592

Laplacians.593
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Persistent Laplacians Persistent Laplacians or multiscale topological Laplacians, were intro-594

duced in a series of papers on a differential manifold setting [53] and a discrete point cloud setting595

[18, 54] in 2019. A filtration process is essential to achieving the multiscale representation in per-596

sistent Laplacians [18, 20, 55] as well as in persistent homology [21, 56]. The choice of the filtration597

(scale) parameter, denoted as d, varies based on the data structure in question: for point cloud598

data (Figure 4a), it is often the sphere radius (or diameter). By systematically adjusting d, one can599

derive a sequence of hierarchical representations, illustrated in Figure 1a. Notably, these represen-600

tations are not limited to simplicial complexes, but can also be realized with hyperdigraphs. As an601

example, consider a filtration operation applied to a distance matrix, where the matrix elements602

represent distances between vertices. One could define a cutoff value as the scale parameter; if the603

distance between two vertices falls below this cutoff, they are connected. By progressively increas-604

ing this cutoff, one obtains a sequence of nested graphs. Each graph in this sequence, derived from605

a smaller cutoff value, is a subset of the graph generated with a higher cutoff.606

In a similar vein, nested simplicial complexes can be formed based on different complex defini-607

tions like the Vietoris-Rips complex, Čech complex, and alpha complex. The Vietoris-Rips complex608

is used in this work. Mathematically, the nested simplicial complexes can be written as:609

∅ ⊆ Kd0 ⊆ Kd1 ⊆ · · · ⊆ Kdn = K (7)610

Here, for any two di < dj , we have Kdi ⊆ Kdj . The concept extends to hyperdigraphs as well,611

namely Vietoris-Rips hyperdigraph: one can form nested hyperdigraphs by properly defining di-612

rected hyperedges [20]. To visualize the effects of changing filtration parameters, Figure 4e depicts613

alterations in point cloud connectivity from Figure 4a, leading to a sequence of hyperdigraphs.614

Additionally, Figure 11 showcases simplicial complex produced at different filtration parameters615

and Figure 12 illustrates hyperdigraphs generated at different filtration parameters. The details616

about the construction of Vietoris-Rips hyperdigraph can be seen in Figure 5. In addition, inspired617

by the alpha complex, the alpha hyperdigraph is also introduced in this work, as shown in Figure618

6.619

As a filtration process unfolds, it naturally gives rise to a family of chain complexes. For each620

filtration step di (with i indexing the steps), a chain complex C(Kdi ;G) is constructed. Mathemat-621

ically, a chain complex for a particular filtration step is a sequence of Abelian groups (or modules)622

and boundary homomorphisms:623

· · · → Ck+1(Kdi ;G)
∂
di
k+1−−−→ Ck(Kdi ;G)

∂
di
k−−→ Ck−1(Kdi ;G) → · · · (8)624

where Ck(Kdi ;G) is the k-dimensional chain group at filtration step di.625

For a more general exposition, we now introduce the Laplacian in a mathematical formalism.626

For real numbers a ≤ b, let Ωa
∗ and Ωb

∗ be chain complexes. Suppose that Ωa
∗ ⊆ Ωb

∗. The chain627

complexes considered can be the chain complexes obtain from a filtration of simplicial complexes,628

hypergraphs, or hyperdigraphs, among other possibilities. Moreover, the chain complexes Ωa
∗ and629

Ωb
∗ are endowed with the compatible inner product structures. Let Ωa,b

k+1 = {x ∈ Ωb
k+1|∂b

k+1x ∈ Ωa
k}.630
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The persistent boundary operator ∂
a,b
k+1 : Ωa,b

k+1 → Ωa
k is defined by ∂

a,b
k+1x = ∂b

k+1x for x ∈ Ωa,b
k+1.631
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The k-th persistent Laplacian is defined as633

∆a,b
k = ∂

a,b
k+1 ◦ (∂a,b

k+1)
∗ + (∂a

k)∗ ◦ ∂a
k . (10)634

It is worth noting that the harmonic part of ∆a,b
k , i.e., ker ∆a,b

k , is naturally isomorphic to the (a, b)-635

persistent homology H
a,b
k = im(Hk(Ωa

∗) → Hk(Ωb)∗) [57]. In a broad sense, the harmonic part of636

the persistent Laplacian contains information about persistent homology. To glean insights from637

each chain complex, one can resort to spectrum analysis. By constructing the Lapalcian matrices638

corresponding to each ∂k and ∂k+1 and examining their spectra (eigenvalues and eigenvectors), one639

can uncover rich structural information about the topological and geometric properties inherent640

in the data at that particular scale of the filtration. This spectral information often provides a641

compact and informative summary of the data, allowing for efficient comparison and analysis across642

different scales. Figure 4d illustrates the evolution of zero eigenvalue multiplicities in the associated643

Laplacian matrix as the filtration (scale) parameters change, while Figure 4f depicts the variation in644

the minimum positive eigenvalue with changing filtration (scale) parameters. Additional persistent645

attributes are presented in Figure 10.646

Element-specific embedding In this work, the topological embedding method is applied to647

encoding the protein-ligand complex. An accurate prediction requires a better representation of648

the interactions between proteins and ligands at the molecular level. Here, the element-specific649

topological embedding [16] is used to characterize protein-ligand interactions.650

When analyzing ligands, the focus is on heavy elements such as carbon (C), nitrogen (N),651

oxygen (O), sulfur (S), phosphorus (P), fluoride (F), chloride (Cl), bromide (Br), and iodine (I).652

Conversely, for proteins, only carbon (C), nitrogen (N), oxygen (O), and sulfur (S) are considered.653

Subsequently, a range of element combinations, arranged in a specific sequence, will represent the654

interactions between the protein and the ligand. For proteins, the combinations are denoted as655

Eprotein={{C}, {N}, {O}, {S}, {C, N}, {C, O}, {C, S}, {N, O}, {N, S}, {O, S}, {C, N, O, S}}.656

Meanwhile, the ligand combinations are Eligand={{C}, {N}, {O}, {S}, {C, N}, {C, O}, {C, S},657

{N, O}, {N, S}, {O, S}, {N, P}, {F, Cl, Br, I}, {C, O, N, S, F, P, Cl, Br, I}}. Within the658

Element-specific embedding approach, the interactions between proteins and ligands are defined by659

the topological links between two sets of atoms: one from the protein and the other from the ligand.660

For example, a representation like K{C,N},{S} indicates the topological hyperdigraph representation661

where the C and N atoms are derived from the protein, while the S atom comes from the ligand.662

The Element-specific embeddings detail interactions based on their spatial relationships. It can be663
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characterized by distance matrix D as follows,664

D(i, j) =

{
∥ri − rj∥, if ri ∈ Eprotein, rj ∈ Eligand or ri ∈ Eligand, rj ∈ Eprotein
∞, other

(11)665

where the ri and rj are coordinates for the ith and jth atoms in the set, and ∥ri − rj∥ is their666

Euclidean distance. In the TopoFormer model, protein atoms located within 20 Å of ligand atoms667

are taken into account. For the TopoFormers model, the range is reduced to protein atoms within668

12 Å of the ligand atoms. In this study, emphasis is placed on the protein-ligand interactions by669

assigning an infinite value to the distance between atoms either within the protein or the ligand.670

For a specific protein-ligand complex, there are 143 potential combinations (derived from 11 protein671

sets multiplied by 13 ligand sets). Each of these combinations functions as a simplicial complex672

and is further examined using the persistent topological hyperdigraph Laplacian approach.673

4.3 TopoFormer model674

Model architecture. The TopoFormer model introduced in our work incorporates a Topological675

embedding model. This model transforms the 3D protein-ligand complex into a topological sequence676

characterized by topological features at various scales. Specifically, in the larger version of the677

TopoFormer model, the scale range extends from 0 Å to 10 Å in increments of 0.1 Å, resulting in678

a topological sequence of 100 units in length. At each filtration (scale) increment, the embedded679

features possesses a matrix of 143 by 6 (6 attributes associated with each L0). The combined outputs680

from the topological embedding module are obtained by summing the topological embeddings with681

the trainable multiscale embeddings, as depicted in Figure 1a. To convert the 143 by 6 matrix for682

every filtration increment into a 1-dimensional vector, we have incorporated a convolutional layer683

into both the Transformer’s original encoder and decoder, as shown in Figure 1c. Subsequently, the684

conventional dot-product attention mechanism in the Transformer utilizes encoded representations685

of the input in the form of queries (Q), keys (K), and values (V) designated for each filtration686

increment. This attention can be mathematically represented as,687

Attention(Q,K, V ) = softmax

(
QKT

√
dk

)
V (12)688

Here, the
√
dk is the scalar defined by the root of embedding dimension(dk = 512 in this work). The689

resulting bidirectional attention matrix is then derived from this formula. In addition, similar with690

the MAE model [58] in computer vision, an asymmetric design is applied for TopoFormer’s encoder691

and decoder. Detailed settings of the TopoFormer are provided in Supplementary Information692

Section SA.2. The training process of the model encompasses two phases: initially, self-supervised693

learning is applied to unlabeled data to obtain a pre-trained model. Subsequently, supervised694

learning is employed on specific benchmarks tailored to various tasks, resulting in a fine-tuned695

model.696

Self-supervised and supervised learning in TopoFormer. In this study, we utilized 19,513697

unlabeled protein-ligand complexes from the PDBbind database for the pretraining of TopoFormer.698

The topological embeddings derived from these complexes were reconstructed and subsequently699

employed to compute the reconstruction loss. For this purpose, the mean square error (MAE) was700
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adopted as the metric for reconstruction loss. This self-supervised approach enables the model to701

discern deep, generalized representations of protein-ligand complex patterns using a vast amount702

of unlabeled data. Such an approach potentially simplifies the downstream fine-tuning process. In703

this study, a dataset of only nearly 20,000 unlabeled complexes yielded exceptional performance704

across most tasks. Moving forward, we envisage incorporating even more protein-ligand complexes705

into the pretraining workflow, without the necessity for experimental data. In this study, all tasks706

encompassing scoring, ranking, docking, and screening involve fine-tuning the TopoFormer model707

to predict a specific score for a given protein-ligand complex. Consequently, the mean square error708

was selected as the loss function for these tasks.709

Data availability710

The training dataset employed in this study comprises a comprehensive collection of protein-711

ligand complexes sourced from various PDBbind databases, specifically CASF-2007, CASF-2013,712

CASF-2016, and PDBbind v2020. To ensure the dataset’s reliability and eliminate redundancies,713

a meticulous curation process was undertaken, resulting in a total of 19,513 non-overlapping com-714

plexes. And all data used in this study can be downloaded from the official PDBbind website:715

http://www.pdbbind.org.cn/index.php. Additionally, the topological embedded features utilized716

in both TopoFormer and TopoFormers, as well as the sequence-based features derived from the717

Transformer-CPZ model [22] and the ESM model [31], are readily available for download at718

https://github.com/WeilabMSU/TopoFormer. The additional generated poses and their associ-719

ated scores, which were instrumental in the docking and screening tasks, can be obtained from the720

following source: https://weilab.math.msu.edu/AGL-Score.721

Code availability722

All source codes and models are publicly available at https://github.com/WeilabMSU/TopoFormer723
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A Supplementary Information728

This document provides additional details not essential to the main body of the paper but729

potentially of interest to readers.730

A.1 Evaluation metrics731

Evaluation of scoring power. In this study, the Pearson correlation coefficient (PCC) is used732

in the evaluation of scoring power, and it is defined as below:733

PCC =

∑
(xi − x̄)(yi − ȳ)√∑

(xi − x̄)2
∑

(yi − ȳ)2
(13)734

where xi is the value of the x variable in ith sample, x̄ is the mean of the values of the x variable, yi735

is the value of the y variable in the ith sample, ȳ is mean of the values of the y variable. The Pearson736

correlation coefficient (PCC) explains the relationship between the x variable and y variable.737

The root mean squared error (RMSE) is defined as below:738

RMSE =

√√√√ 1

n

n∑

i=1

(yi − ŷi)2 (14)739

where yi and ŷi are predicted value and true value of ith sample respectively.740

Evaluation of ranking power. In this work, two evaluative approaches are employed: the741

high-level and the low-level success measurements. In the high-level success metric, the objective742

is to perfectly rank the binding affinities of the complexes within each cluster. Conversely, the743

low-level success criterion requires the scoring function to merely identify the complex with the744

pinnacle binding affinity. The assessment of ranking efficacy termed “ranking power” is gauged by745

the proportion of correctly identified affinities across a specified benchmark.746

Let us denote the set of protein-ligand complexes in a given cluster as C, and let Ai be the747

binding affinity of the ith complex in C, where smaller i indicates smaller binding affinity. For748

a cluster C with n complexes (n = 3 for benchmarks CASF-2007 and CASF-2013, n = 5 for749

CASF-2016): The scoring function f is successful in the sense of high-level if and only if:750

f(Ai) ≥ f(Aj), if i ≥ j and Ai, Aj ∈ C (15)751

The low-level success measurement is defined as:752

f(Amax) > f(Ai), ∀Ai ∈ C (16)753

where Amax is the complex with the highest binding affinity in C.754

The “Ranking Power” of a scoring function across a benchmark can then be calculated as:755

Ranking Power =
Number of successful clusters by the function

Total number of clusters in the benchmark
× 100% (17)756

This provides a percentage-based assessment of how often the scoring function correctly ranks the757

binding affinities within the given clusters. Notably, the current iteration of the ranking power758
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metric can be optimized. Presently, it is restricted to determining the accurate binding affinity759

sequence of three native ligands for each target receptor in the core set. This might not adequately760

mirror the complexities of an authentic virtual screening scenario where a multitude of ligands761

might vie for the same target receptor. Incorporating more comprehensive evaluation metrics,762

like Kendall’s tau or the Spearman correlation coefficient, could enhance accuracy. In our study,763

the results of high level success measurement are shown in Figure S 8, and the low level success764

measurement are shown in Figure S 9.765

Evaluation of docking power. The present assessment evaluates a scoring function’s profi-766

ciency in distinguishing the “native” pose from an array of poses generated by docking software.767

Within the benchmark parameters, a pose is deemed “native” if its root-mean-square deviation768

(RMSD) relative to the genuine binding pose is less than 2 Å. To ensure alignment with prior769

research, we have anchored our validation efforts to both the CASF-2007 and CASF-2013 datasets,770

adhering to training and test sets as delineated in the extant literature [27, 25, 24]. In the CASF-771

2007 benchmark, each ligand was supplied with 100 distinctive poses, all generated using specific772

docking software packages. Meanwhile, the CASF-2013 benchmark produced 100 poses for each lig-773

and, courtesy of three eminent docking applications: GOLD v5.1, Surflex-Dock (integrated within774

SYBYL v8.1), and MOE v2011. For researchers seeking accessibility, the curated poses can be pro-775

cured from https://weilab.math.msu.edu/AGL-Score/. It is worth noting that in both benchmarks,776

owing to structures that exhibit certain symmetries, a given ligand may possess multiple “native”777

poses within the dataset. As such, if a method successfully discerns any of these native poses, it is778

adjudged as successful for that ligand. The ultimate measure of efficacy, termed “docking power”,779

is gauged by the tally of ligands for which “native” poses are accurately pinpointed. It can be780

calculated as:781

Docking Power =
Number of complexes that successfully identified “native” poses

Total number of complexes in the benchmark
× 100% (18)782

In the docking task, the Root Mean Square Deviation (RMSD) is a measure used to assess783

the similarity between the predicted or generated molecular structure (usually a ligand) and a784

reference structure (often the experimentally determined or known structure). RMSD is often used785

to evaluate the accuracy of how a docking program predicts the binding mode of a ligand within a786

protein’s binding site. It is defined as:787

RMSD =

√∑
i(Ai −Bi)2

n
, (19)788

where Ai is the coordinates of the i-th atom in the docked structure, Bi is the coordinate of the789

i-th atom in the experimental structure, and n means the total number of atoms being compared790

in both structures. RMSD help to determine how well a docking program can reproduce known791

binding poses or predict the binding mode of a ligand within a protein’s active site. Lower RMSD792

values are generally desirable, indicating more accurate predictions.793

Evaluation of screening power. There are two kinds of screening power measurements. The794

first one the enrichment factor in protein-ligand screening, which is often used in the field of795

computational chemistry and drug discovery. The enrichment factor (EF) is a measure of how796
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effectively a virtual screening or docking method enriches active or potent compounds (ligands)797

within a larger library of compounds. It is used to assess the performance of these methods in798

identifying potential drug candidates. The enrichment factor is typically calculated as follows799

EF =
Number of true positives

Number of total hits
· Total number of compounds

Number of active compounds
, (20)800

where the “Number of true positives” is the number of active compounds correctly identified as801

hits by the TopoFormer model. Number of total hits is the total number of compounds identified802

as hits by the screening method. Number of active compounds means the total number of active or803

potent compounds in the entire test set. The total number of compounds means the total number of804

compounds in the test set. The objective of the second screening power measurement is to pinpoint805

the optimal true binder. The success rate is determined by the x% of the top-ranked candidates,806

among which the best binders from a pool of 65 receptors are discovered.807

Loss function for training. In this work, the mean squared error (MSE) is applied as the loss808

function during the pre-training and fine-tuning stages. MSE is a widely used metric to quantify809

the difference between predicted and actual values in statistical modeling and machine learning.810

It measures the average squared differences between predictions and actual observations. The811

mathematical definition of MSE is:812

MSE =
1

n

n∑

i=1

(yi − ŷi)
2 (21)813

where yi is the actual value for the i-th data point. ŷi is the predicted value for the i-th data point.814

And n is the total number of data points.815

A.2 Hyperparameter selection and optimization816

In the Seq-ML approach, we employ the Gradient Boosted Decision Trees (GBDT) algorithm817

to predict protein-ligand binding affinity. The parameters are set as follows: ‘n estimators‘ to818

10,000, ‘max depth‘ to 7, ‘min samples split‘ to 2, with a subsample size of 0.4, and a learning rate819

set at 0.005. All other parameters retain their default values as defined in the algorithm [59]. For820

the classification task within the screening process, the GBDT parameters remain consistent with821

those described for the regression task.822

In the TopoFormer models, we utilize a self-supervised learning approach in the pre-training823

phase, followed by a supervised learning strategy during the fine-tuning stage. Relevant parameters824

are detailed in Table 3.825

In the pre-training stage of our proposed model, we diligently selected training hyperparameters826

to encourage robust learning and convergence. A batch size of 64 and a maximum of 30,000 training827

steps were utilized, alongside an initial learning rate of 0.001, ensuring a smooth and steady journey828

towards optimal weight adjustments. A warm-up period, comprising 5% of the maximum training829

steps, was integrated to stabilize the initial training phase, incrementally increasing the learning rate830

from 0 to the set initial rate. Following this, the fine-tuning stage implemented a supervised learning831

strategy, ensuring task-specific model refinement without overfitting the hyperparameters. The832

batch size was reduced to 32 and the initial learning rate was slightly diminished to 0.0008. Distinct833
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Table 3: The parameter settings for TopoFormer

Parameters Pre-training stage Finetuning stage

attention probs dropout prob 0.1 0.1

decoder hidden size 768 /

decoder intermediate size 3072 /

decoder num attention heads 12 /

decoder num hidden layers 8 /

hidden act gelu gelu

hidden dropout prob 0.1 0.1

hidden size 1024 1024

image size(large) (100, 143) (100, 143)

image size(small) (50, 143) (50, 143)

initializer range 0.02 0.02

intermediate size 4096 4096

num attention heads 4096 4096

num channels 6 6

num hidden layers 12 12

patch size (1, 143) (1, 143)

maximum training steps were employed for varying tasks: 10,000 steps for scoring tasks, and a834

more succinct 5,000 steps for both the docking and screening tasks. It is noteworthy that specific835

parameters, such as the warm-up steps and optimizer, were consistently held across both pre-836

training and fine-tuning stages, ensuring a coherent model development. Furthermore, for the fine-837

tuning of the scoring task, additional parameter combinations proximate to the pre-defined settings838

were tested to validate the robustness of the proposed model. Specifically, combinations of batch839

size 64 with a learning rate of 0.0008, and batch size 32 with a learning rate of 0.001 were examined.840

The results, delineated in Table 4, reveal closely tied performances across the different settings,841

underscoring the model’s stability and robustness amidst variations in the hyperparameters.842
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A.3 Topological objects843

Graph. Graph is the most fundamental object for describing relationships among entities and is844

one of the most common data types. It consists of nodes and edges, capturing the relationships845

between nodes. Common extensions of graphs include directed graphs, weighted graphs, and geo-846

metric graphs, among others. These graph-based models often provide an effective representation of847

relationships and characteristics within various contexts. Strictly speaking, a graph is a pair (V,E),848

where V is a vertex set and E ⊆ V × V is the edge set. Vertices and edges are the fundamental849

objects of a graph. Various tools are employed to characterize the relationships between points and850

edges, such as adjacency matrices, degree matrices, and Laplacian matrices. These matrices play851

a crucial role in graph theory and network analysis, effectively capturing the topological structure852

of the graph. Given that a graph inherently has a 1-dimensional structure, certain models from853

simplicial complexes are also employed to capture the higher-dimensional structures of the graph.854

Examples include the clique complex, neighborhood complex, and Hom complex [60, 61].855

Simplicial complex. A simplicial complex is a topological space that is built up from simple856

pieces called simplices. A simplex is a generalization of the concept of a triangle or tetrahedron to857

arbitrary dimensions. Given a vertex set V , a k-simplex σ is often represented by a (k+ 1)-element858

subset of vertices in V , denoted as σ = ⟨v0, v1, . . . , vk⟩. And a subset of σ is a face of σ.859

A simplicial complex K on a vertex set V is a collection of simplices satisfying the following860

two conditions: (1) If a simplex σ is in K, then so is each face of σ, including the individual vertices;861

(2) The intersection of any two simplices in K is either an empty set or a face (subset) of both862

simplices. Using the above properties, it is clear that a graph can be viewed as a 1-dimensional863

simplicial complex, as its simplices are its vertices (0-simplices) and edges (1-simplices).864

For a given k-simplex, the boundary is essentially the collection of its (k−1)-dimensional faces.865

Mathematically, the boundary operator, denoted by ∂k, acts on a k-simplex ⟨v0, v1, . . . , vk⟩ as:866

∂k⟨v0, v1, . . . , vk⟩ =
k∑

i=0

(−1)i⟨v0, . . . , v̂i, . . . , vk⟩, (22)867

where v̂i means that vertex vi is omitted. A chain complex is a sequence of Abelian groups (or868

modules) connected by boundary operators. Let G be an abelian group. The k-th group, denoted as869

Ck(K;G), in the chain complex consists of formal sums of k-simplices, and the boundary operator870

∂k : Ck(K;G) → Ck−1(K;G) maps a k-simplex to its (k − 1)-dimensional boundary. The chain871

complex can be represented as a sequence like this:872

· · · ∂k+1−−−→ Ck(K;G)
∂k−→ Ck−1(K;G)

∂k−1−−−→ · · · ∂2−→ C1(K;G)
∂1−→ C0(K;G). (23)873

An essential property of the boundary operator is that the composition of two successive boundary874

operators is zero, i.e., ∂k−1◦∂k = 0. It means that the boundary of a boundary is always zero, which875

has topological implications. The chain complex structure provides a framework to understand how876

the boundaries fit together.877

While simplicial complexes serve as topological models to depict relationships in most data,878

there are instances where they remain somewhat restrictive. In such cases, topological hypergraphs,879

as a more general model and combinatorial object, exhibit significant potential in applications.880
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Topological hypergraph. Topological hypergraph, as a relatively new combinatorial object, can881

be considered as a generalization of the concepts of graphs and simplicial complexes. From a graph882

perspective, topological hypergraphs can be seen as an extension of edges in graphs, where edges883

are not limited to pairs of vertices but can include multiple vertices. From a simplicial complex884

perspective, topological hypergraphs can be viewed as relaxing the condition that the faces of885

simplices must be simplices.886

A topological hypergraph H on a vertex V is a collection of subsets of V . The (k + 1)-element887

subsets of V are the k-hyperedges. The simplicial closure of a topologcal hypergraph H is given by888

∆H = {σ|σ ⊆ τ for some hyperedge τ ∈ H}. (24)889

The simplicial ∆H closure is the minimal simplicial complex containing H. In light of the close890

connection between topological hypergraphs and simplicial complexes, topological hypergraphs can891

always be constructed based on simplicial complexes, which inspires the study of the topological892

structures of topological hypergraphs. Recently, embedded homology for topological hypergraphs893

has been introduced to investigate their topological features [62]. Let Dk(H;G) be the abelian894

group generated by the k-hyperedges. Then D∗(H;G) is a graded subgroup of the chain complex895

C∗(∆H;G) of the simplicial complex ∆H. Thus, one can obtain the infimum complex896

Inf∗(H;G) = {x ∈ D∗(H;G)|∂x ∈ D∗(H;G)}. (25)897

Here, ∂ is the boundary operator on C∗(∆H;G). The name “infimum complex” primarily stems898

from the fact that Inf∗(H;G) is the minimal sub chain complex of C∗(∆H;G) containing D∗(H;G).899

The topological information on hypergraphs is based on the infimum complex Inf∗(H;G).900

Topological hypergraphs have become a very general research object for studying interactions901

in complex systems. However, when exploring complex systems and structures involving directional902

and asymmetric relationships, topological hypergraphs may not be sufficiently inclusive. In such903

cases, topological hyperdigraphs, as objects incorporating higher-dimensional structures, multi-904

faceted interactions, and directional information, become our new focus.905

A.4 Vietoris-Rips hyperdigraph and alpha hyperdigraph906

The Vietoris-Rips (VR) hyperdigraph is constructed based on the VR complex. Let (M,d) be907

a metric space. Let X be a finite point set in M . For a given parameter d, the VR complex VRd908

is defined by909

VRd = {S ⊆ X|every two points x, y in S has the distance d(x, y) ≤ d}. (26)910

The VR complex is always regarded as an abstract simplicial complex; that is, a simplex S is911

considered only as a set, without considering its geometric structure. This provides us with the912

motivation to study more general structures. If we take into account geometric properties such913

as angles, volumes, or even their manifestations in biology or materials, then the hyperdigraph914

becomes a more versatile topological model. Specifically, for any simplex S, we assign to it both915

weight information and orientation information. Mathematically, for a VR complex VRd, there916

is a weight function w : VRd → R and a graded orientation function ϱn : (VRd)n → Sn+1 for917
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Figure 5: Illustration of Vietoris-Rips hyperdigraph construction with over scales for the point cloud in Figure 4a. a

Illustration of the adjacency matrices of the point cloud at various scales (i.e., filtration parameter d values). Yellow

entries in the matrices represent connections between points with distances smaller than the threshold, while green

entries indicate points that are not connected. b The constructed Vietoris-Rips hyperdigraphs at various scales,

including d = 2, d = 3, d = 4, d = 5, d = 6, and d = 7. c A display of the persistent Betti numbers, denoted as βi

with i = 0 and i = 1. Vertical dashed lines mark the Betti numbers corresponding to specific scales. d The nonzero

minimum non-harmonic spectra of the persistent topological hyperdigraph Laplacian at the 0th and 1st dimensions

(λmin
0 and λmin

1 ), highlighting their dependence on the scale parameter d.

n ≥ 1. Here, Sn is the permutation group of n elements. Then for any η ∈ R, the Vietoris-Rips918

hyperdigraph is defined by919

VRdH⃗η := {S × ϱ∗(S)|w(S) ≤ η, S ∈ VRd}. (27)920

Note that there is a one-one corresponding between the sequences and the permutation group for a921

fixed length [20]. Thus the element S×ϱ∗(S) is essentially a sequence. The homology and Laplacians922

of hyperdigraphs can be computed to detect topological and geometric features of point set. In this923

work, the weight function w : VRd → R and the graded orientation function ϱn : (VRd)n → Sn+1924

are taken to be the trivial functions. Consequently, the hyperdigraph construction can be simplified925

to coincide with the Vietoris-Rips complex.926

Informally, a Vietoris-Rips (VR) complex is a simplicial complex whose simplices are formed927

by finite sets of points, with the condition that any two points in the set are no larger than a spec-928

ified threshold parameter, known as the filtration parameter. Subsequently, directed hyperedges929

are constructed on all simplices in the complex. In this process, we take into account the geo-930

metric information of the simplices, considering both their direction and magnitude. By selecting931

certain simplices and endowing them with orientations, we form a collection of selected simplices,932

constituting a hyperdigraph. If the direction for each directed hyperedge is determined by a pre-933
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Figure 6: Illustration of the construction of alpha hyperdigraph via alpha complex with changing scale parameter for

the point cloud in Figure 4a. a The constructed alpha hyperdigraphs for given scale parameter, i.e., r = 1.0, r = 1.5,

d = 2.0, d = 2.5, d = 3.0, and d = 3.5. c The persistent Betti numbers of alpha hyperdigraphs, βi, i = 0, 1. The

verdical desh lines indicate the Betti numbers for given scale (filtration) parameters. d Representation of nonzero

minimum non-harmonic spectra of the persistent topological hyperdigraph Laplacian at the 0th and 1st dimensions

(λmin
0 and λmin

1 ) for alpha hyperdigraph, highlighting their dependence on the filtration (scale) parameter d.

defined order of the points, the resulting topological hyperdigraph is constructed as a subset of the934

collection of these directed hyperedges. In this scenario, the VR hyperdigraph can be reduced to935

a hypergraph. Additionally, if we disregard the magnitude information of simplices, meaning all936

simplices are selected, then the VR hyperdigraph coincides with the VR complex. In this case, we937

denote the VR hyperdigraph by VRH⃗d(X).938

The VR hyperdigraph VRH⃗d(X) captures the topological features of the underlying space at a939

scale determined by the parameter d. As d increases, as shown in Figure 5a and b, more simplices940

are added, resulting in the construction of more directed hyperedges. This provides information941

about the connectivity and holes in the space at different scales.942

Similarly, the alpha hyperdigraph can be constructed on the alpha complex. For a metric space943

(M,d), let X be a finite point set in M . For a given parameter r, the alpha complex Ar is defined944

by945

Ar = {S ⊆ X|there is a disk of radius r that covers S}. (28)946

Usually, people tend to regard the alpha complex as an abstract simplicial complex for computing its947

homology. However, the alpha complex itself possesses geometric structure. Considering functions948

w : Ar → R and ϱn : (Ar)n → Sn+1, for any real number η, we can obtain the alpha hyperdigraph:949

ArH⃗η = {S × ϱ∗(S)|w(S) ≤ η, S ∈ Ar}. (29)950

Similar to the relationship between the alpha complex and the VR complex, alpha hyperdigraphs951

can capture distinct information compared to VR hyperdigraphs. If the maps w : Ar → R and952

ϱn : (Ar)n → Sn+1 are chosen as trivial maps, the alpha hyperdigraph can also be reduced to the953

alpha complex.954
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In informal terms, the alpha complex involves the simplices that are close enough, meaning955

that one can find a disk of a given radius containing all the points in the simplex. The construction956

can also be derived from the 3-dimensional Voronoi diagram [63] or the Delaunay triangulation957

[64]. The alpha hyperdigraph is a collection of simplices in the alpha complex which are endowed958

with the corresponding orientation. If the orientation is chosen to follow a given order, the alpha959

hyperdigraph can be reduced to a hypergraph. Besides, if we choose all the simplices in the alpha960

complex as the collection, the alpha hyperdigraph can also be reduced to the alpha complex. In961

such case, the construction is denoted by ArH⃗(X).962

For a given parameter r > 0, the alpha complex and alpha hyperdigraph, denoted as Ar(X)963

and ArH⃗(X), are constructed step by step as follows: 1. Include a vertex for each point in X. 2.964

For each subset S of X such that the maximum pairwise distance between points in S is less than965

or equal to r, include a simplex in the complex with vertices corresponding to the points in S. 3.966

Directed hyperedges are defined on all simplices using the predefined order of the set X, and the967

hyperdigraph ArH⃗(X) is then generated as the collection of these directed hyperedges.968

The alpha hyperdigraph includes directed hyperedges for subsets of points that are in close969

proximity within the specified radius. As r increases, as shown in Figure 6a, more directed hyper-970

edges are added to the hyperdigraph, capturing different levels of connectivity and features in the971

dataset. As illustrated in Figures 5c, d and 6b, c, the persistent attributes in higher dimensions972

of VR hyperdigraph Laplacians and alpha hyperdigraph Laplacians exhibit notable differences.973

However, for the 0-dimensional information, their persistent patterns remain the same.974

Figures 5 and 6 illustrate the construction of the VR hyperdigraph and alpha hyperdigraph,975

respectively, with varying filtration parameters. Notably, both of these hyperdigraphs in this study976

are constructed based on the simplicial complex, incorporating the Vietoris-Rips (VR) complex977

and the alpha complex.978

A.5 Supplementary tables979

In the following section, we provide supplementary tables that offer additional data and in-980

sights pertinent to our study. Readers are encouraged to refer to these tables for a more detailed981

exploration of the topics covered in the main text.982

In the finetuning stage of the Transformer model in TopoFormer-seq, Table 4 outlines three983

sets of hyperparameters, while keeping other settings constant at 10,000 training steps. According984

to the table, the optimal performance on the CASF-2007 dataset is achieved by TopoFormers-seq,985

with a batch size of 32 and a learning rate of 0.0008 during the finetuning stage. However, the986

performance remains nearly identical for the other two hyperparameter settings. For the CASF-987

2013 dataset, the best performance is observed with TopoFormer-seq, employing a batch size of 32988

and a learning rate of 0.0008, resulting in a PCC of 0.816 and an RMSE of 1.367. Remarkably, even989

the least favorable hyperparameter setting, with a batch size of 32 and a learning rate of 0.001,990

yields a PCC of 0.815 and an RMSE of 1.373, a result very close to the optimal performance. For the991

CASF-2016 dataset, the superior performance is achieved by TopoFormer-seq with a batch size of992

32 and a learning rate of 0.0008. All other hyperparameters result in the same PCC (0.864), albeit993

with slightly higher RMSE values of 1.160 and 1.157. The results indicate that the TopoFormer-seq994

and TopoFormers-seq models exhibit remarkable stability across different hyperparameter settings.995

To mitigate overfitting, a batch size of 32 and a learning rate of 0.0008 are consistently employed996

32



Table 4: The PCCs and RMSEs of our TopoFormer-seq and TopoFormers-seq models on the three benchmarks of

CASF-2007, CASF-2013, and CASF-2016 with different hyperparameter settings. The average of 400 experiments

are reported in the table.

TopoFormer-seq TopoFormers-seq

Hyperparameters Datasets PCC RMSE PCC RMSE

Batch size 32

Learning rate 0.0008

CASF-2007 0.836 1.329 0.839 1.322

CASF-2013 0.816 1.367 0.810 1.392

CASF-2016 0.864 1.153 0.855 1.183

Batch size 64

Learning rate 0.0008

CASF-2007 0.837 1.333 0.837 1.335

CASF-2013 0.816 1.373 0.812 1.387

CASF-2016 0.864 1.160 0.858 1.184

Batch size 32

Learning rate 0.001

CASF-2007 0.837 1.331 0.838 1.329

CASF-2013 0.815 1.373 0.810 1.390

CASF-2016 0.864 1.157 0.856 1.183

for all scoring tasks in this study during validation and comparisons in the main text.997

Table 5: The performance of recently proposed models is assessed through the evaluation of their PCCs(RMSEs)

using various training datasets. To convert to the unit kcal/mol, a conversion factor of 1.3633 should be multiplied

with the RMSEs in the table. Footnote a indicates variations in test dataset sizes, involving the PDBbind-v2013 core

set (N = 180) and the PDBbind-v2016 core set (N = 276). Footnote b signifies the utilization of the PDBbind-v2016

core set (N = 290) as the testing dataset. We conducted performance testing on the CASF-2007 dataset using a

training set comprising 18,904 protein-ligand complexes from the v2020 general set, excluding all core sets. The

results show the best performance, with a Pearson correlation coefficient (PCC) of 0.853 and a root mean square

error (RMSE) of 1.295.

Model Training set Core set (CASF-2013) Core set (CASF-2016)

Ligand-based [38] PDBbind-v2018(11663) 0.780a 0.821a

graphDelta [32] PDBbind-v2018(8766) 0.87(1.05)b

ECIF [33] PDBbind-v2019(9299) 0.866(1.169)

OnionNet-2 [34] PDBbind-v2019(>9000) 0.821(1.357) 0.864(1.164)

DeepAtom [35] PDBbind-v2018(9383) 0.831(1.232)b

SE-OnionNet [36] PDBbind-v2018(11663) 0.812(1.692) 0.83

Deep Fusion [37] PDBbind-v2016(9226) 0.803(1.327)b

TopoFormer-Seq PDBbind-v2020(18904) 0.832(1.301) 0.881(1.095)

0.883(1.086)b

The performance of recently proposed models is presented in Table 5. Due to variations in the998

training sets utilized, direct comparisons among these models are not fair. The majority of these999

models employ a general set (or preprocessed general set) for training to enhance their performance1000

on benchmarks. In this study, we introduced the TopoFormer-Seq model, trained on the PDBbind-1001

v2020 general set, with exclusion of the core sets used for evaluation from the training process. As1002

demonstrated in Table 5, the TopoFormer-Seq consistently exhibits the best performance across all1003

benchmarks. For CASF-2007, the model achieves a PCC of 0.853 with an RMSE of 1.295, and for1004

CASF-2013, the PCC is 0.832 with an RMSE of 1.301. Similarly, for CASF-2016, the TopoFormer-1005
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Seq attains a PCC of 0.881 with a corresponding RMSE of 1.095. The model’s performance on1006

PDBbind-v2016 is also assessed, with a PCC of 0.883 and an RMSE of 1.086. It is important1007

to note that, in this work, the performance of TopoFormer-Seq-2020 (trained on PDBbind-v20201008

general set) is solely utilized to showcase the capability of the proposed model. The reported best1009

performance in the main text adheres to the standard pipeline.1010
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A.6 Supplementary figures1011

In this section, we present a series of supplementary figures that further elucidate and com-1012

plement the findings discussed in the main text. Readers are encouraged to consult these figures1013

for a richer understanding and visual representation of the concepts and results introduced in the1014

primary manuscript.1015

Figure 7: Performance of TopoFormer on scoring tasks for CASF-2007 and CASF-2013. a-b display the Pearson

correlation coefficients (PCCs) of TopoFormers for protein-ligand complex binding affinity scoring. These are com-

pared with models on the CASF-2007 (a), and CASF-2013 (b) benchmarks. The results from other methods are

taking from refs ([25, 24, 26, 16, 27, 19, 28, 29, 30]), are in the green color. c to d showcase comparisons of predicted

protein-ligand binding affinities and experimental results for the CASF-2007 (c, PCC=0.838), and CASF-2013 (d,

PCC=0.817) benchmarks. Grey dots represent the training data, while red dots denote the test data.

Figure 10 presents the persistent attributes derived from the non-harmonic spectra of a persis-1016

tent topological hypergraph at 0th and 1st dimensions. Specifically, the nonzero maximum spectra1017

are denoted as λmax0 and λmax1 for the first and second dimensions, respectively. The persistent1018

standard deviation of nonzero spectra is represented by λstd
0 and λstd

1 for the first two dimen-1019

sions. Additionally, the values λ
avg
0 and λ

avg
1 correspond to the 0th and 1st dimensional persistent1020

average values of nonzero spectra. The λsum
0 and λsum

1 , as shown in Figure 10e, indicate the per-1021

sistent summation values of nonzero spectra of the persistent topological hyperdigraph Laplacian.1022

Furthermore, we generated the persistent topological hypergraph homology for the Vietoris-Rips1023

hypergraph, as depicted in Figure 10f. This figure displays persistent barcodes for homology groups1024

H0 and H1 at the 0th and 1st dimensions, respectively. The topological invariants, specifically Betti1025

numbers, correspond to the multiplicity of the zero eigenvalue of the topological hypergraph Lapla-1026

cian for a given filtration parameter d. Notably, these persistent attributes vary with different1027

filtration parameters, indicating the recording of both topological and geometric information in a1028

multiscale manner.1029

The Figure 13 illustrates diverse topological representations for the Cα atoms in protein1030

PDBID: 6L9D, with a cutoff distance set to 5 Å. In Figure 13a, the commonly used graph represen-1031

tation of the structure is depicted. Generalizing from the graph representation, the 0-simplices in1032
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Figure 8: Performance of ranking power evaluated by the high-level success measurement compares with different

scoring functions on CASF-2007, CASF-2013, and CASF-2016 benchmarks. The proposed TopoFormer-based models

are plotted in the red color. The results of other methods, taken from refs ([25, 24, 26, 16, 27, 19, 30, 65]), are in the

blue color

Figure 9: Performance of ranking power evaluated by the low-level success measurement compares with different

scoring functions on CASF-2007, CASF-2013, and CASF-2016 benchmarks. The proposed TopoFormer-based models

are plotted in the red color. The results of other methods, taken from refs ([25, 24, 26, 16, 27, 19, 30, 65]), are in the

blue color.

the simplicial complex correspond to the vertices in the graph, while the 1-simplices represent edges1033

with vertices from the graph, as shown in the second and third rows of Figure 13a and b. Addi-1034

tionally, higher-dimensional simplices in the simplicial complex provide more intricate information1035
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Figure 10: Comparison of persistent topological hyperdigraph Laplacian and persistent homology for the point cloud

in Figure 4a. a Representation of nonzero maximum non-harmonic spectra of the persistent topological hyperdigraph

Laplacian at the 0th and 1st dimensions (λmax
0 and λmax

1 ), highlighting their dependence on the filtration (scale)

parameter d. b Representation of standard deviation of nonzero spectra of the persistent topological hyperdigraph

Laplacian at the 0th and 1st dimensions (λstd
0 and λstd

1 ). c Representation of average value of nonzero spectra of the

persistent topological hyperdigraph Laplacian at the 0th and 1st dimensions (λavg
0 and λ

avg
1 ). d Representation of

summation value of nonzero spectra of the persistent topological hyperdigraph Laplacian at the 0th and 1st dimensions

(λsum
0 and λsum

1 ). e Representation of multiplicity of zero of the persistent topological hyperdigraph Laplacian at

the 0th and 1st dimensions (β0 and β1). f Visualization of barcodes for persistent homology groups H0 and H1 at

the 0th and 1st dimensions, respectively, showcasing their variations with respect to the filtration parameter d.

about the structure; for instance, alpha helices can be roughly represented by 3-simplices.1036

Moving beyond simplicial complexes, hypergraphs offer a more generalized representation of1037

the structure, as demonstrated in Figure 13c. Furthermore, with directional information, hyperdi-1038

graphs present an even more generalized view compared to simplicial complexes and hypergraphs.1039

The hyperdigraph representation, along with different dimensional directed hyperedges, captures1040

information at various levels, as illustrated in figure 13d. Notably, the representation via 3-directed1041

hyperedges can also unveil the presence of an alpha helix.1042

To illustrate the power of proposed topological hyperdigraph and its Laplacian, two B7C2H91043

isomers with identical geometric structures, differing only in the positions of carbon atoms are1044

used in the validation. Figures 14a and b show the molecular structures of these two B7C2H91045
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Figure 11: Illustration of how the changing filtration parameter leads to alterations in the connectivity of the point

cloud in Figure 4a, resulting in the generation of a series of simplicial complex. The 2-simplices are triangles colored

by the green. The 3-simplices are tetrahedrons colored by orange.

Figure 12: Illustration of how the changing filtration parameter leads to alterations in the connectivity of the point

cloud Figure 4a, resulting in the generation of a series of hypergraph. The 1-hyperedge is represented by the light

red area. The 2-hyperedge is represented by yellow area. The 3-hyperedge is represented by blue area.

isomers. Here, the structure without hydrogen atoms are considered in the analysis, as shown in1046

Figure 14c and d. Figures 14e, g, and i are the simplicial complex, hypergraph, and hyperdigraph1047

representations and their Laplacians’ analysis results for structure 14c. Figures 14f, h, and j are the1048

simplicial complex, hypergraph, and hyperdigraph representations and their Laplacians’ analysis1049

results for other structure in Figure 14d. While only carbon atoms are changed in the structures1050

14c and d, the Laplacians analysis for simplicial complex and hypergraph can not classify these1051

two structures. For hyperdigraph, because the directed hyperedge can be used to encode the non-1052

symmetry and non-balance relations, the changing position of carbon atoms can be captured by1053

the directed hyperedge, which result different topological hyperdigraph Laplacians. So that either1054

the multiplicity of zero eigenvalue of these Laplacians (β0, β1, and β2) or the minimum nonzero1055
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Figure 13: Illustration of Different Representations for Cα Atoms in Protein PDBID: 6L9D. a The graph represen-

tation of the structure. b The simplicial complex representation of the structure, including a list of 0-simplices,

1-simplices, 2-simplices, and 3-simplices in the complex. c The hypergraph representation of the structure, along

with a list of 0, 1, 2, and 3-hyperedges within the hypergraph. d The hyperdigraph representation of the structure,

providing a listing of 0, 1, 2, and 3-directed hyperedges in the hyperdigraph.

spectra of there Laplacians (λmin
0 , λmin

1 , and λmin
2 ) can distinct these two structures.1056

To assess the efficacy of the proposed topological hyperdigraph and its Laplacian, we employ1057

two B7C2H9 isomers sharing identical geometric structures but differing solely in the positions1058

of carbon atoms. Figures 14a and b illustrate the molecular structures of these isomers. In1059

the analysis, we consider the structures without hydrogen atoms, as depicted in Figures 14c and1060

d. Figures 14e, g, and i present the analysis results for the simplicial complex, hypergraph,1061

and hyperdigraph representations, along with their Laplacians, for the structure in Figure 14c.1062

Similarly, Figures 14f, h, and j display the analysis results for the other structure in Figure 14d.1063

Despite the alteration being limited to the carbon atoms in structures shown in Figures 14c and d,1064

the Laplacian analysis of simplicial complex and hypergraph representations fails to differentiate1065

these two structures. In contrast, the hyperdigraph, leveraging directed hyperedges to encode non-1066

symmetry and non-balance relations, effectively captures the changing positions of carbon atoms.1067

This results in distinct topological hyperdigraph Laplacians, reflected in either the multiplicity of1068

zero eigenvalues (β0, β1, and β2) or the minimum nonzero spectra of these Laplacians (λmin
0 , λmin

1 ,1069
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Figure 14: Illustration of the different Laplacian analysis for two B7C2H9 isomers. a and b Two B7C2H9 isomers with

identical geometric structures, differing only in the positions of carbon atoms. c and d The structural representations

of B7C2H9 after the removal of hydrogen atoms. e and f The simplicial complex representations of structures c and d.

Carbon atoms are highlighted in coffee color, while boron atoms are shown in light green. The 2-simplices are shaded

in green. Notably, the corresponding topological invariants and non-harmonic spectra are consistent, with β0 = 1,

β1 = 0, and β2 = 1, as well as λmin
0 = 3.0, λmin

1 = 1.0, and λmin
2 = 1.0. g and h The hypergraph representations of

structures c and d. The 1-hyperedges are colored in light red, and 2-hyperedges are colored yellow, while 3-hyperedges

are shaded in blue. The corresponding topological invariants and non-harmonic spectra are consistent, with β0 = 1,

β1 = 0, and β2 = 1, as well as λmin
0 = 3.0, λmin

1 = 1.23, and λmin
2 = 1.23. i The hyperdigraph representation of

structure c. The 1-directed hyperedges are colored in purple, the 2-directed hyperedges are pink, and the 3-directed

hyperedges are blue. The corresponding topological invariants are β0 = 1, β1 = 0, and β2 = 1. The minimum

non-zero non-harmonic spectra are λmin
0 = 3.63, λmin

1 = 2.0, and λmin
2 = 0.39. j The hyperdigraph representation of

structure c. The 1-directed hyperedges are colored in purple, the 2-directed hyperedges are pink, and the 3-directed

hyperedges are blue. The corresponding topological invariants are β0 = 1, β1 = 0, and β2 = 4. The minimum

non-zero non-harmonic spectra are λmin
0 = 3.79, λmin

1 = 2.0, and λmin
2 = 0.33. The difference in Charts i and j

demonstrates that topological hyperdigraph Laplacians can distinguish these two isomers.

and λmin
2 ). Consequently, these topological features successfully distinguish two structures.1070
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