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Abstract

The (2 + 1)-dimensional generalized fifth-order KAV (2GKdV) equation is revisited via combined
physical and mathematical methods. By the Hirota perturbation expansion technique and via set-
ting nonzero background wave on the multiple soliton solution of the 2GKdV equation, breather
waves are constructed, for which some transformed wave conditions are considered that yield
abundant novel nonlinear waves including the X/Y-Shaped (XS/YS), asymmetric M-Shaped
(MS), W-Shaped (WS), Space-Curved (SC) and Oscillation M-Shaped (OMS) solitons etc. Fur-
thermore, distinct nonlinear wave molecules and interactional structures involving the asymmetric
MS, WS, XS/YS, SC solitons, and breathers, lumps are constructed after considering the cor-
responding existence conditions. The dynamical properties of the obtained nonlinear molecular
waves and interactional structures are revealed via analyzing the trajectory equations along with

the change of the phase shifts.
Keywords: (2+1)-dimensional generalized fifth-order KdV equation; Nonlinear molecular wave;

Phase shift; Velocity resonance; Inelastic interaction.

1. Introduction

The study of nonlinear wave bounded state structures set off a new research upsurge in more
and more fields, such as optical fiber communication, fluid mechanics, biophysics and information
science[Il, 21 [3]. Investigating the above problems are of great significance because they can provide
valuable mathematical physics information and theoretical support for nonlinear phenomena and
experimental results analysis in some scientific fields [4 5l 6] [7]. The types of nonlinear waves can
be roughly divided into four categories: soliton, breather, lump and rogue wave. Solitons have
many intriguing properties of particles and waves, reflecting common nonlinear characteristics in
nature. It is a well-known fact that periodicity is a very basic and important attribute of nonlinear
wave propagation, originating from periodic coherence between atoms. The breather perfectly
describes such a solution that is periodic in both time and space dimensions [§]. The rogue wave

depicts steep wave localized in both space and time dimensions [9]. Lump solution is constructed
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in many integrable models, it is a type of rational exact solution and spatially localized in certain
region [10]. The aforementioned nonlinear wave structures can transform each other under the
particular conditions, which produce many new wave structures.

Several bounded (coherent) states of solitons including soliton molecules (SMs) and breather
molecules (BMs) have been a hot topic owing to they can provide application and extensively
theory values in nonlinear physics fields. The velocity resonance involved in this article specifically
includes two conditions: the trajectory equations of nonlinear wave components are parallel, and
further, their propagation velocities are equal. Thus, multifarious novel kinds of the SMs and BMs
have been constructed successively via utilizing velocity resonance. Heretofore, the interactional
solutions among different types of nonlinear waves have been deeply investigated, because the
collision behaviors can be utilized to accurately imitate the nonlinear behaviors in nature, from
the view of this point, the elastic collision and inelastic collision modes, the emergence and
degradation behaviors of solitons, the oscillatory and non-oscillatory modes have been carefully
studied. Nevertheless, there are few investigations on the interactional structures among novel
kinds of nonlinear molecular waves, resonance soliton solutions and breathers, especially the
collision-free interaction modes, which arouses our interest to explore this kind solution in another
model.

In this paper, we consider the (241)-dimensional generalized fifth-order KdV (2GKdV) equa-
tion

Up + QUsy + Buliges + YUzUse + 0uuy, + uy =0, (1.1)

where a, 8, v and ¢ are real constant coefficients of the dispersion term and higher-order derivative
terms in 2GKdV equation, respectively. Eq. demonstrates the behaviors of long wave
under the gravity and in a two-dimensional nonlinear lattice in shallow water [11] 12, 13]. Eq.
(1.1)) could convert into the (141)-dimensional Sawada-Kotera equation [14] [I5] via removing the
derivative term u, and setting o = 1,8 = 15,7 = 15 and § = 45. There are numerous study
that have focused on the 2GKdV equation such as the lump wave and interaction structures of
Eq. were acquired in Ref. [16], the complexitons and periodic soliton solutions were also
studied in Ref. [I7]; nonlinear superposition phenomena between lump solitons and other forms
of nonlinear localized waves were examined in Ref. [I8] and the lump-periodic, breather and
two-soliton solutions were presented in Ref. [19].

The article is structured as follows. In Sec. 2, we first revisit the N-soliton solution for
the 2GKdV equation via the Hirota perturbation expansion method, then obtain the first-order
breather, X-Shaped soliton and lump of the 2GKdV equation. Moreover, we analyze the dynamics
of the breather, X-Shaped soliton and lump wave. Next, we present a new class of transformed
wave conditions to construct different nonlinear wave structures such as the asymmetric MS
soliton, the XS/YS soliton, the OMS soliton, the SC soliton and lattice periodic soliton, etc. In
Sec. 3, new types of molecule structures and interactional structures are constructed via the

velocity resonance ansatz. We also demonstrate the dynamical properties of the above nonlinear



wave structures. The last section is a brief summary.

2. The X-Shaped soliton, breather, lump and other types of nonlinear waves

According to the Refs. [106] 20], we adopt the following bilinear transformation under the
conditions that § = 15«, v = 45, 6 = 15« and

u(@, y,t) = uo + ug, (2.1)

where up = u |z y=+00 is an arbitrary constant. Inserting Eq. (2.1)) into the 2GKdV equation

and integrating once with respect to x, we derive
15a(ul + UpUprr + UoUsas) + 450 (uou2 + udu,) + s, + g + uy, = 0, (2.2)

Adopting the transformation v = 2(Inf),, the 2GKdV equation is described in the bilinear

form using the Hirota D operator
(45ugaD? + 15upaDs + aDS + DD, + D, D,)f - f =0, (2.3)

where D, D, and D, represent the bilinear derivatives. [21]

We first give the multiple soliton solutions of the 2GKdV equation by the Hirota perturbation
expansion method, then the first-order breather solution is constructed by setting partial param-
eters to be paired-complex conjugate forms [22], and the lump wave is created via the long-wave

limit method [23] 24]. The N-soliton solution of the 2GKdV equation is of the form

N
f=In= Z exp ZMiTi‘F Z ui,uinj , (2.4)
=1

peo,1 i<j<N

and

7, = ki (x + Liy + wit) + ¢4,

wi = —(ak} + 45aull; + 15augk? +1;),

edii =

(k2 — kakj + k2) (ki — k;)* + uo (ki — k;)°
(k7 4 kikj + k2) (ki 4 k)% + uo (ki + k)2’

(2.5)

where 7;, A;; represent phases and phase shifts of solitons, respectively. Besides, k;,l;, ¢;(i =

1,2,...,N) are arbitrary real constants; > . ,—o,1 is the summation over possible combinations of

N

Wi, pt; =0,1(4,5 =1,2,...,N); the summation ZKj

from (i,7 =1,2,...,N).

should be taken all possible pairs selected

2.1. X-Shaped soliton and first-order breather

From the expression (2.4)), the two-soliton of Eq. (1.1)) is

u=2(Infy)y, fo=1+e" e fentmthz (2.6)



(a) (b)

Fig. 1. (a) The X-Shaped soliton given by li with k1 = —0.32, ko = 0.3,1; = 0.5, l, =
lL,a=1uy = 01,¢1 = 0,¢y = 0,t = 0. (b) The X-Shaped soliton given by (2.11)) with
kl = —032, kQ = —03, ll = —0.5, 12 = 1, o = ]., Ug = O]., ¢1 = 0, ¢2 = O, t=0.

where 71, 7o, 412 are determined by Eq. .

To construct the X-Shaped solitons, we further take the above two-soliton solution
as an example to explore the generation mechanism of X-Shaped soliton solution. By setting
Ais > 1 or Ao < 1 in solution , we derive some X-Shaped solitons. Figure (1| displays the
X-Shaped solitons based on solution . In fact, these X-Shaped solitons can describe different
mutual collision modes when Aj2 = O(1), A;2 > 1 or Aj5 < 1. In order to better study the
superposition mechanism among nonlinear waves, we start with the first-order breather solution

and some parameters are chosen as
ki =ky =my +iny, Iy =15 =p1 +iq, ¢1 = ¢3 = 71 + i1, (2.7)

where the asterisk * represents the complex conjugation and mq,n1,p1,q1, 71,71, A1 denote arbi-
trary constants, ¢ is the imaginary unit. Substituting Eq. (2.7) into Eq. (2.6]), we suggest the
function f = f(x,y,t) having the following appropriate form [25] [26]

fa ~ € + Apcos(Cr) + Ao, (2.8)
and
& = mux+ (mipr — niq)y + wrat + 71,
G = nmx+ (mig +nip1)y + wnt + 1,
wr1 = —am? + 10am?n% — 5ozm1n‘11 — 45au(2)m1p1 + 45au(2)n1q1

—15au0m‘;’ + 450zu0m1n% —mip1 + niqa,

wn = —5am‘fn1 + IOam%n“;' — om“;’ — 45au(2)m1q1 — 45au3n1p1



—45au0m%n1 + 15au0n§’ —miq1 — n1p1,

N = 771% (mf—Sn?—FQuo) A (2.9)
2 am?2 (3m2 —n2 + 9ug) " - '

Based on the definition of hyperbolic function, the solution (2.8 can be written as

1
f2 ~2 \ )\2 cosh <§1 — 5 In )\2) + )\1 COSs Cl' (210)

Carrying Eq. (2.10) into the transformation u(x,y,t) = uo + 2In(f2),,, the first-order breather

solution of the 2GKdV equation can be obtained

xx?

r1 + 79 cosh (51 — %ln )\2) cos (1 + rg sinh (51 — %ln )\2) sin (1
(2v/Az cosh (&1 — 2 InAg) + A cos C1)2

with 71 = 8\am? — 2\3n2, ro = 4N/ Aa(m? — n?), r3 = 8X\1v/Aamin; and ug being a constant

background wave, which has also been presented in Refs. [27, 2§].

u=uy+ , (2.11)

From the above simplified expression, we find that the breather solution is composed of
hyperbolic functions H = {cosh(& - %ln A2),sinh(&; — %hl )\2)} and trigonometric functions
T = {cos(1,sin(; }, which play essential roles in deciding the key properties of solution .
The functions H and T reveal localization and periodicity of the evolution process, respective-
ly. Thus, the breather is actually a mixed solution component of the solitary-type wave and
periodic-type wave. It describes the localized solutions with breathing oscillation behavior on the
constant background ug. Furthermore, the propagation velocity vector of solitary wave vg, and
propagation velocity vector of periodic wave v¢, are expressed in the following forms

Ve, = (’U£117 UEly) = (le el ) y

b
mip Mmip1 —nNiqi

wr1 wr1
Ve = (UClmv UCly) = (I I) , (2.12)

n1’ miqr +nipr
where v, , v¢,, denote the disseminate speed of solitary wave in the z-axis and y-axis; v¢,, , v¢,,

denote the disseminate speed of period wave in the xz-axis and y-axis, respectively.

The periods Ty of the breather solution (2.11)) is given by

(2.13)

2 — 2
Ty = (Tha, Ty) = ( m(n1q1 — map1) ™ ) 7

qi(mi+n?) " q(mi+ni)
where Ti,, Th, represent the periods of the breather solution (2.11) in the z-axis and y-axis

directions, respectively.

From (2.13)), we obtain the distance d,;, between the two nearest peaks of solution (2.11])

27 m? + (niq1 — mipy)?
dmin = |T1| = m2 T ng\/ 3 . (214)
1 1 q1

Additionally, the trajectory equations of the solitary-type wave member (SWM) and periodic-type
wave member (PWM) in breather solution (2.11)) are:

Ls, :miz 4+ (mipr —niq) y +writ + 71 =0, Ly, :nz + (miqr +npr) y +wnt +m = 0.



Fig. 2. The breather solution given by 1} with m; = 0.3, n1 =03, p1 = 1.5, g1 =2, \; =
2, a=1,u9=-0.01,y1 =0,n =0,¢t=0. (a) Spatial structure plot. (b) Contour plot of (a).

Figure [2| shows the breather solution described by Eq. in (x,y)-plane. In Fig. the
velocities of the solitary-type wave and periodic-type wave are vg, = (0.5077, —1.0153) and v¢, =
(—3.4564,—0.9875), and the corresponding trajectory equations are 0.3z — 0.15y + 0.1523t = 0
and 0.3z 4+ 1.05y — 1.0369¢t = 0 respectively. It should be clarified that the analytical condition

to the solution (2.11)) reads 2y/Xy > |A1].

2.2. Lump-type soliton and W-Shaped soliton solutions

In the previous section, we investigate the components of the breather solution and discuss
the related dynamical properties. At present, we mainly consider the the lump-type wave via the
long wave limit technique, namely, when m? +n? — 0, taking the limit of the infinity period. By
analyzing Eqgs. and (2.14)), we find that if the condition m? +n? — 0 holds, the period T,
of solution will tend to infinity and the breather solution as shown in Fig. |2| degenerates
to a lump-type wave.

For the lump-type wave, we take
ki=ki=m1+ing, L1 =15 =p1+iq, ¢p1 = ¢5 = 71 +im, (2.15)

and put (my,n1) = (,€), A1 = —2, Ay = 1 +¢€2. Then, taking the Taylor expansion of (2.8) when

e = 0, we obtain

8—16(z+(p1+q1)y— (1 +a)t)(x+P1—q1)y—(p1—q1)t)
I+ (z+(p1+a)y—(p1+q)t)* +(z+(p1—q1)y— (p1—@1)t)?)?

Ulump = 2(1nfl)ma:+u0 = ( R (216)

where

fir = @+ 14+a)y—(p1+a)t)* +(@+(p1—q)y—(p1—q1)t)* +1. (2.17)



Figure [3] exhibits the lump-type wave with one wall-like peak and two small holes, which is
localized in all directions in space [29] [30]. This solution can be viewed as a hybrid solution
including two-wave solution with variables & =+ (p1 + 1)y — (p1 + 1)t and (] = = + (p1 —
¢1)y — (p1 — q1)t. Similar to Eq. , we can express the speeds of two-wave solution as the
forms ver = (=(p1 +q1), 1), v¢er = (=(p1 — q1), —1). The trajectory equations (§; =0, ¢} = 0)
are determined accordingly. By utilizing the extremum value theorem of function, we calculate
the maximum or minimum value points of the function wjymp = w(z,y,to). It shows that the
lump solution possesses three extreme points at (0,tg), (—0.8018,¢g) and (0.8018,ty) with
parameters being selected as p; = 0.5, g1 = —2, @ = 1, ug = 0. The maximum value of lump
solution is 2 at (0,%p), while the minimum value is -3.0625 at (£0.8018, ).

It is interesting that if we introduce a new class of parameter constraint condition that is know
as the velocity resonance equation [31 [32] [33], a phenomena that the breather converting
into a rational W-Shaped solitary (WS) wave will occur when the following condition is satisfied,
see Fig. [

Ve =ver, G, q=0. (2.18)

Under this circumstance, a W-Shaped soliton solution can be expressed in the form

4—8(z + pry — pit)?
ws = 2(Infu)ee = , 2.19

where

fu =2(x+pry — pit)®> + 1. (2.20)

As displayed in Fig. [ we learn that the WS soliton solution has single peak and double sym-
metrical valleys, of which the trajectory equation is z + 0.2(y — t) = 0.

2.8. Nonlinear wave structures from two-soliton solution

In this section, we investigate the transformed wave conditions and the nonlinear wave struc-
tures including the W-Shaped (WS) solitary wave, the M-Shaped (MS) solitary wave, the Oscilla-
tion M-Shaped (OMS) solitary wave and the Multi-Peak (MP) solitary wave, etc. The associated
dynamical properties of the nonlinear wave structures will be studied detailedly.

The previous investigation shows that if the direction of the propagation velocity vector v,
of solitary wave and the propagation velocity vector v¢, of periodic wave are parallel, we can
obtain different types of nonlinear wave structures. In order to study the structural properties of
the breather , we take advantage of the following condition,

Ve X Ve =0, (2.21)

where the operator x denotes the cross product of two velocity vectors, which is equivalent to

Wr1 Wr1

mi mip1—niqi | _ 0 (2 22)
Wi Wil

ni miqi+nipi



Fig. 3. The lump solution given by 1) with py =05, 1 = -2, a=1,u9 =0,t = 0. (a)
Spatial structure plot. (b) Contour plot of (a).

Fig. 4. The WS-soliton solution given by 1' with p; = 0.2, a =1, up =0, t = 0. (a) Spatial
structure plot. (b) Contour plot of (a).



That is to say, the subtle parameter condition should be met
@ = 0. (2.23)

From the above analysis, we learn that the breather solution component of the functions
H and T possesses uniform velocity direction. The tangent of the velocity direction is expressed
in the form: B, = arctan (p;), where §; is the angle between the counterclockwise direction of
two velocity vectors and the positive direction of the y-axis. Hence, it is summarized that the
parameter p; is responsible for the velocity direction of different nonlinear wave structures. A
series of nonlinear localized wave structures could be constructed via the specific mechanism
—. Figure [5| displays several types of nonlinear localized waves. The W-Shaped (WS)
soliton solution with single peak and double symmetric valleys (Ls, = « + y + 1.9725¢t = 0 and
L,, =11z + 1.1y + 5.6704¢ = 0) is shown in Fig. [5| (a). Next, we demonstrate three cases:

m

valley (Ls, = 0.3z + 0.3y — 0.2967¢ = 0 and L,, = 0.2z + 0.2y — 0.1952¢ = 0), is exhibited
in Fig. [5] (b);

(i) When 7t ~ 1, an asymmetric M-Shaped (MS) soliton solution has double peaks and a

(if) With the increase of value "t gradually, the MS solution will convert into the Oscillation

M-Shaped (OMS) soliton solution (- = 3.5), the trajectory equations Ls, = 0.5z + 0.6y +

my

6.5152t = 0 and L,, = 1.75x + 2.1y + 1.065¢ = 0, is presented in Fig. c);

(iii) When ;- = 10, a Multi-Peak (MP) soliton solution will be obtained as shown in Fig.
d)7 where the the trajectory equations are Ly, = 0.1z 4+ 0.12y + 0.2495¢ = 0 and L,, =
x4+ 1.2y — 2.5955¢ = 0.

To proceed, we give an analysis about the essential physical quantity, phase shift, which has
profound impact on the dynamical behaviors of the obtained nonlinear waves. In this paper, the

concrete expressions of phase shifts of solution (2.11)) are given by

let \/ 2
t) = |velt= mip1 —n1q1)? + m7,
¢51( ) | 51‘ ml(mlpl — n1q1) ( 1P1 1 1) 1
wit \/ 9
t) = |velt= miqr + nip1)? + n?, 2.24
¢, () Ve | P CR— (migq1 +nip1) 1 (2.24)

where ¢, (t), ¢¢, () represent the phase shifts of the SWM and PWM, respectively, |ve, |, |[ve, ]
denote the modulus of velocity vectors of the SWM and PWM, wg1, wy are determined by Eq.
. According to Egs. 7 we conclude that the phase shifts of SWM and PWM are not
equal (¢¢, (t) # ¢¢, (t)) and will alter with time varying. As a result, we obtain different nonlinear
wave interactional structures at different times ¢ because the interaction regions have changed
that caused by the transformation of the trajectory equation. Figure [ demonstrates the process
of the asymmetric MS solitary wave converting into the WS solitary wave when t : —1 — 0 and

the reverse process when ¢ : 0 — 1.
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Fig. 5. Spatial structure plots of the different nonlinear waves described by and v =
0,m =0, =1,¢t = 0. (a) The WS soliton solution and m; = 1, ny = 1.1, p; = 1, A\; =
12, up = —0.02. (b) The MS soliton solution and m; = 0.3, ny = 0.2, p; = 1, Ay = 2, ugp = —0.01.
(¢) The OMS soliton solution and m; = 0.5, ny = 1.75, p1 = 1.2, \y = 2, ug = 0.5. (d) The MP

soliton solution and m; = 0.1, ny =1, p1 = 1.2, Ay =2, up = 0.3.
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Fig. 6. The evolution diagram of the MS soliton solution with time and m; =1, n; = 1.1, p; =
1,1 =0, \y =12, ug = —0.02, « = 1. (a) The MS soliton solution when ¢t = —1. (b) The WS
soliton solution when ¢t = 0. (c) The MS soliton solution when ¢t = 1. (d) The cross-sectional

plot of (a), (b) and (c) when y = 1.
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If the solution f5 is expressed in the form

far~ et 4 Arcos((r) + Age ™8, (2.25)
where
& = a(@+by+at), G=a(@+by+ocat),
1 = —aja+10aidda — Sasa — 15aa?ug + 45aa3ug — 45abiud — by,
co = —5ata+10a3a3a — aja — 45aaug + 15aasug — 45abyud — by,
Ny = a3(a? — 3a2 + 9uy) A (2.26)

 4a2(3a? — a2 + Yug)
and a;, b; (1 = 1,2) are arbitrary real constants.

The solution (2.11)) is readily rewritten as the following form
71 + 79 cosh (51 — %ln )\2) cosCNl + r3sinh (51 — %ln )\2) sin(~1
— N2
(2\/)\2 cosh (51 —+In )\2> + A\ cos C1>

with 71 = 8Xaa? — 202a3, ro = 4\ 2(a? — a2), 13 = 8A\1v/A2aias and uy being a constant

background wave.

u=ug+ s (227)

Similarly to expression 1) the propagation velocity vector A of solitary wave and the

propagation velocity vector Ve, of periodic wave can be expressed in the following forms

aicy azC2
Vgl = (0,101, b1> 5 VC~1 = (CI,QCQ, b2> . (228)

If the condition Vg, X Vg = 0 holds, namely, by = bs, ¢; = ¢, and further letting the parameter

a1 vanish, the corresponding periodic wave solution is given in the form

2X1a3(A1 + (14 Ag)cosT)

" 2

= ug — 2.29
" o (14 Xg + AgcosT)2 7 ( )

2a

where ug = ﬁ, T =az(r+ bgy + (aja — 7O¢b2a2 bz)t). The existence condition for the periodic

wave is

2.29) will convert into different types of periodic

>\+1

structures under variant constraints about the parameters Ay, As.

(i) When 0 < ‘/\—H) < 1, a sine-like periodic wave is exhibited;
(ii) When ‘)\2)‘;1 ’ = 1, a soliton lattice with U-Shaped bottom is derived;
(iii) When £ X +1

3. Mixed solutions including Y-Shaped and Space-Curved solitons and other non-

linear molecular waves

In this section, the aim is to investigate the interaction structures and the nonlinear molec-
ular waves based on the mixed solution and the fourth-order soliton under the specific velocity
resonance mechanism. We discuss the elastic and inelastic collision modes among the nonlinear
localized wave structures. Then, we give further explanation for the reasons of inelastic collisions

by the trajectory equation and the phase shift analysis.
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Fig. 7. Spatial structure plots of the mixed solution given by 1) with a =1, ug = —0.05, t = 0.
(a) The interactional structure between the Y-type soliton and single soliton with k1 = 0.5, ko =

03,11 =0.5,l=1,13=0,¢1 =0, ¢p2 =0, ¢3 = 0. (b) Contour plot of (a).

3.1. Interaction structures from the mized solution

Next, we focus on the Y-type soliton of the 2GKdV equation. Taking N =3, A1 = 0 in Eqgs.
(2.4) and (2.5)), the relevant resonant Y-type soliton is presented by the following expression,

u=2(Inf3)y, fz=1+e€" e 4™ 4 entmtAn | pratmtie (3.1)

and the additional constrains ko = %kl + % —3k? — 36ug, up < —%k% should be met. Figure
[7] shows the mutual collision between the Y-shaped soliton and single soliton. The Y-shaped
solitons are formed because of the resonance effect between solitons, which describe the fusion
and fission phenomena between solitons. When Ao = 0, the fission phenomenon represents
the splitting of one soliton into two solitons with the same structure. The fusion phenomenon
represents two structurally similar solitons merge into one single soliton.

By introducing complex conjugation relationships to partial parameters, the well known Hirota
multiple soliton solutions can be expanded to obtain the following form of mixed solution. Based
on this type of solution, we can construct rich nonlinear localized waves and their interaction

structures [34]. Let the detailed mixed solution expression f5 be of the form

fz3 o~ 1—=Xcos((r) + M€t 4 €™ (1 — A\jes (Lygicos(Cr) — Lusin(¢y)))
+Age™ e (L2, + LY), (3.2)

with
3 = k(x4 I3y +wst) +d3, ws = —(aki + 45audls + 15augks + 13),

13



N = n2(m? — 3n3 + Yug) N
4m3(3m? — n? + 9ug) "’

Ly = Re(e??), Ly =Im(e?), (3.3)

where &1, (; are described in expression (2.26]). Substituting Eq. (3.2) into Eq. (2.1)) leads to the

interactional structure consisted of breather and soliton, which presents an elastic collision mode
due to the shape of the interactional structure remaining unchanged, as shown in Fig. @(a). By
applying (m1,n1) = (€,€), \1 = 2, A2 = 1 + €2 and the Taylor Eq. as € = 0. We obtain an
interactional wave structure including a lump and a soliton via appropriate parameter selections,

as exhibited in Fig. [9] (b).

8.2. Interaction structures from the fourth-order solution

For the aim of constructing the space-curved resonant solitons, we assume that exp(A4;s) — 0
is true if and only if k; = ks, (0 < j < s < 4) [35]. Introducing ki = ko, k3 = k4 to the multiple
soliton solutions Egs. and when N = 4 leads to the elimination of all or part of the
corresponding terms exp(4;s) = 0,(0 < j < s < 4), and fy in u = 2(Infy), is of the form

fi=14em +e?+e™ 4™+ e T3 t+ALs + e tTat AL + em2 T3+ Az + em2tTat Az (34)
If Eq. (3.4) additional satisfies the following parameters paired-complexification relationships
ks = ki = ma +ing, I3 = I} = p2 +iq2, ¢p3 = 3 = 72 + in2, (3.5)

where ma, na, P2, g2, Y2, N2 are real constants, the interaction between a space-curved soliton
and a breather can be obtained. Figure [§] shows the space-curved resonant soliton interaction
including the other space-curved resonant soliton/breather. Similar to the way of obtaining the
first-order breather, we can derive the second-order breather solution with condition . The

fourth-order soliton solution is given as
f4 ~ 1 —+ Alegl COS(Cl) + A262§1 + /\3€§2COS(C2) + )\46252 + )\2)\462€1+2£2 (LI2{1 + L121)(LI2{2 + L122)
A .
A 61 (Lycos(Gr + G2) — Lsin(Gs + G2)

AMA .
—I—%GEH_& (LRQCOS((:l — CQ) — L|2SIH(C1 - CQ))
+A2 3?1782 ((Lyy Lo + Lyy Liz)cos(Ca) — (Lni La — L1 Li2)sin(C2)

FM A8 282 (L Ly — Ly Liz)cos(¢1) — (Lyy Lz + Ly Li2)sin(¢y), (3.6)
and
& = mox+ (Mmap2 — n2g2)y + wrat + 72,
G = mnex+ (Mmaga + nap2)y + wiat + 12,
Wre = —amg + 10am§’n§ — 5am2n§ — 45au(2)m2p2 + 45augn2q2

—15auom§ + 45au0m2n§ — Map2 + N2q2,
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(a) (b)

Fig. 8. (a) The interactional structure between two space-curved resonance line soliton ki =
ko =05, ks=ks=—-1,011=05,lc=1,13=0,lu=1,a=1,u = —0.05 ¢1 = p2 =0, ¢3 =
¢4 = 20. (b) The interactional structure between a space-curved resonance line soliton and a
breather k1 = ko =~ 0.667, [1 = 0.25, [ = 1, mo = 3, ny = 0.005, po = 2, g2 = 0.005, a =1, ug =
01,01 =¢2=1,v% =2 1n=0.1.

wp = —5o¢m§n2 + 10am§n§ — omg — 45o¢ugm2q2 — 45augn2p2

—45ozu0m%n2 + 15au0n§ — Ma@a — NP2,
N = n3 (m% —3n3 + 9u0)
YT T amZ(Bm2 —n2 4 9ug) Y

Lys = Re(e™*), Lp=Im(es), (3.7)

where &1, (1, A2 are defined by Eq. (2.26)), and Lgi, L;; are defined by Eq. (3.3). The essential
difference between the second-order breather and the first-order breather is that the former has

two sets of velocity vectors {(ve,, ve,), (Ves, Ve, )} The expressions of (ve,, ve,) are similar to

Eq. (2.12]), which are given by

(WRQ Wgr2 )
Ve, = Y | >
ma  Map2 — N2q2
Wr2 Wr2
v = _— — . 3.8
¢ (ﬂz " mage + n2p2) (38)

For the convenience of discussion, we define the slop of the trajectory equation where the two
breathers are located as follows
m;

A= -—T
mip; — Niq;

i=1,2. (3.9)

Figure (a) displays the ordinary second-order breather solution under the condition that
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(a) (b)

Fig. 9. Spatial structure plots of the mixed solution given by with @« = 1,¢t = 0. (a)
The interactional structure between the breather and the soliton with m; = 0.25, ny =1, p1 =
—1,q1 =1,a3 =15,b3 =1, \y =2, v3 = 0. (b) The interactional structure between the lump
and the soliton with p; =1, ¢y = 0.5, az = —0.5, b3 = 1, y3 = —13.

& # &, G # (2 and Ay # Ay, Figure[10](b) shows the particular second-order breather structure,
i.e. the breather molecule [36], 37, [38] under the conditions & # &, {1 # (2 and Ay = As.

If we consider the following fixed conditions, i.e., let the parameters satisfy the conditions

Ve, Xve, =0, vg, Xve, 0, Ay =Aq, (3.10)
namely,
1 mo
=0 -—=-—"— (3.11)
b1 MmapP2 — N2q2

then the second-order breather solution transforms into a coherent structure (also called
collision-free modes) of breather and soliton [39]. From Fig. it is observed that the propagation
direction of the breather and soliton are parallel, and the breather and soliton do not interfere
with each other. On the other hand, we consider the following case, say, the directions of two

sets of propagation velocities are parallel
Ve, X Ve, = 0, Ve, X Ve, = 0, (3.12)

Under this case, if Ay # As(p1 # p2), the molecule structure between two M-Shaped soliton
(2MS) solutions is given in Fig. On the contrary, if Ay = Ay (p1 = p2), together with the
above conditions , we can obtain a variety of nonlinear wave molecules that are composed
of bounded state of different kinds of nonlinear waves and are viewed as collision-free modes. The

components of molecules do not affect each other during the process of propagation. We show
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(a) (b)
Fig. 10. Spatial structure plots of the second-order breather described by (i with p; =0, p2 =
0,a=1, A1 =Xy=2,1m1 =12 =0, up =0.1, ¢ = 0. (a) The ordinary second-order breather with
m1 = 0.65, n1 = —1, ¢1 = 0.85, mgy = 0.5, n2 =1, ¢o = 1, 61 = J3 = 0. (b) The special second-
order breather with mq; =0.5,n1 =1, ¢1 =1, mgs =0.75, no = 1.5, go = 1, 61 = 6, §o = 0.

(a) (b)

Fig. 11. The breather-soliton molecule (BSM) with m; =n; =1,p1 =1, ¢ =0, mg = ng =
1-57172:37612:270‘:1,)\1 20‘757)\3:2a61 :5a52:07771:772:0,U0:O,t20. (a)
Spatial structure plot. (b) Density plot of (a).
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four kinds of molecules structures including the W-Shaped soliton and M-Shaped soliton (WSMS)
molecule, the M-Shaped soliton and M-Shaped soliton (MSMS) molecule, the W-Shaped solitray
and W-Shaped solitary (WSWS) molecule and the M-Shaped solitary and periodic soliton (MSP)
molecule, which are shown in Fig. [12| (a){12] (d).

Different from the previous expressions of phase shifts , the phase shifts of various
interaction structures in Sec. 3 are determined not only by time change but also the collision of

different types waves, which are given as follows

wmt
(1) = |vg|t+Re(Zsj) = ———mmmm— mii—nii2+m?+ReZi»,
bet) = et +Re(Zy) = o By f(map —mig) (Z:)
o) = loelt+1m(Zy) = ——27 — fmigs +nip)? + n? + Im(Z,,)
Gi ¢s ij ni(miQi+nipi) iqi iDi i ij)s
Zij ( i J J)( J) 0( J) (Z —1,2,j=3, 4) (3.13)

(k2 + Kikj + k2) (ki + k5)? + Yuo (ks + k;)%

Figure displays an evolution process of the 2MS molecule solution under the combined
action of time and collision. The phase shift of the 2MS molecule solution is different in the
evolution process, and their trajectory equations also change, which results in the change of
the external waveform. When ¢t = —0.01, W-Shaped soliton (S,2) converts into W-Shaped
soliton (Sp2) with higher amplitude after interaction. When ¢ = 0, the amplitude of M-Shaped
soliton (S, S.,) becomes larger, and the waveforms of both change accordingly. When ¢ = 0.2,
compared with ¢ = 0.1, the amplitudes of the two peaks of M-Shaped solitons (S/5) exchanged.
The amplitudes of the peaks of M-Shaped solitons (S}) are greatly increased, and the amplitudes
of the peaks of M-Shaped solitons (S;5) are slightly decreased.

4. Concluding Remarks

We investigate the 2GKdV equation to unveil its abundant dynamical properties of the related
nonlinear waves while setting on constant background wave. By introducing the paired-complex
parameter restrictions and the velocity resonance conditions, we derive the first/second-order
breather solutions, lump solution, and various kinds of nonlinear waves. Furthermore, the analytic
expressions of the obtained nonlinear wave structures are given, and the associated dynamical
characteristics are analyzed. By using the concept of trajectory equation of breather members
(SWM and PWM) and investigating the expressions of the phase shifts, we point out the reason
why the shape and amplitude of the nonlinear wave change with time. For the mixed solution
and the fourth-order soliton solution, we obtain abundant interactional structures and nonlinear
wave molecule solutions composed of the WSMS, MSMS, WSWS and MSP molecules. We also
unearth the essence of the inelastic collision among the different types of localized waves and
nonlinear wave molecule via decomposing the phase shifts into time variation part and collision
part. The combined methods for investigating nonlinear wave structures to the 2GKdV equation

are also suitable to study the related nonlinear wave phenomena in other nonlinear models.
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Fig. 12. Spatial structure plots of nonlinear wave molecules and p; = po = —1, 91 = 10, o =
0,0 =1,up = —=0.1,t = 0. (a) The WSMS molecule with m; = 1.8, ny = 1.6, my = 1, ng =
1, &y =10, A3 = —1, §; = 10, 02 = 0. (b) The MSMS molecule solution with m; = 1.8, ny =
1.6, my = 1.5, ng = 1, Ay = 10, A3 = 10, §; = 10, 3 = 0. (¢) The WSWS molecule solution with
mp=15n =15 me=1,ny=1, A\ =10, \3 = =1, 6; = 10, 02 = 0. (d) The MSP molecule
solution with my = 1.8, ny = 1.6, my = 0.12, no =3, \y =2, A3 = =1, 6; = =10, 2 = 0.
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Fig. 13. The evolution diagram of the 2MS molecule interactional structure with time and
mp =18mn =16,p1 = —-1,q1=0,me=15n=1p2s =1, =0\ =53 =2,01 =
10, 02 =0, 11 =10, 12 =0, a = 1, up = —0.1. (a) t = —0.01. (b) t =0.1. (c) ¢t =10.2.(d), (e), (f)

are the cross-sectional plots of (a), (b) and (c) when y = —3, y = 5, respectively.
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