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S1. Circuit Hamiltonian

Here we describe the circuit Hamiltonian calculation in detail. The branch fluxes across the circuit elements, which

are junctions, the inductance L, and the capacitance C}, follow Kirchhoff’s voltage laws:

¥B1 + Pal + Pal + Vb1 = el 5 (Sl)
©p2 T Pa2 + Qa2 + b2 = Pe2 (S2)
Per + Qo + 01 — Pp2 = 0, (S?))

where ., and @y represent fluxes between the resonator capacitor and the inductor. The total Lagrangian of the

circuit is described as the summation of circuit components as
Liot = Ky1 + K2 — U —Uy2 + Ly, (54)
where

Ky = % B + bk + D, + @il dpr + Gar + (bbk)2:| ; (S5)

Usr = —Ej [Bi cos(war) + cos (@ar) + cos (wur)

(S6)
+a; cos (Pek — P8k — Pak — Pok)]
C, . 1
Lr = 7 (2:r - TLr((ybcr + ¢51 - (;5,32)23 (87)

and k € {1,2} represents the index of a qubit. The sub-index cr refers to the capacitor of the resonator. The qubit

kinetic energy part of the Lagrangian in Eq. (S4) becomes
1. .
Ky = 50" Mo, (58)

T
where ¢, = (¢ﬁk bak ¢bk) and the mass matrix is given by

Br+ar  ag g
My =C; Qay 14+ar o . (S9)
g (6772 1+ oy

Using the canonical conjugate q; = 0Lt0t/8q5i for ¢;, where i € {Bk,ar,br}, we can rewrite Eq. (S8) as

1
Kk = ingfl% . (S10)



Then, we obtain the total Hamiltonian of the circuit as
Hiot = Z Q;ch)k — Lot
k

=Y UEGEM ap + Bregdy + Usk) + He + Hin (S11)
k

where 2e§ = ¢ and CyM = M, and the term Er, gy originates from Eq. (S7) because we define

C,
He=— 5 2+ 7(25@7 (S12)

as a bare LC resonator. We expand the total Hamiltonian Eq. (S11) using the eigenvectors |i), (i € N) of the atom

Hamiltonians (Hiot — Hy — Hint),
oo —nz QY [idy (il + Q) ), (il,) + Ha
hz gw ]|1 791] ‘Z>2 <j|2)(dT+d)

- EL Zgw gzj < | < .|2 ’ (813)

where ﬁQEk) is the i-th eigenenergy of atom k and hgg?) = Lpi®o (i|Ppk|j) is the coupling matrix element (I, =
\/M) When we use the two lowest eigenstates for each qubit, we can obtain the Hamiltonian with the two-level
system qubits and the N-level system resonator as shown in Egs. (5) and (6) in the main text. In Eqgs. (5) and (6) in
the main text, the spin-spin interaction reduces the current flowing in the resonator loop, which in this system is the
ferromagnetic coupling.

For the fitting, we use Egs. (6) in the main text, and 11 fitting parameters, this includes the offset value when

e1 = 0 and the persistent current I,; in qubit 1 to derive €1 = Ip1Po(we1 — 0.5), where @ is the flux quantum.



S2. Asymmetric spectrum in the generalized Dicke Hamiltonian

Consider the system Hamiltonian in the main text [Eq. (6)] with Ay =0, g1 = g2 = g, and substituting o5 with

its eigenvalue my = 1, we can write:

Hs/h= %ml + %mg +weata+ gM(a® +a), (S14)

with M = sgn(ez)my — sgn(e;)my. Performing the substitution @ = b — Mg/w, in Eq. S19,

lea] lea o 9.\ g o g | ; g
JJh=12 1521 o =M b—MmLy pgmpt - L -y, 1
Hs/h 5 my + 5 ma + wr (b wr)(b wr)+g (b o +b wr) (S15)
2
— bt leal leal 20"
wbh + 5 mi + 5 M2 M o (S16)

we obtain the Hamiltonian of a harmonic oscillator. By applying the annihilation operator b to its ground state |0),,

(i.e. b|0),, = 0), we thus obtain

a0y = —M-L0),, . (817)

r
From Eq. S17, we see that atomic states with M = 0 are associated with the zero-photon state; while atomic states
with M = £2 are associated with the photonic coherent states |+«). In turn, M depends on the sign of £; and es.
Ife; < 0and es <0, then M_ = M =m; —mgy. If &1 > 0 and e3 < 0, then My = M = —(my + mg). Table SI
shows the eight possible states as a function of the sign of £; when the interaction is longitudinal. This explains the

asymmetry of the spectra respect the sign of €.

TABLE SI. Possible values of M and relative states. We consider €2 < 0.

my -1 +1 -1 +1
ma -1 -1 +1 +1
M_ 0 +2 -2 0

States if e1 <0 |99)[0) leg)|-a) |ge)|[+a) [ee)|0)

M, +2 0 0 2

States if e1 >0 [gg) [+a) eg)|0)  |ge}[0) ee)|—a)




S3. Coupling ratio dependence of one-photon two-atom excitation effect

Figure S1 shows the numerically calculated transition frequency wjg (spectrum) for the coupling ratios g1 2/wy = 0,

0.65 (fitted value), and 1. We use the same Hamiltonian in the main text,

N A A
Hoor /1~ widla + %&zl + 5o+ %&zz + 520u
) e 29102, .
— (91621 — g2020)(a" +a) — g(:gg 651022, (S18)

r

and fitting parameters. We can see that the asymmetry of the spectrum increases with g; 2/w;, and the antisplitting

gap between wsg and wao in g1 2/wy ~ 0.65 (—1 < £1/w, < 0) is larger than that of the other two coupling ratios.
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FIG. S1. Frequency difference wio for the lowest-energy eigenstates of Hamiltonian Eq. (S18) using different coupling ratio
g1,2/wr ~ 0, 0.65 (fitted value), and 1. Other parameters for Eq. (S18) are obtained from fitting the spectrum in the main text.

The tilt in the horizontal axis originates from the fitting parameter A (shown in the main text) caused mainly by crosstalk.

We numerically calculate the projection P; = |<\I!j|j>|2 of the superposition states |¥,q1) =~ (|th3) — [14))/V2 (=~
lg91)) and [Weeo) =~ ([¢03) + [104))/v/2 (= |ee0)) at the anticrossing point on the bare states |j) = {|ggl),|ee0)} as a
function of the coupling ratio, and the result is shown in Fig. S2(a). As mentioned in the theoretical prediction in
Ref. 1, a lower g/w, maximizes the projection. However, the effective coupling strength below g/w, = 0.1 is much
smaller than that at larger coupling ratios, see Fig. S2(b). Thus, when g/w, is below 0.1, we cannot clearly see the
antisplitting between |ggl) and |ee0) and the OPETA effect. As shown in the right panel of Fig. S2, the effective
coupling is maximum at around g; 2/wy >~ 0.66, which is close to our system.

According to the theoretical prediction in Ref. 1, when the Hamiltonian has no direct spin-spin interaction, which
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FIG. S2. The left panel shows the maximum value of the projections Pyg1(g/w:) and Peeo(g/w:r) at the antisplitting point. The
green dotted vertical line corresponds to the value that maximizes gso—40. the right panel shows the effective coupling constant

g30—40 plotted against the coupling ratio g/w.. The red and blue star represent g1 /wr = 0.64 and g2 /wy = 0.67, respectively.

is written as
Hideat /1 = % D duitwalatg Y (6uicosb + ouisind)(a’ +a). (S19)
1=1,2 1=1,2
the effective coupling strength € between |ggl) and |ee0) can be approximate to

3

Q ~ §g—2 sin @ cos 62 , (S20)
3wy

where wq is the qubit frequency, and § = arctan(—A/ec). The parameters in our system are ¢; =~ 0.09 x 2w, 6, =~
0.06 X 27, wq1 ~ 3.42 GHz, and wq2 ~ 2.48 GHz. From Eq. (S20), the effective coupling constant €2 obtained using
the parameters in our system is expected to be more than 200 MHz. The measured effective coupling constant gsg—49
is much suppressed. Besides, if the Hamiltonian has no direct spin-spin interaction, the projections on |ggl) and |ee0)
at the anticrossing point is less than 0.8 when g/w, = 0.25, and when g/w, > 0.25, the OPETA effect is no longer

observed.
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