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In this Supplementary Material we present the technical details and the proofs of the results presented
in the main text. The material is split into Supplementary Methods and Supplementary Discussion. The
Supplementary Methods are structured as follows. In Section 1.1 we give a review of basic elements of simplicial
complexes and homology. In Section 1.2 we give our definition of the class QMA; and review Bravyi’s clock
construction showing QMA -hardness of quantum k-SAT. In Section 1.3 we present the proof that clique
homology is QMA;-hard, the main result in the paper. In the same section we also show that a version of the
homology problem with a suitable promise is contained in QMA. In the Supplementary Discussion we discuss

the relation of our results to supersymmetric quantum mechanics.
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Chapter 1

Supplementary Methods

1.1 Review of Simplicial Homology
We begin by giving a review of basic elements of simplicial homology and the clique/independence complex.

Readers familiar with this may skip this section.

1.1.1 Simplicial Homology

Simplices are the basic building blocks of simplicial complexes. A 0-simplex is a point, a 1-simplex is a line, a
2-simplex is a triangle with its face included, a 3-simplex a solid tetrahedron, etc. Consider a set of (n+1) vertices

V ={xzo,z1, -+ ,xn}. A p-simplex corresponds to a subset of these vertices with p + 1 elements and is denoted
o® = [xg---xp). (1.1.1)

We will consider always an ordered set V', which leads to oriented simplices. The orientation of a p-simplex is
determined by the ordering of its vertices. An oriented 1-simplex [xoz1], for instance, is a directed line segment in
the direction xg — x1. The orientation of a 2-simplex [zoz122] is similarly induced by the ordering of its vertices,
and similarly for higher dimensional simplices (see Fig. 1.1). Permuting the vertices leads to an equivalent simplex,

possibly up to an overall sign indicating whether the simplex has a positive or negative orientation. Precisely,
[Tio @iy -2y, ] = sgn(P) [xox1 - - 2p] (1.1.2)

where sgn(P) is the parity of the permutation from {01---p} to {igiz---i,}. Taking a (¢ + 1)-subset of the
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Figure 1.1: Geometric representation of a 0-simplex, oriented 1-simplex, oriented 2-simplex, etc.



vertices of a p-simplex defines a ¢-simplex called a ¢-face and denoted o(?) < ¢(®). Similarly, one says that o(?)
is a coface of o(9),

An (abstract) simplicial complex K is a set of simplices satisfying two requirements:

1. If a simplex is in K, then all of its faces are also in K and;

2. The intersection of any two simplices in K is a face of each of them.

The first condition states that a simplicial complex must be a set which is closed under taking sub-
sets. For instance, a simplicial complex corresponding to a filled in triangle is given by the set K =
{[zo], [z1], [z2], [Tox1], [X122], [x220], [T0, 21, 2] }. The second condition indicates how simplices can be “glued”
to each other implying, in particular, that the intersecting faces have the same dimension.!

A “maximal simplex” (or facet) of K is a simplex that is not a face of another simplex in K. Note that
due to the condition 1) above, it is sufficient to provide the list of all maximal simplices to fully determine the
simplicial complex as taking the power set (the set of all subsets) of all maximal simplices generates the entire
set of simplices in K. For the previous example K = ([xox122]), where (-) denotes taking the power set. Without
additional structure, providing the set of maximal faces is the most efficient way to communicate a simplicial
complex.

Let f, denote the number of p-simplices in K. It is convenient to collect all these by defining the f-vector of
a simplicial complex:

f=(fo, f1,- -+, faim(x)) 5 (1.1.3)

where dim(K) is the dimension of K, defined to be the highest dimension of its simplices (note that dim(K) <n
if there are n + 1 vertices in K).

There are many methods to represent a simplicial complex, K. One way is simply to list every simplex in K .2
However, this method of describing a simplicial complex is not efficient. In particular, if there are Nk simplices
in K, then there exist descriptions of K that require only log(Ng) bits to describe. These include describing K
by its maximal faces® or by its minimal non-faces.* The main focus of this work is simplicial complexes which
are defined by a graph G (see subsection 1.1.2 for a definition), where the natural representation of K is simply
the graph G.

We have described what is known as an abstract simplicial complex, defined combinatorially as a collection
of sets without any reference to geometry or topology. However, given an abstract simplicial complex one can
always associate a geometric simplicial complex by thinking of [zoxz1 - -2, as representing the convex hull of
(p+ 1) points in R? with d > dim(K) + 1. See [3] for more details and formal definitions. It thus makes sense to
ask whether a simplicial complex has a k-dimensional hole. Intuitively, a hole in a space is a closed cycle which
is non-contractible. Homology is what allows one to define this formally.

The boundary operator. The main insight in homology theory, and a precursor to many ideas in modern

mathematics, is that one can attach an Abelian group structure to a simplicial complex. Given a simplicial

1We emphasize that two simplices must intersect at a single face of each simplex. For instance, two vertices connected by an
edge, {[zo], [z1], [roz1]}, is a simplicial complex but two points connected by two edges {[zo], [z1], [roz1], [rox1]} is not because the
two 1-simplices intersect at two faces. Two points connected by two edges is instead an example of a non-simplicial CW-complex
(sometimes referred to as a ‘bigon’).

2As noted in the introduction, if K is input in this form then the homology problem is in P (1]

3The homology problem with K input as maximal faces is the version of the problem that was posed in [2].

4As a corollary of our main theorem we show that the homology problem with K input as minimal non-faces is QMA-hard.



complex K let K, denote the set of all p-simplices, K, := {U(()p),a?), o ,a}i)}. These are taken to be the

generators of a collection of Abelian groups. The “p-chain groups” are then
Cp(K) = (Kp, +) (1.1.4)

where + denotes the formal “addition” operation in the group. A general element of C,(K) is then given by

c(p):ao(f(()p)+--~+afpa;]:), a; €F, (1.1.5)
where the coefficients «; take value in a field F called the “coefficient field.” The inverse element of o®), denoted
formally by —c(®), is obtained by reversing the orientation of o(®) so that o(®) + (—U(p)) =0.

One now introduces the “boundary operators” d,, which formalizes the notion of boundary. Given a p-simplex
o) = [zq-- xp], the action of the boundary operator is, by definition,

Oplao-ap) = Y (~Vflao -+ d -], (1.1.6)

where the notation [xg---#;---x,] means that the vertex x; is deleted and the sum is to be understood in the
sense above. That is, the boundary map acting on o(P) gives a formal sum of all the boundary components of ¢®);
the signs appearing on the RHS of (1.1.6) are such that the orientation of the boundary simplices are consistent
with those of o(®.5 Tt is easy to see that

Op - Opy1 =0, (1.1.7)

reflecting the intuitive notion that the “boundary of a boundary” vanishes.
One can extend the action of 0, by linearity to a general p-chain (1.1.5). Thus, the operators 9, are a collection

of homomorphisms between chain groups:
Op : Cp(K) = Cpr(K). (1.1.8)

Given this (finite) collection of groups C, and the boundary maps, it is convenient to introduce the notion of a

“chain complex,” which is a sequence of Abelian groups connected by the action of the boundary operator:%

anfl

CK): 0= Cuo(K) 2% 0y (K) 22 9

2 O ) B Co(K) 2 0. (1.1.9)

Note that since the C,(K) come equipped with a basis o), the operators Op can be expressed as matrices. In

particular, one can define the “coboundary” operators
O Cp1 = Cp (1.1.10)

by hermitian conjugation of the matrix associated to J,. These can be used to define a “co-chain” complex in

which the direction of the arrows above is reversed.

Cycles, boundaries, and homology Two important notions are those of “cycles” and “boundaries.” Consider
the set of p-chains which are in the kernel of the boundary operator d,. These are known as p-cycles and denoted
by Z,:

Z, ==ker(d,) = {cP) € C, | 9,cP) =0} . (1.1.11)

5For instance, for the solid triangle, d[zoz1z2] = [z122] — [zox2] +[T021] = [Tom1]+ [T122] + [T270], consistent with the orientations
of each boundary edge-see Fig. 1.1.
6The trivial group at the left of C,, is included to emphasize the chain is finite.



Intuitively, these correspond to closed cycles in the simplicial complex, as they have no boundary. The space of
p-cycles in fact forms a subgroup of C),, as can be easily checked.
Consider now the set of p-chains which are in the image of the boundary operator dp+i. These are known as

p-boundaries and denoted by B,;:
B, :=1im(p11) = {cP) | ) = 9Pty (1.1.12)

Intuitively, these correspond to chains which are boundaries of a higher-dimensional chain. These also form a

subgroup of (), as can be easily checked. In fact, B, is a subgroup of Z,,,
B, C Z,, (1.1.13)

which follows directly from (1.1.7). Again, this is simply the statement that boundaries do not themselves have
a boundary.
With these elements one can now define the notion of homology. The p-th homology group is defined as the
coset groups
H,(K,TF) := % = ize(rg@p)) . (1.1.14)
p p+1
That is, H,(K,F) denotes the set of all p-cycles which are not p-boundaries. This captures the intuitive notion

of a p-dimensional hole in K. The number of independent p-dimensional holes is captured by the Betti numbers:
Bp = rank H,(K,F). (1.1.15)

The homology group takes the form H,(K,F) = (F)% @ (F) @ ... @ (F)’» ¢ T(K,F) where T(K,F) are known
as the torsion coefficients. The Betti numbers capture the freely acting part of the homology group while the
torsion coefficients capture a possible non-freely acting part. These depend on the field coefficient F and the
torsion vanishes for F = Q, R, C. Since we will always be working with F = C we ignore torsion and the homology
is completely specified by the Betti numbers: that is, H,(K,C) = (C)~».

Recall that coset groups correspond to equivalence classes. The meaning of the coset above is that any two

elements ¢® and ¢®" in Z, which differ by a boundary are taken to be equivalent or “homologous™
P~ o2 if P = o(P) 4 gelrtl) (1.1.16)

The elements ¢(?) and ¢®) are thus equivalent in homology and either one is a valid representative of the homology
class.

Cycles which are boundaries are trivial elements of homology:
P = gclrt) L0, (1.1.17)

The most important property of homology groups is that they are topological invariants of K if two spaces K
and M are homeomorphic, then H,(K,F) = H,(M,F). In fact, homology groups are not only homeomorphism
invariants but homotopy invariants [4].

Note that determining whether a space has a non-trivial k-dimensional homology class” is then is then a
question in linear algebra, studying the kernel and image of the linear operator 9 [1]. This can be answered by
bringing the boundary operator into a Smith normal form and thus homology is algorithmically computable but

can be extremely slow for large matrices.

70r, less formally, determining whether a space has a k-dimensional hole.



A useful quantity is the Euler characteristic of K, given by the alternating sum of Betti numbers:

ISED SIS (11.15)
P
Since the Betti numbers are topological invariants, so is the Euler characteristic. The Euler-Poincaré formula

states that it can can also be written as the alternating sum of the number of simplices at each dimension:

X(E) =Y (~1)f,. (1.1.19)
P
Since no knowledge of the homology groups is required in this expression, this sometimes makes the Euler quantity

an easier, albeit less refined, topological invariant to compute.

Reduced homology. It is sometimes useful to consider a slight modification called “reduced homology.” This

is defined by taking the augmented chain complex

On—1

0= Co(K) 2% Cror(K) 225 0 2 01(K) 25 Co(K) S F—0, (1.1.20)

where €(} a;00;) := Y, a;. The corresponding homology groups ﬁp(K ,IF) are defined analogously and one has

Hy(K,F) = Hy(K,F)&F, H,(K,F) = H,(K,F), p>1. (1.1.21)

The corresponding Euler characteristic x is defined analogously. It is easy to see that it is related to the standard
Euler characteristic by

X(K)=—x(K)+1. (1.1.22)

As we discuss in Section 2.1 reduced homology groups capture the zero energy states of supersymmetric many-

body systems and the reduced Euler characteristic corresponds to the so-called Witten index.

We will focus on homology with coefficients in F = C (and thus T'(K,F) = 0) and to simplify notation we write

H.K):= H.(K,C), H.K):= H.(K,C). (1.1.23)

1.1.2 The Clique/Independence Complex

Given a simple graph® G = (V, E), the “clique complex” CI(G) is a simplicial complex whose k-simplices are given
by (k + 1)-cliques of G (i.e., complete subgraphs of G with k + 1 vertices). Since any subgraph of a clique is a
clique, the set CI(G) is closed under taking subsets and satisfies the first requirement of a simplicial complex. It
is also easy to see it satisfies the second requirement. The vertices in the graph are given some ordering, which
induces an orientation on the simplices. The action of the boundary operator is that in (1.1.6), sending k-cliques
to (k — 1)-cliques. Finding k-dimensional holes in clique complexes is an important task in TDA, with many
applications including neuroscience [5-7] and the study of protein networks.

Another simplicial complex which is defined naturally given a graph G is the “independence complex” I(G).
The k-simplices of I(G) are given by (k + 1)-independent sets of G (i.e., a subset of k + 1 disjoint vertices in G).
Clearly, k-independent sets of G are equivalent to k-cliques of the complement graph G and therefore

1(G) = CU(G). (1.1.24)

8 A simple graph is a graph that does not have more than one edge between any two vertices, and where no edge starts and ends
on the same vertex.



Since the graph complement can be computed in time polynomial in |V, the computational complexity of com-
puting homology for the clique complex is equivalent to that of the independence complex. Throughout most of
Section 1.3 we will focus on the independence complex, and in the final theorem we will translate our result to
discuss the clique complex. It is worth noting that for k£ > 2 identifying k-cliques (independent sets) is NP-hard,
so finding the clique (independence) complex of a graph G given the graph as input is in general NP-hard.

1.2 QMA; and Quantum k-SAT

In this section, we review the complexity class QMA; and quantum k-SAT, the archetypal QMA;-complete problem
[8]. As we discuss below, the definition of this class depends on the choice of a universal gate set G and we introduce

a choice which will be used for our hardness proof in Section 1.3.

1.2.1 The complexity class QMA,

The quantum complexity class QMA; is defined as the the perfect completeness version of QMA. Precisely,

Definition 1 (QMA; [8, 9]). A promise problem A = (Ayes, Ano) is in QMA; if there exists a polynomial-time

quantum circuit (the “verifier”) V,, composed of gates from the gate set G for any n-bit input string x such that
o Ifx € Ay, there exists a poly(n)-qubit witness state |w) such that Pr[V,(|Jw)) = 1] =1,

o If & € Apo, then for any poly(n)-qubit witness state |w), Pr[Vy(Jw)) =1] < 3.

There are two main differences with respect to the more standard class QMA. The first is that in the case of
YES instances the verifier is required to accept an appropriate witness with probability 1, while in QMA this is
only required to be some constant greater than 1/2 (and often taken to be 2/3). This is why this class is often
referred to as perfect completeness or one-sided error version of its more common sibling QMA. Importantly, also
note that the definition explicitly depends on the choice of a universal gate set G. In the case of QMA the definition
is independent of any choice of gate set, since all universal gate sets can approximate any unitary evolution. But
for QMA; it is no longer necessarily enough to be able to approximate a given unitary. And for this reason when
specifying the class QMA; it is necessary to define it relative to some particular choice of universal gate set.

A frequently used choice is G’ = {CNOT, H, T} where

N 1 (1 1 1 0
k() () e

However, for reasons to be discussed below we wish to have gates with rational coefficients. As shown in [10,
Theorem 3.3] (it also follows from [11, Theorem 1.2]), the gate CNOT together with a one-qubit real unitary U
is universal provided U? is basis-changing.

CNOT =

o O O =
oS O = O
= O O O
o = O O

Our definition of QMA; is then based on the choice of universal gate set

1(3 4
g = {CNOT,TOHOH, Upyth_} Upyth. = g ( 4 3) y (122)
for which all gates have rational coefficients. We note that choosing a gate set G’ = {Toffoli, Upy.} would have
led to the same complexity class since a CNOT gate can be exactly implemented using Toffoli gates. However,

explicitly including the CNOT gate in our gate set simplifies the calculations for demonstrating clique density



(see subsection 1.3.3). We refer to Up,. as the “Pythagorean” gate, since any Pythagorean triple defines such a
matrix. It is relative to this definition of QMA; that we will prove hardness of the clique homology problem.
The question of whether QMA; is strictly contained within QMA is open. The complexity classes are known
to be distinct relative to a particular quantum oracle [12]. However, the versions of QMA and QMA; where the
proofs are restricted to be classical bit strings are equal, for certain choices of universal gate sets in the perfect
completeness case [13]. Equivalence of the classes for certain choices of universal gate set is also known to be true
in the setting where there is exponentially small completeness-soundness gap [14]. Therefore, it has been argued

that there is evidence both in favour of the two classes being equal, and against it.

1.2.2 Review of quantum k-SAT and the clock Hamiltonian

The archetypal QMA;-complete problem is Quantum k-SAT:

Definition 1 (QUANTUM k-SAT [8])

Input: A set of k-local projectors IIg € P where S are possible subsets of {1,...,n} of cardinality k, and P are
a set of projectors obeying certain constraints.

Promise: Either there exists a state |¢) such that IIg [¢)) = 0 for all S or otherwise > ¢ (¢|Il5 |¢)) > € for all

|1}, with € > poly(n)
Problem: Output YES if the former and NO if the latter.

It was shown in [8] that quantum k-SAT is QMA;-complete for & > 4 and that for £k = 2 there is an efficient
classical algorithm to solve the problem. For k = 3 the problem was shown to be QMA;-complete in [9]. We will
construct a mapping from the construction of [8] to the k-local homology problem.

Comment on completeness. We have been deliberately vague about the definition of the set of allowable
projectors P in the definition of quantum k-SAT. There is no need to put any constraints on the set of projectors
P for showing that the problem is QMA;-hard. However, for showing containment in QMA; care has to be taken,
and the choice of P which ensures containment will depend on the universal gate set chosen in the definition of
QMA;. It is known that quantum k-SAT is contained in QMA; as long as there exists an efficient algorithm which
can be used to measure the eigenvalue of any II € P for arbitrary state |1/} using the gate set G [8, 9]. And clearly
to show QMA; completeness it is necessary to demonstrate that the set of projectors used in mapping from a
QMA; verification circuit to quantum k-SAT is contained in P. Since throughout this work we are concerned
with demonstrating QMA;-hardness, not containment or completeness, we will defer any further discussion of the

choice of P and allow it to contain arbitrary k-local projectors.

1.2.3 Mapping from quantum 4-SAT to a local Hamiltonian

The construction in [8] maps a quantum circuit, U = Ug---UsUy, U; € G operating on N qubits into the
ground state of a local Hamiltonian H(U) acting on Hilbert space Heiock @ Heomp Where Heock = (CH®L and
Heomp = (C?)®N. The ground state of H(U) is a ‘history state’ [45] of the form:

L
Qi) = Z ) [e) (1.2.3)

where [1;) = IIt_, U; |tbwit) and [t) is an orthonormal basis for Heiock-



A single clock particle in [8] has four possible basis states - |u) = |00) - unborn, |a;) = |01) - active phase one,
laz) = |10) - active phase two and |d) = |11) - dead. As time ‘passes’ each clock particle evolves from the unborn
state, through the two active stages, and eventually to the dead state. ‘Legal’ clock states are defined as those

obeying certain constraints [8]:
1. The first clock particle is either active or dead
2. The last clock particle is either unborn or active.
3. There is at most one active clock particle
4. If clock particle j is dead then all particles k satisfying 1 < k < j are also dead
In [8] it is shown that the ground space of the Hamiltonian Hejocx = Z 1 H )

clock

is spanned by legal clock

states, where:

Hio, = |u) (uly (1.2.4)

Hclock - |d> <d| (125)

Hio = Z (lar) (a1] + [az) (az|); ® (|a1) {a1] + |a2) (az|),, (1.2.6)

1<j<k<L

HPw = Y (ar) (aa] + laz) {aa] + [u) (ul);  (1d) (d]),, (1.2.7)
1<j<k<L

HS o= 3 (lu) (ul); © (lax) (aa] + [az) {az] + |d) (d]), (1.2.8)
1<j<k<L

Hg= > ld)(dl; © |u) (ul; (1.2.9)

1<j<L—1

The computational qubits can be divided into input data and witness registers, R;, and R,; such that
|Rin| + |Rwit| = N. The input qubits are initialised into the all zero state at time zero via:

Hiy = |a1) (a1]; ® <Z 1) 1|,,> (1.2.10)

beERn

The ‘propagation’ Hamiltonian is defined as:

L
Hyrop = Z prop,t T H}érop,t) (1.2.11)
t=1
where:
1
Hpropy = 5 [(|a1> (a1] + laz) (az]) @I — |ag) (a1| @ Uy — |a1) (az| ® th (1.2.12)
1
H)opt = 5 (lag, uw) (a2, u| + |d, a1) {d,a1| — |d, a1) (a2, u| — |az, u) (d, a1]) (1.2.13)

It can easily be checked that the zero energy ground space of:
H<U) = Hin + Helock + Hprop (1.2.14)

is spanned by computational history states of the form:

~

Qbwin)) = D (1% far), [0)* 7 @ 1Qer) + 1% fag), [)®H " © |Q1)) (1.2.15)

t=1



where |Qo) = |0)®%" @ |thuie), and |Qs) = Uy |Q—1), t € [1, L]. Therefore the ground states of H(U) encode
the computational history of the circuit U = Up...U;.
The final step is to penalise computational histories where the circuit rejects the witness, this is achieved using

the projector:

Houe = |ag) (az|;, ® ( Z 1) (1,,) (1.2.16)

bERout

This gives energy to computational history states |2(t),¢)) if the circuit U rejects the witness |t,,;:) with non-zero
probability.
So the final Hamiltonian:
Hgravyi = Hin + Helock + Hprop + Hout (1.2.17)

has a zero energy ground state iff there exists a witness |1,,;¢) such that circuit U accepts with probability one.

1.2.4 Projectors needed to implement Hg,avyi

Here we outline the projectors needed to implement the clock construction of [8] using our universal gate set G.

For each Hj, only a single projector is needed.
H;, =1011) (011] (1.2.18)

This is a three qubit projector of rank 1. Hyt is equivalent, up to permuting the qubits involved in the interaction:

Hgy = [101) (101] (1.2.19)
Implementing Hjocx requires six projectors. H C(llo)ck and H (lo)ck are a two qubit projectors with rank 1:
1)
H\ . = 00) (00] (1.2.20)
2
HDy = 11) (1] (1.2.21)

each have rank 4, H, @ has rank 3,

The remaining terms in Hjock each act on 4 qubits. H, (1) and HS) clock

©) ock clock
and H , has rank 1:

H = 10101) (0101] + [0110) (0110] + |1001) (1001| + [1010) (1010 (1.2.22)
HY = |0111) (0111] 4 [1011) (1011| + |0011) (0011] (1.2.23)
H) = 10001) (0001] + [0010) (0010 + |0011) (0011] (1.2.24)

H = 11100) (1100 (1.2.25)

For Hp,op we have to consider two projectors for Hpop ¢ and one for H/ The projector for propagation

prop,t*
under the pythagorean gate is a three qubit projector of rank 2 given by:

10



Hyrop,t (Upytn.) = %[(I01> (01] +[10) (10]) ® I
—% (3]100) (010] — 4]100) (011| 4 4 |101) (010] + 3]101) (011]) (1.2.26)
—% (3]010) (100| + 4]010) (101| — 4 |011) (100] + 3]011) (101])]

The projector for evolution under CNOT is a four qubit projector of rank 4:

Hpropt(CNOT) = %[(|01> (01] + [10) (10)) ® T

— (1000) (0100] + |1001) (0101] + [1010) (0111| + |1011) (0110]) (1.2.27)
— (|0100) (1000] + [0101) (1001] + [0110) (1011] + |0111) (1010])]

While the projection for evolution under the Toffoli gate is a five qubit projector of rank 8:

Horop (Toffoli) = %[(|01> (01] + [10) (10)) @ T

—(]10000) (01000] + [10001) (01001| + |10010) (01010] + [10011) (01011]
+]10100) (01100] + [10101) (01101| + [10110) (01111| + [10111) (01110]) (1.2.28)
—(]01000) (10000] + [01001) (10001| + [01010) (10010] + |01011) (10011]
+101100) (10100] + [01101) (10101] + |01110) (10111| + [01111) (10110])

And finally H{, is a four qubit projector with rank 1:

rop,t

1
' 5 (11000) (1000] + [1101) (1101] — [1101) (1000| — [1000) (1101]) (1.2.29)

prop,t —

In our reduction from QUANTUM k-SAT to homology we implement each of the projectors that make up
Hpravyi by decomposing it into rank one projectors, and implementing these. We have summarized the rank-1
projectors which are required in order to construct Hgravyi for the universal gate set (1.2.2) in Table 1.1.

1.3 Clique Homology is QMA;-hard

In this Section, we prove our main result Theorem ?7. For purposes of presentation we will focus on the inde-
pendence complex I(G), rather than the clique complex. As noted in subsection 1.1.2 these are related by taking
the graph complement, which can be done efficiently in the size of the graph, and thus proving QMA;-hardness
for the independence complex or the clique complex is equivalent. In subsection 1.3.2 we will explicitly consider
the mapping between the two problems.

As outlined in the Introduction, the basic idea is to encode the computational history of a QMA; verification
circuit into the topology of an independence complex. We achieve this via the "circuit-to-Hamiltonian" construc-
tion reviewed in Section 1.2. In Table 1.1 we have outlined all the rank-one projectors that can appear in the
Hamiltonian we want to implement, i.e. every Hamiltonian we want to implement can be written as a sum of
terms from Table 1.1 The task at hand is then to construct modular graphs (which we refer to as gadgets) which
implement each of the rank-one projectors in Table 1.1 in the sense that the independence complex of the graph
is isomorphic to the ground state of the corresponding projector. Once we have constructed these gadgets we

then show how to implement sums and tensor products of projectors. This allows us to construct a graph G such

11



Term in Hgravyi Penalizes state |1g)
H 2= [10) (|11) - [00))
CN0T> - 101) ([10) — [01))
Hprop 1 (CNOT) 75 100) (|10) — |01))
prop.(Toffol) 25 1000) (|10) — [01))
Hp]rop ¢ (Toffoli) —5 1101) (|10) —[01))
Hpyop +(Toffoli) —5 1010) (|10) —[01))
Hpropt (Upyen.) 7 (=5 |011> +4100) + 3[101))
Hiyropt (Upyen.) V (=5010) + 3]100) — 4|101))
Hyprop..(CNOT) 2= |1) (|101) - [010))
Hprop 1+ (Toffoli) % |11) (]101) — |010))
Hyrop,(CNOT) 2= |1) ([011) - [100)
Hpvop,+ (Toffoli) 75 [11) (|011) — ]100))
H{jou 100)
HE, 11)
Hin, Hout |011)
Hc(lﬁo)ck’ Héflo)ck’ Héli)ckv Hc(13<))ck |1100)
clock |0111)
Hip, 10001)

Table 1.1: The rank-1 projectors which are required in order to construct Hpyavyi from [8] with universal
gate set G. The set includes 5-local projectors because G includes a 3-local gate (whereas the universal
gate set in [8] only includes 1- and 2-local gates). Note we collated projectors which are the same up to

re-ordering the qubits involved, i.e. we treat the projectors onto |01) and |10) as equivalent.

12



T T2 T

ay by ao by an b,

Figure 1.2: A graph G,, representing a system of n disconnected triangles. We will order the vertices
(and hence induce an orientation on the simplices in the indepdendence complex) by z; > a; > b; and
a; > B for i < j and for o, § € {,a,b}.

b b1

Figure 1.3: The independence complex I(G2) associated to two disjoint triangles.

that the corresponding independence complex has a nontrivial homology if and only if the Hamiltonian Hpravyi

has a zero energy groundstate.’

1.3.1 Basic gadgets

Consider a graph G,, consisting of n disconnected triangles (see Fig. 1.2) and denote the associated independence
complex by X, := I(G,,). The total number of independent sets is 4. The largest independent sets are of size n
and there are 3" of them, corresponding to choosing one vertex from each triangle. We claim that the homology
groups for all n > 2 are given by

HO(En) = C7 H71,—1(En> = (C2)®n ’ Hi#{O,n—l}(En) =0. (131)

Thus, the (n — 1) homology group of ¥,, is isomorphic to the Hilbert space of n qubits. It is inside this vector
space that we will encode the satisfying instances of quantum k-SAT.

Consider as a simple example the case of two triangles, n = 2. There are a total of 6 independent sets of size 1
and 9 independent set of size 2, corresponding to the vertices and edges of ¥, respectively (see Fig. 1.3). Clearly,
35 has one connected component, and thus Sy = 1, and four independent 1-dimensional holes (1-dimensional
non-contractible cycles), and thus $; = 4, while all other Betti numbers vanish, consistent with (1.3.1). The

general result for arbitrary n is easy to show.'°

91n fact, we will require the reduction to be parsimonious so there is a 1-to-1 correspondence between the number of accepting
witnesses to the QMA; protocol and the rank of the homology group. This will allow us to show the counting version of the problem
is #BQP-hard.

100ne way to see this is by using the formula for reduced homology Hy (K UL) = > ptqri=k Hp(K) ® Hq(L). It is straightforward
to see that ﬁo(Z‘l) = (€)? and ﬁli(El) = 0 for all ¢ > 1. The result above then follows from ¥, = ¥j U---U X1 and using this
expression recursively.

13



To make contact with standard qubit notation, we label the basis for H,,_1(X,) by the set of all n-bit strings.
We note that such a canonical basis is obtained as follows. Let

0); = [z:] — [a]. ), =] -], i€ {1--n). (1.3.2)

where z;,a;, b; label the vertices of each triangle (see Fig. 1.3). Note that each of these 0-chains is annihilated by
the boundary operator,
010), =0, d1), =0, ie{l---n}. (1.3.3)

Let us introduce some notation. Consider two simplices 0(P) = [z¢---x,] and 0@ = [y ---y,]. We define the
wedge product A as

(w0 oy T #

P A gD = (1.3.4)
0 otherwise
Then, a basis B = {|e;),i =1---2"} for H,_1(%,) is obtained by
10---0) = ([z1] = [a1]) ([zn] = lan]),
10---1) = ([za] = [a]) A=~ A ([2n] = [bn])
(1.3.5)

[1---1) = ([wa] = [a]) A~ A ([wn] = [bn]) -

Indeed, each of the basis states |e;) is an (n — 1)-dimensional hole in ¥,, since each d|e;) = 0 and |e;) # 9| fi)
since there are no (n+ 1)-independent sets |f;) in G,,. Expanding the products, and [ij] = —[ji] and [ij] = [i] A[j]
one obtains the 2" linear combinations spanning H,,_1(%,) = (C?)®n.

1.3.1.1 2-qubit projectors

To illustrate this, consider the case n = 2. The corresponding simplicial complex Yo consists of 6 vertices
corresponding to the 6 1-independent sets and nine 1-simplices corresponding to the 9 2-independent sets of Go
(see Fig. 1.4). Expanding the terms in (1.3.5), the computational basis for H;(X3) = C* is

00) = [z1 2] + [22 a1] + [a1 az] + [ag 21]

|01> = [.1‘1 1‘2] + [332 &1] + [a1 b2] + [bg 331] R (]_36)
|10> = [:I:l 1‘2] + [xg bl] + [bl ag] + [CLQ 1‘1] ,

|11> = [(El {,132] + [33‘2 bl] + [bl bg] + [bg 1'1]

These correspond to the four independent non-contractible 1-cycles in Y5 depicted in Fig. 1.4.
We now follow the general strategy outlined above. We begin with a simple example. Consider the rank-1
classical projector
IT = |00) (00| . (1.3.7)

To eliminate the 1-dimensional hole corresponding to the state |00), we identify the cycle corresponding to this
state in Yo, shown in the first diagram in Fig. 1.4. In order to fill this face we add a new “mediator” vertex m
and the four 2-simplices [ayaam], [asz1m], [T122m], and [x2a;m]. This results in filling in the 1-chain |00), which
is thus no longer a hole in 3} (see Fig. 1.5). Indeed, we can verify this algebraically:

00) = 9| , (1.3.8)

14
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bo by bo b1 ba by ba by

Figure 1.4: The independence complex Yo = I(G2) associated to n = 2 non-interacting qubits. The
simplicial complex has 4 independent 1-cycles, corresponding go H;(32) = C*. The four basis states
{]00),|01),|10),|11)} are indicated in red.

i N

/N

bo by

Figure 1.5: Filling in the face |¥) bounded by the cycle |00) leads to the simplex ¥, rendering the state
|00) a trivial element of homology. This is accomplished by adding the additional vertex m and the
2-simplices [ajaam], [agz1m], [x122m], and [zea;m]. In the corresponding graph G% shown on the right

this amounts to adding a mediator vertex and connecting it as depicted.

with
|V) = [araom] + [agz1m] + [x129m] + [2201M] (1.3.9)

where 0 = 0455 + O, is the boundary operator on ¥5. Finally, from 3 we construct the graph G% such that
¥4 = I(Gh). Tt is easy to see that this corresponds to adding the mediator vertex m and connecting it to the
vertices b; and bs.

Projectors of higher rank are easily obtained. Consider for instance the rank-2 classical projector
IT = |00) (00| + |11) (11] . (1.3.10)

Since this lifts both states |00) and |11) we need to fill the faces of the first and last cycle in Fig. 1.4, which is

achieved by adding two mediator vertices m; and ms and eight 2-simplices. Explicitly,
00) =0 [¥y1),  [11) =0[¥s) (1.3.11)
with

[1) = [araama] + [agzima] + [z129m1] + [2201M4] (1312)
|’l/)2> = [.Ilbgmg] + [nglmﬂ + [legmg] + [l‘lblmg] . o
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The resulting graph Y is shown in Table 1.2. Note that the total gadget is given by overlapping the corresponding
graph gadgets on the common qubits and connecting the mediators. In subsection 1.3.1.8 we outline a general
procedure for adding projectors which act on the same qubits.

Projectors which are not diagonal in the computational basis require a little more work. Consider the projector
II = (]00) — |11))((00| — (11]). (1.3.13)

Note this is a rank-1 projector, lifting only the entangled state |00) — |11), given by
|00) — |11) = [z2 a1] + [a1 ag] + [a2 1] 4 [x1 b2] + [ba b1] + [b1 2], (1.3.14)

To fill in this (and only this) cycle by a triangulation of the enclosed face one requires three mediators, which is
shown in Table 1.2. The corresponding graph G% is also shown there.!! Again, one can algebraically check that

[00) — |11) = O |P) , (1.3.15)
where

|¥) = ([v2 a1] + [a1 a2]) A [ms] + ([a2 z1] + [21 b2]) A [ma] + ([b2 b1] + [b1 22]) A [mo]

(1.3.16)
+ [bgmgmﬂ + [$2m3m2] + [agmlmg] + [mlmgmg] .

Furthermore, one can check that this is the only 1-cycle rendered trivial by this triangulation, as desired (see
subsection 1.3.1.7). The projector II = (|01) — |10))((01] — (10]) is generated in the same way, up to relabelling
(see Table 1.2).

1.3.1.2 3-qubit projectors

We now consider n = 3 and thus need to identify 2-dimensional voids in X3 to be filled in. The easiest ones to
identify are the classical projectors and we begin again with a simple example to illustrate the method. Consider

the classical 3-qubit, rank-1, projector
IT = |000) (000] . (1.3.17)

This classical basis state is a 2-cycle, given by:
|000) = [z12223] + [T103%2] + [a2z123] + [T10203] + [a12322] + [a122a3] 4 [a1a223] + [azayas]. (1.3.18)

The 2-cycle can be visualised as a double pyramid with vertices {z1,23,a12,3} and whose 2-faces are given by the
eight terms above.
To fill in this 2-cycle we add a single mediator vertex m and connect it to all 6 vertices. The eight triangles

bounding the double pyramid, therefore now form tetrahedrons, meeting at the mediator vertex:
[z12223m], [X10322m], [agz123M], [T10203Mm], [@12322m], [a122a3m], [a1a223m], [a2a1a3m] (1.3.19)

The corresponding graph G4 is simply three triangles all connected to the single mediator, shown in Table 1.3).
One can easily algebraically check that
|000) = &' | W) (1.3.20)

where |¥) = |000) A [m] is the the equal superposition of the eight 4-simplices given in eq. (1.3.19) and 9’ =
Oz,a,b + Om. Thus rendering |000) a trivial element of homology.

1 Note that there is a choice on how to perform this triangulation and the choice we have made breaks the symmetry between the
two qubits.
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2-qubit Projector Gadget X5 Gadget G5
> .
|00) (00| |0) 1) |0) 1)
m
by b
1)

|00) (00| + [11) (11|

(100) — [11))((00] — (11])

(101) — [10))({01] — (10})

Table 1.2: Collection of gadgets for each 2-qubit projector in the clock Hamiltonian of quantum 4-SAT.

The red triangles denote the qubits.
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Figure 1.6: Four solid tetrahedra connected at a single mediator vertex m. The base of each tetrahedron

is glued to a face in the 2-cycle to be filled in.

Crucially, one can check that no other 3-qubit state can be written in this form and thus the only lifted state is
|000) (see subsection 1.3.1.7). The corresponding graph gadget G% is what one would expect and could have been
guessed directly. However, directly guessing is no longer possible when looking for gadgets to uplift entangled

states, which in general will contain an unwieldy number of mediator and connections.

1.3.1.3 The 3-qubit CNOT and Toffoli gadget

We now consider the projector
= (]101) —]010))((101| — (010]), (1.3.21)

which arises from the CNOT and Toffoli gates (see Table 1.1), lifting the entangled state |[101) —|010). This cycle
can be thought of as adding |101) and |010) with opposite orientations (see Fig. 1.7). To fill in this cycle consider
four solid tetrahedra connected at a common vertex m, as shown in Fig. 1.6. The base of each tetrahedron can
be glued to to one of the faces in 33. There are a total of 14 faces so we introduce 3 mediators m; 23 and glue
these to 12 different faces. This leaves two faces unfilled, which we fill by simply introducing two additional
mediators m4 and my forming two tetrahedra with those two faces. This partially fills in the three-dimensional
void, leaving some empty wedges between the 14 tetrahedra. To fill these spaces we simply connect all the
mediators myq,--- ,ms by edges and fill the wedges in between by tetrahedra. The resulting simplicial complex
consists of 14 0-simplices, 61 1-simplices, 97 2-simplices, 43 3-simplices, and 1 4-simplex (given by [m;...ms]). In
this way the three-dimensional void has been completely filled in. As a simple consistency check we see that the
Euler characteristic is x = 1 — 14 + 61 — 97 + 43 — 1 = —7, consistent with Hy = (C)”. The corresponding graph
is shown in Table 1.3.

We can check algebraically that this procedure correctly fills in the desired void. The cycle to fill in is given
by:

|101> — ‘010> = [a1b2a3] + [a1a3x2] + [all'gbz] + [all'gxg] + [azblbg] + [b1a2x3] + [azbgl'l]

(1.3.22)
+ [agiﬂll’g] -+ [agngl] -+ [(131‘11‘2] -+ [bll'gbg] -+ [bll'gﬂjg] —+ [Sclngg] —+ [l‘lbgl’g]
The first 3 mediators m, 2 3 are glued to 12 of the faces from , as follows:
([bragzs] + [brzoxs] + [a1bews] + [a1z223]) A [m1]
([3&‘1&2[)3] + [1710,2.’)33] + [l’lbgl‘g] [.Z‘lbgag]) [ } (1323)

([(Ell'gbg] + [bll'gbg] + [(Ell'gag] + [alxgag]) AN [mg] .

18



3-qubit Projector Gadget X% Gadget G

1000) (000|

001) (001]

(]1101) — |010))((101] — (010])

Table 1.3: Collection of gadgets for the 3-qubit projectors in the clock Hamiltonian of quantum 4-SAT.
In order to aid readability for the entangled state we have shown the simplices connected to my, mo
and mg on separate graphs, and shown how m4 and ms are connected to the entire complex. We
have also omitted the edges between mediators - these form a complete graph between the mediator
vertices. The gadget which lifts the state |[011) — |100) is realised by permuting the order of the first and
second triangles in the gadget which lifts the state |[101) —|010). The gadgets for propagation under the
Pythagorean gate are more complicated, and are dealt with separately in subsection 1.3.1.5.
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The final two mediators m4 and ms are glued to the two missing faces:
[b1a2b3m4] 5 [a1b2a3m5] . (1.3.24)

This covers all 14 faces of ¥3. To fill in the spaces between the tetrahedra we simply connect all the mediators
by edges. This defines additional tetrahedra which fill the void.
One can algebraically check that
|101) — |010) = 0 |T) , (1.3.25)

where |U) is the equal weight superposition of the 14 3-simplices presented in eq. (1.3.23) and eq. (1.3.24), along
with the following 3-simplices involving 2 mediators:

([agzs] + [x3bs])
([bsz1] + [1a3])
+ )

1
([z2b1] + @122 (1.3.26)

]
]
]
([bragmi] + [agbzma] + [b3byms]) A [my]
)A

1+
([b2armi] + [asbama] + [a1azms]) A [ms]

the following 3-simplices involving 3 mediators:

([a2m2m1] + [b3m3m2] + [b1m1m3]) A [m4] (1327)
([azmams] + [bamima] + [armama]) A [ms]

and finally, two 3-simplices which just involve the mediators:
[m2m1m3m5] + [m1m2m3m4] (1328)

Checking that the state given above satisfies |101) — |010) = O is a straightforward (if rather tedious)
calculation. However actually finding the state for this gadget was more involved. In the case of the 2 qubit,
and classical 3 qubit, gadgets, we could find ® satisfying ¢ = 9(®) simply by looking at the simplicial complex
- this was possible because the mediators introduced in those gadgets didn’t introduce any higher dimensional
simplices into the complex, and the filled in cycle was easy to visualise. As the cycle, ¢, to fill in increases in size
and complexity this becomes increasingly difficult, and instead we solve a set of equations to demonstrate both
that there exists a ® satisfying ¢ = 9(®), and that ¢ is the only cycle that can be written in this way. This is the
same set of equations we use to demonstrate that all the gadgets we use fill in only the desired state, and not any
extra ones. Details of the calculations are given in subsection 1.3.1.7. In the same section we also demonstrate

that no new holes are introduced by this gadget, and therefore we have not added any unwanted elements to Ho.

1.3.1.4 General approach

The procedures described above depend on the details of the cycle to be filled in. We now describe a general
procedure. The procedure we describe is far from optimal, in that it will generically required a greater number of
mediators and edges that are minimally required, but it has the advantage of being of general applicability and
no particular insights into the details of the cycle being filled in are required. We don’t prove that this procedure
works in general (as a procedure for general cycles is not needed for our result). However, we include this high

level description as this is the procedure we will use to fill in the cycles generated by propagation under the
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Figure 1.7: Combining the two 2-dimensional voids |101) and — |010) into the 2-dimensional void bounded
by the entangled state |101) — |010). Note that the face [z1x223] is common to both cycles but comes
with opposite orientations and thus cancels in the superposition, leaving only one void to be filled.

Additional vertices and edges which are not relevant have been omitted for clarity.

4

Figure 1.8: General approach to filling a 2-dimensional cycle. The first picture is a part of a 2-dimensional
closed surface. For each face [f;] in the surface we add include a mediator m; and connect the mediator
to all the vertices of [f;] to form a solid tetrahedron [f;m;]. This leaves some empty voids in between
the tetrahedra, which are filled by connecting mediators whose corresponding faces share an edge.This
leads to a closed shell with an inner void. Finally, choosing one of the mediators to connect to all others

fills the void and we obtain a three-dimensional space whose boundary is > ,[f;], as desired.
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Pythagorean gate in the next section. The Pythagorean gadgets are the most technically involved gadgets in the
proof, and it is useful to understand the high level process before delving into the details of the specific gadget.

Consider an n-dimensional cycle |s) defined by a set of n-simplices [f;],

|s) =D [fil. (1.3.29)

K2

To fill in this (and only this) cycle we proceed as follows. For concreteness, consider a 2-cycle. Then, for every
face [f;] we introduce a mediator m; and add the solid tetrahedron [f;m;] to the simplicial complex. This partially
fills in the inner space but leaves some empty 3-dimensional “wedges” between the tetrahedra corresponding to
neighboring faces (second picture in Fig. 1.8). We can fill these in by connecting the mediators m; and m; with
the edge e;; that is common among faces [f;] and [f;]. This generates a “shell” whose outer boundary is the surface
we wish to fill (see the third picture in Fig. 1.8), leaving only an inner empty void. To fill in this inner void we
add one final mediator vertex, which is connected to all other mediator vertices. Algebraically, this amounts to
the statement that there exist a 3-chain |V') such that

ls) =D|V) ~0. (1.3.30)

Furthermore [s) is the only cycle rendered trivial in homology by this procedure. (If one wishes to fill in several

cycles the procedure must be carried out for each one).

1.3.1.5 The 3-qubit Pythagorean gadget

This is the most technically challenging gate. The states to be lifted are

1 1
[Upyin.) = 5—\/5 (—51]011) 4+ 4]100) + 3|101)) , [Vpyth.) = 5—\/§ (—=5]010) 4+ 3|100) — 4 ]101)) . (1.3.31)
The complication stems mainly from the fact that there are three distinct computational cycles entering each
entering 3, 4, or 5 times (up until now we only had computational cycles appearing with coefficients +1). For

concreteness we focus on the first state in (1.3.31). The three computational cycles are explicitly,

A= ‘011> = [I1I2I3] + [l‘lbgl'g] + [ngll'g} + [Ilebg] + [alfﬂgl'g] + [alfﬂgbg] + [albgl’g] + [b2a1b3] 3
B = ‘100> = [l‘l.rgaf?,] + [J?lagl‘g] + [a23311‘3] + [xlagag] + [b1$3l‘2] + [bll‘gag] + [b1a2x3] + [agblag,] , (1332)
C = ‘101> = [$1$C2$3] + [.’L‘lbgmg] + [a2$1$3] + [$1a2b3] + [bll‘gl‘g] + [bla'}gbg] + [b1a2$3] + [azblbg] .

The strategy is then to consider copies of each —A, B, and C cycles separately and glue them appropriately to
obtain the cycle |¢pyn.). To do so we describe a procedure which we term “simplicial surgery,” in which we cut
each of these cycles in a certain way (described below) and glue them along the cuts to form the closed surface
|s) = |Y¥pyen.). Once |¥pyn.) is obtained this way, we fill it in by tetrahedra by the general method described
in subsection 1.3.1.5. The procedure for the second state in (1.3.31) is similar and we provide the details in
subsection 1.3.1.6.

To understand how to precisely glue these cycles, note that B and C have the two edges [byz2] and [bias]
in common. We will glue together the B and C' cycles by cutting open the cycles along this shared edge, and
gluing together the cycles along the open 1-cycle this creates. Take four copies of B and three copies C. Then, in
each cycle create a duplicate vertex b} and include the edges [b]x2] and [bjas]. This leads to cycles with slits cut
into them (see Fig. 1.9). Now we glue together the cycles by identifying the ay and xs vertices from the different
cycles, and identifying b} from cycle i with by from cycle i + 1.
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Figure 1.9: The [B] and [C] cycles are cut open by cutting a slit along [z2b1] + [b1a2] by duplicating the

middle point b;. Here we have omitted vertices and edges to keep the pictures clear but one should bear in
mind that before performing the cut each is a closed 2-cycle, homeomorphic to S?. Then, the open cycles
are connected with each other by gluing through the common one-cycles [22b1] + [b1az] + [a2b]] + [b]z2],
ensuring the orientation is consistent, and attaching the [A]-cycles by deleting the common face [z1z2x3].
The resulting space, A5B4Cs5 is a closed surface composed of the [B] and [C] cycles with the five [A]-
cycles attached, as shown in Fig. 1.10. As a whole, the space A5B4C3 is homeomorphic to S? and it is
this topological 52 which we wish to fill.

We then attach to this the five A cycles. This step is more straightforward since the A cycles are added with
the opposite orientation to the B and C cycles. This means that when we are adding the cycles the common face
[x1293] cancels out and we can glue the cycles along this face. When adding an A cycle to a B cycle this simply
amounts to identifying the x7, x5 and x3 vertices from the A cycle with that of the B cycle, and adding the
edges of the A cycle in the appropriate orientation. When adding the A cycles to the C' cycles they also share the
common face x1b3xs, so the x1, xo, T3 and bz faces from the A cycle are identified with those of the C' cycle, and
again the edges of the A cycle are added in the appropriate orientation. This leads to the closed surface A5B4C3
shown in Fig. 1.10, which is bounded by 8 x 2+ 7 x 4+ 6 x 6 = 80 faces, which we denote by [f;].}? The resulting
surface is homeomorphic to S2. To fill this surface in we follow the general procedure from the previous section.
For each face composing the surface we introduce a mediator vertex m; and connect each to all the vertices of
the corresponding [f;], forming a solid tetrahedron [f; m;].

This introduces 80 mediator vertices which partially fill in the cycle defined by |t pyp.), but leave some gaps.
We then introduce an edge between two mediators if the faces they are connected to share an edge or a vertex,
which starts filling the gaps. Finally we add a last mediator vertex, and connect it to the other 80. This fills in
all gaps in the surface, so that the cycle defined by |1/ py:p.) is closed.

We then identify all the copies of the original vertices with themselves, leaving the connections between
the original vertices and the mediators unchanged. This leads to a simplicial complex X% consisting of 90 0-
simplices, 581 1-simplices, 1049 2-simplices, 597 3-simplices, and 29 4-simplices. The Euler characteristic is
1—90 + 581 — 1049 + 579 — 29 = —7, consistent with Hy(X3) = (C)7.

The graph gadget G% is shown in Fig. 1.11. The resulting graph has 9 4+ 81 = 90 vertices, 3424 edges and
maximum vertex degree 6 = 81. The explicit procedure for constructing this gadget is carried out step-by-step
in the attached Mathematica file [15]. Details of the calculations carried out to show that this gadget closes the

cycle associated to |¢pyn.) and only this cycle are given in subsection 1.3.1.7 (where we also demonstrate that

12The two lots of 8 faces come from the B cycles which aren’t attached to any A cycle. The four lots of 7 faces come from the two
sets of A and B cycles that are attached to each other, since the common face [z1z223] has cancelled out. The six lots of six faces
comes from the 3 sets of A and C' cycles that are attached together since the common faces [z1x2z3] and [z1b3z2] have cancelled out.
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Figure 1.10: The Pythagorean cycle to be filled in is obtained by attaching five copies of [A] which
corresponds to the cycle |011) with that face [x1z223] missing.
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Figure 1.11: The Pythagorean gadget graph G py:,. The maximum degree of Gpyp. is 6 = 81.

no new holes are introduced by this gadget). A similar process works for the other Pythagorean gadget, details
can be found in subsection 1.3.1.6.

We point out that this technique of gluing faces together can be applied in general to any state of the form
) = niles) (1.3.33)
i

where the |e;) are the computational cycles and the n; € Z are integer coefficients. The method does not apply,
however, if the coefficients in (1.3.33) are general complex numbers. Although such states are well defined as
abstract elements of the chain complex C(X), they cannot be interpreted geometrically as cycles in a simplicial
complex and our procedure for lifting such states in terms of adding discrete data such as mediator vertices
and edges is not available. This is the reason we consider the non-standard universal gate set in our definition
of QMA;, which involves only rational coefficients and requires to lift the with states with integer coefficients
(1.3.31). As long as the coefficients in the universal gate set are rational, however, this method carries through
and therefore the homology problem is QMA;-hard for all such definitions of QMA;.

1.3.1.6 Geometric description of second Pythagorean gadget construction

The second Pythagorean gadget, to lift the state:

1
[ pyen.) = 5 (—5]010) + 3]100) — 4]101)) . (1.3.34)
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Figure 1.12: The [C], [D] and [C' + D — B] cycles are cut open by cutting a slit in the [x;x223] triangle
by duplicating the points x2 and x3. Then, the open cycles are connected with each other by gluing
through the common one-cycles [xox3] + [x3x5] + [rh2h5] + [r522], ensuring the orientation is consistent.
The [C 4+ D — B] cycle is cut open and glued together in the same way - the figure for that cycle is

omitted as it is significantly more cluttered than the original cycles.

is designed in a similar way to the first Pythagorean gadget (outlined in subsection 1.3.1.5) but there are some
modifications required.

Writing each computational cycle involved explicitly we have

B =|100) = [z129w3] + [x10322) + [aszi23] + [T10203]) + [brxsxs] + [brzeas] + [brasxs] + [azbias],
C= ‘101> = [I1I2$3] + [l‘lbgl‘g] + [a2x1x3] + [$1a2b3] + [bll‘gﬂ,‘g] + [b1$2b3] + [b1a2$3] + [a2b1b3] . (1335)

D= ‘010> = [$1$2$3] + [.’L‘la3l‘2] + [nglwg] + [.’L‘lbgag] =+ [a1$3.’172] =+ [ala:gag] + [alngg] + [bgalag] s

We now need to carry out “simplicial surgery" on these cycles to generate |1 pyep.).

Applying exactly the same process as in subsection 1.3.1.5 quickly runs into trouble. The C' and D cycles only
have three edges in common - [z125], [x223] and [z3x;1]. But trying to glue along any two of these edges cannot
work to construct the full cycle, since the cycle C'— B does not contain the edges [x321] or [xox3] and the D — B
cycle does not include the edge [z1x2]. So if we glue together the C' and D cycles and then try to subtract of the
B cycles you will inevitably subtract off an edge that has been used to glue the cycles together.

To get around this we instead glue together three copies of the cycle [C'+ D — B], one copy of the cycle C
and two copies of the cycle D. Clearly this amounts to adding together the right number of copies of each cycle,
but crucially these cycles all have the simplex [z1z223] in common. So we can glue along this simplex using the
technique outlined in Fig. 1.12. We cut open the simplex by duplicating the vertices x5 and x3, and connecting

up the vertices within cycles and between cycles to generate the necessary void.
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This leads to a closed surface which is bounded by 67 faces. The surface is homeomorphic to S? and we fill it
in using exactly the same procedure outlined in subsection 1.3.1.5.

This introduces 68 mediator vertices and leads to a simplicial complex X5 consisting of 77 0-simplices, 489
1-simplices, 869 2-simplices, 462 3-simplices, and 13 4-simplices. The Euler characteristic is 1 — 77 4 489 — 869 +
462 — 13 = —7, consistent with Hy(X5) = (C)7.

As in subsection 1.3.1.5, to construct the graph we take the graph complement of the 1-skeleton of the resulting
simplicial complex. This gives a graph on 77 vertices, with 2437 edges and maximum vertex degree § = 77.

The explicit procedure for constructing this gadget is carried out step-by-step in the attached Mathematica
file [15]. Details of the calculations carried out to show that this gadget closes the cycle associated to |1 pyep.)
and only this cycle are given in subsection 1.3.1.7.

1.3.1.7 Demonstrating that the gadgets fill in exactly one state and do not induce spurious ho-

mology classes

As outlined in subsection 1.3.1 the homology group of the clique complex of a graph consisting of n disconnected
triangles is isomorphic to C®". That means that given a basis vfn) for C®" we will find that for all i: 5‘,11)5") =0

and there does not exist any state ¢("t1) satisfying:
Opyrc™tD) = vgn) (1.3.36)

Analytically, ‘filling in cycles’ in the clique complex corresponds to breaking the second of these conditions.
The states we are lifting are still cycles, so the first condition still holds. But by ‘filling in the cycle’ we are
constructing a state which the cycle is a boundary of, and hence there now does exist a state c¢("t1) satisfying
eq. (1.3.36).

Therefore, to check that for each of the gadgets we have constructed we lift the desired state, and only that
state, we need to check that the only state for which eq. (1.3.36) has a solution is the state that we are intending
to lift.

So, in Mathematica for a gadget acting on n qubits we solve the equation:

>k

2,7

e§7b)> _ bjan—‘rl

e§.”+”>) ) (1.3.37)

for k; where )egx)> denotes the j** independent set of size 2 in the graph. For all the gadgets presented in the
paper, we find that (up to an irrelevant global phase) the only state satisfying eq. (1.3.37) is the intended state.

The calculations for all the gadgets are presented in the attached Mathematica file [15].

We also note that it can be seen straightforwardly that our gadgets do not induce spurious homology classes
(i.e. they do not create any new holes in the independence complex). For individual gadgets this can be seen by
studying the geometry:

e In the case of the 2 qubit gadgets this is straightforward - simply by inspecting the complexes in Table 2

it can be seen that every cycle that is induced by the mediators is a boundary of a triangle / collection of

triangles, and therefore there are no new homology classes.

e For the CNOT gadget introduced on page 17, this cannot be visualized as it is a higher-dimensional object,
but it can nonetheless be understood geometrically. First consider adding the mediators and their connections
to the original vertices (but without adding the connections between the mediators). All we have added at
this stage is a solid tetrahedron. Therefore there are no new homology classes at this stage since every cycle

involving one of the mediators can be continuously deformed either to a point or to one of the previously
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existing cycles. When we carry out the next step and fill in the original hole we do so by adding a solid
tetrahedron between the mediators - so again every new cycle can be continuously deformed either to a point

or to one of the previously existing cycles, and thus there are no new homology classes.

e The same reasoning applies to the Pythagorean gadget - every time an edge is added between a mediator and
any other vertex this edge forms part of a solid tetrahedron, and therefore cannot induce any new homology
classes, as any new cycles can be continuously deformed to either a point or to one of the previously existing

cycles.

When we come to combine gadgets together we have to consider adding projectors on overlapping qubits,

tensoring on classical projectors, and tensoring on identity:

e When adding projectors II; and Il on overlapping qubits there are no edges in the clique complex between
mediators arising from II; and those arising from Il so there are no cycles involving mediators from both
gadgets that cannot be continuously deformed into cycles arising from just one projector, and therefore there

are no new homology classes.

e When tensoring on classical projectors or the identity we are again adding solid simplices between the
mediators of the classical projector and the original vertices / mediators from the entangled projector, so

every new cycle can be continuously deformed to either a point or a previously existing cycle.

1.3.1.8 Combining gadgets together

The projectors needed for the various Hamiltonian terms in Table 1.1 involve the tensor product of the projectors
just discussed. Furthermore, in order to construct the full Hamiltonian we will need to take the sum of all these
terms. Thus, the final ingredient needed for the reduction from quantum 4-SAT to the homology problem is to

understand how to take tensor products and sums of the gadgets just described. Luckily, this is straightforward.

Adding projectors. When adding two projectors the states ‘lifted’ by the individual projectors are still lifted.
Thus, given two projectors IT; and II; the gadget for the sum

is obtained by independently filling in the corresponding cycles in 3, for each projector. If any qubits are
simultaneously acted upon by both projectors then we need to overlap the gadgets, while taking care not to
render any other states equivalent in the homology. The general procedure for doing this for a pair of projectors

IT; (implemented by the graph G) and IIy (implented by the graph G2) which act on a total of n qubits is:
1. Start constructing the graph G2 with n triangles.

2. If there are any mediators in the graphs G; and G5 which connect to exactly the same set of qubit vertices
in the two graphs, add this mediator and the corresponding connections to the graph Gi5 once. Label this

set of mediator vertices by {m2}.

3. Take the remaining mediators from the graph G; and add them, and their corresponding connections, to
the graph G1o, and label this set of mediator vertices by {m;}. Do the same for G2, and label this set of

mediator vertices by {ms}.
4. Add connections from every vertex in the set {my} to every vertex in the set {ma2}.

The final step in this procedure may seem superfluous. Indeed, constructing the gadgets without this step

does lead to the desired states being lifted, but it can also render some ground states equivalent in the homology.
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If this occurs then the homology group of the corresponding graph is no longer isomorphic to the ground state of
the desired projector. Adding connections between the mediators arising from the different projectors prevents
this from happening, preserving the isomorphism between the homology group and the ground state.

We will use the gadgets for lifting |¢1) = |00) — |11) and |¢p3) = |01) —|10) as an illustrative example to explain
this point.

Implementing the projector |¢1) (d1] + |@2) (2] requires filling in the cycles:

o1 = [.TQ al] + [a1 ag] + [CLQ ml] + [1‘1 bg] + [b2 bl] + [bl l‘g] s (1339)

¢o = [(EQ al] + [a1 bg] + [bg LL’l] + [1'1 ag] + [(12 bﬂ + [bl 1‘2] (1340)

It can be straightforwardly checked that the graph resulting from applying steps 1-3 from the process for
adding projectors in subsection 1.3.1.8 to the graphs for the individual projectors from Table 1.2 does fill in the
required cycles. However, a simple calculation demonstrates that this graph has Fuler Characteristic 1 - this
implies that the homology group H> only contains one element. It therefore cannot be isomorphic to the ground
state of |¢1) (¢1] + |d2) (p2|, which is dimension two.

This issue arises because the mediators added to the graph have caused two previously independent homology
classes to be homologous to one another.

To see why that has happened we will consider the states |¢3) = |00) + |11) and |¢4) = |01) + |10) - clearly
these states span the ground state of the projector that we want to implement, and in the original gadgets they
form distinct members of the homology.

To see that they are distinct members of the homology in the original projectors we note that:

¢3 = [v2 a1] + a1 ag] + [ag 21] + [x1 2] + [22 b1] + [b1 ba] + [b2 1] + [21 22] (1.3.41)
¢4 = [.232 (11] + [a1 bg] + [bg l‘l] + [1‘1 .IQ] + [.1‘2 b1] + [bl ag} + [ag 331] + [Il 33‘2} (1342)

And therefore:
$3 — ¢4 = [a1 az] + [ag by] + [by ba] + [bo ay] (1.3.43)

It can be checked that in the original gadgets there is no 3-cycle for which the cycle ¢3 — ¢4 is a boundary,
and therefore the two cycles are not homologous to one another. However, it can be seen from Fig. 1.13 that if
we try to combine the projectors |¢p1) (¢1] and |¢a) (d2| without connecting the mediators in the graph, then in
the independence complex we have constructed a 3-cycle which ¢35 — ¢4 is a boundary of, and so the two cycles
are homologous to each other.

By connecting the mediators from the set {m;} with the mediators from the set {ms} in the graph, we remove
the connections between the mediators in the independence complex - and the two states ¢3 and ¢4 are again
members of distinct homology classes, as required.

It is worth noting that connecting the mediators isn’t always necessary - for particularly simple gadgets (e.g.
two classical gadgets) this issue doesn’t arise. Moreover, in cases where the gadgets overlap on some, but not all,
qubits it is generally possible to construct the correct gadget by connecting some, but not all, mediators from
the different gadgets. However, connecting all the mediators from the different gadgets will always work. So, for
clarity we assume that for all gadgets on overlapping sets of qubits we connect all the mediator vertices arising

from one gadget with all the mediator vertices arising from the other gadget.
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(a) Independence complex arising from trying to add projec- (b) Independence complex arising from correctly adding pro-

tors without connecting the mediators together in the graph. jectors (connecting the mediators together in the graph.)

Figure 1.13: The independence complexes that arise from adding projectors together without (Fig. 1.13a)
and with (Fig. 1.13b) connections between the mediators from different gadgets in the graph. In both
figures the un-primed mediator vertices are those arising from the gadget for lifting ¢, while the primed
mediator vertices are those arising from the gadget for lifting ¢o. In both cases superfluous vertices and
edges have been omitted from the figure for clarity.

Lo

1 > Tk

10) 1) 10) 1)

Figure 1.14: The qubit 0 at the top realizes the 1-qubit projector |1) (1| and the bottom gadget G,
implements II(*). Connecting them as in the figure implements the (k + 1)-qubit projector II*+1) =
1) (1] @ IR,

30



Tensoring projectors. A number of tensor products between entangling projectors and classical projectors
appear in Table 1.1. Consider a (k + 1)-qubit projector of the form

e+ = 1) (1] @ T | (1.3.44)

where TI%) is a k-qubit projector and the identity operator is understood to be acting on the remaining qubits.
If the first qubit above is in the state |0), any configuration of the remaining k qubits is in the kernel of I+,
If instead it is in the state |1) this forces the k qubits to be in the kernel of TI*). We wish to understand how
to reproduce this in terms of the graph gadgets for |1) (1| and %) For clarity we consider an explicit example,
but the logic can be applied to any such gadget. The case we will consider is the gadget for lifting the state
[1) (|01) — |10)). The cycle that must be filled in order to lift the state |01) — |10) is given by:

‘01> — ‘10> = [JClaQ} + [agbl] + [611‘2] + [562(11} + [albg] + [bgl‘l] . (1345)

Tensoring on the state |1) = [z3] — [b3] is equivalent to taking the wedge product (|01) — [10))|1) = ([z1az2] +
[a2b1] + [brxa] + [x201] + [a1b2] + [baz1]) A ([x3] — [bs]). Recall that when we lifted the state |01) — |10) we filled
the 1-cycle defined by the edges given in (1.3.45). To lift |1) (J01) — |10)) we clearly need to fill in a 2-cycle, and
we can see the form of that 2-cycle by considering the wedge product above. For each 1-simplex in (1.3.45) the
tensor product will give rise to two 2-simplices - one including the original two vertices and x3, the other with
the original two vertices and bs (with opposite orientations). Thus, the cycle for the state (|01) — [10))|1) will
involves 12 2-simplices which bound the original 1-cycle (see Fig. 1.15¢).

It is straightforward to see that taking the independence complex which filled the 1-cycle for [01) — |10), and
adding edges between each mediator and x3 and b3 will fill the required 2-cycle. From this independence complex,
>+ we can construct the graph Gy - see Fig. 1.15d.

The same logic carries over to the other examples where we have an entangled projector tensored with a
classical projector. In each case, the k-simplices bounding the original cycle become k + 1-simplices bounding
the new cycle, and adding edges in the independence complex between the existing mediators and the additional
vertices bounding the new cycle is sufficient to fill the necessary void. In the graph this is equivalent to adding
an edge between the vertex that does not bound the new cycle (i.e. the vertex a if the classical projector is |1) (1]
and the vertex b if the classical projector is |0) (0]). See Fig. 1.14.13

Tensoring on the identity If we were to apply the logic for adding and tensoring projectors to the case of
tensoring on the identity it would appear that this is a complex task. We would need to first construct the
‘identity projection’ onto some set of qubits by adding together a number of classical projectors, then tensor this
sum of projectors onto the relevant non-trivial projection.

Fortunately, we can take a short cut that avoids this complication. Consider a projector II; acting on some
set of qubits {ix} with gadget given by the graph G;. If we want to tensor this with the identity on qubit j in
the graph we simply take the graph G; and add a triangle to represent the qubit j which is disjoint from the rest
of the graph.

To see why this is equivalent to tensoring on the identity acting on qubit j consider Fig. 1.15 again. In that
figure we demonstrate how to tensor on the classical projector |1) (1| to the entangled projector (|0y—|1))((0]—(1]).

13For readers who have already covered the connection to supersymmetry in Section 2.1 the form of these tensor product gadgets
can be checked very quickly. Clearly if the qubit with the classical projector acting on it is in the kernel of the classical projector
then the mediators are forced to be empty by the hard core condition, and the homology is non-trivial regardless of the state of the
remaining qubits. If the classical qubit is not in the kernel of the classical projector, then the remaining qubits are forced to be in the
kernel of the entangled projector otherwise the mediators will have trivial homology, and by the tic-tac-toe lemma so will the overall
state.
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(c) To lift the state |1) (|01) — |10)) we need to fill in the 3-
dimensional void shown in this figure. Irrelevant vertices and
edges have been omitted for clarity. (d) Graph G to lift the state |1) (]01) — |10)).

Figure 1.15: Tensoring on a classical projector to an entangled one is equivalent to turning the k-simplices
bounding the cycle from the original projector into k + 1-simplices which bound the cycle we need to
fill in for the new projector. This new void can be filled in by adding edges between the additional
vertices bounding the cycle and all mediators from the original projector in the independence complex.
In the graph this is equivalent to adding edges between the vertex not bounding the cycle and all the

mediators.
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To modify this gadget so that we were instead tensoring the entangled projector with the identity we need to also
lift the state |0) (|0) — |1)). Examining Fig. 1.15d and Fig. 1.15¢ we see that removing the connections between
the |0) vertex of qubit j and the mediators from the graph G; will achieve this, since it will give rise to another
filled cycle of the same form as that in Fig. 1.15¢, while it won’t change the original filled cycle.*

1.3.2 QMA -hardness

The homology problem for simplicial complexes, parameterised by an input type Z was defined in [16]:

Definition 2 (HomoLoGgyz (K, 1))
Input: A simplicial complex K represented as Z and an integer [.
Problem: Output YES if the [*" homology group of K is non-trivial and NO otherwise.

In this section, we will prove that this problem is QMA;-hard when the simplicial complex, K, is a clique complex
Cl(QG) represented by G. As a stepping stone we consider the closely related problem when the complex is an
independence complex I(G) represented by G:

Lemma 1. HoMoLocYg(I(G),1) is QMA; -hard.

Proof. We will demonstrate hardness by a reduction from an arbitrary problem in QMA; via the family of
Hamiltonians used to show QMA;-hardness of quantum 4-SAT in [8]. That is, for any Hamiltonian Hgravyi
which encodes a QMA;-verification circuit via the techniques of [§], we will construct a graph G such that a
particular homology group H;(d) of the independence complex I(G) is non trivial iff there exists a satisfying
assignment to the corresponding instance of quantum k-SAT. And therefore iff there exists a witness such that
the QMA;-verification circuit accepts with probability 1.

The ingredients for the construction are clear. Given an arbitrary problem in QMA; with input string x we
construct a 5-local Hamiltonian Hpavyi Which encodes the problem and acts on n = poly(|z|) qubits.'® We then
construct a graph composed of n triangles (i.e. consisting of 3n vertices and 3n edges) and add mediators con-
necting triangles if they are jointly acted on by a projector in Hpayvyi- Where the form of the connections between
triangles is given by the gadgets derived in the previous sections. We will demonstrate that the independence

complex to the graph has non-trivial homology iff the encoded problem is a YES instance.

The input to the problem: Hg,ayyi is made up of at most poly(n) rank-1 projectors. The gadgets we have
constructed add O(1) vertices to the graph for each projector. Therefore the final graph has V' = poly(n), and
the input size to the problem is |V (G)|? = poly(n) = poly(x). The final part of the input to the problem is the
integer . Recall from the problem definition that the quantity of interest is the I*® homology group. For any
fixed [ this problem can be efficiently solved, however if [ is allowed to grow with the input to the problem this

is no longer the case. For our purposes, we will take [ =n — 1.

Completeness: Given a YES instance of an arbitrary problem in QMA; there is a corresponding satisfying
assignment to the instance of quantum 5-SAT that encodes the verification of this problem. Therefore there exists
a state |U) satisfying Hpravyi |¥) = 0. This state will correspond to an (n — 1)-cycle, ¢, in the independence
complex which is not a boundary - i.e. we have 9,,_1c = 0 but #d such that 9,,d = ¢. This follows since in the

14 Again, readers who have already covered the material in Section 2.1 will immediately see that this is the correct procedure - in
the Hamiltonian picture we are simply stating that acting with the identity on a set of qubits is equivalent to doing nothing.
15Recall, our Hamiltonian is 5-local instead of 4-local because our universal gate set includes a 3-local gate.
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initial graph - consisting simply of n triangles - every element of the Hilbert space (C?)®" is an (n — 1)-cycle
which is not a boundary. Adding the gadgets to build up a graph encoding the Hamiltonian Hgavyi does not
change the first equation, 0,,_1¢ = 0 because no connections are added or removed between the initial 3n vertices
by the gadgets, so the expression 0,,_c is unchanged. Moreover, the gadgets fill in cycles iff they correspond to
states that violate one of the projectors in Hprayyi- But |¥) cannot violate any of the projectors in Hpravyi, and
as such the cycle corresponding to |¥) has not been filled in, and therefore we cannot write ¢ as the boundary of

some n-cycle. Therefore for YES instances the (n — 1) homology group of I(G) is non-trivial.

Soundness: Given a NO instance of an arbitrary problem in QMA; the instance of quantum 5-SAT that encodes
the problem has no satisfying assignments. Therefore every cycle which was not a boundary in the trivial graph
(consisting of n disconnected triangles) has been filled in by the inclusion of the gadgets, and therefore the (n—1)"
homology group of I(G) is trivial.

Therefore, the (n — 1)*" homology group of I(G) is non-trivial iff G encodes a YES instance of a QMA;
problem. O

Theorem 1. HoOMOLOGYs(CI(G),1) is QMA;-hard.

Proof. As noted in subsection 1.1.2 CI(G) = I(G). Moreover, given G the complement graph G can be computed
in P. Therefore an arbitrary problem in QMA; can be reduced to HoMoLOGY¢(CI(G),1) via the reduction to
HomoroGyg(I(G),!1) given in Lemma 1. O

Furthermore, we note that the homology problem for clique complexes of graphs can be reduced to the
homology problem for simplicial complexes given by vertices and minimal non-faces [16], and therefore we can

derive the corollary:

Corollary 1. HoMoLOGYz (K, 1) is QMA;-hard when T is the vertices and minimal non-faces of K.

1.3.3 QMA-hardness when restricted to clique-dense complexes

In [17] the hardness of HOMOLOGY¢(CI(G),!1) for graphs which are clique-dense is considered, and is shown to
be NP-hard. Where a graph is said to be clique dense if [18]:

G = (El) € O(poly(n)) (1.3.46)

where Sy is the number of k-cliques in the graph. This regime is particularly interesting as it was believed to be
the regime where quantum algorithms for homology would work best. As a corollary of our result we are able to
lift the result from [17] to QMA;-hardness:

Corollary 2. HOMOLOGY¢(CI(G),1) remains QMA; -hard when restricting to clique-dense graphs.

In order to prove Corollary 2 we first need a side result about quantum k-SAT where the number of interactions

each qubit is involved in is restricted.

1.3.3.1 Quantum (k, s)-SAT is QMA; hard

In quantum k-SAT the only constraint on the interaction graph is the number of qubits involved in each inter-
action (restricted to be no more than k). But obtaining clique-density when mapping to the homology problem

requires also constraining the number of interactions each qubit is involved in. When we map to the homology
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problem we will construct the mapping in terms of ‘lifting’ individual states, so in this section we will consider a

rank m projector as the sum of m rank 1 projectors.To this end, we define a new problem:

Definition 3 (QUANTUM (k, s)-SAT)

Input: A set of k-local rank-1 projectors IIg where S are possible subsets of {1,...,n} of cardinality k, such
that each integer in the set {1,--- ,n} appears in no more than s projectors.

Promise: Either there exists a state [¢) such that IIg[¢y) = 0 for all S or otherwise ) ¢ (¢|Ils[1)) > € for all
[9), with e > —L

poly(n) *
Problem: Output YES if the former and NO if the latter.

We will show that quantum (k, s)-SAT with constant k, s is hard for QMA; using a technique from [46-48]. The
idea is to show that any QMA;-verification circuit can be efficiently mapped to a circuit where each qubit is
involved in a constant number of gates. The mapping from circuit to Hamiltonian then preserves this property,
so that each qubit is acted on by a fixed number of projectors, regardless of system size.

The utility of this technique will depend on the choice of universal gate set used to define QMA;. It will work
for any gate set where the SWAP gate can be implemented exactly. It is possible to implement the SWAP gate

exactly using three CNOT gates, so crucially the hardness proof applies to our choice of gate set G:

Lemma 2. Quantum (k,s)-SAT is QMA;-hard for k > 5 and s > 32.

Proof. Consider a QMA-verification circuit consisting of n qubits which are acted on by a circuit U = I_, U,
(for T' = poly(n)) consisting of gates taken from the universal gate set G.

We start by showing that this circuit can be mapped to one where each qubit is acted on by at most 3 gates,
via a procedure initially used in [46-48] (see Fig. 1.16 for a graphical illustration of the process):

1. Place all the n qubits on a line, in some arbitrary ordering.

2. For each gate U; € {Uy,---,Ur}, if U; acts on a single qubit, or on adjacent do nothing. If U; acts on a
two or three qubits that are not adjacent then add a sequence of SWAP gates (implemented as three CNOT
gates) before U;, then reverse the SWAP gates after U;. For each of the T gates in the circuit, this process
adds at most 6n gates, so after this step the circuit consists of 7" = O(nT') nearest neighbour gates acting
on a line of n qubits. We will denote this modified circuit by U = TIX., U}

3. Take a n x T" grid of qubits. In each of the 7*" column of the grid we will implement only the U/ gate (which
acts on adjacent) with all other qubits acted on by the identity gate. After implementing the gate U/ on the
it" column we implement a row of SWAP gates between the i" column and the (i + 1) column, so that

the state of the qubits is mapped along the grid.

In order to ensure that at each time step a constant number of qubits are acted on for the first time we
implement the gates in the following order: in column 4, start at the top and implement a series of identity
gates until reaching the qubit(s) that U] acts on, then implement U/, then continue implementing identity
gates on each qubit until we reach the bottom of the column. Then implement SWAP gates (via a sequence
of three CNOT gates) between the qubits in column ¢ and the corresponding qubits in column i + 1 starting
at the bottom of the column, and working up to the top.

This circuit acts on n’ = nT” = poly(n) qubits, and consists of Tx, = 4(nT")?> = poly(n) gates (including
identity gates), and each qubit in the circuit is involved in at most 7 gates (up to two SWAP gates each
involving three CNOT gates, and one identity or non-trivial gate).
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We will now use the clock construction from [8] to construct a mapping from our modified verification circuit
to quantum (k, s)-SAT.

First consider the Hamiltonian Hp,op. Each computational qubit is acted on by one projector of the form
Hpropt for each gate it is involved in. Computational qubits are acted on by at most 7 gates, 6 of which are
CNOT gates (rank 4). The final gate could be the identity gate or any other gate from G - so the corresponding
projector has rank at most 8. So H,op can be implemented by acting on each computational qubit with up to
32 rank one projectors. Each clock qubit is acted on by one projector of the form Hp.op ¢ (rank at most 4) and

two projectors of the form H'

prop,t (rank 1). So Hy,op can be implemented by acting on each clock qubit with up

to 6 rank one projectors.

The clock Hamiltonian only acts on the clock qubits. Each clock qubit is acted on by up to three rank 1
projectors, two rank 3 projectors, and one rank 4 projector. So H ok can be implemented by acting on each
clock qubit with up to 13 rank one projectors.

H,t acts on the final clock qubit and a single computational qubit in the last column of the grid with a single
rank one projector.

The final piece of the puzzle is Hi,. As set out in [8] Hj, is a sum of rank one projectors, each one acting
on the first clock qubit, and the non-witness computational qubits, i.e. all ¢ € R;,. However, implementing it in
this fashion would lead to the first clock qubit being involved in a number of projectors which scales with the size
of the problem since the number of ¢ € R;, can scale with n. Following the same procedure as [47] we can get
around this issue. At each time step in our modified circuit we only act with a single gate, so we don’t need to
initialise all the input qubits to zero when the clock is at zero. Instead we can initialise the input qubits to zero
immediately before they are acted upon for the first time (possibly by an identity gate). So we replace the Hj,
from [8] by:

Ho= Y [, &la)ial, (1.3.47)
qERin,q<n
where c¢;, is the time at which qubit ¢ is first acted on by a (possibly trivial) gate. We only need to add these
terms for the first column of qubits, since the qubits in subsequent columns are ‘dummy’ qubits, and they are
initialised by the SWAP gates.

The only computational qubits that will be acted on by Hj, and H,y are in the first and last rows of the
grid, so are acted on by at most 4 gates (since they are acted on by a single SWAP gate). So the qubits that
are involved in the most projectors are computational qubits which are not in the first or last column of the grid.
Therefore we can map our modified verification circuit to quantum (k, s)-SAT where k =5 and s = 32.

O

For the universal gate set G used in this paper this proof only demonstrates hardness, since we have not shown
that quantum k — SAT is contained within QMA; with this gate set. However, the proof of hardness could also be
applied to the gate set G’ = {CNOT, H, T'}. In this case it is straightforward to see that all the projectors needed
for the hardness construction have matrix elements in the computational basis of the form %(a +ib+ \@c+i\/§d).
It is shown in [9, Appendix A] that eigenvalues of projectors of this form can be measured exactly using the
gate set G'. Therefore, quantum (k,s) — SAT with universal gate set G’ where the set of allowed projectors P
are all 4-local projectors with matrix elements in the computational basis of the form i(a +ib + v/2¢ 4 iv/2d) is
QMA;-complete for k > 4 and s > 28 (the different constants are due G’ not having a 3-qubit gate).

1.3.3.2 CLIQUE HOMOLOGY restricted to clique-dense graphs QMA;-hard

In this section we prove Corollary 2:
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(a) The initial circuit we want to ‘sparsify’ - it consists (b) The new circuit after the first step of the sparsifi-

of three two qubit gates. cation process - the SWAP gates ensure that all gates
are nearest neighbour.
t=0

t=T
(c) The final step in the sparsification process. We now have a 7 X 5 grid of qubits, and the passage of time is
denoted by the turquoise line, which starts at the top left and ‘snakes’ through the qubits. At each time step we
either apply an identity gate to a particular qubit, a SWAP gate between qubits in different columns (denoted by
an arrow), a SWAP gate between qubits in the same column (denoted by a black rectangle) or one of the original
two qubit gates from Fig. 1.16a (denoted by red, blue and green boxes). In our construction the SWAP gates within
the columns would actually be implemented as three CNOT gates acting in adjacent columns, however that detail

is omitted from the figure for clarity.

Figure 1.16: A graphical representation of the ‘sparsification’ process applied in the proof of Lemma 2.

This sparsification process has previously been used in [46-48].
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Proof. We first show how to modify the reduction of Lemma 1 in such a way that the resulting graph G has
constant degree. The only change is that we reduce from an arbitrary problem in QMA; via the family of
Hamiltonians used to show QMA;-hardness of quantum (5,32)-SAT in the previous section. The projectors we
need to implement are unchanged, so the proof follows by exactly the same logic as in Lemma 1.

The vertices of maximal degree in G will be those corresponding to mediators from a Hpop (CNOT) gadget
acting on qubits which have a Hpyop t (Upyen.) and six Hprop t (CNOT) projectors acting on them. The mediators in
the Hprop,t(CNOT) gadget have maximum degree 11. When they are combined with the other gadgets acting on
the same qubit, connections are added between these mediators and the 177 mediators from the two Pythagorean
gadgets, and the 110 mediators from the other five CNOT gadgets, giving a total degree of 298. Therefore for
the input graphs we are considering the degree is a constant § = 298. This results in an independence complex
with O(1)-local boundary operator as claimed.

We have shown how to modify the reduction from Lemma 1 so that the maximum degree of any vertex in the
graph G used to construct the independence complex I(G) is O(1). Therefore, when considering clique complexes
the minimum degree of any vertex in the graph G is O(n). By the clique-density theorem [19] we then have
Sk = O(ny). Giving ¢! = O(1) € poly(n) as required. O

1.3.4 Containment in QMA with a suitable promise

To further pin down the complexity of the problem we need to consider the issue of a suitable promise.
HoMmoLoGYz (K, 1) was presented as a decision problem - i.e. a promise problem with a vacuous promise. While
it is known that there are problems in quantum complexity classes with vacuous promises (e.g. the group non-
membership problem is known to be in QMA [20]) it is unlikely that a problem with a vacuous promise could be
complete for QMA; [21]. Therefore we do not expect HoMOLOGY7 (K, ) as stated to be contained in QMA;.
From the statement of HomoLoGYZ(K, 1) above it is not immediately obvious that it is possible to present it
with a non-vacuous promise. A simplicial complex either has holes or doesn’t, it appears to be a completely binary
decision problem. However, it can be shown that the p*" homology group, H,(K) of a simplicial complex K is
non-trivial iff the kernel of the combinatorial Laplacian £, = )8, + 3p+18; 1 is non-empty (in fact, the p'™ Betti
number is given by the dimension of ker(L,), see e.g. [22]). This suggests a reformulation of HoMoLOGYZ (K1)
with a suitable promise (this version first appeared in [23] for the general case of chain complexes, here for clarity

we state it for simplicial complexes):

Definition 4 (PrRoOMISE-HOMOLOGYZ (K, p))

Input: A simplicial complex K represented as Z and an integer p.

Promise: Either there exists a cycle ¢ € C,(K) such that £,(c) = 0 and hence H,(K) # 0, or the smallest
eigenvalue A\, of L, satisfies A, > € with € = m

Problem: Output YES if the former and NO if the latter.

With this we can demonstrate that the homology problem for clique complexes (with a suitable promise)

satisfying certain constraints lies in QMA:

Theorem 2. PROMISE-HOMOLOGY for cliqgue complexes Cl(G) where the graph G is given as input is contained
in QMA provided that G is clique dense.

Proof. This follows from [23, Theorem 4| and [23, Proposition 1], where the statement is shown for k-local or
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sparse boundary operators acting on chain complexes, with the operator 0 given as input.'® The 9 operator for
a clique complex is always sparse [24], and restricting the set of inputs cannot take the problem outside of QMA.
So provided it is possible to efficiently obtain a description of 0 from the graph G the theorem holds. Sparse
access to d can be obtained efficiently from a description of G via the prescription given in [24].

O

Since the QMA;-hardness result holds in the case of clique dense complexes, this suggests that the problem
of determining whether the homology group of a clique complex is non-trivial may lie between QMA; and QMA.
However care must be taken — we have not shown that the promise version of the homology problem is QMA;-
hard, or that the decision version of the problem is in QMA. So while we believe that a result along these lines

is likely to hold, we cannot claim it yet.

1.3.5 The Betti number problem

The problem of interest in topological data analysis is typically calculating how many holes a clique complex has

lth

at dimension [ - or determining the Betti number. An immediate consequence of our QMA;-hardness of the

homology problem is the following;:

Theorem 3. Given a graph G on n vertices the problem of computing the I** Betti number of its clique complex
is #P-hard for 1 = Q(n).

Proof. To prove Theorem 1 we demonstrated how to construct a graph G such that the Betti number 3, is
equal to the number of satisfying assignments to a quantum 5-SAT instance. The problem of counting satsifying
assignments for quantum k-SAT is known to be #P-hard [23, 25].

O

16The proof in [23] uses quantum phase estimation on (84 ') with respect to the witness state to check whether it is a state with
low eigenvalue to within polynomial accuracy in polynomial time.
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Chapter 2

Supplementary Discussion

2.1 Simplicial Complexes as SUSY many-body systems

We have shown that the complexity of the homology problem, a canonical problem in classical topology, is
captured by quantum complexity classes. The technical reduction from Section 1.3, however, does not explain
why this is the case at a deeper level. As already mentioned in the Introduction, the reason underlying this was
suggested in 26, 23]. Indeed, as pointed out in these references, there is a deep reason why one should expect
the problem of homology to be quantum mechanical, which dates back to the pioneering work of Witten [27].
In this paper Witten considered quantum mechanical systems with supersymmetry, a special class of systems
with a symmetry relating bosonic states to fermionic states. It was then shown that states with £ = 0 in
such systems are in 1-to-1 correspondence with elements of homology. Although Witten focused on continuous
quantum mechanical systems, this relation also holds for discrete quantum mechanical systems of interest here.
Here we spell out this relation in detail for the case of general simplicial complexes and discuss the special case

of the clique/independence complex.

2.1.1 SUSY quantum mechanics

The Hilbert space H of any quantum mechanical system can be decomposed as H = Hp ® Hp, where Hp is the

space of bosonic states |[¢p) and Hp the space of fermionic states |¢r). These are formally distinguished by the

action of the “parity operator” P, acting as
+|¥) i) € Hp
Ply) = . (2.1.1)
—|v) if[¢) e Hp
Bosonic and fermionic states correspond to states which are symmetric or antisymmetric under the exchange of
particles, respectively.

The parity operator can also be used to define the notion of bosonic and fermionic operators. By definition,
an operator Op is bosonic if it commutes with the parity operator, [P,Og] = 0. An operator O is fermionic if
it anticommutes with the parity operator, {P,Or} = 0.

By definition, a quantum mechanical system is supersymmetric if there exists an operator Q sending bosonic

states into fermionic states and vice versa, and squaring to zero:!

Q:(Hp,Hr) = (Hp,HB) Q% =0. (2.1.2)

! Technically, this is called an A/ = 2 SUSY quantum mechanics (see [27] and e.g. [23] for more details). It is one of the simplest
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Figure 2.1: The spectrum of supersymmetric quantum mechanics. Black dots represent bosonic states
and white ones fermionic states. All states with F > 0 come in boson/fermion pairs. Supersymmetric

ground states (F = 0), if there are any, are not necessarily paired.

The operator Q is known as the “supercharge” of the system. By consistency of the definitions above the su-
percharge must anticommute with the parity operator and is thus a fermionic operator. By definition, the

Hamiltonian of the system is given by
H:={Q,0"} =00+ 9l0. (2.1.3)

Note that H sends bosonic states into bosonic states and fermionic states into fermionic states and is therefore a
bosonic operator. Note that due to the nilpotency condition

[Q,H] =[Q,H] =0 (2.1.4)

and thus Q and Qf are symmetries of the system. They are not traditional symmetries since they are generated
by fermionic operators, rather than the more standard symmetries such as translational or rotational symmetry
which are generated by bosonic operators.

A few remarkable properties of supersymmetric Hamiltonians follow directly from the definitions above. The

first, is that the Hamiltonian is positive semidefinite:
(W H ) = (@] (QQ" + Q') [v) = [Qw)I*|Q" [¥)[” = 0. (2.1.5)

Thus, the lowest possible energy is £ = 0. Given a particular supersymmetric system, an important question is
whether the ground state of the system has E = 0 or E > 0. If the ground state energy is positive, the system is
said to break supersymmetry “spontaneously.” It is in general a difficult question to determine whether a SUSY

systems preserves or breaks supersymmetry. Note that a state |2) has E = 0 if and if
E=0: Q1) =90 =0. (2.1.6)

Such states, if they exist are called SUSY ground states.

Consider states with £ > 0. Then, it is easy to see that for every bosonic state with energy F, there is a
corresponding fermionic state with the same energy. Indeed, let H |¢)5) = E |1 5), then clearly one of Q |¢/5) and
Q' [vp) is non-zero, and by eq. (2.1.4) will have the same energy, E.

examples of supersymmetry, which can also be defined in the context of quantum field theories and (quantum) gravity. A deeper way

to understand supersymmetry in these more general contexts is by formulating it as a fermionic symmetry of spacetime.

41



2.1.2 Simplicial complexes as SUSY many-body systems

Consider a simplicial complex K with n + 1 vertices. Recall an oriented p-simplex is an ordered (p + 1)-subset
of the vertices, o® = [0, %1, ,2p]. One may want to denote such a simplex as the n-dimensional array
(20,21, , Zn), where each z; € {0,1} indicates if the 0-simplex [x;] is not present or present in o(P) respectively,
and ) ., z; = p+1. However, this representation does not carry information about the orientation of the original

simplex. To remedy this we instead identify simplices with states in the Fock space of n + 1 fermions, as

o & (ab)(a])™ -~ (af)™ |0) (2.1.7)

¥

where |0) is the state with no fermions and the operators a; and their conjugates a) are the standard set of

operators satisfying the anticommutation relations
{ai,a;r-} =05, {ai,a;} = {az,a;} =0. (2.1.8)

Permuting the vertices the LHS of (2.1.7) is correctly accounted for by the exchange of the anticommuting
operators on the RHS. The fermion number operator is given by F = Z?:o a;rai. The annihilation operators a;
decrease the fermion number by 1 and the creation operators (1;[ increase it by 1. Note that the states in (2.1.7)
have ' = Z:‘L:o z; =p+ 1. A p-simplex is then identified with a state with fermion number F' = p + 1.

The simplicial boundary operator (1.1.6) is represented very easily in fermionic Fock space:

0= a;. (2.1.9)

The signs appearing in (1.1.6) are automatically accounted for by the anticommuting nature of the fermionic
operators as well as 9° = 3. _{a;,a;} = 0. It would be tempting to identify Of with > " a! but this would not

be generally correct, as some a; may create simplex not in K. We thus define
d = PP, ot = Potp, (2.1.10)

where P is the projector onto elements in K, which we assume commutes with the fermion number operator
[F, P] =0 so that d : C,, = C,,_; and (9)?® = (9")? = 0.2 The supercharges are then identified as®

Q=PoP, Q' = PoP, (2.1.11)
and the SUSY Hamiltonian is
H =Y "PalP a;P + Pa;Pa}P. (2.1.12)
ij

Note that the locality of H depends on the projectors P. Although these are diagonal in the computational basis
they could generically be non-local in the fermionic modes. Let Hr—g be the SUSY groundspace of the system.

Since the Hilbert space is graded by the fermion number one has

Hp-o =P HE,. (2.1.13)
p

2The projectors P are strictly speaking not required in 0 as long as the operator is acting on the space of allowed simplices, as
the boundary of a simplex is always contained in the simplicial complex. However, we include these so that & and 9! are manifestly
Hermitian conjugates of each other.

31t is customary to define the supercharge as having fermion number 41 and its Hermitian conjugate —1, consistent with the
identification below, but the choice @ = 0 would be equally valid.
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where Hg):o are the subspaces with fixed fermion number F' = p. Each subspace is in 1-to-1 correspondence with
the reduced homology groups
HE = Hy (K, C), (2.1.14)

where we have set F = C as general elements in the Hilbert space will have complex coefficients. We illustrate
this in the case of the independence complex next.

2.1.3 Independence homology and the fermion hard-core model

As discussed, the independence complex is a particular class of simplicial complexes specified by a graph G.
The corresponding many-body systems models are known as the fermion hard-core model introduced in [28].
The Hilbert space is given by all configurations of fermions on a graph G subject to the condition that no two
fermions can occupy neighboring vertices (the hard-core condition). The Hilbert space therefore corresponds to
the independent sets of G. The supercharges are given by

Q=) Pal, Q' => ap, r= ][] a-n, (2.1.15)

ilG.g)eE

where n; = a;rai and the P; ensure that the operators act within the space of independent sets. These are a special
case of the supercharges in eq. (2.1.11), where one uses the fact that for this class of models we have a; P = P;a;.

By some simple manipulations the Hamiltonian can be brought into the form

(i,J)EE i€V

Since the Hilbert space of the theory is spanned by independent sets of G and the supercharge Qf acts on this
space as the boundary operator 9, the space of supersymmetric ground states is isomorphic to the homology of
the independence complex, as observed in [29, 30]. This relation has been used in a number of beautiful works
both in the condensed matter physics literature [31, 32, 32-35] as well in the math literature [36—44], in many
cases leading to exact determination of the SUSY groundspace for simple graphs G, such as the square or other
regular lattices. The results of subsection 1.3.2, however, indicate that there can be no efficient algorithm to
determine the groundspace of the fermion hard-core model on a generic graph G (even when restricted to graphs
of constant degree — see subsection 1.3.3.

Let us illustrate this explicitly for the graphs constructed in the reduction of subsection 1.3.2. Consider a
single triangle G;. Due to the hard-core condition, at most one fermion can occupy the triangle and the Hilbert

space is spanned by the four states:
[b) =1000) ,  |f1) =[100),  |fe) =1010),  [fs)=001), (2.1.17)

where |b) is a bosonic state with no fermions and the |f;) are three fermionic states, with a fermion at site

1 =0,1,2. The supercharge is given by
2

Q=) alP. (2.1.18)

i=0

Note that the vacuum state |b) cannot be a supersymmetric ground state since acting with the supercharge gives
Q1 |6y = |fo) +|f1) + |f2) =: |f) # 0 and thus (|b),|f)) form a supersymmetric doublet. Indeed, one can easily
calculate that the energy of the multiplet is £ = 1. This leaves two fermionic states unpaired, which must
therefore have ' = 0 and span a two-dimensional SUSY groundspace. These correspond to the two non-trivial

homology classes outlined in subsection 1.3.1.
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Figure 2.2: Lifting a single SUSY ground state by introducing a mediator vertex connecting to two
triangles as in eq. (2.1.20). H, is a supersymmetric Hamiltonian, so all non-zero eigenavlues are paired
up. The Hamiltonian H,, is not supersymmetric, and includes unpaired non-zero eigenvalues. When the
two Hamiltonians are added together an unpaired eigenvalue from H,, can pair up with a zero eigenvalue
from H,, lifting one state from the SUSY groundspace, as desired.

Consider now two triangles G5 and supercharge Qo = Z?:o a,l-LPl-‘ The system has a total of 1 + 6 + 9 states
with F' = 0,1, 2, respectively and two SUSY ground states at F' = 2. Now, consider adding a mediator vertex m
with a staggering parameter \,,. The introduction of the new vertex incorporates 9 = 1 + 4 4 4 new states with

F =1,2,3, respectively, into the Hilbert space. The supercharge is given by

Q=0Q2+Qnm, (2.1.19)

where Q,,, = al P,, and the full Hamiltonian is now given by:
H=H,+H, (2.1.20)

where

Hy={Q2,QY},  Hyp={Q2, Q)+ {Qum, QL) + {Qm, Q1) (2.1.21)

The first term in eq. (2.1.20) is the (manifestly supersymmetric) Hamiltonian corresponding to the triangles with
no mediators present. Therefore, as outlined above, all of its eigenvalues are either zero, or come in supersymmetric
pairs. The additional term H,, by itself does not correspond to a supersymmetric Hamiltonian. Therefore it can
have unpaired non-zero eigenvalues. When adding the two Hamiltonians together the resultant Hamiltonian is
non-zero. In order to lift one of the zero eigenvalues of H, to a non-zero eigenvalue it needs to pair up, and it
can do this because H,, has unpaired non-zero eigenvalues (see Fig. 2.2 for an illustration).

Now consider n disconnected triangles G,,. The full system is in a SUSY ground state only if each triangle
is in a SUSY ground state and thus the only SUSY ground states are found at F' = n and there are 2" of them,
consistent with
H, 1(%,) = (C?H®n, (2.1.22)
In order to implement the projectors needed for Hpyavyi We introduce mediator vertices to mediate interactions
between the triangles. Certain states then acquire a non-zero energy and are thus pushed out of the SUSY

groundspace.
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Note we do not claim that the quantum A-SAT Hamiltonian H = ) _1II, can be interpreted as a supersymemtric
Hamiltonian, only that there is a supersymmetric Hamiltonian with the same dimensional ground space. The

excited spectrum will generically be different.
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