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1 Designing a four-bar linkage passing through n prescribed
locations

A single RR dyad consists of a proximal link and distal link, as in fig. S11, denoted as W; and
Z; respectively where the subscript j denoting the configuration numbering. The rotation of the
proximal link from the reference (first) configuration is f3;, the rotation of the distal link from the
reference configuration in the local coordinate system is ;, and the displacement of point P is §;. The
transformation of an RR dyad can be expressed in Euler form as:

8; =P, — P, =W (" — 1)+ Z (e — 1) (1)

where d; and 6; are prescribed for the jth target configuration, and W, Z; and f; are the design
variables. The solutions of Eq. (1) are not unique and provide a set of dyads that can achieve the same
coupler-link transformation. Designing a dyad going through n prescribed distal-link configurations,
the corresponding equations are

(Pz—Pl:W<€iﬁ2—1>+Z(6i92—1)

Pi—P =W (e’ﬂj‘— 1)+ Z (e —1) (2)

(P~ Py =W (¢ —1) + Z (¢ — 1)

A four-bar linkage can be constructed by joining two different dyads, which have the same distal-link
transformations through satisfying Eq.(2), and the two respective distal links are rigidly connected to
form the coupler link with the reference point P.
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Fig. S1. The rotation of a RR dyad and the formation of a four-bar linkage through jointing two
different dyads. (A) W and Z| are the proximal link and distal link respectively. B, and 0, are the rota-
tion angles of W, and Z, from the first configuration to the i th configuration. ¢, is the displacement of
point P from the first configuration to the 7 th configuration. (B) A four-bar linkage can be constructed
from joining two different dyads, which have the same distal-link transformations, and the two respec-
tive distal links are rigidly connected to form the coupler link with the reference point P.

2 General description of multi-compatibility method

Consider a three-dimensional structure with n. target stable configurations consisting of n, com-
ponents, connected by n, revolute joints, n, universal joints and n, spherical joints. Axis-angle repre-
sentation is employed for a simpler correlation with the physical joint rotation as shown in fig. S2A,
in which the joint is represented by a directional vector k of the rotation axis and a rotation angle 6
around the axis. For the universal joints employed, the angle a in between the two directional vectors
k of two axes can be designed instead of being always perpendicular as in the standard universal joints
as shown in fig. S2A. The transformation from the axis-angle representation to rotation matrix R is

given in Eq. (3)-(5).

k= (ky, ky, k) (3)
0 —k, ky
K=|k 0 -k (4)
“k, k, 0
R=1+ (sinf)K + (1 —cosf) K> (5)

The prescribed configurations are defined by a set of reference points based on their nodal co-
ordinates and rotation angles from the reference (first) configuration. For example, component p in
configuration ¢ is represented by a reference point P? and a rotation angle 67 of the component p from
the reference configuration in the local coordinate system. Matrix P includes coordinates of all refer-
ence points, and matrix @ contains all rotation angles as shown in Eq. (6). Thus, these two matrices
are prescribed input to the design problem as the target of designing a multi-stable structure.
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Fig. S2. The general multi-stable structure design method based on multi-compatibility. (A) The
variables of the axis-angle representation of a rotation: the directional vector of the rotation axis £,
the rotation angle 6. (B) The schematic diagram of the universal joint. The angle a in between the
two axes ax, and ax, could be designed rather than to be perpendicular. (C) One example of the
topology, which illustrate the kinematic DOF of whole system should be no bigger than 0. (D)
Another suggestion to the topology: the kinematic DOF of subsystems should be bigger than 0. (E)
The rotation of each component from the first configuration to the i th configuration. (F) The
multi-compatibility constraint: different components rotate different angles, the coordinates of the
joint connected them should be identical after the transformation.
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To design a truss-like structure (as fig. S2C) to be correspondingly multi-compatible, three types of
variables need to be considered: (1) topological variables controlling which components are connected
with what type of joints. Matrix T are topology variables geometry, assigning the DOF of the joint
connecting body p and body ¢ as T"?; (2) geometrical variables determining the shape of bodies. Matrix
A assembles the geometry variables assigning the coordinates of the joint connecting body p and body
q in configuration i as A¥?; and (3) kinematic variables are used to determine directional vectors and
rotation angles about different axes in a joint. We use matrix © to represent joint variables, assigning
the rotation vectors of different axes in the joint connecting body p and body ¢ in configuration i as
©%9. When all components are prescribed target configurations in Eq. (6), then the kinematic variable
[©] equals to 8. When some components are relaxed from the exact prescribed targets, the reference
points and rotation angles of these components are kinematic variables to be solved. The above three
types of variables are called design variables, which determine the appearance of multi-stable structures.
Then the formulations of the above parameters are introduced.

Topology not only determines how bodies connect to each other, but also determines the DOF of
the whole or partial system of the structure. When all components are considered rigid, topological
variables matrix T" should satisfy the following conditions for the system to be a multi-stable structure:

Condition 1 The kinematic DOF of the whole system should be no bigger than 0.

Condition 2 The kinematic DOF of subsystems should be bigger than 0.

The first condition ensures the system becomes an immovable structure, rather than a mechanism
whose energy always equals zero. When the number of DOF is negative, the system becomes a statically
indeterminate structure, where the number of undesigned stable states may be reduced since there are
more constraints, which is discussed in Section 9.4. The second condition is also necessary to make sure
there is no local rigidity in order to avoid redundant stable states appearing in the subsystems. These
two conditions make sure the structure is closed-loop and avoid any open-loop or partial open-loop
situation. The schematic diagrams of two conditions are plotted in 2D as fig. S2C and fig. S2D, noting
that a component is simplified into a bar with two revolute joints in 2D. Based on the C-G-K criterion,
these conditions are formulated as Egs. (7)-(8):

M, =6(n,—1) — Z 26 TP <0 forp,g=1,.. (7)
p=1,p<q q=2

M, =6 Z Z(G Tp’q>>0 for p',q € C (8)
pr<q ¢

where M,, stands for kinematic DOF of the whole system, and M, for kinematic DOF of subsystems.
p' and ¢’ are in set C', where C' is a subset of all components with the number of elements in the range
of 2 to ny, — 1. nj refers to the number of elements in set C.

The above DOF calculation has designed the DOF of each joint in the structure, but the design
parameters of the joints have not been calculated, such as the angle a between two axes in a universal
joint (shown as fig. S2). Regardless of the DOF of the joint, obtain the rotation (denoted by the
axis-angle representation) incurred by this joint through the following geometry design. Finally, design
the joints satisfying both the above DOF and rotation relationship.
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Geometric variables A are designable, consisting of only the coordinates of all joints at the first

configuration, parameterized as
— Al -
1

A=A = | A (9)

LAY’ ]
where A € R% is a vector of coordinates of joints on the p th body, g, means the number of joints
on this body, d could be 2 or 3 depending on the dimension in which this design problem would be
discussed, and A € 9™ i a matrix of all coordinates of joints at the first configurations.
According to the prescribed input P and 6 as shown in Eq. (6), the coordinates of all joints at
ith target configurations (¢ > 1) can be expressed by Eq. (9). Fig. S2E presents a top view of one

component transforming from configuration 7 to configuration 7. The rotation equations are written
to describe its transformations:

A1~ P? = Rot(67) - (A} — PY) (10)

where the subscript 7 represents the number of target configurations while the superscript p,q represents
which two bodies are connected at this joint. The first superscript represents the coordinates of this
point A which are derived from the rotation of the pth body. The function Rot(f) would be different
depending on the dimension of the problem to be solved.

Geometric variables are to be solved in a constrained optimization framework that satisfies the
"multi-compatibility” constraint. Multi-compatibility means all components in the structure have no
deformation at multiple prescribed target configurations so that total strain energy equals zero. Thus,
the structure is globally multi-stable. Eq. (10) has ensured each component is multi-compatible at
multiple prescribed configurations and prevents components from symmetrically flipping. In addition,
the coordinates of all joints at other configurations are derived from the reference configuration. This
parameterization can decrease the number of constraints as well as the number of variables. Therefore,
for the constrained optimization solver, the reduction of the number of constraint equations may
increase the probability of successful convergence.

Each component suffers from different prescribed motions, such as body p moves from P? to PY,,
and rotate an angle 67, while body ¢ moves from P} to P!, and rotate an angle 87, ,, thus the
coordinates of point A?Y, and point AY¥, would be different. However, these two points are connected
by one joint physically, so another condition is proposed to ensure the coordinates of certain nodes
should be identical if these nodes are connected by the same joint, as fig. S4F, which is equivalent to
stating:

| AT — AP =0 fori=1,2,..,n, (11)

In addition, if the right-hand side of Eq. (11) is greater than zero, it means there is a bar connected
between these two components.

In addition to designing a multi-stable structure that can achieve multiple prescribed configurations
with the multi-compatibility equality constraints discussed above, other inequality constraints could
be added to make the structure neater. For example, the size of each component could be constrained
to a certain range, including the distance between the reference points and joints (as Eq. (12)) and the
distance among joints (as Eq. (13)):

b < ‘Pll’ — Alf’Qp(q) <wub forp=1,..,m, ¢=1,..,q, (12)

Ib < |AD@ ) _ A?QPU)‘ <ub forp=1,..mb,i=1,..(—1), j=(G+1),..,q  (13)

bt



where p and ¢ index the number of bodies, @), records all the serial numbers of the bodies that are
connected with the body p, ¢, denotes the number of bodies that are connected to the body p, [b means
the lower boundary of the sizes of bodies and ub means the upper boundary of the sizes of bodies, [b
and ub in the Eq. (12)-(13) could be set different values. The setting of these boundaries can refer to
the optimization results only with the necessary multi-compatibility constraints.

Then designing a multi-compatible structure achieving multiple prescribed configurations can be
framed as a constrained optimization problem:

man(A) subject to Ceqept(A), Csize(A) (14)

where the expression of the cost function £ depends on the specific application. A fundamental cost
function is the sum of bodies’ size considering the cost of fabrication,

q=1,..., 2 Q;D_l)
E(A) _ Z |P:D AP Qp( fI)| + Z Z |A11’7Qp(1) _ A1177Qp(J)| (15)
p=1,..., p=1,...;np j=(i+1),....qp

The constraints are divided into two sets: Ceqepi(A), Csize(A). The first set of constraints, Ceqe(A),
defines the structure as multi-compatible at several prescribed configurations simultaneously:

Ceqepr(A) = {|Af’Q”(q) —A?P(q)’p| =0, fori=1,..n., p=1.,n,q= 1,...,qp} (16)
The second set of constraints, Cy;,.(A), constrained the size of the structure to render it neater,

fori=1,,..n,p=1..n5¢=1,...,q

for p=1.n,i=1,.,(¢—1), 7=0+1),....q
(17}
In order to design a multi-compatible structure that precisely achieves target configurations, the
coordinates and rotations of reference points at all components are specified. However, according to
Section 9.4, prescribing all reference points and rotations is too ideal to overconstrain the optimization.
In such cases, it is of interest to relax the constraints of fitting targets to obtain feasible solutions. The
relaxation of the design problem means prescribing the exact values of reference point coordinates and
rotation angles only on selected components depending on applications, and the reference points and
rotations of other components are set as variables to be optimized by minimizing the cost function,
describing deviation between the actual configurations and prescribed target configurations:

lb<’Pp AP
< Ay - Ar@O)

Csize (A) =

E= Esize + ledeS + wZEdAng (18)

where w; and wy are the weight of terms, the first term FEj;.. in the cost function is the sum of all
components’ sizes as Eq. (15). The latter two terms penalize the deviation of the reference points’
positions (Fy,,,) and rotation angles (Eq,, ), which are defined as:

p=1,....,np
EdPos = Z ‘P(zctpi - Ptarpi’ (19)
i=1,...,n¢
pil,...ﬂ’tp
EdAng - Z ‘eactpi - etarpi‘ (20>
i=1,...,n¢

where the subscript act means the actual reference points or rotation angles in this structure while the
subscript tar means the target ones that we prescribe. It is noted that P and 6 with the subscript act
are variables to be optimized while P and 6 with the subscript tar are prescribed.



3 Local stiffness characterization

The local stiffness is a significant property of the multi-stable structure. The bar and hinge approach
is used to model the structure with elastic behavior and the eigenvalues of the stiffness matrix are
calculated to explore the stiffness characteristics [1]. The plate in 2D is highly resistant to buckling so
it can be triangulated to remain planar. Similarly, the body in 3D can be modeled by tetrahedron to
ensure the body may not deform. Then the constituents of the structure are pin-jointed bars, as shown
in fig. S3A and S3B.

3.1 Compatibility matrix and equilibrium matrix

Consider a structure consisting of n, bars connected by n nodes. The coordinates of the initial
configuration are x°, and the coordinates of the current configuration are x?, having experienced i
prediction steps. The exact geometry difference between the coordinates x° and x* represents the
deformation. Specifically, the change of distance between two nodes (and the variation of fold angle
between two triangles) is the geometry difference. For pin-jointed bars, the lengths of all bars with x°
can be computed using the distance formula and are considered to be the original bar lengths. Similarly,
the lengths of the bars with «? can be achieved, and their differences from the original bar lengths
constitute the deformation, which is denoted €j. Then the relationship between the deformation of bars
ei and the displacement of nodes d' could be derived. Considering a general k bar that connects node
7 to node j as fig. S3C, a small displacement [u}cv}guivi] is applied to nodes. This nodal displacement
provides the bar’s extension ef, which could be expressed as

— oSyl — sinagvl + cosagul, + sinagv, = e} (21)

because sinay, and cosay could be expressed by the coordinates of nodes 7 and j, above equation can
be rewritten as

Ti— s s . T — T
ZLk Luj, + yZkaJv,1+ JLk “u
which can be easily extended to 3 dimensions. The above equation is called the compatibility equa-
tion, which provides a relationship between first-order deformation and nodal displacements. Putting
together the compatibility equations of all bars, they can be written in a matrix form as

de = €p (23)

v, = e (22)

where C, is a n, x 3n matrix, called compatibility matrix, d is a column vector with 3n components,
e’ is the extension vector of bars with n; components [2].

The stress of bars could be obtained through the deformation of bars. The equilibrium equation
describes the relationship between the stress of bars and the load at nodes, derived as follows: take
joint h as an example of equilibrium equations as fig. S3D, a load p is applied to the joint h, connected
by bar f to joint ¢ and by bar g to joint j:

—cosayty — cosagty = prx (24)
—sinagsty — sinogty = pry

Use the coordinates of nodes ¢ and h to express sinoy, cosay, sinag, and cosoy as:
Y=Y, Xi— Xy

I and cosay = I, etc (25)

sinoy =

where Ly is the length of bar f. Substituting these expressions into Eq. (26) gives:

Xn—X; _Xh_Xj —
{ T, i T, le =DPnx

(26)

Yh—Yi _ Yh_}/] _ :
T, U T, lg = Phy
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Fig. S3. The simulation model and formation of the compatibility matrix. (A) The two-dimensional
bar-and-plate structure is modeled in terms of pin-jointed bars, and plates are represented by connect-
ing pin-jointed bars into triangles. (B) The three-dimensional bar-and-body structure is connected by
universal joints, which could form any angle. The bars with universal joints are modeled in terms of
pin-jointed bars to form tetrahedrons, and the bodies are also subdivided into tetrahedrons. (C) Forma-
tion of the compatibility matrix. A small displacement is applied to nodes 1, considering a general bar
k that connects node i to node j. This nodal displacement provides the bar's extension e!. (D) Forma-
tion of the equilibrium matrix. A load p is applied to the joint h, connected by bar f'to joint i and by bar
g to joint j and then the force reaches equilibrium at the joint h.



Putting together the equilibrium equations of all nodes could derive the equilibrium matrix,
Ht=p. (27)

The equilibrium matrix H is the transpose of the compatibility matrix C.

3.2 Eigen decomposition of stiffness matrix

The key idea of the bar and hinge model is to follow this natural discretization as well as to provide
bar elements with axial stiffness, that a value of 1000 for rigid bars forming the triangles in plates
or tetrahedron in bodies, while the value of 1 for elastic bars. Then the stress of elements could be
calculated through the strain:

where D shows the stiffness of all elements in the form of a diagonal matrix, e represents the strain of
elements, ¢ means the stress in the elements. Introduce the compatibility matrix C' relating the nodal
displacements to the generalized strain, and the equilibrium matrix H relating the generalized stress
to the load:

Ht=p, Cd=e (29)

where t means the stress in the elements, p denotes the load at nodes, d denotes the displacement of
nodes, and e represents the strain of elements.
Then the stiffness matrix of nodes is assembled from Eq. (28), (29) as follows:

K = HD,C. (30)

It is possible to analyze the local stiffness by obtaining the eigenvalues \; and the eigenmodes v; of the
stiffness matrix as:

The eigenvalues are arranged in incremental order and represent the elastic energy that is induced by
moving along the corresponding eigenmode. The lowest elastic energy corresponds to the most flexible
eigenmode, along which the structure transforms from the current configuration the most easily. So
we used the first eigenvalue to characterize the local stiffness of the multi-stable structures at this
configuration. Here we compare the local stiffness between a designed 2P4B structure based on multi-
compatibility in Fig. 2A with another tri-stable structure, which consists of a simple mechanism
(four-bar-linkage) with elastic components (linear springs) and is designed from an energy perspective
([energy__complicated__mechanisms)), as shown in fig. S4. These two methods both conduct an
inverse design of a tri-stable structure and no need for complex actuation, although the description
of prescribed configurations is different. We can see that the stability of our multi-stable structure
(fig. S4A) is higher than the other one (fig. S4B) generally, but the transformation path between stable
states is not given by the structure itself while the other method could be because the base of the
structure, a simple mechanism, decides the transformation path.

Furthermore, the energy barrier between stable states could be influenced by the local stiffness
design which specifies the local curvature of the energy landscape. If the local stiffness of the two
configurations are both high, then the energy barrier of the transformation between them would be
high. If both of their local stiffness are low, then the energy barrier would be low. If only one of them is
high, then the energy barrier would be of medium height. Then, different configurations with different
stability to achieve high energy efficiency could be designed. A low energy barrier means the structure
consumes less energy to be actuated to the next configuration, while a high energy barrier means the
structure could maintain a configuration more firmly without energy consumption. However, with the
complexity of the topology of multi-stable structures increasing, the nonlinearity of the motion of each
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Fig. S4. The local stiffness characterization and comparison between two tri-stable structures designed
by different methods. (A) Local stiffness of a tri-stable structure designed by the multi-compatibility
method proposed in this paper. The local stiffness is expressed as the ratio of the smallest eigenvalue
of the stiffness matrix to the stiffness of bars. k ,=0.0120/1, k ,.=1.7439/1, k_=0.2153/1, k, =0.0083/1.
(B) Local stiffness of a tri-stable structure consisting of rigid mechanism (four-bar-linkage) and elastic
elements (linear springs) designed from energy perspective (Y. Li and Pellegrino 2020). The stability
of the tri-stable structure designed in this paper is higher than the other generally.

component is more prominent, and the relationship between local stiffness and energy barrier becomes
vaguer, so it is hard to predict the energy barrier through values of the local stiffness for complex
multi-stable structures.

4 Nudged Elastic Band (NEB)

The nudged elastic band (NEB) method [3] is widely used in computational chemistry to calculate
transition states in chemical systems. Furthermore, it is utilized to identify rigid and deformable
folding paths in origami design [4]. Fig. 1D shows the principle of the NEB method. C; and Cp are
two target stable states that are obtained from the multi-compatibility design. We firstly interpolate
linearly (N —2) points between C'; and C'y, Co, ..., C-1), Ci, C(g41), --., C(n-1), each point represents
an intermediate configuration during the transformation. The elastic energy of each configuration is
expressed as F.(C}), the sum of the strain energy of all components. And the overall strain energy is
the sum of that at all configurations:

B Y B(C). (32)

We aim to explore a transformation path with minimum energy connecting two stable states, which
means the energy would increase in any direction except the tangent direction of the path at each
configuration. Moreover, in order to avoid the path just connecting local energy minimum roughly
without the continuity of a path, assume connecting some linear springs between the configurations
along the path to be an elastic band, and minimize the elastic energy of the band E,(C}) to ensure a
smooth path.

1
E,(Cy) = ék;b ICy — Crq)? (33)

where k; is the elastic constant of springs between states. So the overall energy of the elastic band is
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as: N
Ef" =Y " Ey(Cy). (34)
k=2
Then the negative gradients of the two types of respective energy are:
O'Z:—VEG(CK»), aZ:k:b(|Ck+1—Ck|—|Ck—C’k_1|). (35)

However, simply moving along the sum of o.(C%) and o,(C)) may cause the distribution of inter-
mediate configuration points to be sparse at peaks of the energy landscape and dense at valleys. This
is due to the additional tension in the band at the concave landscape while compression at convex

locations. To resolve this problem, o7, is projected into the normal direction of the path as O'Z’L and

project the spring energy term o tangential to the path JZ’H, the superscripts | and || represent the
perpendicular and parallel components with respect to the tangent of the path 7 respectively, so
the interaction between o.(Cy) and o,(Cy) would be eliminated, and a minimum energy path (MEP)
with evenly spaced intermediate configuration points can be found when iteratively moving along the
negative energy gradient

oL =0y + O‘Z’H (36)
The precise calculation for the tangent of the path 7 is defined as forward, backward, or central
difference schemes according to different conditions of physical strain energy term variations [4]:

T = ug/ |uyl (37)

Cii1—Cyi, if E(Cip)
Cr—Ci, if E(Ciia)

> E.(Cr) > E(Ch-1)

<
(Cii1 — Cx) A ET™ 4 (Cr — Ciy) A E™™, - if

iof

E.

Ee<Ck) < Ee(ckfl)
E
E

U = (Crlextrema, E.(Cri1) > E(Cr_1)
(Cri1— Cp) A E:Zm + (Cr — Cr-1) A BT}, (Crlextrema, E,(Cri1) < E(Cr_1)
(38)
where
AER" = maz(|Ee(Cri1) — Ee(Cy)l, |Ee(Cr) — Ee(Cr-1)|) (39)
AEZ™ = min(|Ee(Cii1) — Eo(Cy)|, |Eo(Ck) — Eo(Cy-1)]) (40)

Then in order to find the optimal path, the descent-type algorithm is utilized. The minimization
algorithm is terminated when two gradient terms O'Z’J' and O'Z’” converge. The details of the optimization

procedure are summarized in Algorithm 1.

5 Algorithm of component assignment

The interference of components during the transformation could be analyzed through the path
calculated through the NEB method. We set one component as the reference system and plot the motion
of the other components with respect to this component until all components have been analyzed,
which seems we stand on this component and observe the motions of the other components. Then the
components could be assigned to different layers in accordance with the above collision analysis. Here
we take the three-plate-six-bar example in this paper as an example to illustrate.

The three-plate-six-bar example has two kinds of components: plates and bars. Because the plate
and bar are fitted to the same shaft by means of a revolute joint, the plate and bar would not be at
the same layer. Therefore, only the interference between plates and interference between bars would
be considered. fig. S5 and fig. S6 are the interference analysis of the transformation from Config. 1 to

11



Algorithm 1 Nudged Elastic Band
Given the initial state C; and final state C'y, tolerance 7, step stp;
Initialize C), k = 2, ..., (N — 1) by linear interpolation between C; and C'y
while O'Z’H, o <ndo
for k=2,....N —1do
if Ee(Ck-i-l) Z Ee(Ck) Z Ee(Ck:—l) then

up, = Cry1 — Cy,

else if E.(Cy11) < E.(Cy) < E.(C_1) then
up = Cr — Ciy

else

AE(Z’Zéx = max(|E@(C’€+1) - EE(Ck)|7 |Ee(Ck‘) - Ee(Ck:—l)I)
AER™ = min(|Ee(Cry1) — Ee(Ch)|, [Ee(Cr) — Ee(Cr-1)])
if Ee(CkJrl) > Ee(Ckfl) then
U = (Ck+1 — Ck> A E;zaoc + (Ck - Ck—l) AN E:Zm
else
Up, = (Ck—H — Ck) A Egzm + (Ck — Ck—l) A Egiax
end if
end if
T = Uk/ |uk\
;! = T4k (|Chir — Chl = |Cx — Cra )
ot = VE.(C}) — T.VE.(C))Ty
end for
CHL = CF 4 stp(a + a9F)
end while

Config. 2 and from Config. 2 to Config. 3. The interference between plates is presented in fig. SHA.
The black polyline represents the observed plate, and the colorful trajectories correspond to the bars
in the same color as fig. S5B, where the polyline connecting all nodes on the same plate represents this
plate because the coordinates of all nodes are designed exactly to satisfy multi-compatibility while the
shape of plates can be modified to avoid interference. fig. S5C shows the topology with bars in different
colors, which are the legends of fig. S5D. The interference of bars is shown in fig. S5D, and we observe
the interference of all bars in the order. The observed bar is regarded as the reference system and
one endpoint of the bar (denoted by left) is fixed as the reference system origin, so the reference bar
only extends or shortens without rotation as the thicker part of the horizontal line segment. However,
the thicker part could not demonstrate the extension of bars in the time dimension, which means
whether the extension part of the observed bar collides with the other bars at the same time could
not be determined by the overlap of the trajectories of other bars and the thicker part. In order
to judge whether the collision happened, fix another endpoint of the bar (denoted by right) as the
reference system origin, and observe the interference of bars again. Similarly, the same analysis could
be conducted on the transformation from Config. 2 to Config. 3, as shown in fig. S6. Therefore, we can
extract the interference information from fig. S5 and S6, and summarize the interference as a map in
fig. S7. In conclusion, the structure has seven layers, and the assignment of components is as follows:
plate 1 spans the first layer and the seventh layer. Plate 2 and plate 3 are at the third and fifth layers
respectively. The second layer has bar 1 and bar 2. The fourth layer has bar 3 and bar 4. The sixth
layer has bar 5 and bar 6.
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Fig. S5. The interference analysis during the transformation from Config. 1 to Config. 2 for the
three-plate-six-bar structure. (A) The interference between plates. The colorful lines denote trajectories
of the bars in the same color as (B). (B) The legends of (A). (C) The topology of the structure and the
legend of (D). (D) The interference between bars. The colorful lines denote trajectories of the bars in the
same color as (C).
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Fig. S6. The interference analysis during the transformation from Config. 2 to Config. 3 for the
three-plate-six-bar structure. (A) The interference between plates. The colorful lines denote trajectories of
the bars in the same color as (B). (B) The legends of (A). (C) The topology of the structure and the legend
of (D). (D) The interference between bars. The colorful lines denote trajectories of the bars in the same
color as (C).

14



Fig. S7. The analysis of the interference. (A) Topology of the TPSB structure and the label of compo-
nents. The label beginning with the letter B denotes the mark numbers of bars. The numbers on the
plates are utilized to represent the plates. Because the shape of plates can be modified to avoid interfer-
ence but the coordinates of nodes are designed to satisfy multi-compatibility, the polyline connecting all
nodes on one plate represents this plate. (B) The physical model with the node mark. The red line
represents the plate while the orange ones denotes bars. (C) The analysis of interference between bars
from Config. 1 to Config. 2. (D) The analysis of interference between plates from Config. 1 to Config.
2. (E) The analysis of interference between bars Config. 2 to Config. 3. (F) The analysis of interference
between plates from Config. 2 to Config. 3. (G) The results of layering from (C-F). (H) The physical
model corresponding to (G).
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6 Simulation in MATLAB

The three-dimensional bar-and-body structure in this paper is modeled in terms of bodies and bars
connected by universal joints. The universal joint has two axes (ax; and axs) which could form any
angle. The bars with universal joints are modeled by tetrahedrons, and the bodies are also subdivided
into tetrahedrons. Then the constituents of these tetrahedrons are pin-jointed bars, as shown in fig. S3B.
All the bars mentioned below refer to pin-jointed bars.

The simulation uses an explicit time integration method, as in [5]. A general form of the equations
of motions could be written as

Mi + Cyx+ R(x) = P (41)

where M is a mass matrix, Cy is a damping matrix, R(x) denotes the vector of the internal forces
and P contains the time-dependent prescribed loads.

The approximation of the time derivatives within a given time step could be expressed by the central
difference quotient using the displacements at different times,

Lit1 — Li—1

2At (42)

.’Ii'i -
.. Tip1 — 2@; + T
xr;, —
(At)?

Replacing &; and &; in Eq. (41), x;41 could be expressed by x; and @;_;, which has been obtained in
the past time steps,

(43)

At
M(CBH_l — 2CL‘Z + wi—l) + TCd(mH-l — Cl?i_l) + (A)QR((L"L) = (A)QPZ (44)

At At

where the mass matrix M and the damping matrix Cy are in diagonal form and constant.

Considering the initialization of Eq. (42)-(43), oy means the initial configuration but the values of
the displacements @ _; have to be determined in order to start the integration process in a consistent
way. These displacements could be computed from the initial values @y and &, based on a second-order
accurate TAYLOR series expansion, the relation

(At)”
2

r_1 =Ty — Atﬂéo + Sl:,'.() (46)
could be obtained where the velocity @, or the acceleration &, could be set to zero vectors according
to the physical simulation situation. Mostly, set the initial velocity as zero and the remaining @, could
be derived from Eq. (41).

To summarize, the simulation procedure starts by computing the initial values for &, and 2y. Then
each iteration computes the current deformation, applies the current external load, derives the current
x, * and x, and goes to the next iteration until it finishes the loop.

7 Fabrication

All 3D printing tasks use the Ultimaker S-series 3D printers. There are two methods of fabrication
for the joints in the multi-stable structures. One way is to use out-of-shelf revolute joints to assemble
3D-printed components when the interference of components exists during the transformation, as shown
in fig. S8A. There is a bushing in each hole of the component, and the shaft crosses two components,
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forming a revolute joint. Two spacing rings are added to the endpoints of the shaft to prevent the shaft
from slipping out, as shown in fig. S8B. Because the bushing and the shaft are our-of-shelf parts, there
is little friction in the rotation motion between them. When there is no interference, the whole physical
model can be integratedly 3D printed, as shown in fig. S8C. In fig. S8D, the revolute joint is enlarged
and is made of a thin layer of TPU, while other components are printed alternately from carbon fiber
and TPU to improve the stiffness.

8 Experiment setup

In order to verify the actuation design and characterize the multi-stability behavior, a dedicated
setup has been built as shown in fig. S9. It comprises a force sensor that can apply a maximum force
of 29.4N with an accuracy of 9.8 x 1073N, a lead screw for controlling the displacement, and a platform
to fix the multi-stable structure. The force sensor is fixed on the slider on the lead screw and connected
to the actuator location of the structure by strings. We rotate the handwheel driving the slider away
from the model, and a pull force is applied. The laptop records the force-displacement data.

9 Examples

9.1 Prescribed target configurations of the physical models

The prescribed configurations for the two-plate-four-bar (2P4B) structure are listed as follows:

P 0,0 o1 0°
P=|P)| =123, 6= 65| =|-30°]. (47)
Py 4,1 03 —5°

The prescribed configurations of the three-plate-six-bar (3P6B) structure are listed as follows:

(P7]  [-2-1] (031 [0°]
P2 —1.5,2 02 30°
P2 3,0 62 60°
P=1pi| = 31| 9= |&s| = |0 (48)
P} 1.5,2 03 30°
| P 1.5, —2] 03 ] | 15°)

The prescribed configurations of the special 2D-two-plate-three-bar structure are listed as follows:

P} ~1,-1 03 0°
P=|P)| =|-34,-2|, 6= |0} =|-72°]|. (49)
Py —4,-3 03 —90°

For the quadra-stable structure with local stiffness design, one plate is fixed at the ground (0, 0),
the coordinates of the reference point of another plate are prescribed smaller gradually as follows:

P} 0,—19 oL 0°
P |0,-16 IR ERENR

P=1p = lo,-13|" 7= |at] = |60°|" (50)
P} 0,—11 o1 90°
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Fig. S8. Two methods of fabrication for the multi-stable structures. One is 3D printing components
and assemble them as shown in (A), the other is integratedly 3D printing the whole physical model as
shown in (C). (A) When the interference of components exists, layering is necessary. The components
are 3D printed with PLA or TPU and assembled through the revolute joint fabricated as shown in (A).
(B) The disassembly demonstration of a revolute joint. There is one bushing in each hole of the com-
ponents. The shaft crosses two bushings forming a frictionless revolute joint, and two spacing rings
are added to two endpoints of the shaft to prevent the shaft slipping. (C) For the special case, there is
no interference of components, the physical model can be integrated printed. (D) The black layer is
made of carbon fiber, and the white layer is made of TPU. The revolute joint is made of a thin layer
of TPU, and other components are printed alternately from carbon fiber and TPU to improve the stiff-
ness.

18



Fig. S9. The experiment setup of the actuation. It is made up of a force sensor that can apply a maxi-
mum force of 29.4N with an accuracy of 9.8*10~°N, a lead screw for controlling the displacement, and
a platform to fix the multi-stable structure. The force sensor is fixed on the slider on the lead screw
and connected to the actuator location of the structure by strings. We rotate the handwheel driving the
slider away from the model, and a pull force is applied. The laptop records the force-displacement
data.
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9.2 Additional stable states demonstration for the three-plate-six-bar struc-
ture

The topology of the three-plate-six-bar structure is more complex, so there are more additional
stable states different from prescribed configurations. The physical model is randomly actuated to
other directions different from the designed and recorded photographs of additional stable states as
fig. S10. Therefore, it is necessary to employ the NEB method to identify the minimum energy path
and design the actuation guiding the structure to reconfigure along the path.

Fig. S10. The demonstration of additional stable state of the three-plate-six-bar multi-stable structure.
Intuitively we play the physical model and find out five additional stable sates which are different
from three prescribed target configurations. Two addtional stable states in the first row are predicted
through the NEB method.

9.3 3D tri-stable structure design

A tri-stable structure in 3D with topology in Fig. S11A has been designed. As Section 2 introduces,
the target configurations are prescribed by the coordinates of the reference points P and rotations 6,
and use the rotation is expressed by the axis-angle representations, where the first three values form
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the rotation axis vector and the last value denotes the rotation angle around the rotation axis. The
prescribed configurations are listed as follows:

P, P P} [0,0,0],[0,15,10],[9, 15, —5]
P=|P;, P; Py = 1[[0,0,0],[9,15, —5],[-9,15, 5] (51)
P P P [0,0,0],[-9,15,—5],[0, 15, 10]
6,,03,6; [0,1,0,0°],[0,1,0,0°,[0, 1,0, 0°]
0= 105,620 = |0,1,0,0°,[0,1,0,120°, 0, 1,0, 120°] (52)
03,03, 0: [0,1,0,0°],[0,1,0,120°], [0, 1,0, 120°]

where the superscript denotes the number of components, and the subscript denotes the number of
configurations.

Because the interference of all components is unavoidable in 3D, the physical model is hard to
manufacture, and only simulations (as in Section 6) are conducted. In the simulation algorithm, all
bars are modeled by the truss element. The structure is actuated by pulling every node from the initial

configuration to the target configuration until across all prescribed configurations and its energy is
recorded in Fig. S11B.

A B
3500 - Config.1 to Config.2
Config.2 to Config.3
\ / 3000 - Config.3 to Config.1
/ \Qdy 2500 -
. 2000 4
L
1500
Bar 1000 -
o X
0 / \ 500 ,
1 1 )
|/ 1 1 f N
LAV 0l
Universal joint 50 7{/‘\ / 50
y y \!.:._. 0
& 7 o
A
PCo -50 °C

-50

Fig. S11. 3D tri-stable structure design and its simulation in MATLAB. (A) Topology of a
three-body-six-bar structure in 3D, the purple ones are bodies, the yellow ones are bars, and all joints
are universal joints. (B) Energy curve of the tri-stable structure from the simulation. The tri-stable
structure is actuated by pulling every node from the initial configuration to the target configuration
until across all prescribed configurations and its energy curve is recorded.

9.4 Properties of the design method

Solving for a multi-stable structure is a nonlinearly constrained optimization problem, and the con-
dition of solutions is hard to calculate analytically or predict. We could obtain one multi-compatible
structure design achieving prescribed configurations once the nonlinear constrained optimization prob-
lem converges to a solution. Then we conduct a large number of similar numerical experiments with
different initial-guess inputs through MATLAB built-in function “fmincon” and use the statistical ap-
proach to evaluate the probability of converging to a solution that represents the difficulty level of a
certain design problem.
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9.4.1 Design space of the design method

How design parameters influence the multi-stable structure design is explored. Design parameters
refer to the number of components, the percentage of reference points, and the degrees of static in-
determinacy, and the design space of the multi-compatibility design means the maximum number of
stable states that can be designed and the distribution of total stable state number. Although this
design method could be applied in 2D and 3D, the interference of numerous components in 3D leads
to the failure of a physical model. So we focus on the structure in 2D and the components will be
constrained in a plane to be plates.

To explore the influence of the number of plates, one category of topology that all plates are con-
nected by bars rather than by plates with zero DOF is adopted. In addition, all plates are reference
plates, and bars can not be reference ones by default, which ensures the structure has the same per-
centage of the number of reference plates. The topologies of the structure that we studied are shown
in fig. S12A, which have 2, 3, and 4 plates respectively. For these three structures, we prescribed 3,
4, 5, 6 target configurations to explore the maximum number of stable states that we can design. In
addition, the study about the distribution of total stable state number was conducted by exerting a
perturbation to a multi-stable structure that could achieve 3 prescribed configurations and explored
the structure whether has additional stable states, including global and local stable states. The former
study result is shown in fig. S12C(a) while the latter one is shown in fig. S12D(a). The increasing
number of plates represents the increasing complexity of structures, so it is more difficult to design a
multi-stable structure that can achieve more target configurations. However, the structures with higher
complexity have more possibility for different stable states, so the probability of distribution of total
stable states is more dispersed and the peak of the probability distribution moves to larger values. We
conducted the study on a structure consisting of four plates and nine bars, which DOF is zero, shown
as the third one in fig. S12A. We changed the percentage of the number of reference plates, from 1/4 to
4/4. The minimum value 1/4 refers to only one plate fixed at the ground and other components free,
while the maximum value 4/4 refers to all plates are prescribed to target configurations. Similarly, we
expected they can achieve 3, 4, 5, 6 target configurations to explore the maximum number of stable
states that we can design. The result is shown in fig. S12C(b). We can see that when the number
of reference plates in one structure increases, the number of designed stable states decreases. More
reference plates in the structure mean the description of the target configurations is more critical, so
the higher requirement on the fitting target configurations would be at the expense of the number of
prescribed stable states. Similarly, the experiment about the distribution of total stable states has
been carried out, the result is shown in fig. S12D(b). We can see that changes in the percentage of
the number of reference plates do not significantly affect the distribution of the number of total stable
states.

The numerical analysis about the influence of DSI was conducted on the structure with just two
plates. The DSI increases from 0 to 4 by adding bars between these two plates, as shown in fig. S12B.
And these two plates are the reference plates during all the numerical experiments about DSI, which
ensures the number of plates and the percentage of the number of reference plates remain unchanged
while only DSI changes. The influence of DSI on the designed stable states is shown in fig. S12C(c)
and that on the total stable states is shown in fig. S12D(c). We can see that when DSI increases,
which means the structure could be more resistant to impact, the number of designed stable states is
in decline. Another phenomenon is that higher DSI makes the peak of the probability distribution of
total stable states move to a larger value.

9.4.2 The influence of the prescribed target

According to our observation, the prescribed target would influence the solutions of the inverse
design, the local stiffness, and the number of additional stable states. Therefore, the parametric study
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Fig. S12. Properties of the multi-compatibility design method. (A) Schematic diagram of objects in
parametric study about different number of plates and reference points. (B) Schematic diagram of
objects in parametric study about different degrees of static indeterminacy (DSI). (C) Statistic results:
the maximum number of designed stable states N, is influenced by the number of plates N, the
percentage of the number of reference plates P, degrees of static indeterminacy DSI. (D) Statistic
results: the number of total stable states N _, including global stable states and local stable states,
which is also influenced by the number of plates N, the percentage of the number of reference plates
P, degrees of static indeterminacy DSI.
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about the solution to different prescribed targets is conducted.

Considering a bi-stable two-plate-three-bar structure is to be designed, two prescribed configurations
are chosen from the following conditions: there is a dot matrix as Fig. S13A and the topology is also
plotted in fig. S9A, one plate is fixed at [0,0], the target of another plate is at the other positions
in sequence, and the plate rotates 0, 45, and 90 degrees in sequence at each position. There are 24
(3*8) prescribed target configurations in total and two target stable states would be two of the above
configurations, then different combinations of the prescribed bi-stable configurations lead to different
results, shown in fig. S13B-S13D.

Then the numerical experiment of a more complex topology is also conducted. Considering a bi-
stable three-plate-six-bar structure is to be designed, two prescribed configurations are chosen from the
following conditions: there is a dot matrix as fig. S14A and the topology is also plotted in fig. S14A,
one plate is fixed at [0,0], the target of the other two plates are at the other different positions in
sequence, and each plate would rotate 0, 45, and 90 degrees in sequence at each position. There are 27
(3*3*3) prescribed target configurations in total and two target stable states would be two of the above
configurations, then different combinations of the prescribed bi-stable configurations lead to different
results, shown in fig. S14B-S14D.

As observed in the comparison between fig. S13 and fig. S14, the three-plate-six-bar structure could
not converge to a solution in more conditions, because there are more constraints of multi-compatibility
with the increasing complexity of the structure. The local stiffness of the three-plate-six-bar structure
is generally lower than that of the two-plate-three-bar structure. The number of additional stable
states is comparable between these two topologies. For a two-plate-three-bar structure, the number
of additional stable states is obviously larger in some conditions as shown in red boxes in fig. S13D,
caused by the symmetry of two prescribed configurations possibly.
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Fig. S13. The result of the parametric study about the influence of the prescribed target on designing
the bi-stable two-plate-three-bar example. (A) List 24 possible prescribed target configurations. One
plate is fixed at (0,0), the other plate could be at the other 8 positions, and rotate 0 or 45 or 90 degrees,
so there are 24 prescribed stable states chosen in total. (B) The influence of the prescribed targets on
the probability of converging to a solution for the bi-stable two-plate-three-bar example. The x and y
of each colorful dot represent two stable states, and the color means the probability of converging to a
solution to design such a bi-stable structure. (C) The influence of the prescribed targets on the local
stiffness for the bi-stable two-plate-three-bar example. The x and y have the same meaning as (B), and
the color means the average local stiffness of such a bi-stable structure. (D) The influence of the
prescribed targets on the probability of converging to a solution for the bi-stable two-plate-three-bar
example. The x and y have the same meaning as (B), and the color means the number of additional
global stable states when designing such a bi-stable structure.
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Fig. S14. The result of the parametric study about the influence of the prescribed target on designing the
bi-stable three-plate-six-bar example. (A) List 27 possible prescribed target configurations. One plate is
fixed at (0,0), the other two plate could be at the other 3 positions, so there are 3 combinations, and each
plate could rotate O or 45 or 90 degrees, so there are 27 (3*3*3) prescribed stable states chosen in total.
(B) The influence of the prescribed targets on the probability of converging to a solution for the bi-stable
three-plate-six-bar example. The x and y of each colorful dot represent two stable states, and the color
means the probability of converging to a solution to design such a bi-stable structure. (C) The influence
of the prescribed targets on the local stiffness for the bi-stable three-plate-six-bar example. The x and y
have the same meaning as (B), and the color means the average local stiffness of such a bi-stable struc-
ture. (D) The influence of the prescribed targets on the probability of converging to a solution for the
bi-stable three-plate-six-bar example. The x and y have the same meaning as (B), and the color means
the number of additional global stable states when designing such a bi-stable structure.
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