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Appendix A

Group velocity of a real particle and its photonic complement with certain wave functions:

The group velocity of a wave function of any particle corresponds to most probable velocity the particle is likely to be found in [20]. The calculation of group velocity is as following:

Let the wave function of the real particle is of the form:



And the wave function of its complement is:



In the equation (A.1) if the classical velocity of the free classical particle is defined as  then both  and  are a function of . In fact, they are defined as  and , which are a function of only .

In the equation (A.1)  and are a function of  and , (including  and being constants) which themselves are a function of . Thus  and are functions of 

The frequency  in equation (A.1) can be defined as , which is a function of . Similarly, the wave number in the equation (A.1) can be defined as 

Let’s find the group velocity in the 1D case (it’s easily extensible to the 3d case) where   are parallel to each other and take scalar . So  and classical velocity = 

The group velocity of the real particle is defined as:


The numerator of the equation (A.3) is:



Simplifying:



Similarly, the denominator of the equation (A.3) is:



Substituting equation (A.4) and equation (A.5) in equation (A.3)


For computing the group velocity of the photonic complement, consider equation (26) and equation (27)





From equation (A.7) and equation (A.8)



As  and  



Also



From equation (A.9) and equation (A.10)



In the equation (A.2) both  and  are a function of . Also, in the equation (A.11),  and , which means they are also a function of . Furthermore, they are defined as  and .

Thus, the group velocity of the photonic complement can be calculated as:



The numerator of the equation (A.12) is:






Similarly, the denominator of the equation (A.12) is:



Substituting equation (A.13) and equation (A.14) in equation (A.12)


Using the classical mechanics principle that group velocity = velocity of particles in the wave:

From equation (A.6):







Also, from equation (A.15) and equation:







From equation (A.16) and equation (A.17)



 and   and , independent of the velocity.

If we look at the phase of equation (A.1), from 2 different frames of reference F1, F2 with F1 at velocity  with respect to frame F2 in one dimension with  



Using equations (3) and (4) in frame F2: 



Also, as per the Lorentz equation:


Substituting equation (A.19) and equation (A.20) in equation (A.18)





Simplifying



If  and , independent of the velocity then using equation (A.18)



For , equation (A.21) is possible only if  and 

So, the wave functions of the particle and its photonic complement are:








Appendix B
Solution of KG equation for a pionic atom
Here we have solved the KG equation for a pionic atom. It has been done earlier with similar techniques but we have given it for completeness and reuse the derivation to solve the equation for a photonic complement case [21] [11].



Assume the solution is a function of the form: 


Then:




Take 



So, the equation (B.1) becomes



The solution to equation of the following type:



is given by [22] [23]:



Where  are Whittaker functions 

Comparing equations (B.2) and (B.3)







For the sake of simplicity let’s take only the first Whittaker function as a solution (

The Whittaker function can be written in the form [8]: 



Where  is a Kummer's confluent hypergeometric function.
 
Comparing (B.3) and (B.4)




 


For the exponential decay with radius in equation (B.4) we must take 



Thus, in equation (B.4) 



In equation (B.6)





 let’s take the first term approximation of the square root series.






In equation (B.7)





 in the equation (B.4) has a non-singular solution at r = 0 if and only if  where k is a non-negative integer, in which case  becomes a generalized Laguerre polynomial = 







As  thus 







Here is the nth energy eigenvalue

Define 






Combining equations (B.3), (B.4), (B.5), (B.6), and (B.7) we get







Let   



So, the equation of the wave function is:







Note that  is not non-singular for  if . But  is so small that when  starts increasing when  goes 0,  is much smaller than even the proton radius.


Appendix C
Solution of KG equation for Pionic Atom Photonic Complement
Here we have solved the KG equation for a photonic complement of the pion in the pionic atom.



Assume the solution is a function of the form: 




So




Take 





The solution to the equation of the following type:



Is given by [23] [22]:



Where  are Whittaker functions 

Comparing equations (C.2) and (C.3)







The Whittaker functions are of the form [8]: 


 
Comparing (C.3) and (C.4) and taking  as in equation (B.10)



Also









From equations (C.1), (C.2), (C.5) and (C.6) above, the full equation of the Photonic complement is:




Also, as per the equation (B.14) in Appendix B, the stable state of the pion in a pionic atom has the equation



Where 

From (C.7) and (C.8), one possible solution of the photonic composite wavefunction with the having the energy and velocity of a photon is:


Comparing the exponential coefficients of time = t of equation (C.7), equation (C.8) and (C.9)





Comparing the exponential coefficients of radial distance = r of equation (C.7), equation (C.8) and (C.9)





From equations (C.10) and (C.11)




The equation (C.12) is consistent with the energy states of the pion in the pionic atom as in equation (B.13)

Also, from equation (C.6):



The confluent hypergeometric function is thus:
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 and  for the sake the of simplicity



The hypergeometric function of the above form can be represented as Laguerre polynomials as:



Thus, the overall wavefunction of the photonic complement is:






Finally, the wavefunction of the composite photonic particle is:




	


If , the equation (C.11) is normalizable (and non-singular at origin). For  (which means ) the equation is normalizable but singular at origin, which is similar to the solution of the photon wave equation in spherical coordinates.


Appendix D
Wave packet solution of KG equation for a particle
 Here we have solved the KG equation for a Gaussian wave packet. It has been done earlier with similar techniques but we have given it for completeness and reusing the derivation to solve the equation for a photonic complement case [24] [25].

Let’s consider the following wave function for a wave packet in a uniform vector potential



The above equation is a generalized form, which allows us to consider all scenarios of energy and momentum. For solving the above equation, we need to find the relation between . For that each component of the integral should satisfy the following KG equation:




Equating the real parts


Equating the imaginary parts


Substituting (D.3) in (D.2) 

When , the above equation means a potential that changes exponentially with space. Before considering that we must consider the feasibility of a solution for a free particle where .


We can see above that the real solution of  is not feasible in the above equation for all the values of  (Energy), so for a generic solution, we have to consider values of  as well.
Solving the above equation:


Furthermore, for the simplifying the equation we drop the , in comparison to   which means:


Now we consider 2 cases:




Consider  with 








From (D.12) and (D.10) 



So, we can approximate the equation (D.10) as:

Similarly, for in equation (D.11) simplifies to:



The above expression allows us to get a closed-form expression of the solution. Even without the above assumptions, the results should be similar value-wise but a closed-form is difficult to obtain.
Using (D.15) and (D.11) we can approximate:  



Rearranging terms:



Then the above expression (D.16) can be written as:


Then the value of the integral  can be written as:





Expanding the terms:





Let’s re-arrange the terms of  as:






We can simplify  as:

Computing and simplifying the constituents of the above expression:




Now consider the following term:



Also



So:


Finally, the wave function can be written as:









Using the similar constraints as the earlier case (equation (D.14)),   can be simplified as:





Rearranging terms:


Then (D.24) can be written as:


Now let’s calculate the value of the following integral:





Simplifying:


Let’s split the above equation as: , where:


Now rearrange the terms of  as:






Simplifying :

Computing and simplifying the constituents of (D.25):





Now consider the following term:




Also:



So, the total exponent can be written as:


Finally, the wave function can be written as:






Appendix E
Wave packet solution of KG equation for a photonic complement state
For photonic complement, let’s first solve the following KG equation for 1D space with uniform vector potential for a specific  with a plane wave solution:



The KG equation of a photonic complement in vector potential can be written as:


Putting equation (E.1) into the above and reducing it leads to:


Equating the real parts of (E.2):


Equating the imaginary parts of (E.2):


Substituting (E.5) in (E.4):

When , the above equation means a potential that changes exponentially with space. Before considering that we must consider the feasibility of a solution for a free particle where .


We can see above that the real solution of  are feasible in the above equation for all the values of  (Energy), so we can consider  for all conditions in the above condition.  
In the above equation,  is free to take values from  to  and  cannot. So, we can construct the wave packet as an integral over .

So, let’s consider the following equation for the wave packet:


with 












Now consider the integral:


So, the following integral is a good approximation:



Rearranging terms:


Then (E.4) can be written as:


So, the value of the integral  is:






Thus, the wave function is:

In the above equation, the Gaussian envelop moves with the following equation:

So, the envelop velocity is:





Appendix F
Photonic complement wave function for generic wave packet

Now we look at the nature of photonic complement of a free wave packet and not just of a planar wave function. We look at 2 cases: (1) Wave packet is a linear combination of orthogonal states and the states of photonic complement exactly complement the states of the real particle. (2) Wave packet is a linear combination of the states, but the photonic complement is for the overall packet and not each state.

Case: States of photonic complement exactly complement each state of the real particle:

If consider the following wave packet as a linear combination of orthogonal planar waves:

Also consider the wave packet of the photonic complement as linear combination of orthogonal planar waves:

Then the states of the photonic complement exactly complement each state of the real particle, which means the wave packet of the composite photon can be written as:





The above equation means to say that if the real packet is observed with the energy of  and momentum of  then the photonic complement will be with exact energy of  and momentum of .

This condition imposes additional structure on wave packets of photonic complement. For example, if the  then . This condition implies is when the states of the real particle and photonic complement are highly entangled, and the composite photon has and exact energy and momentum relation: .

Case: States of photonic complement is for overall packet not each orthogonal component:

It can be shown that unless the states are exactly complemented for each orthogonal component it may be impossible to construct a photonic complement. For example, if the real particle is a combination of 2 waves going in opposite direction as:

 

then the photonic complement can only be constructed for each component and not for the overall wave packet. This leads us to following:

Result: Photonic complement states are tightly entangled with the states of real particle.

Derivation of generic photonic complement for a single state of real particle:

Now we derive the equation for photonic complement of a single generalized state of the real particle. Let be the wave function of a free particle and  be the wave function of its complement. For free particles, the composite wave function . For a free photon the wave function can be written as , which is a photon going in  direction. So, the photonic complement wave function can be written as:

The goal of this derivation is to find  in terms of . Let’s define gradient operators as:


Applying gradient operator  on the complement wave function:



Similarly, we also derive the derivative w.r.t time:


Putting (F.1) and (F.2) into the KG equation of the photonic complement (equation (47)):


From the equation (46), the KG equation for a free real particle:


Applying (F.4) in (F.3) and simplifying:












The differential operator  can be written as:



In the equation (F.6) multiplying both sides by :


Also, from (F.7) and (F.8):


Substituting (F.9) in (F.10):



Also:


Substituting (F.12) in (F.11):



Integrating both sides:




(F.13) the wave function of photonic complement is defined in terms of the wave function of the real particle. The equation can be written for the 1D case as:


For planar wave it can be easily verified as:




Which is the correct planar function of its complement.


