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SUPPLEMENTARY SECTION 1: THEORETICAL FORMALISM

A. Construction of ground-state wave-functions

The Hamiltonian in Eq. (1) of the main text can be recast into the Bogoliubov de Gennes (BdG) form

H(t) =
1

2

∑
i,j

(
c†i ci

)Hij(t) ∆ij

∆∗
ji −H∗

ij(t)


︸ ︷︷ ︸
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cj
c†j

 , (S1)

with HBdG possessing a particle-hole symmetry, as reflected in HBdG = −τxH∗
BdGτx, where τx is a Pauli matrix. At

t = 0, the Bogoliubov transformation, cj
c†j
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 , (S2)

diagonalizes the Hamiltonian as

H(0) =
∑
n

En

(
d†ndn − 1

2

)
, (S3)

where En ≥ 0. The ground state is the quasiparticle vacuum, |Ω⟩, such that dn |Ω⟩ = 0 for all n. We construct the
quasiparticle vacuum as a product state [1–3]. This is done by annihilating all quasiparticles from the true c-particle
vacuum.

|Ω⟩ = 1√
N
d1 . . . dN |0⟩ . (S4)

The normalization is given by N = |det(V )|. The degenerate ground states are thus

|00⟩ = |Ω⟩ ,

|01⟩ = d†2 |Ω⟩ ,

|10⟩ = d†1 |Ω⟩ ,

|11⟩ = d†1d
†
2 |Ω⟩ . (S5)

B. Time evolution of states

We define

dn(t) = U(t)dnU−1(t) (S6)

where U(t) is the unitary time-evolution operator,

U(t) = T exp

[
− i

h̄

∫ t

0

dt′H(t′)

]
. (S7)
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Using the time-dependent BdG equations [4–6], the time-evolved operators are given by

(
d†n(t) dn(t)

)
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Vin(t) U∗
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)
, (S8)

where (
U(t) V ∗(t)

V (t) U∗(t)

)
= T exp
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0

dt′HBdG(t
′)

](U V ∗

V U∗

)
. (S9)

We can now write the time-evolved ground states

|00(t)⟩ = |Ω(t)⟩ ,

|01(t)⟩ = d†2(t) |Ω(t)⟩ ,

|10(t)⟩ = d†1(t) |Ω(t)⟩ ,

|11(t)⟩ = d†1(t)d
†
2(t) |Ω(t)⟩ . (S10)

The time-evolved quasiparticle vacuum is given by

|Ω(t)⟩ = eiα(t)√
N (t)

∏
k

dk(t) |0⟩ . (S11)

The normalization is given by N (t) = |det(V (t))|. The phase α(t) arises from the evolution of the true vacuum.
However, this phase is gauged away in our gauge-invariant formulation of physical quantities, such as the geometric
phase.

C. Overlaps between states

For states |ψ⟩ , |ψ′⟩ ∈ {|00⟩ , |01⟩ , |10⟩ , |11⟩}, the overlaps have the form

⟨ψ′(0)|ψ(t)⟩ = (−1)s
eiα(t)√
NN (t)

⟨0|
∏
k

d†k(d1)
n′
1(d2)

n′
2(d†1(t))

n1(d†2(t))
n2

∏
k

dk(t)|0⟩ . (S12)

The minus sign is due to reversing the order of the operators in ⟨ψ′| and s = (n′1 + n′2)(n
′
1 + n′2 − 1)/2+N(N − 1)/2.

The vacuum overlap can now be calculated using Wick’s theorem [7, 8],

⟨ψ′(0)|ψ(t)⟩ = (−1)s
eiα(t)√
NN (t)

pf(M). (S13)

The matrix M is an anti-symmetric matrix constructed from the contractions between operators, and pf( · ) is the
Pfaffian. The resulting matrix is [7, 9, 10]

M =


V T (0)U(0) V T (0)V ∗(0) V T (0)U(t) V T (0)V ∗(t)

U†(0)V ∗(0) U†(0)U(t) U†(0)V ∗(t)

V T (t)U(t) V T (t)V ∗(t)

U†(t)V ∗(t)

 . (S14)

Note that rows and columns corresponding to unoccupied modes must be truncated [7]. The lower triangle is found
using anti-symmetry. For transition probabilities, Eq. (S13) simplifies to

| ⟨ψ′(0)|ψ(t)⟩ |2 =
1

NN (t)
|det(M)|. (S15)
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SUPPLEMENTARY SECTION 2: TIME-DEPENDENT GATE PROTOCOLS

In order to implement time-dependent gate protocols, we use the function

s(t, t0) =
π

2


0, t < t0

sin2
(

t−t0
TR

)
, t0 ≤ t ≤ t0 + TR

1, t > t0 + TR

(S16)

in order to rotate a spin over a rotation period TR, starting at time t0. We choose this function as it allows a smooth
transition from 0 to π/2 for the polar angle. Here, we use spherical coordinates to describe each spin’s orientation in
space, such that

SR(t) =

cos(ϕ(R, t) · sin(θ(R, t))
sin(ϕ(R, t) · sin(θ(R, t))

cos(θ(R, t))

 . (S17)

The azimuthal angle ϕ is measured with respect to the x-axis. Moreover, ∆TR is the delay time between the start of
one rotation and that of the subsequent rotation on the next site, and ∆Twait denotes a pause between steps in the
gate process. Such a pause ensures that the system equilibrates between steps in the gate process.

A. Gate Protocol for implementing a
√
σz-gate in the T-Structure

To implement a
√
σz-gate in the MSH T-structure of Fig. 2 in the main text, we number the sites of the magnetic

adatoms from 1 to 2Nx + 1 along the horizontal segment, where Nx is the length of one leg of the T-structure and
from 2Nx +1 to 3Nx along the vertical segment. The time dependence of the azimuthal and polar angles of the spins
in the network are then given by

(ϕi, θi(t)) =


(π2 , −(−1)is(t, (i− 1) ·∆TR) + (−1)is(t, (4Nx + 2− i) ·∆TR), 1 ≤ i ≤ Nx

(π2 , 0), i = Nx + 1

(π2 , −(−1)is(t, (4Nx + 2− i) ·∆TR) + (−1)is(t, (4Nx + 1 + i) ·∆TR)), Nx + 2 ≤ i ≤ 2Nx + 1

(0, (−1)is(t, (i−Nx − 1) ·∆TR)− (−1)is(t, (7Nx + 3− i)∆TR)), 2Nx + 2 ≤ i ≤ 3Nx + 1

.

(S18)

B. Gate Protocol for implementing a σz-gate in the MSH loop-structure

In the MSH loop-structure, we label the magnetic adatoms starting from the lower left corner as 1 and go counter-
clockwise up until 4Nx, where Nx + 1 is the number of adatoms on one side of the square. We execute a σz gate
in two steps: In the first step, we sequentially rotate the adatoms on the lower right half of the loop into the plane
starting from the lower left corner, while simultaneously rotating the upper left half out of the plane starting from the
upper right corner. In the second step, we go back to the initial configuration by reversing this process, i.e. rotating
the spins in the lower right half of the loop back out of the plane starting from the lower left corner, and rotating the
spins in the upper left half into the plane starting from the upper right corner. The azimuthal and polar angles for
the spins of these 4Nx magnetic adatoms are given as a function of time by

(ϕi, θi(t)) =



(
π
2 ,−s(t, 0) + s(t, 2Nx ·∆TR)

)
, i = 1(

π
2 , (−1)is(t, (i− 1) ·∆TR)− (−1)is(t, (2Nx − 2 + i+∆TR) ·∆TR)

)
, 1 < i ≤ Nx(

0,−(−1)is(t, (i− 1) ·∆TR) + (−1)is(t, (2Nx − 2 + i) ·∆TR +∆Twait)
)
, Nx + 1 ≤ i ≤ 2Nx

(0,−s(t, TR + 2Nx ·∆TR +∆Twait) + s(t, TR + (4Nx − 1) ·∆TR +∆Twait)) , i = 2Nx + 1(
π
2 ,−(−1)is(t, (i− 2Nx − 1) ·∆TR) + (−1)is(t, (i− 1) ·∆TR +∆Twait)

)
, 2Nx + 1 ≤ i ≤ 3Nx(

0, (−1)is(t, (i− 2Nx − 1) ·∆TR)− (−1)is(t, (i− 1) ·∆TR +∆Twait)
)
, 3Nx + 1 ≤ i ≤ 4Nx

.

(S19)
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C. Gate Protocol for implementing a σx-gate in the MSH double loop-structure

In order to implement a σx-gate in the MSH double loop structure shown in Fig. 3 in the main text, we label the
adatom sites from 1 to 8Nx, where Nx+1 is the number of adatoms along one side of each square. The sites 1 to 4Nx

are on the lower left square, starting from the lower left corner going counter-clockwise, and the sites 4Nx +1 to 8Nx

are on the upper right square, again starting at the lower left corner and going counterclockwise. The crossings of the
two squares occurs at sites Nx +1+ d and 3Nx +1− d in the first square and at sites 5Nx +1− d and 7Nx +1+ d in
the second square, where d is both the horizontal and vertical distance from the lower left corner of the first square
to the lower left corner of the second square. The azimuthal and polar angles of the gate process are then given by

(ϕi, θi(t)) =

(
π
2 , s(t,Nx ·∆TR)− s(t, 8Nx ·∆TR + 4∆Twait)

)
, i = 1(

π
2 , (−1)is(t, (i− 1) ·∆TR)− (−1)is(t, (i− 1 +Nx) ·∆TR)

)
, 1 < i ≤ Nx(

0, (−1)is(t, (i− 1) ·∆TR)− (−1)is(t, (i+ 3Nx) ·∆TR + 2∆Twait)
)
, Nx < i ≤ 2Nx, i ̸= Nx + 1 + d

(0, fNx+1+d(t)) , i = Nx + 1 + d(
π
2 , s(t, 2Nx ·∆TR)− s(t, 7Nx ·∆TR + 4∆Twait)

)
, i = 2Nx(

π
2 , (−1)is(t, (i+ 2Nx − 1) ·∆TR + 2∆Twait)− (−1)is(t, (i+ 5Nx) ·∆TR + 4∆Twait)

)
, 2Nx + 1 < i ≤ 3Nx, i ̸= 3Nx + 1− d(

π
2 , f3Nx+1−d(t)

)
, i = 3Nx + 1− d(

0,−(−1)3Nxs(t, (5Nx) ·∆TR + 2∆Twait) + (−1)3Nxs(t, 8Nx ·∆TR + 4∆Twait)
)
, i = 3Nx + 1(

0,−(−1)is(t, (i− 3Nx − 1) ·∆TR) + (−1)is(t, (i+ 4Nx − 1) ·∆TR + 4∆Twait)
)
, 3Nx + 1 < i ≤ 4Nx(

π
2 ,−s(t, 4Nx ·∆TR +∆Twait) + s(t, (6Nx + 1) ·∆TR + 3∆Twait)

)
, i = 4Nx + 1(

π
2 , s(t, (i+Nx − 1) ·∆TR + 3∆Twait)− s(t, (i+ 2Nx) ·∆TR + 3∆Twait)

)
, 4Nx + 1 < i ≤ 5Nx, i ̸= 5Nx + 1− d(

0,−(−1)is(t, (i− 3Nx) ·∆TR +∆Twait) + (−1)is(t, (i+Nx − 1) ·∆TR + 3∆Twait)
)
, 5Nx < i ≤ 6Nx(

π
2 , (−1)is(t, (i− 4Nx − 1) ·∆TR +∆Twait)− (−1)is(t, (i− 3Nx) ·∆TR +∆Twait)

)
, 6Nx < i ≤ 7Nx(

0, (−1)is(t, (i− 4Nx − 1) ·∆TR +∆Twait)− (−1)is(t, (i− 2Nx) ·∆TR + 3∆Twait)
)
, 7Nx < i ≤ 8Nx, i ̸= 7Nx + 1 + d

.

(S20)

For the two crossing points of the squares we defined

fNx+1+d(t) = − (−1)Nx+ds(t, (Nx + d) ·∆TR) + (−1)Nx+ds(t, (4Nx + d+ 1) ·∆TR + 2∆Twait)

− (−1)Nx+ds(t, (6Nx − d) ·∆TR + 3∆Twait) + (−1)Nx+ds(t, (7Nx − d+ 1) ·∆TR + 3∆Twait)

f3Nx+1−d(t) = − (−1)3Nx−ds(t, (3Nx + d) ·∆TR +∆Twait) + (−1)3Nx−ds(t, (8Nx − d+ 1) ·∆TR + 4∆Twait) .
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MZM Distance µ [te]
1

∆E11−∆E00
[τe] T0011 [τe]

1
∆E10−∆E01

[τe] T0110 [τe]

10 -3.5 32.08025026 28.5 60.4664097 53

10 -3.55 49.24301723 36.5 61.62151436 93

10 -3.6 77.61149389 62 152.1714373 70

10 -3.707204 51.21434972 420 14184.5468 90

14 -3.36 115.7405706 100 327.3998397 90

14 -3.470485 737.9277107 200 738.0488102 480

14 -3.45805 532.7488345 350 534083.6629 155

Supplementary Table I. Initial energy differences (at t = 0) between the many-body states in the even and odd parity sectors
for the double-loop MSH structure and the oscillation periods in the transition probabilities. Parameters are (α,∆, J) =
(0.9, 2.4, 5.2)te, and ∆TR = 0.1TR.

SUPPLEMENTARY SECTION 3: OSCILLATIONS IN THE TRANSITION PROBABILITIES pe,o

The oscillatory dependence of pe,o on the characteristic time scale of the gate process was previously suggested
[4, 6, 11, 12] to arise from a finite energy splitting between the two many-body states within each parity sector.
Such a splitting originates from the finite hybridization between the MZMs in systems whose size is not significantly
larger than the MZM localization length; the latter being given by the superconducting coherence length, ξc, along
the network direction. In Supplementary Table I we present a series of cases where we compare the inverse energy
splitting in the initial state, and the observed oscillation period. Here, we denote the oscillation period of the transition
amplitude between the |00⟩ and |11⟩ states by T0011 and the oscillation period of the transition amplitude between
the |01⟩ and |10⟩ states by T0110. While we find in general that a decrease in the energy splitting leads to an increase
in the oscillation period, there also exist exceptions to this behavior. The reason that the oscillation period cannot in
general be directly tied to the initial inverse energy splitting is that this energy splitting itself changes significantly
as a function of time during the gate process, as shown in Supplementary Fig. 1 for 4 representative cases.

Supplementary Figure 1. Transition probabilities in a the even parity sector for µ = −3.5te, and b the odd-parity sector with
µ = −3.45805te on the double-loop MSH structure of Fig. 4 of the main text. Time-evolved energy differences in the c even
and d odd parity sector at the respective minimum and maximum in the transition probabilities from a,b, see dashed lines.
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