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SI. Anisotropic plasmons in 2D materials
The dynamic dielectric function that describes the response of 2D materials to external electric field can be determined using the equation,

, 	                       (S1)



where  is the Fourier transform of the Coulomb potential of 2D systems with  being the background dielectric constant, and  represents the polarization function. Within the random phase approximation (RPA), the polarization function can be calculated using the formula,

,          (S2)







where  is the spin degeneracy,  is the Fermi-Dirac distribution function,   and  are the eigenvalues and eigenstates of the ground state of Hamiltonian matrix with  being the band indices. For the contribution of intraband transitions, the dielectric function, we have . In this case, the polarization function  can be written in the Linhard expression,

		                  (S3)



In the long-wavelength approximation (), we have and. The polarization function is written as,

              (S4)


Replacing  with electron velocity,  and taking T = 0 K, we have,

  ，          (S5)



where EF is the Fermi level. Defining the electron density of states (DOS) at the Fermi level  and the averaged square Fermi velocities  with , we have a simple formula of the polarization function,

 .             (S6)
The zeros of the electric function give an anisotropic plasmon dispersion in the long-wavelength limit,

                 (S7)


with, . 
SII. Conductivity in anisotropic 2D materials
The conductivity σαβ (ω) describes the linear-response of the electrical current in α direction to the electric field applied in β direction. We consider a minimal model of the conductivity tensor of 2D materials,

,                          (S8)
where the intraband electron motion and interband electron transition are involved. To investigate the origin of the hyperbolic response, we separate the optical conductivity into two distinct components:

              (S9)




The first term represents the intraband contributions, in which  is the Drude weight. The second term is interband contributions. Sjj is the spectral weight and  is the frequency of interband transitions. Γ and η are the damping rates for intraband and interband transitions, respectively. Without accounting for damping, the imaginary part of optical conductivity, exhibits a zero crossing at a frequency of , below which the optical conductivity turns positive with

                      (S10)




Therefore, for an anisotropic 2D material with distinct  values along x- and y-direction, the boundaries of hyperbolic region is determined by , i.e.,  or . 

For 2D materials, optical conductivity can be correlated to dielectric function using the formula,

                                  (S11)
The zeros of eq. (S8) give two branches of plasmon dispersion, 

,             (S12)

with , where +/- corresponds to inter/intra band branches, respectively. 

	We can simplify the dispersion relations for the inter-band branch () by considering two distinct limiting cases. 


   ,  for                     (S13)


,  for           (S14)

	For the intra-band branch (), we have the following dispersion relations at the two distinct liming cases:


[bookmark: OLE_LINK1][bookmark: OLE_LINK2]                   ,  for            (S15)


,  for          (S16)



	Combining Eq.(10) and Eq.(S16), one can find that the boundaries of the hyperbolic region, , are determined by the upper boundaries () of the anisotropic intra-band plasmon dispersions. There is gap () in the ‘bulk’ plasmons (to distinguish from surface plasmons that arise from the coupling between ‘bulk’ plasmons and external electromagnetic field).

                  (S17)

	Furthermore, the formulas enable us to fit the parameters of Eq.(9) using the data,  from first-principles calculations, based on the following relations.

                           (S18)

                          (S19)

[bookmark: _GoBack]                     (S20)







Notably, in Eq. (S9),  is assumed to be isotropic, consequently,  is also isotropic, i.e., . Generally,   has a negative correlation with , which means that strongly-anisotropic  of ‘bulk’ plasmons would lead to a broad hyperbolic regime. The close relationship between and electronic band structure near the Fermi level enable us design 2D hyperbolic materials through electronic band structure calculations. 
[image: ]
Fig. S1 Schematic representation of plasmons dispersion relations in 2D materials. Black and red solid lines denote the dispersions given by Eq. (S12). The Dashed lines are the two asymptotic lines of Eq. (S12). 


Table SI. Fitting parameters of the plasmons dispersions in doped bismuth monolayers using Eq. (S12). The n-type and p-type bismuth monolayers have the doping concentration of ne = 1.15 ×1013 cm-2 and the hole-doped bismuth monolayer with a doping level of nh = 0.72 ×1013 cm-2, respectively. was adopted.
	
	

	

	

	Dxx
(eV2Å)
	Dyy
(eV2Å)
	Sxx
(eV2Å)
	Syy
(eV2Å)

	n-type
	0.430
	0.228
	0.136
	4.82
	2.42
	12.32
	21.78

	p-type
	0.260
	0.133
	0.189
	1.33
	4.06
	3.75
	5.42
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