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1 Supplementary Figure
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Fig. 1: The Simplified 14-Generator Australian Power Grid.
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2 Supplementary Tables

Table 1: Symbol definition

Symbol Definition
P The set of producers
C The set of consumers
pi The index of producer
cj The index of consumer
si Energy supplied to other consumers from pi
dj Energy allocated to cj from other producers

smax
i Maximum electricity supply of pi
dmin
j Minimum electricity demand of cj
pri Expected electricity supply price (ESP) of pi
crj Expected electricity demand price (EDP) of cj
rij Energy allocation price between pi and cj
sij Energy volume that pi allocate to cj
dij Energy volume that cj received from pi
pvi Prospect value of pi

Table 2: Parameters for initializing the PoP consensus mechanism

α β λ τ Na l1 T I J a rl ru

0.88 0.88 2.25 100 10 0.80 5 14 29 0.05× 10−2 7.00 c/kW·h 15.00 c/kW·h
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3 Supplementary Notes

Supplementary Note 1: Motivations of selfish delegates.
Selfish delegates are motivated by self-interest, and we have analyze the utility of

delegates here. The delegates compete to come up with the optimal solution to P1.
The solution given by delegate n(n ∈ N) is (sij,n)I×J , in which sij,n is the allocation
volume in delegate n’s solution. In PoW, delegates spend their computational power
to find the solution to the hash puzzle and get the block rewards. Nevertheless, in this
system, delegates act as electricity producers in electricity allocation, and the solution
to P1 affects the delegate’s utility. The delegates may not purely want to find the
optimal solution of P1 but want to propose a solution to maximize the sum of the
utility in the electricity allocation and block rewards.

We suppose the other identity of delegate n is producer pi. The utility of producer
pi in the electricity allocation is

Ui(sij) =

J∑
j=1

sijrij +

(
smax
i −

J∑
j=1

sij

)
rl.

The two terms are the earnings from allocating electricity to consumers and the utility
grid. The utility of delegate n is

Un = Rn + Ui ((sij,n∗)I×J) ,

where Rn is the block rewards of delegate n and (sij,n∗)I×J is the optimal solution of
P1. Rn depends on whether delegate n is the validator or not:

Rn =

{
R, n is the validator

0, n is not the validator,

where R is the block rewards. The block reward is related to the power generation
situation in the electricity system. If there is an excess of new electricity generation in
the electricity system, a larger R factor is designed for the use of renewable electricity.
If there is more thermal power generation, the block reward R is smaller.

Supplementary Note 2: Proof of Theorem 1.

Proof. For any function g(x, y), if for any x1 > x2 and y1 > y2, the following inequality
hold

g (x1, y1) + g (x2, y2) ≥ g (x1, y2) + g (x2, y1) , (1)

then g(x, y) is said to be a supermodular function. If g(x, y) is differentiable, (1) is
equivalent to

g(x, y)

∂x∂y
≥ 0.

Similarly, if
g(x, y)

∂x∂y
≤ 0,
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g(x, y) is said to be a submodular function. To prove that P1 is both a supermodular
and a submodular function, it is only necessary to prove that vj(.) is a non-convex
and non-concave function to U t

j (s
t
ij). We need to prove that

v(x, x0, α, β, λ) =

{
(x− x0)

α
, if x ≥ x0

−λ (x0 − x)
β
, if x ≤ x0

is a non-convex and non-concave function to x. We take the second derivative of v(.)
with respect to x:

∂2v(.)

∂x2
=

{
α(α− 1) (x− x0)

α−2
, if x ≥ x0

−λβ(β − 1) (x0 − x)
β−2

, if x ≤ x0.

Because 0 < α, β < 1 and λ > 0,
∂2v(.)

∂x2
< 0, if x ≥ x0

∂2v(.)

∂x2
> 0, if x ≤ x0.

Thus, (x0, v(x0, x0, α, β, λ)) is the inflection point of v(.), where v(.) is convex upward
for x with x ≥ x0 and concave downward for x with x ≤ x0. Therefore, v(.) is a
non-convex and non-concave function to x and P1 is a non-convex and non-concave
problem.

Supplementary Note 3: Necessary and sufficient conditions for the local
optimal solution of P1.

Firstly, for readability, we use some simple symbols to represent the equations in
P1. We denote s = (sij)I×J , s

∗ = (sij,n∗)I×J , and

H1
i (s) = sij − Pmin

i ,∀pi ∈ P,

H2
i (s) = Pmax

i − sij ,∀pi ∈ P,

H3
i (s) =

J∑
j=1

sij − smax
i ,∀pi ∈ P,

H4
j (s) = ρjsij − Pmin

i ,∀cj ∈ C,
H5

j (s) = Pmax
i − ρjsij ,∀cj ∈ C,

Denote the producers with U t
j

(
stij
)
≥ U t

j (pre) as set Pt
1, and the other producers as

set Pt
2. Then

SU t
(
stij
)
=
∑
ctj∈Pt

1

(
U t
j

(
stij
)
− U t

j (pre)
)α −

∑
ctj∈Pt

2

λ
(
U t
j (pre)− U t

j

(
stij
))β

.
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According to the Karush-Kuhn-Tucker (KKT) condition, for the non-convex and non-
concave optimization problem P1, solution s∗ is a local optimum if and only if (2)
holds.

∂L

∂s

∣∣∣∣
s=s∗

= 0 (2a)

dT ∂2L

∂s2

∣∣∣∣
s=s∗

d > 0,∀d ̸= 0 (2b)

Hk
i

(
s∗,ΘHi

)
≤ 0,∀pi ∈ P, k = 1, 2, 3 (2c)

Hk
j

(
s∗,ΘHj

)
≤ 0,∀cj ∈ C, k = 4, 5 (2d)

µk,∗
i Hi

(
s∗,ΘHi

)
= 0,∀pi ∈ P, k = 1, 2, 3 (2e)

γk,∗
j Hi

(
s∗,ΘHj

)
= 0,∀cj ∈ C, k = 4, 5 (2f)

µk,∗
i ≥ 0,∀pi ∈ P, k = 1, 2, 3 (2g)

γk,∗
j ≥ 0,∀cj ∈ C, k = 4, 5 (2h)

(2i)

L is the lagrange function of the optimization problem P1, µk,∗
i and γk,∗

j are lagrange

multipliers of inequality constraints Hk (s) > 0 and d is an auxiliary vector. Because
Sub-formulas (2a) and (2b) are difficult to understand, we will proceed to analyze these
two sub-formulas, and we will not further analyze others that are easy to understand.
The lagrange function is

L = SU t
(
stij
)
+

3∑
k=1

I∑
i=1

µk
iH

k
i (s) +

5∑
k=4

J∑
j=1

µk
jH

k
j (s), (3)

According to (3), the first derivative of L with respect to s is obtained as follows:

∂L

∂s
= g1(∆)L1 +

I∑
i=1

µ1
i −

I∑
i=1

µ2
i +

I∑
i=1

µ3
i +

J∑
j=1

γ1
j ρ−

J∑
j=1

γ2
j ρ, (4)

where

g1(∆) =

{
−α
(
U t
j

(
stij
)
− U t

j (pre)
)α−1

, cj ∈ P1

−λβ
(
U t
j (pre)− U t

j

(
stij
))β−1

, cj ∈ P2.
(5)

and

L1 =
wt

jρ∑J
j=1 d

t
ij − dmin t

j + 1
− rtij + ρjru − |tri − trj | (6)
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(2a) implies that when s = s∗ the determinant of the matrix with (4) as
elements is 0. The second derivative of L with respect to s is obtained as follows:

∂2L

∂s2
= g2(∆)L2

1 + g1(∆)

 wt
jρ

2

(
J∑

j=1

dtij − dmin t
j + 1)2

 , (7)

where

g2(∆) =

{
−α(α− 1)

(
U t
j

(
stij
)
− U t

j (pre)
)α−2

, cj ∈ P1

−λβ(β − 1)
(
U t
j (pre)− U t

j

(
stij
))β−2

, cj ∈ P2,
(8)

(2b) implies that when s = s∗ the matrix with (7) as elements is positive
definite. Finally, we conclude that s∗ is a local optimum of P1 if and only if every
subformulas in (2) holds.
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