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S1. Analysis for 1D topological waveguide
To investigate the slow-light effect in the 1D topological lattice waveguide, we start with a dielectric AB layered structure, as depicted in Fig. 1(a). The 1D topological lattice consists of periodically stacked layers A and B. The refractive index ni and impedance zi with i = a, b can be expressed as1:

	,	(1)

	,	(2)
where the relative permittivity, relative permeability, refractive index, relative impedance, and width are defined as εa, εb, μa, μb, na, nb, za, zb, da, and db, respectively. According to transfer matrix method, the dispersion relation of the periodically stacked layers A and B can be achieved by1:

	,	(3)
where the period of the unit cell is Λ = da+db, ki = niω/c (i = a, b), and q is the Bloch wave vector. The sufficient condition and necessary condition for two band crossing is proved by the ratio of the optical path in A and B layer1. The ratio can be expressed as:

	,	(4)
where na and nb are refractive index of the layers A and B. In the conclusion of the necessary condition, the frequency satisfied condition γ = mπ, m∊N+ (γ = (nada+nbdb)ω/c is the phase delay in a unit cell) must be within the band gap. If two bands cross at the condition of γ = mπ, the crossing points can be calculated as follows:

	,	(5)
Therefore, the midgap positions can be labelled, which is related to the refractive index and width of the dielectric layers. 
In our design, the periodic rectangular air holes are used to replace the stacked layers A and B, thus tailoring the effective refractive index of the integrated waveguides based on the SiN-loaded TFLN platform. The 1D topological lattice waveguide is depicted in Fig. S1(a) and the half a unit cell of the structure are illustrated in Fig. S1(b) and (c), where da=db=0.5Λ.
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Figure S1 | Index tailoring for 1D topological lattice. a, Schematic of the 1D topological waveguide. Half a unit cell of the rectangular air holes for b, B and c, A layer. Relationship between the LN refractive index and effective index at d, #1 and e, #2 position. Insets are the mode profiles at position #1 and #2.

The effective refractive index is calculated by using the effective-medium theory:

	,	(6)

	,	(7)
where neff1 and neff2 are the effective refractive indices at position #1 and #2. ρA and ρB are the duty cycle in the half a unit cell. The insets in Fig. S1(d) and (e) are the mode profiles at position #1 and #2. According to the finite element method, the relationship between the refractive index nLN and effective index neff1, neff2 can be fitted as follows:

	,	(8)

	,	(9)
where ε, θ, τ, φ is the linear fitting coefficients. For the SiN-loaded TFLN platform, the fitting values of ε, θ, τ, φ are determined as 0.62, 0.55, 0.78, 0.12, respectively. Consequently, a relationship between the refractive index of the layers A and B and the refractive index of the TFLN is established to evaluate the modulation efficiency of general Pockels modulators.
S2. Perturbation theory for 1D topological slow-light modulation efficiency
Modulation efficiency is crucial parameter for the integrated electro-optic modulators. The voltage-length product (Vπ∙L) is a commonly used figure of merit to characterize modulation efficiency, and it is primarily limited by the arm length, electrode gap, and electrode structure. In a Mach-Zehnder modulator (MZM), the induced phased shift on one arm can be mathematically described as follows2:

	,	(10)
where ω is the angular frequency, k is the wavevector, and L is the arm length. According to perturbation theory, the optical frequency shift of a photonic band at a fixed wavevector k caused by a small Δn can be estimated as2:

	,	(11)
where σ represents the fraction of the mode energy in the region where Δn is applied. Considering the group velocity of light propagated in the waveguide:

	,	(12)
which is much smaller than the speed of light c in vacuum. Therefore, according to Eq. (10) ~ (12), if the induced phase shift Δϕ = π/2, we can obtain:

	,	(13)
when ω = 2πc/λ, where λ is the wavelength. Here, the phase shift is assumed as π/2, instead of π due to the push-pull configuration of the MZM. The change of LN refractive index Δn induced by the applied voltage Vπ can be achieved by:

	,	(14)
where nLN is the LN refractive index, γ33 is the electro-optic coefficient of LN, g is the electrodes gap, and Ez is the in-plane component of the electrical field in the waveguide. The Vπ∙L can be calculated as:

	,	(15)
According to Eq. (15), and (5) ~ (9), the Vπ∙L for the 1D topological lattice waveguide can be written as:

	,	(16)
[bookmark: OLE_LINK1][bookmark: OLE_LINK2]when the period Λ and the duty cycle ρA, ρB of the air holes are designed as 420 nm, 0.38, and 0.71, respectively, the relationship between modulation efficiency Vπ∙L and wavelength group index ratio λ/ng is simulated and shown in Fig. S2. For the MZM, the wavelength group index ratio λ/ng can be adjusted to achieve a smaller Vπ∙L in the operation wavelength range. As the wavelength decreases or n increases, we can get a smaller Vπ∙L and greater modulation efficiency.
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Figure S2 | Calculated modulation efficiency Vπ∙L as a function of λ/ng.
S3. 1×2 multimode interference (MMI)
A MMI device serves as the fundamental unit for 3-dB optical power splitting and combining in an MZM. Based on the SiN-loaded TFLN platform, the multimode region is designed with a width of 10 μm and a length of 67 μm using the 3D-finite-difference-time-domain (3D-FDTD) method. Tapered waveguides with the widths of 1.6 μm and 3 μm are employed to connect the single-mode waveguide and the multimode region. Fig. S3(a) displays scanning electron microscopy (SEM) images of the fabricated MMI device. The simulated electric field for the x-y region is depicted in Fig. S3(b). The input light is equally divided into two output ports, resulting in a balanced splitting ratio and low excess loss, as shown in Fig. S3(c). The simulated excess loss of the device is 0.19 dB, while the measured excess loss is 0.4 dB. The simulated power imbalance is 0.1 dB, while the measured power imbalance is 0.5 dB.
[image: ]
Figure S3 | 1×2 MMI for 3-dB optical power splitter and combiner. a, SEM of the MMI device. b, Measured transmission at port1 and port2 of the fabricated device.
S4. Simulation of segmented slow-wave electrodes
[bookmark: _Hlk136442784]To achieve a large EO bandwidth, factors such as low microwave loss, EO velocity and impedance matching are crucial considerations for MZM with traveling-wave electrodes. For EO velocity matching, it is important to ensure that the phase velocity of microwave signal matches the group velocity of the optical signal. This requires the microwave index should be equal with the optical group index. In our design, slow-light effect in the 1D topological lattice waveguide with high group index is employed to achieve a high modulation efficiency, so that the increased microwave index controlled by the parameters of the T-shaped segmented slow-wave electrodes can match the optical group index to achieve a large bandwidth. The frequency response of the MZM with traveling-wave electrodes can be expressed as3:

	,	(17)
where ω is the microwave angular frequency, L is the length of the electrode, Zin is the input impedance, F± are forward/backward propagating waves, and γm is the microwave propagation constant. These can be expressed as4:

		,	(18)

		,	(19)
where nm is the microwave index, ng is the optical group index, αm is the microwave loss rate, and c0 is the speed of light in vacuum. According to Eq. (17) ~ (19), impedance matching (~ 50 Ω) can effectively reduce the microwave reflection, resulting in minimized standing waves and ripples in the EO frequency response. When nm ≈ ng, the microwave and optical signals can co-propagate at the same velocity, enabling the constructive modulation accumulation and frequency response enhancement.
To evaluate the electrical velocity of the T-shaped segmented slow-wave electrode, the controlled microwave index nm by the parameters of the T-shaped segmented slow-wave electrodes is simulated by finite element method. As illustrated in Fig. S4(a), the microwave index nm can be increased by increasing the length of T shape. Additionally, by reducing the electrodes gap and period, the microwave index nm can be increased, as shown in Fig. S4(b) and S4(c). Considering modulation efficiency and index matching, the following electrode parameters are designed for the topological MZM: period p = 50 μm; side length h = t = 4 μm; electrode gap g = 5 μm; length of T shape r = 45 μm; width of T shape s = 2 μm. As depicted in Fig. S4(d), the simulated impedance is ~ 50 Ω, which is important to reduce the microwave reflections. The high modulation efficiency owing to the slow-light effect can effectively reduce the dependence on impedance matching. External sources with low voltages can be used to efficiently drive the electrodes.
We conduct a study on the impact of the substrates of the TFLN on microwave losses and electro-optic bandwidth. Assuming the electro-optic velocity and impedance matching, the microwave losses α of the T-shaped segmented slow-wave electrodes on the Si, air, and quartz substrate are simulated as 0.54, 0.22, and 0.31 dBcm-1GHz-1/2, respectively, corresponding to the EO S21 of <1 dB roll-off at 800 GHz, as illustrated in Fig. S4(e) and S4(f). When using an air substrate, the microwave loss is minimized, and the electro-optic bandwidth is maximized. The utilization of substrates with low permittivity or the undercut etching for the silicon substrates will lead to reduced microwave losses and increased electro-optic bandwidth.
[image: ]
Figure S4 | Simulation of the T-shaped segmented slow-wave electrodes. Simulated microwave index with the variation of a, length, b, electrode gap, c, period. d, Simulated impedance under the different frequency. e, Simulated Microwave loss on different substrates. f, Estimated EO S21 curves on different substrates.
S5. Measured half-wave voltage at different wavelength
Due to the strong dispersions around the Brillouin zone within the topological bandgap, the group index ng varies with the wavelength. According to Eq. (16), varying wavelengths can yield different Vπ in the 1-mm-length MZM. Fig. S5(a) exhibits the different Vπ at the wavelength of 1535 nm, 1546.1 nm, 1546.7 nm, 1546.92 nm. The Vπ of 2.1 V at the wavelength of 1547.1 nm is shown in Fig. 2(f) of the main content. The Vπ can be reduced from 21.7 V to 2.1 V as the wavelength is red-shifted from regular region to slow-light region. Consequently, the modulation efficiency Vπ∙L can be decreased from 2.17 V∙cm to 0.21 V∙cm. The corresponding extinction ratios are 22 dB, 23.2 dB, 23.8 dB, 23 dB, and 27.5 dB at the wavelength of 1535 nm, 1546.1 nm, 1546.7 nm, 1546.92 nm, and 1547.1 nm, respectively, as shown in Fig. S5(b).
[image: ]
Figure S5 | Measured half-wave voltage Vπ for the 1-mm-length modulation arm. a, Normalized optical transmission as a function of the applied voltage, showing Vπ of 21.7 V at the wavelength of 1535 nm, 9.8 V at the wavelength of 1546.1 nm, 7 V at the wavelength of 1546.7 nm, and 4 V at the wavelength of 1546.92 nm, respectively. b, Optical transmission with measured extinction ratio.
S6. Modulation energy consumption
For direct amplitude modulation, the energy per bit We dissipated in the modulator can be calculated as5:

	,	(20)
where Vrms is the root-mean-square driving voltage, R is impedance, and r is the data rate. For 240 Gbps PAM4 signal modulation with a root-mean-square voltage Vrms of 730 mV, as shown in Fig. 4(g), the energy per bit We can be calculated as 44 fJ/bit.
S7. Measured extinction ratio
We measure the extinction ratios of the device in the slow-light range from 1544.9 nm to 1547.1 nm. As shown in Fig. S6(a), there is a noticeable fluctuation in the extinction ratio. The minimum extinction ratio measured in the experiment at 1546 nm is 12.7 dB (Fig. S6(b)). The fluctuation in the extinction ratio is attributed to strong dispersion near the band edge of the topological photonic crystal, leading to non-ideal interference. Due to the variation in the extinction ratio, there is jitter in the bit error rate (BER) at different wavelengths in the slow light region. 
[image: ]
Figure S6 | Measured BERs and extinction ratios. a, Measured BERs and extinction ratios in the slow-light region of the modulator. b, Measured optical transmission as a function of the applied voltage at 1546 nm.
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