Supplementary Note A: Hamiltonian of the superconducting quantum simulator

In this section, we perform the circuit quantization of the superconducting architecture proposed in the main text. To do it
more pedagogically, without loss of generality, we will focus in the description of the building block shown in Supplementary
Fig. 1, whose Lagrangian reads
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where @; = 2w ®;/®g, with & = h/2e is the superconducting flux quantum and 2e is the electrical charge of a Cooper pair,
and Eg“ = 2E;, cos (¢ext) is the effective Josephson energy of the SQUID. Now, we calculate the conjugate momenta (node

charge) Q; = 9L/, obtaining
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The classical Hamiltonian is obtained by applying the Legendre transformation H(®y, Qx) = Q;@ r — L, obtaining
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where, ¢, = S./ [é (Cgcm - 03) - 03022}, Gy = 5./ [é (éscm - 03) - 03021}, Cy = §.)C2C, C5 =
S./CC.Csa, Cy = S./C%Csa, C5 = S./CC.Cx1, Cs = S./C?Cxy1, C7 = 8./CCx1Csa, Cg = S./C.Cs1Cx0,
Cy = S'c/ [C’gg (C’ngl - CCQ) — Ccngl}, Ql = Cy4, Vg, and QQ = Cy,Vy,, and C~! is the inverse capacitance matrix.
The offset terms have been neglected.

Using the approximations, ¢ < <I>1(2) and ¢, < @1(2), i.e. we consider the SQUID in the high plasma frequency regime,
and low impedance. From the first approximation b, < @1(2) we can approximate @1(2) P, ~ <I>1(2) and since Cs ~ Cy, (290

we can approximate Cc<I>1(2) — P, ~ CC<I>1(2) in Eq. (A3), obtaining

Q.= — C<Q1C+Q1 Q2C+Q2_|_CQR ) (A5)
PN >, +C.
where, Q; = Cy,Vy,- Using the Euler-Lagrange equation (gé) gé = 0, we obtain the relations
qu(Q)(I)l(Q + CJ1(2)(I)1(2) —|— By EJJ sin (¢;) + C. (@1(2 ) =0
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where, we have used ¢; = 27®; /®,. Considering the mentioned approximations, we obtain
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Supplementary Figure 1: Superconducting building-block architecture for emulating the H-H model.

Using Eq. (AS5) and Eq. (A7) in Eq. (A4) we get
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Promoting the variables to the quantum operators by the transformations, Q); — Qj = 2en;, ¢; — ¢j, Qr — Q R = 2eNp

and ®p — Py with the commutation relations [<i> s Q ;] = ih and [<i> 7 Q r| = ih, where the factor 2 in the charge operators
corresponds to the cooper pairs, we can write
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where, Ec,, = €¢2/2Cg, Er,, = (20> /Land E,, = (;‘;) /Ls(pext). We rewrite the Hamiltonian in the number basis, it

means, 7i; = >, |m;) (m;|, cos(¢;) = 3(3,, Im;) (m; + 1| + H.C), sin(3;) = —%(3,, Im;) (m; + 1| — H.C), Also, for
the LC resonator we can define annihilation (a) and creation (a') operators as g = ing(a' —a) and pr = ¢r(a' + a), where,
nj = (B, /32E5)"*, ¢j = 2Bg [Ej)V* nr = (ELy /32Ec,)"* and 6r = (2Ecy,/Ew,)"*. Finally, by performing
the two-level approximation for the transmon degrees of freedom
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where, 0}’ is the Pauli Y matrix. Since *y? (ext)(sin @-)2 is a constant term, we can ignore it as it only provides a shift to the
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Supplementary Figure 2: We compare the curves corresponding to the effective dynamics given by Hamiltonian in Eq. (A17)
and exact dynamics. a. Population of states |000) (orange) and |001) (green). b. Dynamics of (o), initial state [¢)) = [1) ®
[thr) @ |th), where |1p;) = %( |0) -+ |1) ) are the initial qubit states and |t,) = |0) is the initial state of the resonator. We use

ko = 0.08, lp = 0.02 and mg = 0.01, A;/vpc = 0.1, w1 = 1, wy = 0.9 and wr = 0.6 (frequencies are in units of 1/w,), and

the phases are gZ%Q =, @5%) = 0.

qubit frequency. Using these relations, the Hamiltonian is given by
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where, w; = , /84 EJ , W "(Pext) = %Vj(@emt)% and wrp = \/8Er,Ec,. We consider the external flux to be
Cec

composed of a DC signal and a small AC signal, pc.; = ©pc + pac(t), where pac(t) = vr + >, 950 + @%%) + wg(;),

where a = {4+, —} and ¢ = Ay cos(v5yt + ¢4 ). Furthermore, for the case |4;| < 1, we can approximate
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where, E;. = 2F;_cos ppc. Using the Eq. (A14) in the Eq. (A13), we get
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where the coupling strengths are defined as
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With current state-of-the-art superconducting technologies [? ] we can achieve the range 0 < [ / go < 6.8. The parameter
ranges for various components correspond to C' =~ 15 — 40fF, C. = C; = 0.1C for the capacitors and coupling (or gate)
capacitors, L ~ nH, for the inductors, £; = E;, ~ 10E. — 50E, for the qubit and SQUID Josephson energies. To get
the effective intereaccions, we can write the Hamiltonian in the interaction picture, considering as free Hamiltonian Hg =

Sof + Fo5 +wr <aTa + )] and the interaction as V = |[ko + kipac(t)](@’ + @)% + [mo +mipac(t)|ooy —

(1) +(2)

3 Z] B+ Hpac(t )]od (a ;r +a;)|. Finally we choose Z/ESQ = w1 T ws, Vg = wi £WR, Vgp = w2 £ wg, and after a
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Supplementary Table I: Phase selection to mimic different interactions.

rotating wave approximation, neglecting the fast oscillation terms, we obtain the final effective Hamiltonian for each building
block (site)
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we have replaced the index 1(2) — L(R) to refer to the qubit left and right of each building block. Also we have defined
Ci = cos @:b +cos ¢, and a similar definitions for Sfb by replacing sin by cos. We compare the dynamics of the Schrodinger
and Interaction picture Hamiltonians in the plots shown in Supplementary Fig. 2. The results of the population of states and the
dynamics of the Pauli o, operator of both pictures coincide well.

Following the same procedure we can derive the Hamiltonian to couple adjacent building blocks which reads
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where CN’;Eb = cos (ﬁjb =+ cos é;b, and S;i is obtained by replacing sin by cos.
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